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o Kerr

e scalar field for now
develop techniques for future work with gravitational field
e be able to handle generic orbits (inclined & highly-eccentric)
e astrophysical EMRIs likely have inclined orbits, any e up to ~ 0.99
e |ow to moderately eccentric orbits
= frequency-domain is fast & accurate
e highly-eccentric orbits = need time-domain
e compute self-force very accurately
e eLISA will (eventually) want parameter-estimation templates with
phase error <0.01 radians over ~10° orbits of inspiral
= would need instantaneous w to < 1077 (0.1 ppm) relative accuracy
e as efficient as possible (orbital evolution!)
o (but still much less accurate/efficient than frequency-domain
for orbits where frequency-domain works)

e [now] geodesic approximation; [future] orbital evolution

Work in progress: some goals accomplished, some not yet!
June 23, 2014 3/18
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Overall Plan of the Computation

Effective-Source (also known as puncture-function) regularization

use Barry Wardell's 4th order effective src and puncture fn
scalar field for now
gravitational field in the future? (m = 0,1 Lorenz-gauge instabilities)

m-mode decomposition, time domain
= separate 241D numerical evolution for each m

can handle (almost) any orbit, including high eccentricity

worldtube scheme

worldtube moves in (r,6) to follow the particle around the orbit
Cauchy evolution

fixed mesh refinement; some (finer) grids follow the worldtube/particle
[now] (almost) causally-disconnected spatial boundaries

(with mesh refinement this isn't very expensive)

[future] hyperboloidal outer boundary

(Zenginoglu, arXiv:1008.3809 = J. Comp. Phys. 230, 2286)
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The particle’s physical (retarded) field ¢ satisfies O = & (x — Xparticie(t))

Detwiler and Whiting (2003) showed that ¢ can be decomposed into a singular
field @singular Which is spherically symmetric at the particle (and hence exerts no

self-force), and a finite regular part @reguiar which exerts the self-force

It's very hard to explicly compute @regular

Instead (Barack & Golbourn (2007), Vega & Detweiler (2008)) we construct a
puncture function” ¢, which closely approximates singular Near the particle, then

numerically compute the (finite) “residual field” ¢, := ¢ — ¢, by solving
Oer = 0(e — ¢p) =Hp — Ogp
= 5(X - Xparticle(t)) - D(Pp

_Jo at the particle
" | —O¢, elsewhere

effective

If pp “closely-enough” approximates @singular N€ar the particle,
then the self-force is given (exactly!) by F, = q (V. )|

particle
l.e., Seffective cOMpensates for the fact that ¢, # Psingular

June 23, 2014

5/18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle

June 23, 2014 6 /18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

June 23, 2014 6 /18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

Solution:
introduce finite worldtube containing the particle worldline

@, inside the worldtube
@ outside the worldtube
(this has a jump discontinuity by +¢, across the worldtube boundary)

o define "numerical field” pnym = {

June 23, 2014 6 /18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

Solution:
introduce finite worldtube containing the particle worldline

@, inside the worldtube
@ outside the worldtube
(this has a jump discontinuity by +¢, across the worldtube boundary)

o define "numerical field” pnym = {

e compute @num by numerically solving

- | Seffective  inside the worldtube
Poum =9 0 outside the worldtube

June 23, 2014

6/18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

Solution:
introduce finite worldtube containing the particle worldline

@, inside the worldtube
@ outside the worldtube
(this has a jump discontinuity by +¢, across the worldtube boundary)

o define "numerical field” pnym = {

e compute @num by numerically solving

- | Seffective  inside the worldtube
Prum =1 0 outside the worldtube

® Scffective 1S Only needed inside the worldtube

June 23, 2014

6/18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

Solution:
introduce finite worldtube containing the particle worldline

@, inside the worldtube
@ outside the worldtube
(this has a jump discontinuity by +¢, across the worldtube boundary)

o define "numerical field” pnym = {

e compute @num by numerically solving

- | Seffective  inside the worldtube
Prum =1 0 outside the worldtube

® Scffective 1S Only needed inside the worldtube
e the self-force is given (exactly!) by F, = ¢ (Vagonum)|

particle

June 23, 2014

6/18



The worldtube

Problems:

® ¢, and Sefrective are only defined in a neighbourhood of the particle
o far-field outgoing-radiation BCs apply to ¢, not ¢,

Solution:
introduce finite worldtube containing the particle worldline

@, inside the worldtube
@ outside the worldtube
(this has a jump discontinuity by +¢, across the worldtube boundary)

o define "numerical field” pnym = {

e compute @num by numerically solving

- | Seffective  inside the worldtube
Prum =10 outside the worldtube

® Scffective 1S only needed inside the worldtube

e the self-force is given (exactly!) by F, = ¢ (Vaganum)|partide
o finite differencing must locally “adjust” (a copy of) ¢num by Fe¢p

across the worldtube bndry to undo the jump discontinuity in @num
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0 outside the worldtube

in 3+1D, we Fourier-decompose and solve for each Fourier mode in 2+1D:
.@numtrea@ Ze (Pnummtre)

Instead of numerically solving Opnum = {

(where ¢ := ¢ + f(r ) to avoid Kerr infinite-twisting at horizon)

e now each ¢num,m satisfies

numerically
0 _ Seffective,m inside the worldtube solve this
m Pnum,m 0 outside the worldtube for each m
in 241D
where
S _ . i T 5 —imd do write this integral in terms of
effective,m = 5 effective € ¢ complete elliptic integrals

—T

particle

o the self-force is given (exactly!) by F, = g > (Va@num,m)|
m=0
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m-mode decomposition

Seffective  INside the worldtube

Instead of numerically solving Opnym = {0 outside the worldtube

in 3+1D, we Fourier-decompose and solve for each Fourier mode in 2+1D:
.@numtrea@ Ze @nummtre)

(where ¢ := ¢ + f(r ) to avoid Kerr infinite-twisting at horizon)

e now each @nym,m satisfies numerically
0 | Seffective,m  inside the worldtube solve this
m Pum,m = g outside the worldtube for each m
where in 2+1D
1 T 3 write this integral in terms of
. ——— - aimg 47
Seffective,m o Seffective € d¢ complete elliptic integrals

—T

o0
e the self-force is given (exactly!) by F, = q (Va%“m»m”partide
m=0
e we actually do m-mode decomposition before introducing worldtube
= worldtube “lives” in (t, r, ) space, not full spacetime

June 23, 2014 7/ 18



Initial data, boundary conditions

Initial data:

June 23, 2014 8 /18



Initial data, boundary conditions

Initial data:
e start evolution with arbitrary initial data (¢num,m = 0)
e evolution then produces an initial burst of “junk radiation”

e junk radiation quickly propagates out of the system,
field configuration settles down to a quasi-equilibrium state

June 23, 2014

8/18



Initial data, boundary conditions

Initial data:
e start evolution with arbitrary initial data (¢num,m = 0)
e evolution then produces an initial burst of “junk radiation”

junk radiation quickly propagates out of the system,
field configuration settles down to a quasi-equilibrium state

e we see no signs of non-radiating Jost “junk solutions”

how to detect “quasi-equilibrium state”?
e equatorial orbit: see if @nym,m is periodic (with orbital period)

June 23, 2014 8 /18



Initial data, boundary conditions

Initial data:
e start evolution with arbitrary initial data (¢num,m = 0)
e evolution then produces an initial burst of “junk radiation”

junk radiation quickly propagates out of the system,
field configuration settles down to a quasi-equilibrium state

e we see no signs of non-radiating Jost “junk solutions”

how to detect “quasi-equilibrium state”?
e equatorial orbit: see if @nym,m is periodic (with orbital period)

® generic orbit: see if @nhum,m is the same for different
initial data choices (integrated concurrently)

June 23, 2014

8/18



Initial data, boundary conditions

Initial data:
e start evolution with arbitrary initial data (¢num,m = 0)
e evolution then produces an initial burst of “junk radiation”

junk radiation quickly propagates out of the system,
field configuration settles down to a quasi-equilibrium state

e we see no signs of non-radiating Jost “junk solutions”

how to detect “quasi-equilibrium state”?
e equatorial orbit: see if @nym,m is periodic (with orbital period)

® generic orbit: see if @nhum,m is the same for different
initial data choices (integrated concurrently)

Boundary Conditions:
e [now] use almost causally-disconnected spatial boundaries
(with mesh refinement this isn't very expensive)
e [future] hyperboloidal outer boundary
(Zenginoglu, arXiv:1008.3809 = J. Comp. Phys. 230, 2286)
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The worldtube must contain the particle in (r, ).
But for a non-circular orbit, the particle moves in (r,6) during the orbit.

Small eccentricity: can use a worldtube big enough to contain the entire orbit
Large eccentricity:
e must move the worldtube in (r, ) to follow the particle around the orbit

e recall that our numerically-evolved field is

__Jeo—pp inside the worldtube
Prum = ® outside the worldtube

this means then if we move the worldtube, we must adjust the evolved ppym:

add £, at spatial points which change from being inside the worldtube to
being outside, or vice versa

Finite Differencing:

e finite differencing must locally “adjust” (a copy of) ¢num by Fe¢p
across the worldtube boundary to undo the jump discontinuity in @num
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Current Status

Equatorial eccentric orbits:
e elliptic-integral puncture fn & effective src

worldtube moves in (r,8) to follow the particle around the orbit

fixed mesh refinement: typically 5 levels, Ar, = M/4 to M/64;
finest 3 refinement levels move to follow worldtube

typical worldtube size particle &= 5M in r,, particle + 7/8 (22.5°) in
4th order finite differencing in space & time
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Equatorial eccentric orbits:

elliptic-integral puncture fn & effective src
worldtube moves in (r,8) to follow the particle around the orbit

fixed mesh refinement: typically 5 levels, Ar, = M/4 to M/64;
finest 3 refinement levels move to follow worldtube

typical worldtube size particle &= 5M in r,, particle + 7/8 (22.5°) in
4th order finite differencing in space & time

effective source is ~ % million terms
= painful to compile machine-generated C code

Generic (inclined eccentric) orbits:

our first attempt at an effective source had ~ 20 million terms
= impractical to compile machine-generated C code

we are starting to explore various ideas to reduce the complexity,
and are optimistic we can solve this
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Self-force for e = 0.4 orbit

BH spin 0.6 orbit: p=8M, e=0.4

108 xr*F
KN
[6)]

- outwards . .
-30 - inwards 8

- conservative (even) e
Il Il Il

5 6 7 8 9 10 11 12 13 14
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Comparison with Frequency-Domain Results

Big thanks to Niels Warburton (Dublin) for frequency-domain results!

ksfv5.0.7g Kerr p=8M e=0.4 self-force component F,
(m=0to 19, 1/m? analytical tail sum, no fitted tail sum)

10 T T T 0.5
— [left scale] Niels
«  [left scale] ksf
0  — [right scale] analytical tail sum

- [right scale] ksf - Niels

10° x F,
10°x AF,

L L L Lz 03

trelative to periastron
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Wiggles/Ripples (1)

We think these are caused by the particle (outbound) crossing the future light

cone of its inbound trajectory. See Niels Warburton talk.

orbital phase relative to periastron
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Wiggles/Ripples (2)

We think these are caused by the particle (outbound) crossing the future light
cone of its inbound trajectory. See Niels Warburton talk.
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Isofrequency Kerr Geodesics

Basic idea:

e parameterize bound equatorial geodesics in Kerr spacetime

by (a, p, e) where a = Kerr spin and (p, €) characterize the geodesic

o since 2, = Q,(a,p, e) and (Q4) = (Q24)(a, p, €), in general we can find a
1-parameter family of (a, p, e) with the same 2, and (Q4)

e that is, these are geodesics in different-spin Kerr spacetimes

which have the same dominant GW frequencies

geodesic e

1

0.8 r

0.6

0.4 r

0.2 r

0

2

4

6 8 10 12 14 16 18
geodesic p (M)

+1.0

Kerr spin
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Self-force for Isofrequency Kerr Geodesics

Very different self-forces = very different orbital evolutions = break degeneracies

2mQ,=771.968M, 217 [+502.435M 21Q=771.968M, 21(Q [F502.435M

. (+0.6, 8.0 ,08 )
200 | - (0.0,10.695,0.709) A *

100 | - (06,13.083, 0.609/);—{\ | a0 |
[T i > "’t 0
e 3 x -20
g -100 ; 1% a0l

-200 | 1 O N T (+06, 80 ,08 ) |
300 1 Af | ‘O - ( 0.0,10.695,0.709) |
-100 ¢ L . (-0.6, 13.083, 0.609)
-400 L L L L L -120 L L L L L L L
.05 -04 -03 -02-01 0 01 02 03 04 05 0 5 10 15 20 25 30 35 40 45
orbital phase relative to periastron r (M)
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Things that work well

e puncture-function regularization
e note that this does not require geodesic approximation
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Things that work well

puncture-function regularization

e note that this does not require geodesic approximation
worldtube
m-mode decomposition and 2+1D evolution

e compute Sefrective integrals via elliptic integrals

e gives moderate parallelism “for free"

e allows different numerical parameters for different m

e 241D code can do small runs on a laptop,

larger runs on cluster of workstations

e > and tail fit done in a separate post-processing code
moving worldtube (allows highly eccentric orbits)
mesh refinement (moving with particle & worldtube)

Highly eccentric orbits:

numerical errors & cost per unit of evolution time
seem to be only weakly dependent on eccentricity

main limits are cost due to long orbital period = long evolution time
June 23, 2014
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Directions for further research

Things that don't (yet) work well:
® Seffective 1S VEry expensive to calculate (2 % of code’'s CPU time)

dynamically adjust mesh refinement and/or worldtube around the orbit
evolved fields only C2 = hard to get higher-order finite-diff convergence

inclined eccentric orbits (Sefrective is currently too complicated to be usable)
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® Seffective 1S VEry expensive to calculate (2 % of code’'s CPU time)
e dynamically adjust mesh refinement and/or worldtube around the orbit
e evolved fields only C2 = hard to get higher-order finite-diff convergence
e inclined eccentric orbits (Sefrective 1S currently too complicated to be usable)

e orbital evolution: no conceptual problem
(but needs a fully parallel code to be practical)

e gravitational field: have to cure (m = 0,1 Lorenz-gauge instabilities)
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Directions for further research

Things that don't (yet) work well:

Seffective IS Very expensive to calculate (2 % of code’'s CPU time)
dynamically adjust mesh refinement and/or worldtube around the orbit
evolved fields only C2 = hard to get higher-order finite-diff convergence
inclined eccentric orbits (Sefrective is currently too complicated to be usable)

orbital evolution: no conceptual problem
(but needs a fully parallel code to be practical)

gravitational field: have to cure (m = 0,1 Lorenz-gauge instabilities)

O(1?)
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