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Motivation: High-order PN expansions of quantities
for EMRIs

- There has recently been a fair amount of work in obtaining high-order post-
Newtonian (PN) expansions of various quantities for EMRIs.

- These calculations all use the black hole perturbation theory formalism developed
by Mano, Suzuki, and Takasugi (pased on Leavers work on computing BH quasinormal modes, itself based on relativity
early work in quantum mechanics) [Prog. Theor. Phys. 95, 1079 (1996); 96, 549 (1996)] AllOWS one 1o calculate to
arbitrarily high PN order, in principle (either analytically or numerically).

- This should be contrasted with the situation for comparable mass binaries, where
one has to solve PDEs instead of just ODEs, and the current state-of-the-art is
only 3.5PN [O(v7), i.e., O(GS'5), past Newtonian predictions] for many quantities, with some
quantities known to higher orders.

- Reaching 3.5PN in the comparable mass case involved decades of work by many
researchers, and often new conceptual insights. The recent determination of the
4PN Hamiltonian by Damour, Jaranowski, and Schafer was a major tour de force!



Motivation: High-order PN expansions of quantities
for EMRIs

- The currently state-of-the-art for high-order EMRI computations is the 22PN calculation of the
energy flux from a point particle in a circular orbit around a Schwarzschild black hole, by Ryuichi

Fujita [Prog. Theor. Phys. 128, 971 (2012)]. (Going to even higher orders is limited by ever-increasing demands on computer time and memory.)

- Fujita also has unpublished 10PN and 8PN calculations of the flux at infinity and the horizon for
a circular equatorial orbit in Kert, respectively, and there are other notable high-order
calculations, both analytic and numerical:

- The 8.5PN analytic calculations of the redshift observable and spin precession frequency by Bini
and Damour phys. Rev. D. 89, 104047 (2014) and arXiv:1404.2747 [gr-qd]]

- Numerical calculations of the redshift observable to 10.5PN by Shah, Friedman, and Whiting
Phys. Rev. D 89, 064042 2014 aNd the fluxes at infinity and the horizon in Kerr (for circular, equatorial orbits)
to 20PN by Shah @rxiv:1403.2697 [grqc;, With some coefficients determined analytically in both cases.

- The analytic results for eccentric orbits are not yet known to high order (4PN for Schwarzschild
and 2.5PN for Kerr and equatorial orbits and only to quadratic order in the eccentricity), but
there is progress in obtaining higher-order terms numerically —see the talks by Evans and
Forseth.



Why are these high-order expansions interesting”
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From Blanchet, Detweller, Le Tiec, and Whiting,
Phys, Rev. D 81, 064004 (2010)

- High-order PN results for EMRI

fluxes can be used to obtain
adiabatic templates comparable
INn accuracy to numerical
adiabatic templates.

- Perhaps more importantly,

though, these higher-order
perturbative results can give
important insights even in the
comparable mass case (cf.
recent work on EOB; also, the
4PN determination of Detweller’s
redshift observable was
necessary to complete the 4PN
comparable mass Hamiltonian).

- They are also interesting for a

study of the structure of the PN
expansion, in general.



Complexity of high-order PN results

- High-order perturbation theory results generally display a
combinatorial increase in complexity, and PN results are

No exception.

- We will consider the GW energy flux at infinity in the
following discussion, since it is the quantity currently
known to the highest order.
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Simplifying the PN expansion of the energy flux

- How can we simplify this expression?

+ Perhaps we should first look at the individual modes,
starting with the dominant quadrupolar (2,2) mode.



Simplifying the

- How

- Perh
start

PN expansion of the energy flux
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Simplifying the 2,2 mode of the energy flux

- Well, unfortunately the 2,2 mode wasn’t much simpler
than the full energy flux (and other modes share about
the same complexity) —the primary simplification came
about because we now only have logarithms of 2 and v.

- We can first try a substitution, where we introduce the
standard PN (tail-related) eulerlogm(v) function,

eulerlogm(v) = vy + log(2mv)

and write the remaining logarithms in terms of log(2v?).

e

N.B.: This form is independent of m
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The Damour-Nagar tail factorization (Tim)

- Well, the substitution was effective in producing some
simplification, but there are still many terms left, and
considerable complexity in the transcendentals at high orders

le.g., ((13), m2¢(3)¢(5)eulerloga(v), and powers of eulerlogs(v) up
to the seventh...]

- Let us consider the Damour-Nagar tail factorization
Noo/|T20|?, where

3 |T(1 + £ — 2imv?)|
T(1+0)

TImv

‘Tgm| —
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The Damour-Nagar tail factorization (Tim)
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The Damour-Nagar tail factorization (Tim)
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The Sim factorization

-+ The Damour-Nagar factorization successtully removed
some terms (notably all the odd powers of v up to v?'
and the largest power of «t), but there is still plenty of
complexity remaining, including lots of transcendentals
and log v terms.

However, It Is possible to modify the Damour-Nagar
factorization slightly and remove many more terms.
Specifically, we use

St 1= (2mu)7im @ grme® LT Pem(0) = 2imv

/ L[+ 20p,(v)]

Fractional part of the
renormalized angular momentum v
which is fundamental to the MST approach
(series in Vo)

’]
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The Sim factorization
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The Sim factorization
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The Vim and V' factorizations

- While the S factorization produces the maximum
simplification one can likely hope (a simple integer PN
series with rational coefficients), it only does so up to a

certain order, due to the structure of the expansion.

[However, as we shall see, the order to which the SIm factorization produces this
complete simplification increases as ¢ increases. ]

Can we simplify further?

*Yes, though here the simplification is not nearly as
dramatic, and the factorization is rather more involved.
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The Vim and V'im factorizations (cont.)
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This substitution can be used to remove all the odd powers of v, and gives V'im
One can also remove terms with a similar series for qm (in v?), but this
IS not quite as effective, so we do not consider it further.

The gm and si coefficients are simply
related to the lowest-order PN correction to v. 4g



The Vim and V'im factorizations (cont.)
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Taking the logarithm

- The final method of simplification we consider consists of consistently
expanding the logarithm of a given PN order.

- This is part of the exponential resummation introduced by Isoyama et al. pnys
Rev. D 87, 024010 (2013] @S @ way to improve the convergence of the full energy flux

[and ensure its positivity near the horizon in the Kerr casel.

- This does not produce the drastic simplification of the lowest orders and
complete removal of the odd powers of v provided by the Sy, V'im
factorization, but still manages to remove terms that this factorization does
not.

- Of course, it is possible to take expand the logarithm of the Sy, V'im
factorization and obtain the most significant simplification we have found.

(This gives the maximum simplification of both cases, with a total of only 263
terms for the 2,2 mode.)
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Taking the logarithm
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Comparing the simplifications of the (2,2) mode
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Comparing the simplifications of the modes with ¢ < 7
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Why do these simplifications simplify?

- One can understand where these simplifications come from [and why they do not
simplify completely] Via a study of the structure of the MST formalism.

[Indeed, the V|, factorization was obtained in this manner, by analogy with the Sy, factorization, which was itself obtained by a study of
the prime factorization of the coefficients of the PN expansion of the modes and analogy with the Damour-Nagar T, factorization.]

- All we will note here is that the MST formalism gives the flux as a product
of pieces that are themselves sums of terms depending onvand -v - 1,
where the -v - 1 pieces only enter at higher orders, and generate the
complexity that is not removed by the Sy, factorization (and is only
incompletely removed by the Sy, V' factorization).

+ Also, the transcendentality structure of Sy, can be understood by noting

that > ((n
a F'(1+2z2)=exp |72+ Z %(—z)”

SO Sem = exp |Upm (v) eulerlog,, (v) + 7mv’ + og,,, (v)]
os, (v):= Z %{ [—ng(v) + Qimv?’]n—[—Qng(v)]n}

There is a similar expression for Vim, involving log(2v2) in addition to eulerlogm(v) 24



Why do these simplifications simplify?

This expression also helps explain why expanding the logarithm

One can S T
produces such a significant simplification.

simplify comp
Indeed, the V1 o . d b tudy of
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Also, the transcendentality structure of Sy, can be understood by noting

that > ((n
. I'(1+2) =exp |—vz + Z %(—z)”

SO Sem = exp |Upm (v) eulerlog,, (v) + 7mv’ + og,,, (v)]
os, (v):= Z %{ [—ﬂgm(v) + Qimv?’]n—[—Qﬂgm(v)]”}

There is a similar expression for Vim, involving log(2v2) in addition to eulerlogm(V) 25



How do these factorizations and resummations
improve convergence”?
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How do these factorizations and resummations
improve convergence”?
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Mode convergence (cont.
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Improvement of the convergence of the full energy flux (summed through
¢ = 0) at the ISCO from exponential resummation of the individual modes

0
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Conclusions

- While the post-Newtonian expansion exhibits combinatorial complexity at higher
orders for many quantities, it is possible to significantly simplify these results with
an appropriate factorization, at least for the modes of the 22PN expression for the
energy flux at infinity for a point particle in a circular orbit around a Schwarzschild
black hole, the highest-order compact binary PN result known.

- In the best case (for the modes with ¢ = 7), this factorization produces the

maximum simplification one can hope for, reducing the complete 22PN results to
a simple integer PN series with rational coefficients, reducing the size of the
expressions by a factor of up to ~150.

- Even for the modes with smaller ¢, this factorization still reduces the series to an

integer PN series with rational coefficients for lower orders (to 8PN for the
dominant 2,2 mode), and substantially reduces the complexity of the higher
orders (by a total factor of ~10 for the 2,2 mode, ~20 if one uses the factorization
combined with the logarithm).
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Conclusions (cont.)

-+ The exponential resummation also simplifies the modes,
for small ¢ almost as much, or even slightly more than,

the factorization. It also improves the convergence of the
series the most (both in terms of speed and
monotonicity), giving ~4 orders of magnitude
improvement for the full energy flux at the ISCO, due to
the iImprovement in the convergence of the higher
modes.

+ The simplified expressions for the modes of the energy
flux | have calculated are freely available online.
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Outlook

- In addition to seeing about further simplifying the remaining terms in the
series, (by, e.q., looking at the v and -v - 1 pieces separately) it should be
possible to apply these sorts of technigues to many other quantities that
have been calculated to high PN order using the MST formalism, such as
the horizon flux in Schwarzschild, and both fluxes in Kerr (for circular
orbits), in addition to the redshift observable and the spin precession
frequency, which aren’t radiative quantities, but still get complexity from tail
contributions: One sees very similar sorts of structures in the expansions
of these quantities.

-t is likely that these sorts of simplifications could aid in determining
analytic forms for some high-order PN coefficients that have so far only
been determined numerically (to extremely high accuracy), either by
eliminating log v terms and transcendentals, or by indicating their
expected form.
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Outlook (cont.)

- This sort of analysis could also lend insight into the
ohysical content of the MST formalism, which has
remained rather opaque to date. For instance, it appears
that the renormalized angular momentum v encodes tall
effects.

Finally, these sorts of studies of the structure of high-order

PN expansions might even be able -

the sa
mathe

expansions of QF

me deep co

matics that

nnections to othe

'O discover some of
- branches of

nave pbeen found |

N similar studies of

- amplitudes. (Indeed, the same sorts of

loop integrals can be used to describe both calculations.)
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- The fundamental insight of the formalism is that it is
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Overview of the MST

SH

PT formalism (cont.)

- One obtains Nim as |Zimw|?, where
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Overview of the MST BHPT formalism (cont.)

- One obtains Nim as |Zimw|?, where
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