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Invariants of a perturbed black hole

Redshift invariant (Detweiler ‘08, Akcay et. al. "15)

5000 Shift in the innermost stable circular orbit (Barack & Sago)
=t~ Periastron advance, mildly-eccentric orbit (Barack & Sago)

J.;.\ Geodetic spin-precession
(Dolan, Warburton, Harte, Le Tiec, Wardell, Barack)

+= Tidal eigenvalues (Dolan, Nolan, Ottewill, Warburton, Wardell)
| Octupolar invariants

| (Nolan, Kavanagh, Dolan, Ottewill, Warburton, Wardell)
,.|_ Second order redshift invariant
’ ,, (Barack, Miller, Pound, Warburton, Wardell)




Second order conservative effects

Generalised redshift invariant for circular orbits
[Pound, Phys. Rev. D90, 084039]

M
Uo(Q) = (1—3M/rg)"? Q= \/%

[/ :UO(Q) |:1 4 %Eth _|_€2(lhR2 4 %(th )2

UoUQ 2 "UouQ

stk (Fap)? (1= 3M/rq))|




Second order field equations
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Second order field equations
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Motvation:
Second order

* Second order gravitational self-
force will require high accuracy
= Frequency domain.

~ First order metric perturbation ~ 1/ (r-ro) )
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Motivation:
Second order

* Second order gravitational self-
force will require high accuracy
= Frequency domain.

* Spherical harmonic modes at
first order finite on world line =
mode-sum regularization.

+ Second order metric more
singular.

# Second order modes diverge
logarithmically.

* Avoid computing retarded field

on world line = effective source.
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Frequency-domain scalar mode-
sum self-force
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Find solutions to homogeneous equation which satisfy outgoing boundary conditions
on horizon and at infinity, respectively

h & 2r—-M)d 1 (g? 6(5:2‘ 1))}&)25’7? = 0\

dr? + fr2  dr + ?

",

Construct inhomogeneous solutions by matching on the world line

| 7 ~ | - +
ret&= _ + Fretx + (I)g
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where W is the Wronskian of homogeneous solutions



Frequency-domain scalar effective
source

th_FQ(TM) d —|—1<a}2 _6(6:2—1))}(1)2%:522 N
| y

Find solutions to homogeneous equation which satisfy outgoing boundary conditions
on horizon and at infinity, respectively
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Construct inhomogeneous solutions using variation of parameters
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where W is the Wronskian of homogeneous solutions



. Phys. Rev. D. 89:044046
Results: scalar field A
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Irequency-domain gravitational self-
force (Lorenz gauge) arXiv:1505.07841

huw + 2R hap = —167T), V.
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Construct effective source: S l(,zeﬂ: — lmﬁl(zp + 4M ((?) BZ(QLP

Variations of parameters to find the residual field



Results: Lorenz-gauge gravity [ar\iv:1505.07841]
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Results: Lorenz-gauge gravity |arXiv:1505.07841]
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lensor-mode regularisation

Punctures are directly relation to standard mode-sum regularisation
Subtract the the punctures from the individual Imi-modes of the retarded field
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lensor-mode regularisation

Can re-write this as a mode-sum formula
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Can regularize the tensor-harmonic modes directly - no mode coupling!
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PHYSICAL REVIEW D 89, 104020 (2014)
Practical, covariant puncture for second-order self-force calculations

Adam Pound and Jeremy Miller

Mathematical Sciences, University of Southampton, Southampton SOI17 IBJ, United Kingdom
(Received 7 March 2014; published 13 May 2014)

Accurately modeling an extreme-mass-ratio inspiral requires knowledge of the second-order gravita-
tional self-force on the inspiraling small object. Recently, numerical puncture schemes have been
formulated to calculate this force, and their essential analytical ingredients have been derived from first
principles. However, the “puncture,” a local representation of the small object’s self-field, in each of these
schemes has been presented only in a local coordinate system centered on the small object, while a
numerical implementation will require the puncture in coordinates covering the entire numerical domain. In
this paper we provide an explicit covariant self-field as a local expansion in terms of Synge’s world
function. The self-field is written in the Lorenz gauge, in an arbitrary vacuum background, and in forms
suitable for both self-consistent and Gralla-Wald-type representations of the object’s trajectory. We
illustrate the local expansion’s utility by sketching the procedure of constructing from it a numerically
practical puncture in any chosen coordinate system.

DOI: 10.1103/PhysRevD.89.104020 PACS numbers: 04.20.-q, 04.25.-g, 04.25.Nx, 04.30.Db
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Second order Riccl tensor
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Which parts of the mode-decomposed
singular field are needed?




Which parts of the mode-decomposed
singular field are needed?

All of them!

[to O(€)]
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kixact, analytic mode decomposition

For the scalar case, the modes of the singular field are given by
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kixact, analytic mode decomposition

Scalar, m=0 mode decompositions are given analytically in
terms of (finite) hypergeometric series in §~Ar.
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Integrate by parts - scalar, m!=0 mode decompositions can be rewritten

in terms of m=0 decompositions plus a term proportional to | Arl.
Tensor mode decompositions can be written in terms of combinations

of scalar mode compositions.
Integrations over (3 are complete elliptic integrals of third kind.



Mode coupling: scalar toy model

(CDZ)O,O regularized using ®° to order €', exact Ar, exact m'
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Mode coupling: metric perturbation

[hgﬁhR O‘B]zz as a function of number of coupled modes
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Mode coupling: metric perturbation

[h53hR %155 on the worldline
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Mode coupling: §~R[A" AR

5’R R AR
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Towards second order self-force

[ Mode-sum ][ Eff. source ] Eff. source




Towards second order self-force

[ Mode-sum ][ Eff. source } Eff. source
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Towards second order self-farce




