GR+EM
Combined gravitational & electromagnetic
self-force in electrovac spacetimes

Part |

Thomas Linz, John Friedman, Alan Wiseman

Independent overlapping work by
Eric Poisson and Peter Zimmerman

UNIVERSITYof WISCONSI

UWII.WAUKEE



. GR+EM: mass m, charge e,
electrovac background 8op, Fop

Il. Renormalization of fields and self-force of
accelerated particles:

Angle average + mass renormalization,
and a singular field

I1l. A simple way to extend the singular field
to subleading order for GR+EM
A. The coupled terms
B. Uniqueness of iterative solution
at subleading order



GR + EM: mass m, charge e,
electrovac background g5 F.pg

Particle trajectory z(t) satisfies
Vi o _ go B
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For a smooth perturbation d,5+h.;, F;+0F,,

m(acceleration — acceleration of test particle)
= self-force f:

Perturbed trajectory satisfies
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Find fields and self-force to linear order in e and m
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Renormalize
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The GR+EM system to linear order in m and e:
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Notation

1
N,=060. 7., =hy, ~5 0,50 oF,, =V, 0A, =V 0A,

6(F,”)=5(9”F,)



Coupled system - schematic

oG =0T =muuo(x,z)—o(FF)
o(VF)=0]=eud(x,z)

Lorenz gauge:

(
(

+Q) 7y +FVOA=muud(x,z)
-R) SA+V(Fy)=eud(x,z)



Details

V.V s 20,7 7,5 +16A, 7V SA, =—162m | uu,5(x, 2(z))dr
V,VISA,-R/ A +2VP (A, y,) =—Ame [ u,5(x, 2(z))dr

As Tom Linz will discuss, previous work already
essentially gives solution to the uncoupled equations

VNV 74297, v, =-162m [ uu,s(x,2(r))dz

V.V A =R/ A, =—4re|u,s(x2(r))dr



Geodesic motion:

The divergent part of the perturbed metric
(and EM field) gives the Coulomb part of the
expression f'¢t for the self force.

It points radially inward

1

and averages to zero.



In fact,

fre = lim(fry T deret

0p—0 P 4 a p—0

-
/"
S, a sphere of geodesic radius p about
point z on the trajectory;

indices in Riemann normal coordinates.
(or use exp to pull f back to tangent space at z.)

Gralla ‘11



An additional subtlety:

Ll

As one shrinks a finite body to zero size, with m and e
also shrinking to zero, the force from the internal

multipole moments coupled to the perturbed field
vanishes faster than m or e.
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also shrinking to zero, the force from the internal
multipole moments coupled to the perturbed field
vanishes faster than m or e. For a point particle, the
the expression 't for the self force at order m, e,

has direction-dependent finite multipoles.
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As one shrinks a finite body to zero size, with m and e
also shrinking to zero, the force from the internal
multipole moments coupled to the perturbed field
vanishes faster than m or e. For a point particle, the
the expression 't for the self force at order m, e,

has direction-dependent finite multipoles.



That is, at order r9, f"¢t has a term of the form

e r*=,,xx" = p*+0(p")

with n odd. No internal multipoles should appear,
and the angle average removes them:

P xﬁl---xﬁ”>
aﬁl...ﬂn .
< - =0.
r




That is, at order r9, f"¢t has a term of the form

n . r2:qaﬂxaxﬂ _ p2+0(p4)

with n odd. No internal multipoles should appear,
and the angle average removes them:

P xﬁl---xﬁ”>
aﬁl...ﬂn .
< - =0.
r

But when the particle is accelerating, there
are terms at subleading order - order 1/r -
of the form GR EM

2 &y CeZa_a
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Accelerated motion

In this more general case, because the remaining term
in the singular field is proportional to the acceleration,
removing it can be regarded as mass renormalization:

0 —lim(™) = lim| — [ dof™ —m*(p)a,

P
p—0 p—0 i A %5,




Why is this equivalent to subtracting the singular field of
most CAPRA talks?

Equations in Lorenz gauge are a coupled hyperbolic system
of the form

w +QMV o +R = 5" 5(x,2)

This holds for the coupled GR+EM system, with
l//A — (}Vaﬂ’gAa)

Highest derivative operator (the symbol) for every
component is 70,0, so characteristics are null
geodesics, and retarded solution in convex normal
neighborhood has Hadamard form.
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With  s_.* =mu“u Sy =eu”
the components of the field have the form,

p" )= | +[" ' xo)ldz

| —re




Have field-independent factor
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1 :E[l—l(l—t—z)aax“ +p EE2E
(Gaua)ret/adv 2 r r
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multiplied by smooth tensor
U*=[S"+0,U"x"+08,0,U"x*x” +0(&”)]
to give fleld of form

c,u——[8+8 U x* ——(1——)a X*+0,0,U X“x”
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1 o1, t° 3 Y
v =—[S+0,U X —E(l——z)aax +0,0,U X“X
r r

1 t? a1 b XXX
_E(l_F)aaX UﬂX + Paﬂyg(a’a’u) r2

X*XP XX’ x°

r’ 1% E
Magenta terms even in x, implying gradient odd in
X, whence angle-average vanishes.
Red terms proportional to acceleration
For the term 2 ,Ux” /r this follows from the
calculation.
Finally, the Hadamard form as usual implies that the
integral contributes to f, . a term of form V"x“/r
whose angle-average vanishes and that contributes
the DW term to the singular field.

+P,, .(a,au) " Gdr +0(&%)



Solution of the GR+EM system

([ 1+Q)y+FVoOA=muuo(X,z)
([ ]-R) sA+V(Fy)=eud(x,z)

As Tom Linz will discuss, previous work already
essentially gives solution to the uncoupled equations.



Solve iteratively:
Y=Y Tuy
SA= A+ A

First the uncoupled equations :

V' = the purely gravitational perturbation of
accelerated mass in electrovac background

| A = the purely electromagnetic perturbation of
accelerated charge in electrovac background

+Q), ¥ =muu (X, z)
-R), A=euds(x,2)




This includes the leading, Coulomb term, in the two
fields.

Next find the subleading contributions by substituting
VE |A for Y, O Ain the mixed terms

(| |+Q),7=—-FVJA

( -R), A==-V(F7)

The RHS is O(r?), giving a solution at O(r?),

subleading, and allowing us to use leading-order
operator:



Wy =—-FV,A

1 A==V(F,»)

The leading term is the leading term of the
Hadamard expansion. To show that the subleading
term found by this iteration is the subleading term
of the Hadamard expansion we show that it is
unigue at subleading order.



In the general form of the Hadamard expansion at
subleading order, each component of each field has form

oA x"‘_SAa X“t?
“r 2 77
Expression has only monopole and dipole contributions, and
the second term is independent of the field. The calculation
therefore can find only a contribution to P,. The calculation
would be ambiguous if there were solutlons to the
homogeneous wave equation of the form P —, but the
dipole solutions are x and x/r3 '
N o

—:—2X—3¢O
r r

and the monopole (t/r) has a delta-fn source.
Given the constraints of the Hadamard expansion, the
solution is therefore unique.




Unigueness at sub-subleading order, O(g).
With the first-order solution known, the only
subleading term in the Hadamard expansion that

p
depends on the field is (proportional to) 6,6 ,U " XX
r

This is in general a sum of terms of the form

r°t rer?

(Ar+A )+A T+AS;F
A homogeneous solution has this form only if kills
each term. This immediately implies that the dipole and
quadrupole tgrms vanish. In the monopole term

(Ar + AL ) 0= At*V?= 1 = —Adzt’s(r)=0=> A=0
r

= monopole+dipole+quadrupole

Then A must aIso vanish, and the subleading solution is
unique.






At sub-subleading order, O(g), there is an ambiguity
that, at Tom will discuss, leaves the renormalized self-
force and the regularization parameters unchanged.

At O(g), using no information about o,U", 6,0,U"V,
the Hadamard expansion allows terms proportional to

o\, P o .
p XX X’X" " with powers of t up to t3.
ofrd r3

This allows a homogeneous solution of the form

3
caxa(t_ﬁq
r rj-

Using the known value of the subleading term may
eliminate the ambiguity.
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