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Detweiler-Whiting Singular Field
❖ Wave equation for scalar field
(⇤� ⇠R)�(x) = �4⇡µ(x), µ(x) = q

Z

�
�4 (x, z) d⌧

❖ Use Green function to solve

�(x) = q

Z
G (x, z) d⌧, ) (⇤� ⇠R)G(x, x0) = �4⇡�4 (x, x

0) ,

❖ Want to remove singular part of field that
❖ Fully contains the singular behaviour
❖ Does not affect the self force or EOM

❖ In flat spacetime:
�(ret) = �(S) + �(R).

�(S) =
1

2

⇥
�(ret) + �(adv)

⇤
, �(R) =

1

2

⇥
�(ret) � �(adv)

⇤
.
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Detweiler-Whiting Singular Field
❖ But in curved spacetime: !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
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G(S) (x, x
0) =

1

2

⇥
G(ret) (x, x

0) +G(adv) (x, x
0)�H (x, x0)

⇤

G(R) (x, x
0) =

1

2

⇥
G(ret) (x, x

0)�G(adv) (x, x0) +H (x, x0)
⇤
.

❖ H must satisfy 
homogeneous wave 
equation,

❖ Must maintain reciprocity in 
respect to x and x’

H (x, x0) = G(adv) (x, x
0) , x 2 I�(x0),

H (x, x0) = G(ret) (x, x
0) , x 2 I+(x0).
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G(ret)(x, x
0) = G(adv)(x

0
, x)

G(S)(x, x
0) =

1

2
[U(x, x0)�(�)� V (x, x0)⇥(�)]

H(x, x0)

G(ret/adv)(x, x
0) = U(x, x0)�+/�(�)� V (x, x0)⇥+/�(��) (⇤� ⇠R)G(x, x0)

= �4⇡�4 (x, x
0)



Detweiler-Whiting Singular Field
The scalar singular field and self-force 

The EM singular field and self-force 

The gravitational singular field and self-

AS
a =

�
ua⇥Ua

a⇥(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V a
a⇥(x, z(⇥))ua⇥d⇥

fa = gabucA(R)
[c,b].

h̄S
ab =

�
ua⇥ub⇥Uab

a⇥b⇥(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V ab
a⇥b⇥(x, z(⇥))ua⇥ub⇥d⇥ and fa = kabcdh̄(R)

bc;d,

where

kabcd ⇥ 1
2
gadubuc � gabucud � 1

2
uaubucud +

1
4
uagbcud +

1
4
gadgbc.

x

xR

xA

x

γ

x'

+

-

�(S)(x) =

�
U(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V (x, z(⇥))d⇥

fa = gab�(R)
,b.



Motivation
❖ Extreme Mass Ratio Inspirals

❖ SF: Evolved spinning black holes, generic orbit

❖ Kerr

❖ Inclined

❖ Non-geodesic

❖ Regularization: Numerical efficiency       waveform template bank

❖ Higher order 

❖       Increased efficiency

Image Credit: NASA JPL

Credit: N. Warburton



Self-Force Methods

fµ = q2rµ

"Z ⌧�

⌧m

d⌧ 0V (z(⌧), z(⌧ 0))

+

Z ⌧m

�1
d⌧ 0Gret(z(⌧), z(⌧

0))

#

M. Casals, S. Dolan, A. Ottewill, B. Wardell, Phys. Rev. D 88, 044022 (2013) 

❖ Matched Expansions

❖ Effective Source
�A

(ret) = �̃A
(S) + �̃A

(R)

Seff = DA
B'̃

B
(R) = �4⇡Q

Z
u

A
�4 (x, z(⌧

0)) d⌧ 0 �D'̃

A
(sing)

❖ Mode-Sum f l
a (r0, t0) = lim

�r�0

�

m

f lm
a (r0 + �r, t0) Y lm (�0,⇥0)

=
2l + 1

4⇤
lim

�r�0

⇥
fa (r0 + �r, t0,�,⇥) Pl (cos �) d⇥

(Barck,Ori 2001)

Vega, Detweiler, Goldburn, Barack (2007)

(Wiseman, Poisson, 1998)



To date …
❖ Barack & Ori (1999-2002)

❖ Introduction of mode-sum scheme (direct and tail field split)

❖ Regularisation parameters (first 2) for Schwarzschild & Kerr for scalar, EM and gravitational cases

❖ Detweiler, Whiting & Messaritaki (2003)

❖ Regular-singular field split via Detweiler-Whiting singular field

❖ Regularisation parameters (first 4) and self-force for Schwarzschild scalar circular orbit case

❖ Haas & Poisson (2006)

❖ Covariant expansion with tetrad decomposition

❖ Regularisation parameters (first 4) and self-force in Schwarzschild scalar & EM eccentric orbit case

❖ Heffernan, Ottewill, Wardell (2012-2014)

❖ Covariant and coordinate expansions of singular field in Riemann Normal coordinates

❖ Additional 14 regularisation parameters in Schwarzschild & Kerr, scalar, EM & gravity (geodesic)

❖ First non-geodesic parameters in Schwarzschild scalar

❖ Linz, Friedmann, Wisemann (2014)

❖ Non-geodesic parameters (first 2) for Schwarzschild & Kerr, Scalar, EM and gravitational



To date …

ONLY EQUATORIAL ORBITS CONSIDERED!

GEODESIC



To date …

HOW HOW HOW
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The scalar singular field and self-force are 

The EM singular field and self-force are 

The gravitational singular field and self-force are 
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The scalar singular field and self-force are 

The EM singular field and self-force are 

The gravitational singular field and self-force are 
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The scalar singular field and self-force are 

The EM singular field and self-force are 

The gravitational singular field and self-force are 

x

xR

xA

x

γ

x'

AS
a =

�
ua⇥Ua

a⇥(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V a
a⇥(x, z(⇥))ua⇥d⇥

fa = gabucA(R)
[c,b].

h̄S
ab =

�
ua⇥ub⇥Uab

a⇥b⇥(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V ab
a⇥b⇥(x, z(⇥))ua⇥ub⇥d⇥ and fa = kabcdh̄(R)

bc;d,

where

kabcd ⇥ 1
2
gadubuc � gabucud � 1

2
uaubucud +

1
4
uagbcud +

1
4
gadgbc.

+

-

�(S)(x) =

�
U(x, x�)
2�a⇥ua⇥

⇥x⇥=x+

x⇥=x�

+
⇤ �+

��

V (x, z(⇥))d⇥

fa = gab�(R)
,b.

�
1
2 (x, x⇥) =

�
� [�g(x)]�

1
2 |��a�b(x, x⇥)| [�g(x⇥)]�

1
2
⇥ 1

2

gab�;c�
c = 0

�x�



The scalar singular field and self-force are 

The EM singular field and self-force are 

The gravitational singular field and self-force are 
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The scalar singular field and self-force are 

The EM singular field and self-force are 

The gravitational singular field and self-force are 
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Scalar Singular Field
❖ Covariant:

❖ Covariant coordinate:

❖ Singular Field

❖ Non-geodesic

A(⌧) = A(⌧̄) + Ȧ(⌧̄)(⌧ � ⌧̄) +
1

2
Ä(⌧̄)(⌧ � ⌧̄)2 + · · · ,

�⌧± = (r̄ ± s̄)⌥ (r̄ ± s̄)2

6 s̄
Ru�u� ⌥ (r̄ ± s̄)2
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+O(✏5).

�(x, x0) = 1
2gab(x)�x

a0
�x

b0 +Aabc(x)�x
a0
�x

b0
�x

c0 +Babcd(x)�x
a0
�x

b0
�x

c0
�x

d0
+ · · ·

�S = q
n1

s̄
+

r̄2 � s̄2
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Scalar Singular Field
�[1] = ⇢
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b

✓

3

8
Ā
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Scalar Singular Field
�[2] = �(2,1)⇢+ �(2,�1)⇢

�1 + �(2,�3)⇢
�3 + �(2,�5)⇢
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Testing
❖ Retrieved A & B Schwarzschild non-geodesic RPs

❖ Successfully regularises circular orbit with constant acceleration
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Testing
❖ Successful regularises eccentric orbits (and more novel 

orbits)
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Summary
❖ Covariant Singular field for non-geodesic motion in scalar 

case

❖ easily extendible to gravitational case

❖ A and B retrieved and tested for Schwarzschild (NG)

❖ D requires coordinate conversion

❖ A and B retrieved and tested for Kerr (G)

❖ D requires coordinate conversion

❖ Currently no test available for non-geodesic Kerr (soon)



Thank you!


