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Lorenz gauge: 2p̄µν + 2Rµανβ p̄
αβ = −16πTµν

Multipole decomposition: Tensor spherical harmonics

Discrete frequency spectrum → frequency domain method
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When Ωr/Ωφ is rational the orbit closes

When the orbit nearly closes there
exists an m and n such that
mΩφ + nΩr ' 0
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Variation of parameters and ill-conditioning
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Adaptive stepsize accuracy tolerance

Integrate Wronskian and normalization functions in shared ODE system
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Demand high accuracy Wronskian
components ∼ 10−15


 Ignore errors unless accuracy falls

below ∼ 10−10
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Parameter space open to double precision

Thomas Osburn Small frequency modes

Akcay, Warburton, Barack 2013
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Brute force solution: 128-bit floating point numbers

Compute smaller frequency modes by increasing digits of accuracy
such that

condition number × % accuracy � 1

Quad precision homgeneous solutions with accuracy tolerance
∼ 10−12 (Mω)2

Test orbit:

e = 0.75
p = 11.1
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|ωmn|< 10−4

|ωmn|< 10−5

|ωmn|< 10−6

(m,n) = (2,−3)

ωmn = 5.5× 10−6
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p = 11.1
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Small frequency mode: test jump conditions
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Quad precision is slow
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Small frequency EHS constants: Alternative method
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Small frequency EHS constants: Alternative method

n
n=0Ωmn>0

Skip mode with very small frequency ω0

Solve for its normalization coefficients with jump conditions

e−iω0t

[
J +

0 J +
1 −J −0 −J −1

∂rJ +
0 ∂rJ +

1 −∂rJ −0 −∂rJ −1

]
C+
0

C+
1

C−0
C−1

 =


0
0

J0(t)
J1(t)

− ∑
ω 6=ω0

([
J +
ω

∂rJ +
ω

]
−
[
J −ω
∂rJ −ω

])
e−iωt

Does not circumvent ill-conditioning but improves speed
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Quad precision speed improvement

Thomas Osburn Small frequency modes

13518 double modes

42 quad modes

42 quad modes Hnew methodL
0

2

4

6

8

10

12

14

CPU hours e = 0.75 p = 11.1



Parameter space open to double/quad precision
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Conclusions

Existing methods based on double precision codes cannot handle
orbits with small frequency modes

This restricts the available region of orbital parameter space

We conquer ill-conditioned small frequency modes via brute force
(quad precision)

Much larger region of orbital parameter space available
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