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We now have a long list of local quantities to calculate and 
compare
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Appendix A: Gauge invariants

In this work we evaluate the redshift, spin-precession and tidal-tensor invariants by writing them in terms of the
components of h

ab

in Schwarzschild coordinates. In particular, for our particular choice of o↵-worldline extension the
invariants are given by
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In the above we evaluate all of the metric perturbation components using the expressions given in Sec. III, with
(✓,�) = (⇡2 , 0).

Appendix B: Post-Newtonian expansion coe�cients for �U

In this Appendix, we give the analytic post-Newtonian expansion coe�cients for Detweiler’s redshift invariant [24],
�U , up to order y15.5. We have also computed higher order coe�cients up to order y21.5, but they are too long to
give here; instead, we make them available electronically [19].
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Look at the odd parity perturbations, r<r0
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Metric perturbation is a combination of the inhomogeneous solution and its derivative.
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For even parity, we can get away with using the odd parity 
solutions!
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Regularisation Parameters+
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3

n 8 7 6 5 4 3 2 1 0 -1 -2 -3 -4 -5 -6 -7 -8

⌘15 ⌘14 ⌘13 ⌘12 ⌘17 ⌘12 ⌘12 ⌘11 ⌘10 ⌘15 ⌘20 ⌘25 ⌘30 ⌘35 ⌘40 ⌘45 ⌘50

n 8 7 6 5 4 3 2 1 0 -1 -2 -3 -4 -5 -6 -7 -8

⌘8 ⌘7 ⌘6 ⌘5 ⌘4 ⌘3 ⌘2 ⌘ 1 ⌘11 ⌘12 ⌘12 ⌘17 ⌘22 ⌘27 ⌘32 ⌘37

a⌫
n

F
1

a⌫
n

F
2

X in

`m

= C⌫

(in)

(x)

 
23X

n=�4

a⌫
n

F
1

+

30X

n=�6

a⌫
n

F
2

!

A`

2

= a
(4,0)

X2

2

+ a
(4,2)

X
2

X
1

+ a
(4,4)

X2

1

l = 0, 1

l = 2, . . . , l
max

l = l
max

+ 1, . . .

Xeven±
lm

=

1

�+ �2 ± 3i!M

"✓
�+ �2

+

9M2

(r � 2M)

r2(r�+ 3M)

◆
Xodd±

lm

+ 3Mf
dXodd±

lm

dr

#

Any time we get a second derivative, use the RW equation.



The infinite l sum is split into three sections
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Analytically derived by Zerilli

Special function series solutions derived by Mano, Suzuki & Takasugi

Ansatz based on the form of the low l modes.



RW equation on circular orbits: large radius, small frequency 
double expansions
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How do we truncate our series solutions?
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n  �2`� 1 �2`  n  �`� 1 n = �` n = �`+ 1 n � �`+ 2

an 3(|n|� 1) 3(|n|+ 1) 3`+ 6 3(`� 1) + 6 3|n|

TABLE I. The leading behaviour of the MST coe�cients for the spin-2 Regge-Wheeler equation in terms of powers of ⌘. For
example, an = O(⌘3|n|) for n � �`+ 2.

One subtlety here as that while we tend to think of 2F1

as being regular in its argument, this is only true if the
parameters are held fixed. It is easy to see, for exam-
ple, that the expansion of the hypergeometric function
in Eq. (2.3) is given by

1 + (n+`�1�i✏+�⌫)(n+`+3�i✏+�⌫)
2(n+`+1��⌫) X1⌘

2 + · · · ,

and the denominator is manifestly ⌘6 when n+`+1 = 0,
leading to a divergent limit as ⌘ ! 0. This divergence
is more than compensated for by the behaviour of the
prefactor, but leads to larger term than a casual analysis
would suggest. This term corresponds to the daggered
entries in Table II.

Combining the behaviour of the various elements gives
a master table, Table III, for the orders of each term in
the series. This turns out to be the most useful table
for optimising our calculations of the inner solution since
they allow us to say with certainty what we do and do
not need to calculate to correctly give a desired order.
For example, one can see immediately from looking at
these that for n > 0 our contribution from F 1 will die
out quickly and can be largely ignored.

The MST expansion of Xup
`m(r)

The solution satisfying the boundary condition at in-
finity is

Xup
`!

(r) =C⌫

(up)(z)
+1X

n=�1
a⌫
n

(�2iz)n⇥

U(n+ ⌫ + 1� i✏, 2n+ 2⌫ + 2,�2iz), (2.5)

with

C⌫

(up)(z) =eizz⌫+1(1� ✏

z
)�i✏2⌫e�⇡✏e�i⇡(⌫+1) (2.6)

U(a, b, ⇣) =
�(a� 2)�(a)

�(a⇤ + 2)�(a⇤)
U(a, b, ⇣) (2.7)

and z = !r

c

. In a similar vein to the inner case we split
this solution by making use of the identity

U(a, b, z) =
� (1� b)

� (a� b+ 1)
M (a, b, z)

+
� (b� 1)

� (a)
z1�bM (a� b+ 1, 2� b, z) .

(2.8)

Thus U (a, b, ⇣) = U1 (a, b, ⇣) + U2 (a, b, ⇣)

U1 (a, b, ⇣) =
�(a� 2)�(a)� (1� b)

�(a⇤ + 2)�(a⇤)� (a� b+ 1)
M (a, b, ⇣)

(2.9)

U2 (a, b, ⇣) =
�(a� 2)� (b� 1)

�(a⇤ + 2)�(a⇤)
z1�b⇥

M (a� b+ 1, 2� b, ⇣) . (2.10)

Analysis of the behaviour of the M functions
for small ⌘ produces Table IV. Again we must
take due care that parameters as well as the ar-
gument depends on ⌘. For example, when consid-
ering U1 (n+ `+ 1 +�⌫ � i✏, 2(n+ `+ 1) + 2�⌫,�2iz)
the Taylor coe�cients in the expansion ofM are regular if
n+` � 0 but if n+` = �k (k 2 N) the Taylor coe�cients
of order (�2iz)2k�1 and beyond are order ⌘�3. This
means that for k = 1 the function behaves as ⌘�2, while
for k � 2 the behaviour is regular but we need to include
3 more terms than one might have expected to get to
the appropriate ⌘ order. Correspondingly when consid-
ering U2 (n+ `+ 1 +�⌫ � i✏, 2(n+ `+ 1) + 2�⌫,�2iz)
the Taylor coe�cients in the expansion of M are regular
if n+ ` < 0 but if n+ ` = k (k 2 N[ {0}) the Taylor co-
e�cients of order (�2iz)2k+1 and beyond are order ⌘�3.
This means that for k = 0 the function behaves as ⌘�2,
while for k � 1 the behaviour is regular but we need to
include 3 more terms than one might have expected to
get to the appropriate ⌘ order.
Combining the behaviour of the various elements gives

a master table, Table V, for the orders of each term in
the series for Xup.

B. Large ` solutions

As described in [16], one can generate ‘large-`’ homo-
geneous solutions using the template

X in(PN)
`m

=r`+1
⇥
1 + ⌘2APN,`

2 + ⌘4APN,`

4

+ ⌘6APN,`

6 + . . .
⇤

Xup(PN)
`m

=r�`

⇥
1 + ⌘2APN,�`�1

2 + ⌘4APN,�`�1
4

+ ⌘6APN,�`�1
6 + . . .

⇤
(2.11)

where the A
i

are for the most part polynomials in X1 and
X2

1/2, but one finds extra r dependent log terms appear-
ing after the sixth order, log2 terms appearing after the
twelfth order, etc. However, the precise details appear
opaque.

2

give explicit expressions for the metric perturbation in
Regge-Wheeler gauge in terms of homogeneous solutions
of the Regge-Wheeler equation. In Sec. IV we summarise
our results and we conclude with a discussion in Sec. V.
Finally, in Appendix A we give equations for the gauge
invariant quantities we compute (written in terms of this
metric perturbation) and in Appendices B, C, D, E, F
and G we give our high-order post-Newtonian expansion
of the gauge invariant quantities. As the results become
increasingly unwieldy with increasing post-Newtonian or-
der, we restrict our printed results to order y15.5 and opt
instead to provide the higher-order terms electronically
[19].

This paper follows the conventions of Misner, Thorne
and Wheeler [20]; a “mostly positive” metric signature,
(�,+,+,+), is used for the spacetime metric, the con-
nection coe�cients are defined by ��

µ⌫

= 1
2g

��(g
�µ,⌫

+
g
�⌫,µ

� g
µ⌫,�

), the Riemann tensor is R↵

�µ⌫

= �↵

�⌫,µ

�
�↵

�µ,⌫

+�↵

�µ

��

�⌫

��↵

�⌫

��

�µ

, the Ricci tensor and scalar are
R

↵�

= Rµ

↵µ�

and R = R
↵

↵, and the Einstein equa-
tions are G

↵�

= R
↵�

� 1
2g↵�R = 8⇡T

↵�

. Standard
geometrized units are used, with c = G = 1, but we
include the explicit dependence on G and c in our post-
Newtonian expansions in cases where they are convenient
for post-Netwonian order counting. We use the spherical
coordinates {t, r, ✓,�} for the background Schwarzschild
spacetime and write tensors in terms of these coordinate
components.

II. METHODS

In our calculation of the homogeneous solutions to
the Regge-Wheeler equation, we assume much the same
strategy as [16] in approaching the various ` mode
regimes. Namely we use the analytical results of Zerilli
[21] with asymptotically flat gauge correction for ` = 0, 1,
generate the analytical MST series solutions for ‘low’ `
modes, and use a variation of Bini & Damour’s post-
Newtonian ansatz valid for large-` values to tackle the
rest.

A. Low ` solutions

The MST expansion of X in
`m(r)

The homogeneous solutions of the Regge-Wheeler
equation are given in [11] as series of hypergeometric 2F1

functions and irregular confluent hypergeometric U func-
tions. Following a similar notation to [16], the horizon
solution may be written as

X in
`m

(r) = C⌫

(in)(x)
1X

n=�1
a⌫
n

⇥

F (n+ ⌫ � 1� i✏,�n� ⌫ � 2� i✏, 1� 2i✏, x),
(2.1)

with

C⌫

(in)(x) = ei✏(x�1)(�x)�i✏(1� x)�1,

F (a, b, c, ⇣) =
�(a)�(b)

�(c)
2F1(a, b, c; ⇣),

x = 1� c2r

2GM
, ✏ =

2GM!

c3
.

However, we find it more useful to instead work with the
following decomposition:

2F1(a, b, c; ⇣) =

�(c)�(b� a)

�(b)�(c� a)
(1� ⇣)�a

2F1(a, c� b, a� b+ 1, 1
1�⇣

)

+
�(c)�(a� b)

�(a)�(c� b)
(1� ⇣)�b

2F1(c� a, b, b� a+ 1, 1
1�⇣

)

(2.2)

Thus F (a, b, c, ⇣) = F 1 (a, b, c, ⇣) + F 2 (a, b, c, ⇣) with

F 1 (a, b, c, ⇣) =

�(a)�(b� a)

�(c� a)
(1� ⇣)�a

2F1(a, c� b, a� b+ 1, 1
1�⇣

)

(2.3)
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sum. Once again following [16] we will keep track of the
large-r, small-! coupled expansions by using the small
parameter ⌘ = 1/c, and the Bini & Damour variables
X1 = GM/r, X2

1/2 = !r. In this way, each instance of
X1 and X2 must each come with an ⌘2.
At this point we can do an examination of the lead-

ing powers of ⌘ against n for the various terms in the
sum. The structure of the MST series coe�cients a

n

is described in Sec. 6 of [11], but we present it again
in terms of powers of ⌘ and in a form (Table I) that
makes it straightforward to combine with other elements
of the expansions. We note that the corresponding be-
haviour is also discussed in the Living Review by Sasaki
and Tagoshi [22] for the MST series coe�cients for the
Teukolsky function, which simply di↵er from those of the
spin-2 Regge-Wheeler equation by a complex conjuga-
tion [23].
This is not the only irregular behaviour we need to

account for; the dependence on ⌘ of both the parameters
and argument of the 2F1 also go through order jumps,
which are tabulated in Table II. In constructing this and
subsequent Tables the key elements are that
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MST series solution: Inner solution examination
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give explicit expressions for the metric perturbation in
Regge-Wheeler gauge in terms of homogeneous solutions
of the Regge-Wheeler equation. In Sec. IV we summarise
our results and we conclude with a discussion in Sec. V.
Finally, in Appendix A we give equations for the gauge
invariant quantities we compute (written in terms of this
metric perturbation) and in Appendices B, C, D, E, F
and G we give our high-order post-Newtonian expansion
of the gauge invariant quantities. As the results become
increasingly unwieldy with increasing post-Newtonian or-
der, we restrict our printed results to order y15.5 and opt
instead to provide the higher-order terms electronically
[19].

This paper follows the conventions of Misner, Thorne
and Wheeler [20]; a “mostly positive” metric signature,
(�,+,+,+), is used for the spacetime metric, the con-
nection coe�cients are defined by ��

µ⌫

= 1
2g

��(g
�µ,⌫

+
g
�⌫,µ

� g
µ⌫,�

), the Riemann tensor is R↵
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, the Ricci tensor and scalar are
R

↵�

= Rµ

↵µ�

and R = R
↵

↵, and the Einstein equa-
tions are G

↵�

= R
↵�

� 1
2g↵�R = 8⇡T

↵�

. Standard
geometrized units are used, with c = G = 1, but we
include the explicit dependence on G and c in our post-
Newtonian expansions in cases where they are convenient
for post-Netwonian order counting. We use the spherical
coordinates {t, r, ✓,�} for the background Schwarzschild
spacetime and write tensors in terms of these coordinate
components.

II. METHODS

In our calculation of the homogeneous solutions to
the Regge-Wheeler equation, we assume much the same
strategy as [16] in approaching the various ` mode
regimes. Namely we use the analytical results of Zerilli
[21] with asymptotically flat gauge correction for ` = 0, 1,
generate the analytical MST series solutions for ‘low’ `
modes, and use a variation of Bini & Damour’s post-
Newtonian ansatz valid for large-` values to tackle the
rest.

A. Low ` solutions

The MST expansion of X in
`m(r)

The homogeneous solutions of the Regge-Wheeler
equation are given in [11] as series of hypergeometric 2F1

functions and irregular confluent hypergeometric U func-
tions. Following a similar notation to [16], the horizon
solution may be written as
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.

However, we find it more useful to instead work with the
following decomposition:
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Thus F (a, b, c, ⇣) = F 1 (a, b, c, ⇣) + F 2 (a, b, c, ⇣) with
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As a note, this leads to the X in
`m

= X⌫

0 + X�⌫�1
0 repre-

sentation of Eq (2.15) in [11] if we let n ! �n in the F 1

sum. Once again following [16] we will keep track of the
large-r, small-! coupled expansions by using the small
parameter ⌘ = 1/c, and the Bini & Damour variables
X1 = GM/r, X2

1/2 = !r. In this way, each instance of
X1 and X2 must each come with an ⌘2.
At this point we can do an examination of the lead-

ing powers of ⌘ against n for the various terms in the
sum. The structure of the MST series coe�cients a

n

is described in Sec. 6 of [11], but we present it again
in terms of powers of ⌘ and in a form (Table I) that
makes it straightforward to combine with other elements
of the expansions. We note that the corresponding be-
haviour is also discussed in the Living Review by Sasaki
and Tagoshi [22] for the MST series coe�cients for the
Teukolsky function, which simply di↵er from those of the
spin-2 Regge-Wheeler equation by a complex conjuga-
tion [23].
This is not the only irregular behaviour we need to

account for; the dependence on ⌘ of both the parameters
and argument of the 2F1 also go through order jumps,
which are tabulated in Table II. In constructing this and
subsequent Tables the key elements are that
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General l is only valid for ‘large-l’
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Checking some 30pN data 
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Bringing everything together involves an infinite l sum

For the low l’s we just add up directly-no issue there 

With the large l, at every pN order we have a contribution from the infinite 
sum. For instance after regularisation, at y4 we have

Mathematica can do these sums analytically, but for higher pN orders the 
polynomials becomes massive, and the calculation just takes too long.

Instead, split the denominator, extract manifestly convergent modes, bring 
everything else together and ‘hope’ it’s manageable!
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Put everything together to get some invariants
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FIG. 2. Comparison of our numerical and PN results for (left) �E122 and (right) �B123. For each invariant we plot the relative
di↵erence between the numerical data and successive truncations of the relevant PN series, i.e., x = 5 means we are comparing
against the PN series with all terms up to and including 5PN. As successive PN terms are added the agreement between the
PN series and the numerical results improves. For the conservative invariants, such as �E122, the agreement between the PN
series and the numerical data saturates at a relative accuracy of 13-14 significant figures. For the dissipative invariants, such
as �B123, the comparison saturates at 21–22 significant figures. This di↵erence in accuracy in the numerical data stems from
the requirement to regularize the conservative invariants whereas the dissipative invariants do not require regularization.

C. Behaviour near the light-ring

With our numerical codes we can calculate the behaviour of the octupolar invariants as the orbit approaches the
light-ring at r0 = 3M . In general the invariants will diverge as the light-ring is approached and knowledge of the
rate of divergence, along with our high-order PN results and our other numerical results, may be useful in performing
global fits for the invariants across all orbital radii. Such fits find utility in informing EOB theory and already results
for the redshift, spin precession and tidal invariants have been employed in EOB models [24–26]. In this section we
discuss, and give results for, the rate of divergence of the invariants near the light-ring but stop short of making global
fits for the invariants.

The main challenge in computing conservative invariants near the light-ring is the late onset of convergence of the
mode-sum in this regime (see Ref. [24] for a discussion of this behaviour). This necessitates computing a great deal
more lm-modes and typically we set lmax = 130 for our calculations in this regime. By comparison, for orbits with
r0 = 4M we use lmax = 80. Not only then do we need to numerically compute an additional 8085 lm-modes, on top of
the 3239 modes required to reach lmax = 80, but these higher lm-modes are more challenging to calculate numerically
owing to the stronger power-law growth near the particle for high l and the high mode frequency (and thus large
number of oscillations that need to be resolved far from the particle) for high m-modes. These considerations mean
that numerical calculation at near light-ring radii are substantially more computationally expensive than our other
numerical results.

Our main results are presented in Fig. 3. We are able to infer the rate of divergence of five out of six of the electric-
and magnetic-type invariants with the inferred rate being either z�2 or z�5/2, where z = 1� 3M/r0. For one of the
invariants, �B(233), are current results are not su�cient to accurately determine the divergence rate, but we can say
that the rate is subdominant to the other invariants.

V. APPLICATIONS

Here we briefly outline two possible applications of the results of Sec. IV: in informing EOB theory, and in refining
initial data for binary black hole simulations with large mass ratios in the strong field.
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Compared with Paddy’s numerics



A lot of this holds up well for Kerr.

Doing some low order expansions, phase extraction still gives good simplifications, 
however we no longer have a purely even series-slightly different ansatz
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All we need to do is metric reconstruction. -Cesar, Abhay, Martin.

Have Rin, Rup for some low l’s, large l for about 6pN (12 in 1/c) as a test.

How about eccentric orbits?

-Seth!


