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Method Overview

o Eccentric extreme mass ratio Schwarzschild binary

e Lorenz gauge: Op,, + 2Rmygﬁaﬁ = —167T),

@ Multipole decomposition: Tensor spherical harmonics

e Discrete frequency spectrum — frequency domain method

e 3+ 7 equations with 1 + 3 constraints — 2 + 4 equations (odd+even)
e Inhomogeneous solution: EHS

e GSF: mode sum regularization

@ Osburn, Forseth, Evans Capra 15-16

o Akcay, Warburton, and Barack 2013

Problem: existing codes have trouble
with small frequency modes. Handling
these modes is the focus of this talk.
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Small frequencies

e When 2,/ is rational the orbit closes

@ When the orbit nearly closes there
exists an m and n such that

m&y + nfl. ~ 0

09 tlwmn| <1047 F iy -
08 | VENEN S 8
0.7 | .f-' ropl i i
RN )
0.6 - PN P I i~
0 g " { noil Hl
4+ o/ 2 NN H
& § IS IS
0.3 @Il { i u
0.2 - /"! i
0.1 | ,—’ i i B
0 v'/ ! i 1 1 1
6 7 8 9 10 11 12

Thomas Osburn Small frequency modes



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Small frequencies

e When 2,/ is rational the orbit closes

@ When the orbit nearly closes there
exists an m and n such that

m&y + nfl. ~ 0
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Variation of parameters and ill-conditioning

(D6 +w?) A + whhime = zm

(D +w?) Bl - wefnime = z{m
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Variation of parameters and ill-conditioning
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Variation of parameters and ill-conditioning

(D6 +w?) A + whhime = zm

(D +w?) Bl - wefnime = z{m

h@mw - o
J = [ hﬁmw ] =Tl (r)+ T () +Tyeo (r)+Tyep (r)
87,06F 0
Ty If Iy Ir Jlod | _| o
075 070 0Ty 0T ]| 0 || %
Oy Z
libration
region wl<<r
r~M

M<<r<<w"

Thomas Osburn Small frequency modes



Variation of parameters and ill-conditioning
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Condition Number
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Condition Number
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Initial conditions

@ Choose initial coefficients in asymptotic expansion
b
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Initial conditions

@ Choose initial coefficients in asymptotic expansion
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Initial conditions

@ Choose initial coefficients in asymptotic expansion
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Orthogonalization: thin QR decomposition
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Orthogonalization: thin QR decomposition
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@ The columns of @/, are an orthogonal basis
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Orthogonalization: thin QR decomposition
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Orthogonalization: thin QR decomposition
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@ The columns of @/, are an orthogonal basis

o The ill-conditioning of V,/, causes this basis to have low accuracy
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o Instead use R;/O to choose new starting coefficients

V;a/o g/o Qe/o

b(()o) new
(0) 17w (0)
) _ p-1 by _ p-1
[ agn ] - R, bgo) =R,
! 3
b 1.

Thomas Osburn Small frequency modes



Orthogonal initial conditions
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Condition number
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Condition number
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Adaptive stepsize accuracy tolerance

Integrate Wronskian and normalization functions in shared ODE system
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Adaptive stepsize accuracy tolerance

Integrate Wronskian and normalization functions in shared ODE system

. Demand high accuracy Wronskian
T components ~ 10717
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Adaptive stepsize accuracy tolerance

Integrate Wronskian and normalization functions in shared ODE system

<y

Demand high accuracy Wronskian
components ~ 10717

Ignore errors unless accuracy falls
below ~ 10710
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Parameter space open to double precision
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Brute force solution: 128-bit floating point numbers

o Compute smaller frequency modes by increasing digits of accuracy
such that

condition number x % accuracy < 1

Thomas Osburn Small frequency modes



Brute force solution: 128-bit floating point numbers

o Compute smaller frequency modes by increasing digits of accuracy
such that

condition number x % accuracy < 1

@ Quad precision homgeneous solutions with accuracy tolerance
~ 10712 (Mw)?

Thomas Osburn Small frequency modes



Brute force solution: 128-bit floating point numbers

o Compute smaller frequency modes by increasing digits of accuracy
such that

condition number x % accuracy < 1

@ Quad precision homgeneous solutions with accuracy tolerance
~ 10712 (Mw)?
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Small frequency mode: test jump conditions

Jump conditions for (I,m)=(2,2)
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Quad precision is slow

CPU hours e=0.75 p=111
14+

12}

10+

42 quad modes
13518 double modes
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Quad precision is slow

CPU hours e=0.75 p=111
14}

12}
~ 50% of time spent

10¢ on source integration

42 quad modes
13518 double modes
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Small frequency EHS constants: Alternative method
n=0
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Small frequency EHS constants: Alternative method
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Small frequency EHS constants: Alternative method
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Small frequency EHS constants: Alternative method

wmn=0
H’“’M’“”"”’m’m—’ n

o Skip mode with very small frequency wy

@ Solve for its normalization coefficients with jump conditions
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@ Does not circumvent ill-conditioning but improves speed
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Quad precision speed improvement

CPU hours
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Parameter space open to double/quad precision

1.0¢ m double precision  m quad precision




Conclusions

o Existing methods based on double precision codes cannot handle
orbits with small frequency modes
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Conclusions

Existing methods based on double precision codes cannot handle
orbits with small frequency modes

This restricts the available region of orbital parameter space

We conquer ill-conditioned small frequency modes via brute force
(quad precision)

Much larger region of orbital parameter space available
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