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Introduction
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The trouble with Kerr

Kerr space time is not spherically symmetric!
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In short:

Kerr space time is not spherically symmetric!

Consequences:

o All equations are more complicated (by order of magnitude).
e Generic orbits are not planar (biperiodic, resonances).

o Linearized Einstein equation does not separate over spherical harmonics.
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Time domain approaches

o Use axisymmetry to decouple “m-mode".
e Solve 2+1D PDEs numerically.

o Use “effective source” regularization scheme

Scalar self-force (Thornburg)

(see J. Thornburg's talk on Wednesday)
Eccentric equatorial orbits.

Gravitational self-force (Dolan & Barack)

Circular equatorial orbits.
(problems with gauge instabilities)

Alternative

Solve in 141D with coupled I-modes.
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Frequency domain (scalar field)

Klein-Gordon equation

The Klein-Gordon equation for a massless scalar field in Kerr spacetime can be
separated into ODEs in the frequency domain.
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Frequency domain (scalar field)

Klein-Gordon equation

The Klein-Gordon equation for a massless scalar field in Kerr spacetime can be
separated into ODEs in the frequency domain.

Scalar self-force (Warburton&Barack)

Calculation of the scalar self-force in Kerr spacetime for a particle on eccentric
equatorial and inclined circular orbits has been implemented by
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Frequency domain (gravity)

Teukolsky

Equations of motion for the (linear) Weyl curvature scalars 1o and 4 on
Type D backgrounds decouple from the other curvature scalars, and can be
solve using separation of variables in the frequency domain.
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Frequency domain (gravity)

Teukolsky

Equations of motion for the (linear) Weyl curvature scalars 1o and 4 on
Type D backgrounds decouple from the other curvature scalars, and can be
solve using separation of variables in the frequency domain.

Gravitational Flux

1o and 14 contain sufficient
information to determine the flux of
GWs to infinity and into the BH.

Numerical calculation for completely
generic bound orbits implemented by
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Frequency domain (gravity)

Teukolsky

Equations of motion for the (linear) Weyl curvature scalars 1o and 4 on
Type D backgrounds decouple from the other curvature scalars, and can be
solve using separation of variables in the frequency domain.

Gravitational Flux Gravitational Self-force?

1o and 14 contain sufficient In fact 1o and 14 contain most

information to determine the flux of information about a metric

GWs to infinity and into the BH. perturbation.

Numerical calculation for completely Question:

generic bound orbits implemented by  Can the be calculated from g
or ¥4?
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(Incomplete) History

Work Details

Note difficulty due to irregularity of
radiation gauge.

Metric for static particle flat
space/Schwarzschild

GSF and redshift for circular orbits in
Schwarzschild

Redshift circular equatorial orbits
Kerr

Rigorous formulation of GSF in radi-
ation gauge

Redshift for eccentric equatorial or-
bits in Kerr

GSF for eccentric equatorial orbits in
Kerr.
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Method
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Teukolsky equation

Teukolsky equation

T@ 6 o, =5

Teukolsky variables

1o: Teukolsky variable of spin-weight +2
p74w4: Teukolsky variable of spin-weight -2
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Teukolsky equation

Teukolsky equation

TP od, =9

Teukolsky variables

1o: Teukolsky variable of spin-weight +2
p~*1hs: Teukolsky variable of spin-weight -2

Separation of variables

ds = Z s Bimw (T)sSl'mw (9) ei(m¢—wl,)

Imw

sSimw(0): spin-weighted spheroidal harmonic
sRimw(7): solution of radial Teukolsky equation

_. d d
AT — AS+17 s Vimw(T ) sRimw = sStmw v
( dr( dr)+'vl w(r) | s Rim sSimw [TH"]
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MST method

Series solution

Rimo(r)=C Y ar Fi(r)

n=—00

e F)(r): Hypergeometric function

e q, satisfies o a,_1 + B a, +Ynani1 =0

e Two independent solutions for v give rise to independent homogeneous
solutions
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method

Series solution

Rimo(r)=C Y ar Fi(r)

e F)(r): Hypergeometric function

e q, satisfies o a,_1 + B a, +Ynani1 =0

e Two independent solutions for v give rise to independent homogeneous
solutions

e Analytic implementation of boundary conditions
e Arbitrary precision implementation possible

o Numerical implementation for flux calculations of generic
orbits.
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Wald's theorem

huu ¢0/4
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Wald's theorem

3 (2)
‘110/4

s Yo /4

Theorem [wald, 1974]
For any vacuum Type-D (i.e ©o = ¥4 = 0) background spacetime

Gauge modes

ker U2 — J Perturbations of the background with the class
we of vacuum type-D spacetimes
(i.e. (5M, 6J, 6(1, or 5QNUT)
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CCK formalism [Chrzanowski, Cohen,& Kegeles, 1974-1979]

(vacuum)

D o
o ' e

IRG: "hu, =0
ORG: n'hu, =0
g“yh/uu -0
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CCK formalism [Chrzanowski, Cohen,& Kegeles, 1974-1979]

(vacuum)

Do

IRG: "hu, =0
ORG: n'hu, =0
g“yh/uu -0
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CCK formalism [Chrzanowski, Cohen,& Kegeles, 1974-1979]

(vacuum)

IRG: "hu, =0
ORG: n'hu, =0
g“yh/uu -0
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Hertz potential

Requiring the previous diagram to commute implies four 4th order PDEs
relating ®;,0ra to g 4:

(Rt = 457 0 O, o)) o o = o

(L0 = 78 0 (el a) ) © Bine = oo

<L/,/ G = \1’(2) (D((ng' +2)> o (i’OliG = 1o

(lﬁ“\"““ =p 0o (ﬁ((QgKm)) oPore = p "t

o« R\ is independent of 6.

1/()3(

o LU o is independent of 7.

1/ ()R
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Algebraic inversion of radial equation [ori, 2001]

Radial equation

73&;11);@ 0®orc = p ‘4

Mode expansions

p741/)/1 = Z 72lew(r)725lmw (e)e[(mq’:fwt)

Imw

(I)ORG — Z 2R177Lw(r)2slmw (9) ez',('mq’)fwt)

Imw

Radial operator separates over modes
Yi (7%57?3, o 2R§mu)(r)) — Xj 72Rj (T)

Imw

7%§f;1 : {hom. sol. of spin+2 radial eq.} — {hom. sol. of spin-2 radial eq.}
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Method of extended homogeneous solutions

Time —
a0y yor[q

UOIIN[OS WNNOBA ,—, JOLISJUL

Radius —»
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Self-force in radiation gauge [Pound,Merlin&Barack, 2013]

Radiation gauge metric perturbations have (gauge) string singularities.

“full string” “half string” “half string” “no string”

Credit: C. Merlin
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Self-force in radiation gauge [Pound,Merlin&Barack, 2013]

Radiation gauge metric perturbations have (gauge) string singularities.

“full string” “half string” “half string” “no string”

Credit: C. Merlin

[Pound,I\/Ierlin&Barack. 2013]

o GSF can be calculated in “half-string” gauges, but no zero corrections to
regularization parameters occur.

o Corrections to Lorenz gauge RPs cancel in “no string” gauge:
w,+ oy —
FI ad + Fl,Rad

2 loLs
v %) _ pk _ TLor )\ _ M
= ( Z 9 BLor L ) DLor'

=0
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Gravitational self-force (extension)

Compute self-force from Hertz potential:
wt (1) L D(2) =+
Froa =F °Dick 42 © Pora

— J’:‘H,(l) ° @(6?()7’(1+2 ° Z \I/a:nw 2]_z:t (7) 3,8’,”_;(H)e["l'd’*"‘“’t + c.c.,

[mw

mwl
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Gravitational self-force (extension)

Compute self-force from Hertz potential:
A (1) [ HR) +
Fhia =F" 0 Deck, 42 ° Pora

[mw
mw

=F W oD 100y Wi oRE (1) (2biw)i2 Vi (0) ™ 4+ cec.,
A
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Gravitational self-force (extension)

Compute self-force from Hertz potential:
wE (1) JAH2) +
FRoa =F °©Dick 12 ° Pore
Su + +,(i) [ ime—iwt
= E Cl (e R (1) (2bmw) i Vi (0) ™7™ + c.c.,

mwsi

i

Almost [-mode decomposition, but...

® Wrong modes
® “+c.c” terms

© Coefficients depend on 6
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Gravitational self-force (extension)

Compute self-force from Hertz potential:

7, (1 (2) +
fRui =7 DCCK 42 © Pora
- Z C’!YLLuSL 9)‘11[771./.) QR[imi)( )(Qb’mw);l "'ls‘J 3 ( 65’”@57[Wt + c.C.,
r;ﬁ;;[z

Almost [-mode decomposition, but...

© Wreng-modes use (sin'®l () Yum(0)=>", mAM Y, (0)
® "+c.c terms

© Coefficients depend on 6

First order Self-force in Kerr spacetime Maarten van de Meent



Gravitational self-force (extension)

Compute self-force from Hertz potential:
ot (1) (2) +
FRoa =F D( oK, +2 © Pora
E [ mgly ime—iwt
\Il[muv 2ll:z[mw (2 bm,w)ll 2"4ll € )

mw st

(Z CH ol Cos2 0) Yy, (0) + cosé Z éffwsi(cosz 0) Yl,,,,(e))

I+m I+m

even odd

Almost [-mode decomposition, but...

© Wrongmodes use (sin'*l0) . Y m(@)=>", ;“Aﬁ‘, Y, m(0)
® “t+ee—terms use symmetries
© Coefficients depend on 6
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Gravitational self-force (extension)

Compute self-force from Hertz potential:

w,+ 1, (1 (2) +
Fhind = ot )OD((K+2 °P5ra

_ +,(i) [ m 7mc)77w1
- E \Ijlrnw QR[mw (2bmﬁb)l| QA ?
mwsi
liln
2n § w,n 2n+1 E w,mn
(COS 9 mesz YZW ) + COs 0 mem Ylm ))
I+m I+m
even odd

Almost [-mode decomposition, but...

© Wrongmodes use (sin'*l0) . Y m(@)=>", ;“Aﬁ‘, Y, m(0)
® “t+ee—terms use symmetries

© Coefficients depend on 6 Taylor expand around equator
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Gravitational self-force (extension)

Compute self-force from Hertz potential:

uLE (1) (2) +
Fhiaa = F' D((K+ZO¢)OICG

o E L omyly jime—iwt
- \Il[muv 2ll:z[mw (Qb’”w)ll 2"4! € ’
mwsi
§ § w,0
( me st Ylm + cos ¢/ mesL Yfm ))
I+m I+m
even odd

Almost [-mode decomposition, but...

© Wrongmodes use (sin'*l0) . Y m(@)=>", ;“Aﬁ‘, Y, m(0)
® “t+ee—terms use symmetries

© Coefficients depend on 6 Taylor expand around equator
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Gravitational self-force (extension)

Compute self-force from Hertz potential:

— (1) o H@) +
]:Rm =F DC'(K +2°Pore
2 : +,0 [ p—iwt
- \Illmw lerru(u ( ’”“’)]1 2’34 e
mwsz
2 w,0 2 51,0 m we" -
( Cmu, ED Ylm(e) + mew = 2 Y *‘gwu) ')
I+m lo,l+m
even odd

Almost [-mode decomposition, but...

© Wrengmodes use (sin'® 0) . Yim(@)=>", ’4‘ Y, m(6)
® “+ee—terms use symmetries
© Coefficients-depend-en—6 Taylor expand around equator
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Completion

Missing mass and angular momentum perturbation

Can be found by fixing ADM mass and angular momentum and imposing
smoothness of gauge invariant fields (off equator). (See Leor's talk)
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Summary of method

RG

A

Ut

Mode sum

1]

Completion

I

MST method

Radial inversion

Implicit choice of extension

Lorenz gauge parameters,
accelerate convergence by “tail fit" methods

M and J perturbation

First order Self-force in Kerr spacetime

Maarten van de Meent



Tests and Results
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Convergence of Fourier modes

107,

Bl i

—— lem=1+

107
1=21,m=1,+ 1=21,m=1,-
— lEm=214  ---e- l=m=21,-
-60 0 20 40 60
n-mode

Precision loss

e Considerable cancellations in sum over Fourier modes!
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Convergence of Fourier modes

101
L}

n;z:}x 1Ff e
10° i

max Avg, L
mw

1000~

(4

10

I-mode

Precision loss

e Considerable cancellations in sum over Fourier modes!

o Loss of precision grows exponentially with [.
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Anatomy of homogeneous solutions

1o —t Homogeneous solution behaviour

/'—“; e in far/wave zone: Mode
~! .
- independent powerlaw.
E L2 . .
z -\*‘"\// ] ® in near zone: static mode
g .
Z behaviour.
\_N/ Bl ——.
= Homogeneous solution \\\ i
anatomy Iy .
2Rl N
| 12Riinol O
l2Rimol -3 1
----- I2Rivol .
0.001 0.100 10 1000

{=w(r-ry)
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Anatomy of homogeneous solutions

1070 - Homogeneous solution behaviour
/'—“; e in far/wave zone: Mode
- - independent powerlaw.
4 '\««\“"/ ] ® in near zone: static mode
2 behaviour.
\_N/ Bl ——.
= Homogeneous solution \\\ ]
N Extended homogeneous solutions
Y | I 12Riinol N Tmaz
10 . N Vary ( ) over orbit.
""" l2Rimol s

0.001 0.100 10 1000 Tlme domaln modes

{=w(r-ry) ” 3 .
Vary ( ""_”) over orbit.
i

Maarten van de Meent
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Mode sum

I-mode div’crgcncc at q,=11/2

107
1
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1Ff*l IFFFL Izl
1A 1) [P
I e I 1E9|
5 10 20
l-mode

0.100

0.010-

0.001

107

= r s r
Regularized I-mode convergence at q,=77/2

““““ IF 1Ef IR
A v
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Mode sum

I-mode div’crgcncc at q,=11/2

107
1
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1Ff*l IFFFL Izl
1A 1) [P
I e I 1E9|
5 10 20
l-mode

0.100

0.010-

0.001
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Regularized I-mode convergence at q,=77/2

““““ IF 1Ef IR
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Self-force loops

Range of capabilities

e Any value of the spin parameter a.
e Any semilatus rectum p (including fairly high whirl numbers)

o Eccentricities upto e < 0.4
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Gauge dependence of GSF

1of
Shown (p, €) = (7,0.25) [ PR g =
___________ » - )
e Radiation gauge GSF o -
(MvdM)
e Lorenz gauge GSF (Akcay 6 Ui =
& Warburton) AN -
! - -
_______________ TP DT L
________________ P IO
2
= >
i rvs. 3
2 Flor FRaa

55 6.0 6.5 7.0 7.5

First order Self-force in Kerr spacetime Maarten van de Meent



Pseudo invariants and gauge completion

Pseudo-invariants

Many of the invariants we like to calculate (redshift, ISCO shift, Periapsis
advance) are not true gauge invariants. Instead they are invariant under a
restricted class of gauge transformations that leave frequencies unchanged.
Normally only consider asymptotically flat, smooth gauges.
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Pseudo invariants and gauge completion

Pseudo-invariants

Many of the invariants we like to calculate (redshift, ISCO shift, Periapsis
advance) are not true gauge invariants. Instead they are invariant under a
restricted class of gauge transformations that leave frequencies unchanged.
Normally only consider asymptotically flat, smooth gauges.

“No-string” gauge

The no-string gauge used for our calculating is discontinuous on a hypersurface
containing the particle. Hence it is not in the desired class of gauges. It can be
brought into this class by adding a suitable gauge part to the completion.
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Pseudo invariants and gauge completion

Pseudo-invariants

Many of the invariants we like to calculate (redshift, ISCO shift, Periapsis

advance) are not true gauge invariants. Instead they are invariant under a

restricted class of gauge transformations that leave frequencies unchanged.
Normally only consider asymptotically flat, smooth gauges.

“No-string” gauge

The no-string gauge used for our calculating is discontinuous on a hypersurface
containing the particle. Hence it is not in the desired class of gauges. It can be
brought into this class by adding a suitable gauge part to the completion.

e Only gauge transformations linear in ¢ can effect frequencies.

e Can be constrained by requiring continuity of stationary axisymmetric part
of h, hiy, and hgg across circular orbits.
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ISCO shift

(M + 1)Qiseo = MO 4 1Cao + O(n?)

isco

138F 1397 ' ' ' ' ' ]

L 1.36f PRELIMINARY 1 :
136 1.337 ]
[ 1.301 ]
1.34F 1.277 ]
[ 1.24F s : s : : ]

S 1321 100 10" 102 103 104 10°° ]
1.30F l1-a/M ]
1.28F ]
[ — using hu ]
1.26¢ ]
124 :_I . Ius1lng IGSlI: e e I_:
-1.0 -0.5 0.0 0.5 1.0

a/M
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Periapsis advance (Comparison with [Le Tiec, et al., 2013])

0?2
Q; = W(n,a;2) = Wierr(a;2) +mp(a;z); == ((M+ M)Q¢)<2/3)
[
05w / — lpsspn/onr—1l
T P35PN
// 01008 " o wogse—1I /
T Pl 3 — lpsspnipose=1] o
0.4 / % 0.050 '3.5PN/PGSF
b 9‘% ////——
03 2 —
=
(5}
/ & 0,010
0.2 /
/ 0.005
0.015 0.020 0.025 0.030 0.015 0.020 0.025 0.030
M+ (M+0)Qy
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Summary and Outlook

Can calculate GSF for eccentric equatorial orbits in Kerr spacetime to moderate
eccentricities.

e Gauge completion of eccentric orbits (allows calculation of
pseudoinvariants such as self-torque).

e Inclined orbits

e Inspiral evolution
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Thank you for listening!

For more details see

MvdM and AG Shah, arXiv:1506.04755
MvdM, arXiv:1606.06297
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