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Overview

@ The Mathisson-Papapetrou-Dixon (MPD) dynamics
and effective action principles
(surprising generality)

@ Remarkable simplifications for the black hole case

@ To all orders in spin, at the leading PN orders
for binary black holes
—fully obtained from the test-body limit (in two different ways)
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Point-mass action

@ For worldlines z = z4(\) and metric g,,,, (),

1 [ -
Slza,g] = 167/6541‘\/_9R_ZmA/d)‘\/_QW(ZA)zZZZx-
A

@ Formally,
= =0, GH = 8nTH,
0 (x — z4) 2
™ = mA/d)\u”uzi, uly = —A_,
D A e

@ Makes sense as is only for a test body, but:
@ Arbitrary-mass-ratio PN:  OPNv/, 1PNV, 2PNV, ... (?)

e First-order self-force v/, ... (?)

(provided one finds an appropriate singular/regular split)
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Add rotational degrees of freedom

DAGD
ax -’

@ Add “body-fixed” tetrad A, (\) along = = z(A), with Q** = A *

S = /dA Ly (zu, Qs 9u0(2)s Ruvap(2), V,uRapos(2), )

. oLy oLy
@ Define p, = 9 and Sy, = QW’
= MPD equations:
Dp* 1., gas DSHY )
—RF,, 52" 88 = —oplegrl — NHv
P\ + 2R gz’ S , N pltz

: transport egs. for p* and S*¥ along any worldline.

@ Add extra constraint, “spin supplementary condition” (SSC),
Sul/fu =0,

(mass dipole vanishes in frame defined by timelike vector field f*)
and MPD also determines evolution of worldline.
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Action for (quadrupolar) MPD

@ Phase-space action, (o, p* : Lagrange multipliers)
Sulz.p. A, S] = / d [pﬂé’” + %SWQF”’ -5+ M) - 5#04 :
“dynamical mass” M?(z, p, S) replaces Lagrangian Ly (z, #,2)
“spin-gauge constraint” : 0=C,= 5w (ﬁ” + Ao”),

@ Ingeneral, = MPD with

a DM? OM? oM? puit
F,=———"" NM=_ (1 oglw 2277 _ fpe
! 2 Dzr’ “ (p 8171/] * aasu]a) “

3,27 OM?
p2 aR,uuaﬁ

, (assume oM _ =0=...),

Defi [ prafB _
@ Define quadrupole, J OVR

1 4
= FIL = _EVMRaBWJaB%v NI = §R[Maﬂ7*]y]a67.
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Quadrupolar couplings

@ Define electric, magnetic parts of Weyl tensor,
Euw +iB,, = (Cwyﬁ + i*C’WuB)ﬁaﬁBa
mass dipole vector x*, and Pauli-Lubanski spin vector s*,
XM 4 ist = — (S 4 i*SH) .
@ Spin-induced and adiabatic tidal couplings:
M2 =m? — KE,, 5" — )\%EWE””,
( kpu =1, A =0 ),

—valid for the covariant SSC: S,,,p¥ =0 (x* =0).

@ For a generic SSC, new kinematical terms:

M2 = ’I’I’L2 — HEMVSHSV - 2B;J,VSILXV + 5/,LVXMXV7
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Quadrupolar couplings for a black hole

e With k =1,
Mg = m® = Eus”s” = 2Buus" X" + Eux'X"
=m 5(8’“’ + B ) (X" +ist) (X" + is”) + c.c.
=m? + icﬂyaﬂgwsa/ﬂ’
@ Thus, for a BH,
JhvaB _ 3519 z (Suusaﬂ gluw gas) _ traces),
p?

@ In general,

1 4
(- D" = ()2 = 5" R 287 4 2 Ry 1, + O(S7).

@ For a black hole, pH = pp%;z'“ +O(83).
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The PN and spin expansions (by PN order)

PN order | 1.5 | 25 | 3.5 | 4.5 | 5.5 |
0 1 2 3 4 5 | 6
spin*0 N 1PN 2PN 3PN 4PN
spin* | LO SO | NLO SO |NNLO SO|
spinA2 | LO s”2 |NLO S22 |NNLO s*2
spin*3 | LO s*3 | NLO $73
spint4 | LO s*4 | NLO s*4
spin*5 | LO §*5 |
spin6 | LO s*6

“nPN” : no-spin / point-mass, “SO” : spin-orbit / linear-in-spin,

“LO” : leading-(PN-)order, “NLO” : next-to-leading-order,
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The PN-spin expansion (rearranged)

PN order | 1.5 | 25 | 3.5 | 4.5 | 55 ‘ LO even [NLO even | ‘
0 1 2 3 4 5 | 6 | LO odd | NLO odd | | ‘

N 1PN 2PN 3PN 4PN N ‘ 1PN ‘ 2PN ‘ 3PN ‘ 4PN ‘
| LO SO ‘ NLO SO ‘ NNLO SO ‘ ‘ LO SO ‘ NLO SO ‘ NNLO SO ‘ NNNLO SO‘

| LO s*2 ‘ NLO $*2 ‘ NNLO s/2

LO s*2 ‘ NLO $*2 ‘ NNLO S"2|NNNLO S"Z‘

| LOSA3 | NLO §3 ‘ ‘ LO SA3 ‘ NLO $43 |NNLO su‘
| LO S*4 ‘ NLO su‘ LO S~4 ‘ NLO S*4 |NNLO su‘
|LOS"5‘ ‘ LO S5 |NLOS"5‘
| LO S% LO S | NLO $16 ‘
LO S"8 (n+0.5)PN

Hamiltonian H = Hx + Hipn + - .-
PN counting assumes large spins S ~ Gm?/c.

(for arbitrary-mass-ratio binaries with spin-induced body multipoles)
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The PN-spin expansion

Red text: not (fully) known
Black text: fully calculated,
and confirmed, all except for:
NNLO-S?

4PN

LO-S™ withn > 5

LO even | NLO even ‘

LO odd | NLO odd | | ‘

N | 1PN | 2PN | 3PN | 4PN ‘

LO SO | NLO SO | NNLO SO |NNNLO SO‘

LO s~2 | NLO S”2 |NNLO S*2 |NNNLO $*2

| LO $73 |NLOS"3

NNLO S*3

LO S*4 | NLO $*4

NNLO s*4

| LO $*5 |NLOS"5

LOS"6 | NLO S%6
LO SA7 nPN (n+1)PN
LO S8 ‘ (n+0.5)PN ‘
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PN compact binaries

Describe binary of compact objects, bodies A = 1,2 in terms of
@ worldlines = = z 4(t) in PN coordinates 2 = (t,2%) = (¢, z),

relative position R = z, — z;, distance R = |R],

@ massesmya (M =my+mg, pu=mimo/M, v=pu/M),

take my > mao, “test-body limit” : mo — 0,
@ spin vectors S, = S%, rescaled spins as = Sa/mac,

@ assume only spin-induced multipole moments, H(R, P, S, S-),

OH . OH . .. OH

i Piif . i i ] k 1
R aPZa IR SA € kanASAa ( )
rescale momenta: H = E, P = B, L= L_ Rx P,
I I I
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Leading-order Hamiltonians

@ Newtonian point-mass:

_ P M
=5 %
@ 1PN point-mass:
=4 2
_ P MP
Hypy = (-1 - 4+ (-3-2
N = (=14 3v) ==+ (=3 = 2v) =
2
ML M?
@ Leading-order spin-orbit: (spin S = ma)

_ 3 L-
HL0751 = (27’77,1 + 2m2) Tal

L-
+ <2m1 + 2m2) a2 .
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Leading-order spin-orbit

_ L-a .
Hipst = <2m1 + m2> "3 ! ( my + 2m2) ?a?
= 2a+30' %
B 2" ) R?
3 M
— Px(2a+2c0).-02
X ( a+ 3 > 7] IR

@ Spin map:

S=8,+8S2=mia; + meas = Ma,
S €8s *
Stest g :@52+@51:m1a2+m2a1:M0',
1% meo mq
@ Map to the motion of a test body:

Hio.s1(my,a1,mz,a3) = HGG (M, a,pu, o)
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Leading-order spin-squared

_ 1 o o o M
Hiogs = 3 (/ﬁlalla]l + 2ajal + fﬁgaéa;)aﬁjﬁ,

@ « : response coefficient for spin-induced quadrupole : kg = 1

] 1 . ) Y
HEg’}SIQ (m1, @1, mz, az) = 5((11 + a2)L(a1 + (12)]61‘83‘7
_ 1 u
= HI]_BC]?—PSI;eSt(Mv a, [, 0') = 5(((1 + O‘) i a)zf
[] es 1 M
- Hfg_‘gé (M, ag, 1, 0) = §(a0 . 8)2§

where

S+S8" S
ay=a; +ay=a+0= = —
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Through S, at the leading PN orders, for BBHs

@ Even part:
=2
_ P M 1 M
BBH __ 2
Hioeven = 5 TR + 5(‘10 - 9) &
1 M 6
- @(ao - 9) 7 +0(S%),
@ Odd part:
_ 1 - 3 M
1
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Arbitrary-mass-ratio results from the test-body limit

@ Even and odd parts, from a “test black hole” in Kerr:
FII%%H(mb ai,my,az) = HE?H’teSt(Ma a, j,o),
@ The even part, from geodesics in Kerr:

r7BBH r7BBH test
HLO,even(m17 a,ma, (12) = HLO,even (M’ ao, 1, 0),
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To all orders in spin, even part

72 + a cos? 0
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Oblate spheroidal geometry

R

r

0 apsin® ao  p  \/r2+ a2

cylindrical (p, ®,7), X =pcos®, Y =psin®,
spherical (R,©,®), p= Rsin®, Z = RcosO,

spheroidal (r,0,®), p=/r?+a?sinf, Z =rcosé.
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To all orders in spin, odd part

Il
o
Q.
o
P
L
N
X
/—I\
Do
Q
_|_
~
\|
S
q
~
Q
e
o
Q
=
L
==

sin(ag - 0)
ap - o

1S

:{—2P><a0-8 +;an-8cos(a0~8)}

Mr 2RxP-ay M - R+ iag n
= . —_—m C.C
r2+adcos?0 r?+ad 4 (r 4 iag cos )3

(can also be “deduced” from a pole-dipole test body in Kerr)
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Summary, outlook

@ Conservative dynamics of BBHs
to all orders in spin at the leading PN orders
—obtained from the test-body limit in two ways:

o A “test black hole” in Kerr
o A pole-dipole test body in Kerr

@ (the magic of Kerr-Schild coordinates)
e EOB?

@ Extend to next-to-leading order?
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