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Eccentric orbits on Schwarzchild: Previous work

(partial list)

o Akcay 2011
Circular orbits, frequency domain

o Warburton, Akcay, Barack, Gair & Sago 2012
Eccentric orbits, FD, EHS, application to inspiral evolution
o Capra 15 talks: Warburton; Evans, Osburn & Forseth
e Capra 16 talks: Warburton; Hopper; Forseth & Osburn (update)
e Hopper & Evans 2013, 2010
Eccentric orbits, FD, RWZ gauge to Lorenz gauge
e Barack & Sago 2010

Eccentric orbits in LG, TD radiative modes, FD low order modes
e Sago, Barack & Detweiler 2009
Circular orbits, comparison between Lorenz and RW gauges
Detweiler & Poisson 2003
Circular orbits, low order modes in Lorenz gauge
Zerilli 1970
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o Constrained equations for radiative modes
(1 >2,w+#0)

o Homogeneous solutions of constrained equations

o Particular solution of constrained equations
(Extended homogeneous solutions)

o Static modes: constrained solution
(m=0,n=0=w=0)

o Low-order modes: constrained solution
(1<0,1)

o Calculation of the dissipative self-force and results
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o Constrained equations for radiative modes
(1>2,w+#0)
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Lorenz gauge overview

o Lorenz gauge perturbation equation:
Opyw + 2R,u0050™° = —167T),,

Lorenz gauge condition:
Vﬁ Pap = 0
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Lorenz gauge overview

o Lorenz gauge perturbation equation:
Opyw + 2R,u0050™° = —167T),,
Lorenz gauge condition:

Vﬁfag =0

e Spherical harmonic decomposition (Martel & Poisson 2005 notation)

hérl;zylm ‘ 'lmylm + hllem
o = [ - - T -
Lm * \ (KlmQ ABYlm + Glmylm) + hlmX o
0Odd Parity Even Parity
Harmonics: Xgm,Xil’% y'im ylm YAB,QABY“”
Amplitudes: hty, By, ho het, hery Bpry Gty Jry K, G
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Constrained odd-parity frequency-domain equations

@ Three unconstrained odd-parity field equations and one Lorenz gauge condition (I > 2)
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Constrained odd-parity frequency-domain equations

@ Three unconstrained odd-parity field equations and one Lorenz gauge condition (I > 2)

5 dhy

0= f(l+2)(I—1)hg —4f (r — M) hy — 2fr y — 2iwr?hy,
T x
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@ Solve the Lorenz gauge condition algebraically for ho

- 1 e
ho = T90-D [4(7- — M)hy + 212

+

diLT 2wr? -
ht )
drs f
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Constrained odd-parity frequency-domain equations

@ Three unconstrained odd-parity field equations and one Lorenz gauge condition (I > 2)
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@ Solve the Lorenz gauge condition algebraically for ho

m:Pw—Mﬂrmﬂ

1

+

drs f

diLT 2wr? -
ht )
t+2)(1—-1)

@ Decouple ho from the field equations, which reduces the system to fourth order
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Even-parity frequency-domain equation

@ Seven even-parity unconstrained equations, three LG conditions (I > 2)
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Even-parity frequency-domain equatior

@ Seven even-parity unconstrained equations, three LG conditions (I > 2)

@ Use gauge conditions to reduce the order of the system
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Even-parity frequency-domain equatior

@ Seven even-parity unconstrained equations, three LG conditions (I > 2)
@ Use gauge conditions to reduce the order of the system

@ Four constrained second-order equations
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o Constrained equations for radiative modes
(1>2,w+#0)

o Homogeneous solutions of constrained equations
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Causality of odd-parity constrained solutions

source region

12+3

MW
T
M-
VW >
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Causality of odd-parity constrained solutions

source region
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Causality of odd-parity constrained solutions

source region
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Causality of odd-parity constrained solutions

source region
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Near-horizon acausal growth

@ One of the acausal homogeneous solutions we wish to avoid grows
exponentially in the direction of integration.

@ Roundoff error excites this unwanted solution.

causal
acausal downgoing
h q ( llt )7 ~ < 1 ) )efiwr*
| 70 1/f
upgoing

(up) 1 ) )
~ Fiwry Ty /(2M)
) ( 1/f ) ©

T

Exponential growth

-100 -80 -60 -40 -20 0
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Solution of near-horizon acausal growth problem

@ Give initial conditions well
away from horizon to avoid
exponential growth

@ The causal solution can still
be accurately calculated in
this region with Taylor series

§ 102 T T T T T T T

g 100

2 102

= 1074

— 106

E 1078
= 10710

T —12
5 10 e = 0.764124
= 10 — 8754
T 1n-16 p = 8.75455
Q’: 10 L L L L L L

-80 -70 -60 -50 -40 -30 -20 -10 O
starting r,. /M
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Solution of near-horizon acausal growth problem

@ Give initial conditions well
away from horizon to avoid
exponential growth

@ The causal solution can still
be accurately calculated in
this region with Taylor series
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Causality of odd-parity constrained solutions

source
region

he o1 k=0 agcr/f 1
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Causality of odd-parity constrained solutions

source
region

k=0 k

kmax (t)
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~ ~ e * P [
(i )z (b )
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Causality of odd-parity constrained solutions

source
region

flt )7: —iwTrs - a‘<t) k
(hr 0,18 ,;)(aflg/f 1f

k=0 k

kmax (t)
ht )+ +iwr bk 1
~ ~ e * P [
(i )z (b )

Thomas Osburn Constrained solution, static and low-order modes



o Constrained equations for radiative modes
(1>2,w+#0)

o Homogeneous solutions of constrained equations

o Particular solution of constrained equations
(Extended homogeneous solutions)
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Constrained system solution via variation of parameters
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Constrained system solution via variation of parameters
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Constrained system solution via variation of parameters
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Re[hi']/u  (EHS)

Extended homogeneous solutions for a system
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Time domain solution, comparison of methods
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Time domain solution, comparison of methods
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Comparison of methods: Relative error
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o Constrained equations for radiative modes
(1>2,w+#0)

o Homogeneous solutions of constrained equations

o Particular solution of constrained equations
(Extended homogeneous solutions)

e Static modes: constrained solution
(m=0,n=0=w=0)
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations

ha =0,

h, =0,

_. d2h, 2Mdh, f 4MN -

2pt _ t_em e J -
P = dr2 r2 dr, 12 (l(l+1) r )hh
) 1 1 @ Causality no longer dictates choice of
h§+0) ~ =+ O0(7), homogeneous solutions
r r

/NI,,EH) ~pltl (9(7‘1), @ Regularity is the governing factor
= I(l+1
ot

2
WD~ 14 (14+2) (1= D)fInf+0O(f2Inf).

Thomas Osburn Constrained solution, static and low-order modes




Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations

hy =0,
h,=0
_. d2h, 2Mdh, f 4M\ -
fPPt = drzt_rzdrt_rgc(l-i-l)—?“)hu

@ Causality no longer dictates choice of

M-&-O) ~ % 4 (Q(TI%)7 homogeneous solutions

@ Regularity is the governing factor
= I(l+1
!

MY o1+ 14+2) 0= DfInf+0O(f2Inf).

Thomas Osburn Constrained solution, static and low-order modes



Odd-parity static modes (m =0, n =0 = w =0)

Zero-frequency form of odd-parity constrained equations
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@ Causality no longer dictates choice of
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@ Regularity is the governing factor
= I(l+1
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Even-parity static modes (m =0, n=0—= w =

Zero-frequency form of even-parity constrained equations
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Zero-frequency form of even-parity constrained equations
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d2hy,.  Af dhyy f _
= SR L - 5 Q0 +1) —4) | by
dr2 o drs r2
d2hyy  2(r — AM) dhgy 2M2 ! _ 2Mf2(3M — 2r) _ aMf2
- — 104 1) | Ay + [ K,
dr2 r2 dry rd r2 rd r3
d2hpr  4(r — M) dhoyr 2 dhy 4 dK
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Even-parity static modes (m =0, n=0—= w =

Zero-frequency form of even-parity constrained equations

=0,

It =
ir=
a=
frgp =

FQTT 4+ 5200 + FPQM
SQT - Q"+ QM =
2ot _ o =

o,
_ _ 2 dhpy r2 dhyy r2 dK
2(r — M)hpp — 2rK + — - —
1+ 1) 2 dry 22 dry Fodrs
1 1. . 4(r — M) _ djr
_— {*htt — fhpp + G 2
+2)(0—1) | f r2 drs
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Even-parity static modes (m = 0,

n=0— w=

Zero-frequency form of even-parity constrained equations

jt =0
- _ _ r2 dhgp r2 dhy  r2 dK
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Importance of static mode at r = r,(t)

Solution including the contribution from every frequency except w =0

0.3 .
0.2 +
0.1 +

0k

e/

-0.1 +

-0.2 +

-0.3 .

7”‘1’1’13.)(

1 e=0.188917
p = T.50478

t =89.5219M

Thomas Osburn
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Importance of static mode at r = r,(t)

Solution including static mode

0'3 T T T T T T T
0.2 Tmin Tmax ]

0.1 | 1 e=0.188917
' p = T.50478
t = 89.5219M

e/
[a)

-0.1 + 4

_03 1 . 1 . 1 . 1

Thomas Osburn Constrained solution, static and low-order modes



o Constrained equations for radiative modes
(1>2,w+#0)

o Homogeneous solutions of constrained equations

o Particular solution of constrained equations
(Extended homogeneous solutions)

e Static modes: constrained solution
(m=0,n=0=w=0)

e Low-order modes: constrained solution
(1<0,1)

Thomas Osburn Constrained solution, static and low-order modes
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@ Eccentric orbits: Five cases to consider
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@ Eccentric orbits: Five cases to consider

@ [ =0,m=0,n#0: 4 unconstrained eqns, 2 gauge conditions = 2
constrained equations

0 /=0,m=0,n=0 (w=0): 3 non-trivial unconstrained eqns, 1 non-trivial
gauge condition = 2 constrained equations (different from above)
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Low-order modes

@ Eccentric orbits: Five cases to consider

@ [ =0,m=0,n#0: 4 unconstrained eqns, 2 gauge conditions = 2
constrained equations

0 /=0,m=0,n=0 (w=0): 3 non-trivial unconstrained eqns, 1 non-trivial
gauge condition = 2 constrained equations (different from above)

e [=1,m=0,n#0: 2 unconstrained eqns, 1 gauge condition = 1
constrained equation
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Low-order modes

@ Eccentric orbits: Five cases to consider

@ [ =0,m=0,n#0: 4 unconstrained eqns, 2 gauge conditions = 2
constrained equations

0 /=0,m=0,n=0 (w=0): 3 non-trivial unconstrained eqns, 1 non-trivial
gauge condition = 2 constrained equations (different from above)

e [=1,m=0,n#0: 2 unconstrained eqns, 1 gauge condition = 1
constrained equation

/=1 m=0,n=0 (w=0): No non-trivial gauge condition and 1
non-trivial field equation
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Low-order modes

@ Eccentric orbits: Five cases to consider

@ [ =0,m=0,n#0: 4 unconstrained eqns, 2 gauge conditions = 2
constrained equations

0 /=0,m=0,n=0 (w=0): 3 non-trivial unconstrained eqns, 1 non-trivial
gauge condition = 2 constrained equations (different from above)

e [=1,m=0,n#0: 2 unconstrained eqns, 1 gauge condition = 1
constrained equation

/=1 m=0,n=0 (w=0): No non-trivial gauge condition and 1
non-trivial field equation

@ [ =1, m = +£1: 6 unconstrained equations, 3 gauge conditions = 4
partially constrained equations with 1 outstanding gauge condition
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Low-order modes

@ Eccentric orbits: Five cases to consider

@ [ =0,m=0,n#0: 4 unconstrained eqns, 2 gauge conditions = 2
constrained equations

0 /=0,m=0,n=0 (w=0): 3 non-trivial unconstrained eqns, 1 non-trivial
gauge condition = 2 constrained equations (different from above)

e [=1,m=0,n#0: 2 unconstrained eqns, 1 gauge condition = 1
constrained equation

/=1 m=0,n=0 (w=0): No non-trivial gauge condition and 1
non-trivial field equation

@ [ =1, m = +£1: 6 unconstrained equations, 3 gauge conditions = 4
partially constrained equations with 1 outstanding gauge condition

Presently unclear if fully constrained (second order) equations can be found
forl=1m==+1
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o Constrained equations for radiative modes
(1>2,w+#0)

o Homogeneous solutions of constrained equations

o Particular solution of constrained equations
(Extended homogeneous solutions)

e Static modes: constrained solution
(m=0,n=0=w=0)

o Low-order modes: constrained solution
(1<0,1)

o Calculation of the dissipative self-force and results

Thomas Osburn Constrained solution, static and low-order modes



Self-force overview

@ Standard mode-sum regularization approach

8
Ffull(x zp) = pwkH70 (x5 xﬁ)pu'y 5
> 1
1l l’
P = Z [Fflulli Ai (l, +3 2 ] Z Freg7
=0 =0

@ Scalar spherical harmoinc decomposition in I, m’ modes for regularization

oo

v
Ffye =Y Fl e = Z Z Y (0p, dp) Al m

1'=0 U=0m/=—1'

ained solution, static and lo der modes



Self-force overview

@ Standard mode-sum regularization approach
5 _
Flo(@52p) = p k7 (252p)Dyrysss

> 1l 1
FM:Z [Fflulli Ai(l,‘*‘i)_B”]
=0

oo

SRR,

'=0

@ Scalar spherical harmoinc decomposition in I, m’ modes for regularization

[eS)
M — ul’m’
Ffull:t - Z full:t Z Z Yl/m’(elﬁ (bP)A
'=0 UV=0m'=-U

@ Tensor spherical harmoinc decomposition in I, m modes convenient except for regularization

It.Y
pim i Yim fim Vi
= F =5 S | - _ — m
Fans ;m; full+ 2:(:) ;z fimyA 4 fimxA ZZW; fémylZnJrféleZm
e Im o Im " ’ fém}/lm_’_f‘l)mxm /)

l/ !’ l’ ’ n l .
Ai "= 'Ai m (flm:l:7 fl?;n:l:ﬂ fei ) foll) < mixes [ modes

rder modes



Dissipative self-force overview

@ The dissipative self-force requires no regularization

di 1

Pl = 3 (pLei - pi‘flv) :
I _ K _ 5(... —(diss)

F(diss) - Ffull(diss) - ukMV’Y (I’ ‘Tp)pl/'y;é ’
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Dissipative self-force overview

@ The dissipative self-force requires no regularization

d
Pl = 3 (pLei piﬁ“)

= Wk (s L)

W _ e
F(diss) - Ffull(diss) l/"{ [

@ Tensor and scalar spherical harmonic decompositions are equally valid

Z Z F# UM — tensor spherical harmonic I, m modes

F(‘zliss) (diss)

I=0m=-—1
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Dissipative self-force overview

@ The dissipative self-force requires no regularization

d
Pl = 3 (pLei piﬁ“)

= Wk (s L)

W _ e
F(diss) - Ffull(diss) l/"{ [

@ Tensor and scalar spherical harmonic decompositions are equally valid

Z Z F# UM — tensor spherical harmonic I, m modes

F(‘zliss) (diss)

I=0m=-—1

@ Individual tensor harmonic [, m modes of the dissipative self-force contain physically
relevant information

Thomas O r ) ined solution, static and low-order modes



Dissipative self-force overview

@ The dissipative self-force requires no regularization

d
Pl = 3 (pLei piﬁ“)

= Wk (s L)

W _ e
F(diss) - Ffull(diss) l/"{ [

@ Tensor and scalar spherical harmonic decompositions are equally valid

F(‘Z“SS) Z Z F(‘:hl;:) = tensor spherical harmonic [, m modes

I=0m=-—1

@ Individual tensor harmonic [, m modes of the dissipative self-force contain physically
relevant information

@ How can we extract the effects of F(‘:ilm) from Ff 7 11 w?

ained solution, static d lo rder modes



Full self-force in tensor harmonics (single , m mode)

0.002 T T T T T
FI' T s the unregularized Infinity side (+)
I,m part of self-force 0.001 | Horizon side () i
evaluated on infinity (+) or Ni
horizon (—) side of 7, = 0
A
e
0.03 T -0.001
0.02 -
i -0.002 1 ! ! ! !
=~ 001 ¢ 0 50 100 150 200 250
s o L t/M
)
= 001 | e = 0.764124
002 L T mo |« p=875455
! ! ! ! 1 t= 80M
5 10 15 20 25 30 35

Thomas Osburn
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Energy flux and self-work (single [, m mode)

@ Locally compute work done by

self-force

Work

lmi

E = pfpu u'

and r ~ 2M
Erad
e = 0.188917
p = 7.50478

/fp

@ Compute energy flux at r ~ oo

0.002 ‘
0.001
!
a~
=
-
Fiimat 22
" -0.001
-0.002 ‘

Infinity side (+)
Horizon side (=) ——

0 50

Z Wimnn | lmn|2+|clmn|)

100 150 200 250
t/M

(Ea1) M?/pi?

Infinity side self-work

Horizon side self-work

Energy flux

7.61849062972 x 10~7
7.61849062973 x 10~7
7.61849063003 x 10~7
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Energy flux and self-work (single [, m mode)

@ Locally compute work done by

self-force

E:;Uffp u'

work
lmi

@ Compute energy flux at r ~ oo

and r ~ 2M

Erad

[y

1‘ lm

E I
(dlﬁi) = 2 (Flg‘ulljlz(t) +
e = 0.188917

p = 7.50478

fp

tlm
Frank

0.002 ‘
0.001
!
a~
=
-
TRimar 52
" -0.001
-0.002 ‘

Infinity side (+)
Horizon side (=) ——

0 50

2
|Z Winn | lmn| +|Clmn| )

100 150 200 250
t/M

(Ea1) M?/pi?

Infinity side self-work
(-1))

Horizon side self-work

Energy flux

7.61849062972 x 10~7
7.61849062973 x 107
7.61849063003 x 10~7

Thomas Osburn Constrained solution, static and low-order modes



Energy flux and self-work (single [, m mode)

4x1076
@ Locally compute work done by
self-force o 6
I 3 x10™
Q>
E = pfyu' =
vt 7 2x107°
Ky it )
() = / LR
1x10
@ Compute energy flux at r ~ oo 0 x 10—6
and r ~ 2M 0 50 100 150 200 250
t/M
rad 2
<Elm> 647‘(‘ | Z Winn | lmn| +|Clmn| )
(Ep1) M?/p®
1‘ lm 1

(dlﬁi) -

im i Infinity side self-work | 7.61849062972 x 10~
(Ffﬁni(t) + Frait (= t))

Horizon side self-work

7.61849062973 x 107

2
e =0.188917
p = 7.50478

Energy flux

7.61849063003 x 10~7

Thomas Osburn

Constrained solution, static and low-order modes



Angular momentum flux and torque (single [, m mode)

@ Locally time-average torque from 5
self-force i T
— uriu® 0+ i
L = pryu §
. 1 (& Ldr | ]
torqy _ 2 b lm
(Lin®) = ﬁ/o 2y Fraxdt 5 ]
o Compute angular momentum flux -10 F F(%ils) — ]
at r ~ oo and r ~ 2M L . . ! L
(I +2)! -10 -5 0 5 10
: m ({+2)!
Lrad _ mn C+ 2 C- 2 /M
< lm> 6477 (l—2)'zw (| l7nn| +‘ lmn' ) / 5
" (L21) M/
sim L/ aim S i Infinity side torque 1.39157808634 x 1075
F((i)lilss) =5 (Ffﬁllli (t) + Fiont (_t)) Y a

Horizon side torque | 1.39157808635 x 10—
Ang. momentum flux | 1.39157808640 x 105

e = 0.188917

p = 7.50478

Thomas Osburn Constrained solution, static and low-order modes



Conclusions

o We use the Lorenz gauge conditions to reduce the system of ODEs in
size from 10 to 6 (2 odd-parity, 4 even-parity).
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Conclusions

o We use the Lorenz gauge conditions to reduce the system of ODEs in
size from 10 to 6 (2 odd-parity, 4 even-parity).

e Subdominance leads to numerical instabilities near r = 2M.
Accounted for by using a Taylor expansion to give initial conditions
away from the event horizon (. ~ 0).

o Method of extended homogeneous solutions successfully applied to a
system of ODEs.

e Zero frequency modes (static modes) are special cases handled
separately.

e Each low-order mode (I = 0,1) is a special case handled separately.
All except one can be solved by fully constraining the equations with
the gauge conditions.
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Conclusions

o We use the Lorenz gauge conditions to reduce the system of ODEs in
size from 10 to 6 (2 odd-parity, 4 even-parity).

e Subdominance leads to numerical instabilities near r = 2M.
Accounted for by using a Taylor expansion to give initial conditions
away from the event horizon (. ~ 0).

o Method of extended homogeneous solutions successfully applied to a
system of ODEs.

e Zero frequency modes (static modes) are special cases handled
separately.

e Each low-order mode (I = 0,1) is a special case handled separately.
All except one can be solved by fully constraining the equations with
the gauge conditions.

e We calculate dissipative effects of the self-force by time averaging
over a period and compare locally determined work and torque with
energy and angular momentum fluxes.
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Constrained low order mode example: Monopole
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Constrained low order mode example: Monopole
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—iwr?hyy — w2y — 2iwfriK — 2fr2 —
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Constrained low order mode example: Monopole
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Even-parity results
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Test jump conditions
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Odd-parity constrained, causal homogeneous solutions
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Even-parity constrained, causal homogeneous solution
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