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Electromagnetic self-force outside a 4D black hole

Smith & Will (1980) calculated the electromagnetic self-force
acting on a point charge q held at a fixed position r outside a
Schwarzschild black hole of event-horizon radius R = 2M .

Working from the exact Copson-Linet solution, they found that the
self-force is repulsive:

Fself =
q2R

2r3

The repulsive nature of the self-force is difficult to explain.
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Exploration of static self-forces

Replace the black hole with a material body [Shankar & Whiting (2007);

Drivas & Gralla (2011); Isoyama & Poisson (2012)]

Replace flat asymptotic conditions by de Sitter or anti de
Sitter conditions [Kuchar, Poisson & Vega (2013)]

Examine the problem in higher dimensions
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Point charge outside a 5D black hole

Schwarzschild-Tangherlini spacetime

ds2 = −f dt2 + f−1 dr2 + r2 dΩ2
3

f = 1− (R/r)2

dΩ2
3 = dχ2 + sin2 χ

(
dθ2 + sin2 θ dφ

)
The electrostatic potential Φ is decomposed in (generalized)
Legendre polynomials.

The modes are given by associated Legendre functions.

The self-force is expressed as an infinite mode sum, which requires
regularization.
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Regularization

The self-force is regularized by calculating the average of ∂aΦ on a
surface of constant proper distance s around the particle, and
taking the limit s→ 0.

Diverging terms proportional to the particle’s accelation can be
absorbed into a renormalization of the mass.

The procedure is implemented by introducing a potential ΦS that
is as singular as Φ near the particle, and writing

〈∂aΦ〉ren = ∂aΦ− ∂aΦS + 〈∂aΦS〉ren

The difference ∂aΦ− ∂aΦS is smooth and can be calculated as a
convergent mode sum.

The contribution 〈∂aΦS〉ren can be calculated analytically; this
would vanish in four dimensions, but doesn’t in five.
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Hadamard regularization

The singular potential ΦS is identified with the Hadamard Green’s
function for the electrostatic potential in the 4D spatial sections of
the static, 5D spacetime

GH(x,x0) =
1

d− 3

U(x,x0)

(2σ)
1
2
(d−3)

+ V (x,x0) ln(2σ) +W (x,x0)

This is decomposed in (generalized) Legendre polynomials to
obtain regularization parameters for the mode sum.

This is also used to calculate 〈∂aΦS〉ren, which contains a term
proportional to ln s that cannot be renormalized away.

Unlike its 4D version, the 5D self-force depends on the averaging
radius s.
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Large-r expansion

The self-force modes can be expressed as expansions in powers of
R/r (which also include logarithms).

The series expansions is inserted into the regularized mode sum,
which can then be summed exactly.

Fself =
q2R2

2r5

(
Fpoly +

9

8

R2

r2
Fln ln

sR

4r2

)
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Large-r expansion
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with x = (R/r)2.
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Summing the series

Remarkably, these series can be summed.

Self-force

Fself =
q2R2

2r5
Ξ

f3/2
,

Ξ = − 1

4x
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8
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x = (R/r)2, f = 1− (R/r)2, s̃ = s/R

The self-force approaches q2R2/(2r5) when r � R; it is repulsive
at large distances.
It becomes attractive when r becomes comparable to R, and
diverges when r → R.
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Summary and outlook

Summary

We have computed the electromagnetic self-force on a static
charge in the 5D Schwarzschild-Tangherlini spacetime.

The self-force is attractive at large distances, repulsive when
r < 5R, and divergent when r → R.

The regularization method introduces a dependence on the
averaging radius s; this is an indication that the self-force
cannot be expected to be independent of the particle’s
internal structure.

Outlook

Self-force in six dimensions?

Self-force for a 5D black string?
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