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Overview

The Mathisson-Papapetrou-Dixon (MPD) dynamics
and effective action principles

(surprising generality)

Remarkable simplifications for the black hole case

To all orders in spin, at the leading PN orders
for binary black holes
—fully obtained from the test-body limit (in two different ways)
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Point-mass action

For worldlines x = zA(λ) and metric gµν(x),

S[zA, g] =
1

16π

∫
d4x
√
−gR−

∑
A

mA

∫
dλ
√
−gµν(zA)żµAż

ν
A.

Formally,
⇒ z̈µ = 0, Gµν = 8πTµν ,

Tµν =
∑
A

mA

∫
dλuµAu

ν
A

δ4(x− zA)√
−g

, uµA =
żµA√
−ż2A

.

Makes sense as is only for a test body, but:

Arbitrary-mass-ratio PN: 0PN!, 1PN!, 2PN!, . . . (?)

First-order self-force!, . . . (?)

(provided one finds an appropriate singular/regular split)
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Add rotational degrees of freedom

Add “body-fixed” tetrad Λa
µ(λ) along x = z(λ), with Ωµν = Λa

µDΛaν

dλ
,

Sb =

∫
dλ Lb

(
żµ, Ωµν , gµν(z), Rµναβ(z), ∇µRαβγδ(z), . . .

)
,

Define pµ =
∂Lb

∂żµ
and Sµν = 2

∂Lb

∂Ωµν
,

⇒ MPD equations:

Dpµ

dλ
+

1

2
Rµναβ ż

νSαβ = Fµ,
DSµν

dλ
− 2p[µżν] = Nµν .

: transport eqs. for pµ and Sµν along any worldline.

Add extra constraint, “spin supplementary condition” (SSC),

Sµνf
ν = 0,

(mass dipole vanishes in frame defined by timelike vector field fµ)
and MPD also determines evolution of worldline.
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Action for (quadrupolar) MPD

Phase-space action, (α, βµ : Lagrange multipliers)

Sb[z, p,Λ, S] =

∫
dλ

[
pµż

µ +
1

2
SµνΩµν − α

2

(
p2 +M2

)
− βµCµ

]
,

“dynamical mass”M2(z, p̂, S) replaces Lagrangian Lb(z, ż,Ω)

“spin-gauge constraint” : 0 = Cµ = Sµν

(
p̂ν + Λ0

ν
)
,

In general, ⇒ MPD with

Fµ = −α
2

DM2

Dzµ
, Nµν = −α

(
p[µ

∂M2

∂pν]
+ 2S[µ

α
∂M2

∂Sν]α

)
, α =

pµż
µ

p2
.

Define quadrupole, Jµναβ =
3pγ ż

γ

p2
∂M2

∂Rµναβ
, (assume

∂M
∂∇R

= 0 = . . .),

⇒ Fµ = −1

6
∇µRαβγδJαβγδ, Nµν =

4

3
R[µ

αβγJ
ν]αβγ .
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Quadrupolar couplings

Define electric, magnetic parts of Weyl tensor,

Eµν + iBµν =
(
Cµανβ + i∗Cµανβ

)
p̂αp̂β ,

mass dipole vector χµ, and Pauli-Lubanski spin vector sµ,

χµ + isµ = −
(
Sµν + i∗Sµν

)
p̂ν .

Spin-induced and adiabatic tidal couplings:

M2 = m2 − κEµνsµsν − λ
m

2
EµνEµν ,

( κBH = 1, λBH = 0 ),

—valid for the covariant SSC: Sµνpν = 0 (χµ = 0).

For a generic SSC, new kinematical terms:

M2 = m2 − κEµνsµsν − 2Bµνsµχν + Eµνχµχν ,
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Quadrupolar couplings for a black hole

With κ = 1,

M2
BH = m2 − Eµνsµsν − 2Bµνsµχν + Eµνχµχν

= m2 +
1

2
(Eµν + iBµν)(χµ + isµ)(χν + isν) + c.c.

= m2 +
1

4
CµναβS

µνSαβ ,

Thus, for a BH,

Jµναβ =
3p · ż
4p2

(
SµνSαβ − S[µνSαβ] − traces

)
.

In general,

(−p · ż)pµ = (−p2)żµ − 1

2
SµνRναβγ ż

αSβγ +
4

3
R[µ

αβγJ
ν]αβγpν +O(S3).

For a black hole, pµ =
p · ż
p2

żµ +O(S3).
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The PN and spin expansions (by PN order)
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“nPN” : no-spin / point-mass, “SO” : spin-orbit / linear-in-spin, . . .

“LO” : leading-(PN-)order, “NLO” : next-to-leading-order, . . .
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The PN-spin expansion (rearranged)
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Hamiltonian H = HN +H1PN + . . .

PN counting assumes large spins S ∼ Gm2/c.

(for arbitrary-mass-ratio binaries with spin-induced body multipoles)
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The PN-spin expansion

Red text: not (fully) known

Black text: fully calculated,

and confirmed, all except for:

NNLO-S2

4PN

LO-Sn with n ≥ 5
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PN compact binaries

Describe binary of compact objects, bodies A = 1, 2 in terms of

worldlines x = zA(t) in PN coordinates xµ = (t, xi) = (t,x),

relative position R = z2 − z1, distance R = |R|,

masses mA (M = m1 +m2, µ = m1m2/M , ν = µ/M ),

take m1 ≥ m2, “test-body limit” : m2 → 0,

spin vectors SA = SiA, rescaled spins aA = SA/mAc,

assume only spin-induced multipole moments, H(R,P ,S1,S2),

Ṙi =
∂H

∂Pi
, Ṗi = − ∂H

∂Ri
, ṠiA = εijk

∂H

∂SjA
SkA, (1)

rescale momenta: H̄ =
H

µ
, P̄ =

P

µ
, L̄ =

L

µ
= R× P̄ ,
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Leading-order Hamiltonians

Newtonian point-mass:

H̄N =
P̄

2

2
− M

R
,

1PN point-mass:

H̄1PN = (−1 + 3ν)
P̄

4

8
+ (−3− 2ν)

M P̄
2

2R

+ (0 + ν)
ML̄

2

2R3
+ (1 + 0ν)

M2

2R2
.

Leading-order spin-orbit: (spin S = ma)

H̄LO-S1 =

(
2m1 +

3

2
m2

)
L̄ · a1

R3

+

(
3

2
m1 + 2m2

)
L̄ · a2

R3
.

J. Vines, J. Steinhoff Spin-multipole effects in binary black holes & the test-body limit



Leading-order spin-orbit

H̄LO-S1 =

(
2m1 +

3

2
m2

)
L̄ · a1

R3
+

(
3

2
m1 + 2m2

)
L̄ · a2

R3

= L̄ ·
(

2a+
3

2
σ

)
M

R3

= −P̄ ×
(

2a+
3

2
σ

)
· ∂ M

R
,

Spin map:

S = S1 + S2 = m1a1 +m2a2 = Ma,

Stest

ν
= S∗ =

m1

m2
S2 +

m2

m1
S1 = m1a2 +m2a1 = Mσ,

Map to the motion of a test body:

H̄LO-S1(m1,a1,m2,a2) = H̄test
LO-S1(M,a, µ,σ)
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Leading-order spin-squared

H̄LO-S2 =
1

2

(
κ1a

i
1a
j
1 + 2ai1a

j
2 + κ2a

i
2a
j
2

)
∂i∂j

M

R
,

κ : response coefficient for spin-induced quadrupole : κBH = 1

H̄BBH
LO-S2(m1,a1,m2,a2) =

1

2

(
a1 + a2

)i(
a1 + a2

)j
∂i∂j

M

R

= H̄BBH,test
LO-S2 (M,a, µ,σ) =

1

2

(
(a+ σ) · ∂

)2M
R

= H̄BBH,test
LO-S2 (M,a0, µ, 0) =

1

2
(a0 · ∂)2

M

R

where

a0 = a1 + a2 = a+ σ =
S + S∗

M
=
S0

M
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Through S4, at the leading PN orders, for BBHs

Even part:

H̄BBH
LO,even =

P̄
2

2
− M

R
+

1

2!
(a0 · ∂)2

M

R

− 1

4!
(a0 · ∂)4

M

R
+O(S6),

Odd part:

H̄BBH
LO,odd = − 1

1!
P̄ ×

(
2a+

3

2
σ

)
· ∂ M

R

+
1

3!
P̄ ×

(
2a+

1

2
σ

)
· ∂ (a0 · ∂)2

M

R
+O(S5).
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Arbitrary-mass-ratio results from the test-body limit

Even and odd parts, from a “test black hole” in Kerr:

H̄BBH
LO (m1,a1,m2,a2) = H̄BBH,test

LO (M,a, µ,σ),

The even part, from geodesics in Kerr:

H̄BBH
LO,even(m1,a1,m2,a2) = H̄BBH,test

LO,even (M,a0, µ, 0),
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To all orders in spin, even part

H̄BBH
LO,even −

P̄
2

2
= −M

R
+

1

2!
(a0 · ∂)2

M

R
− 1

4!
(a0 · ∂)4

M

R
+ . . .

= −
even∑
`

i`

`!
(a0 · ∂)`

M

R

= − cos(a0 · ∂)
M

R

= − exp(ia ·D)
M/2

R

= −
(

M/2

|R+ ia0|
+ c.c.

)
= − Mr

r2 + a20 cos2 θ
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Oblate spheroidal geometry

cylindrical (ρ,Φ, Z), X = ρ cos Φ, Y = ρ sin Φ,

spherical (R,Θ,Φ), ρ = R sin Θ, Z = R cos Θ,

spheroidal (r, θ,Φ), ρ =
√
r2 + a20 sin θ, Z = r cos θ.
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To all orders in spin, odd part

H̄BBH
LO,odd = − 1

1!
P̄ ×

(
2a+

3

2
σ

)
· ∂ M

R

+
1

3!
P̄ ×

(
2a+

1

2
σ

)
· ∂ (a0 · ∂)2

M

R
+O(S5)

=

odd∑
`

i`−1

`!
P̄ ×

(
−2a+

`− 4

2
σ

)
· ∂ (a0 · ∂)`−1 M

R

=

[
− 2 P̄ × a0 · ∂

sin(a0 · ∂)

a0 · ∂
+

1

2
P̄ × σ · ∂ cos(a0 · ∂)

]
M

R

=
Mr

r2 + a20 cos2 θ

2R× P̄ · a0

r2 + a20
− M

4
P̄ × σ ·

(
R+ ia0

(r + ia0 cos θ)3
+ c.c.

)
(can also be “deduced” from a pole-dipole test body in Kerr)
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Summary, outlook

Conservative dynamics of BBHs
to all orders in spin at the leading PN orders
—obtained from the test-body limit in two ways:

A “test black hole” in Kerr
A pole-dipole test body in Kerr

(the magic of Kerr-Schild coordinates)

EOB?

Extend to next-to-leading order?
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