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Extreme-mass-ratio inspirals (EMRIs)
• eLISA sources

• Small mass ratio µ�M ⇒ black hole perturbation

theory (BHPT)

• Deviations from geodesic motion sourced by

gravitational self-force (GSF)
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GSF applications
• More accurate long-term inspirals
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+ · · ·

• Leading order GSF contributes to κ−1 & κ0

• Required phase accuracy ∼ 0.1 radians ⇒ 7− 8 digits
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SSF on Schwarzschild

• Circular geodesics

Burko (2000) PRL 84: Freq. Domain (FD)

Diaz-Rivera et al. (2004) PRD 70: FD

Vega & Detweiler (2008) PRD 77: Time

Domain (TD)

Vega et al. (2009) PRD 80: TD

Dolan & Barack (2011) PRD 83: TD

• Eccentric geodesics
Haas (2007) PRD 75: TD

Canizares et al. (2010) PRD 82: TD

Diener et al. (2012) PRL 102: Effective

source, TD

Wardell et al. (2014) PRD 89: TD

SSF on Kerr

• Circular, equatorial geodesics

Warburton & Barack (2010) PRD 81: FD

• Eccentric, equatorial geodesics

Warburton & Barack (2011) PRD 83: FD

Thornburg & Wardell (2017) PRD 95: TD

• Circular, inclined geodesics

Warburton (2015) PRD 91: FD

• Eccentric, inclined geodesics

This work (2017): FD
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FαSSF ≡ q∇αΦR = uβ∇β (µuα)

Solving for the FαSSF

(1) Find the background geodesic motion on Kerr of scalar-charged particle

=⇒ source term

(2) Solve for the field using Klein-Gordon scalar wave-equation

=⇒ physical, retarded field Φret

(3) Example - Detweiler-Whiting decomposition: Φret = ΦR + ΦS

[Detweiler & Whiting (2003) PRD 67]

=⇒ regularization scheme

Mode-sum regularization [Barack & Ori (2003) PRL 90]

F
self
α =

∞∑
l̄=0

[
F
l̄
α − F

l̄(S)
α

]

=

∞∑
l̄=0

[
F
l̄
α − Aα(l̄ + 1/2) − Bα − O((l̄ + 1/2)

−1
)

]

• Improved convergence for equatorial orbits [Heffernan, Ottewill & Wardell (2014) PRD 89]
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(1) Field equation due to scalar charge source ⇒ spin-0 Teukolsky equations

2Φ
ret

= −4πσ

=⇒ Φ
ret

=
∑
lmkn

Rlmkn(r)Slm(−a2
ω

2
mkn; θ)e

i(mϕ−ωmknt)

(2) Calculate coupling of spheroidal harmonics with spherical harmonics

Slm(−a2
ω

2
; θ)e

imϕ
=

∞∑
l̄=m

b
l̄
lm(−a2

ω
2
)Yl̄m(θ, ϕ)

F
self
α =

∞∑
l̄=0

[
F
l̄(cons)
α − F l̄(S)

α

]

(3) Transform radial Teukolsky functions to Generalized Sasaki-Nakamura functions

R̂
up/in
lmkn → X̂

±
lmkn =⇒

[
d2

dr2
∗

+ Ulmkn(r)

]
X̃lmkn(r) = σ̃lmkn(r) & X̂

± ∼
{
eiωr∗ r∗ → −∞
e−iγr∗ r∗ →∞

(4) Compute homogeneous radial solutions X̂± ⇒ variation of parameters

Ĉ
±

=
1

W

∫ rmax

rmin

X̂∓(r)σ̃(r)(r2 + a2)

∆
dr

(5) Reconstruct TD solution

X̃
±
lm(t, r) =

∑
kn

{
C+
lmkn X̂

+
lmkn(r) e−iωmknt r ≥ rp(t)

C−lmkn X̂
−
lmkn(r) e−iωmknt r ≤ rp(t)

w/ method of extended homogeneous solutions
[Barack, Ori, & Sago (2008) PRD 78]
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• Mathematica-based code

• Arbitrary numerical precision

• Symbolic manipulation & output

• Formalisms

• Frequency domain approach ⇒ mode decomposition

• Mano-Suzuki-Takasugi (MST) formalism

• Spectral source integration (SSI)

• Implementation

• Ran on campus cluster

• Parallelized on {l,m}-mode basis
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SSI on Schwarzschild [Hopper et al. (2015) PRD 92]

• Darwin’s relativistic anomaly:

rp = rp(ψ) =
pM

1 + e cosχ

• Integrands dependent on rp periodic & C∞

⇒ replaced by DFT w/ samples along orbit

∫
I [rp(t)] dt

=⇒
∑
i

I(χi)

• Exponential convergence of Fourier sum ⇒
calculations to 200 digits

• Number of points scales with number of digits of

accuracy

• Useful for integrating orbits and source
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Source integration on Kerr

Ĉ
±

=
1

W

∫ rmax

rmin

X̂∓(r)σ̃(r)(r2 + a2)

∆
dr

• Mino time λ⇒ separate {rp, θp} peridocity

rp(ψ) =
pM

1 + e cosψ
cos θp(χ) =

√
z− cosχ

Ĉ
±

=

∫
dψ

∫
dχÃ

±
(ψ, χ)

• Separate into 1D integrals (for s = 0)

Ĉ
±

=

∫
dψF̃

±
1 (ψ)

∫
dχF̃2(χ)+

∫
dψF̃

±
3 (ψ)

∫
dχF̃4(χ)

• Convert to discrete Fourier sums

Ĉ
±

= I
±
1 I2 + I

±
3 I4 w/ I

±
1 ∼

N1−1∑
i=0

F̃
±
1 (ψi)

• Numerical integration in 2D ⇒ compute 4 1D

Fourier sums

Computational efficiency of SSI on Kerr
• a/M = 0.5, e = 0.5, p = 15, ι = π/3

• Calculate C±2222 mode
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Ĉ
±

=

∫
dψF̃

±
1 (ψ)

∫
dχF̃2(χ)+

∫
dψF̃

±
3 (ψ)

∫
dχF̃4(χ)

• Convert to discrete Fourier sums

Ĉ
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1D-integral
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2D-integral
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Number of function evaluations
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±
(ψ, χ)

• Separate into 1D integrals (for s = 0)

Ĉ
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Computational efficiency improved by ∼ 3

orders of magnitude for machine-precision
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Fluxes on Kerr
• Energy and angular momentum fluxes calculated from normalization coefficients

〈Ė±〉 =
∑
lmkn

fm(ωmkn)|C±lmkn|
2 E → E or Lz

Code and SSI Validation
• Reference values in Warburton & Barack (2011):

p = 10, e = 0.2, a/M = −0.5, ι = 0
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〈Ė±〉 =
∑
lmkn

fm(ωmkn)|C±lmkn|
2 E → E or Lz

Code and SSI Validation
• Reference values in Warburton & Barack (2011):

p = 10, e = 0.2, a/M = −0.5, ι = 0



Flux Code Validation in the Equatorial Plane

Z.Nasipak, T.Osburn & C.R.Evans 20th Capra Meeting, Chapel Hill, NC Slide 9/14

Fluxes on Kerr
• Energy and angular momentum fluxes calculated from normalization coefficients
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Inclined orbit on Schwarzschild
• Spherical symmetry ⇒ physics should be unaffected by rotations

Equatorial case:
p = 10, e = 0.2, a/M = 0, ι = 0

Sum over l, m, & n modes

Inclined case:
p = 10, e = 0.2, a/M = 0, ι = π/3

Sum over l, m, k, & n modes

〈Ė〉 should have same value for both cases
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SSF of eccentric, equatorial orbit on Kerr
• p = 10, e = 0.2, a/M = −0.5, ι = 0
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SSF of eccentric, equatorial orbit on Kerr
• p = 10, e = 0.2, a/M = −0.5, ι = 0

Ft ×M2/q2 Fr ×M2/q2 Fϕ ×M/q2

disp 4.5× 10−5 9.3× 10−6 −2.4× 10−4

cons 2.1× 10−5 3.1× 10−5 −1.3× 10−3

Relative Error with Warburton & Barack (2011)

Ft ×M2/q2 Fr ×M2/q2 Fϕ ×M/q2

disp 3.3× 10−9 7.3× 10−9 4.0× 10−9

cons 2.4× 10−5 2.0× 10−4 5.2× 10−5
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SSF over an eccentric, inclined orbit in Schwarzschild limit
Rotate coordinate system from equatorial case

Ft(ι) = F
eq
t Fϕ(ι) = F

eq
ϕ cos ι

Fr(ι) = F
eq
r Fθ(ι) = ±F eq

ϕ cos ι
√

sec2 ι− csc2 θp

Specify orbital parameters p = 10, e = 0.2, a/M = 0, ι = π/3
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• p = 7.6125, e = 0.1, a/M = 0.1, ι = 0.3927 ≈ π/8
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SSF of eccentric, inclined orbit on Kerr =⇒
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Balance fluxes with E & Lz dissipated by SSF

−4

−3

−2

−1

0

1

2

3

4

0 π
2 π 3π

2 2π

S
S
F

ψ

F̂t × 104

F̂r × 105

F̂ϕ × 103

10−16

10−14

10−12

10−10

10−8

10−6

10−4

1 3 6 10 15

F̂
l r
(ψ

=
π
/2
)

l

l−2

exp
Self

Conservative
Dissipative



SSF Code for Eccentric, Inclined Orbit - NEW RESULTS!

Z.Nasipak, T.Osburn & C.R.Evans 20th Capra Meeting, Chapel Hill, NC Slide 13/14

SSF of eccentric, inclined orbit on Kerr =⇒
• p = 7.6125, e = 0.1, a/M = 0.1, ι = 0.3927 ≈ π/8

(Low) resonant orbit: Ωθ = 2Ωr
Balance fluxes with E & Lz dissipated by SSF

−4

−3

−2

−1

0

1

2

3

4

0 π
2 π 3π

2 2π

S
S
F

ψ

F̂t × 104

F̂r × 105

F̂ϕ × 103

10−16

10−14

10−12

10−10

10−8

10−6

10−4

1 3 6 10 15

F̂
l r
(ψ

=
π
/2
)

l

l−2

exp
Self

Conservative
Dissipative



SSF Code for Eccentric, Inclined Orbit - NEW RESULTS!

Z.Nasipak, T.Osburn & C.R.Evans 20th Capra Meeting, Chapel Hill, NC Slide 13/14

SSF of eccentric, inclined orbit on Kerr =⇒
• p = 7.6125, e = 0.1, a/M = 0.1, ι = 0.3927 ≈ π/8

(Low) resonant orbit: Ωθ = 2Ωr
Balance fluxes with E & Lz dissipated by SSF

−4

−3

−2

−1

0

1

2

3

4

0 π
2 π 3π

2 2π

S
S
F

ψ

F̂t × 104

F̂r × 105

F̂ϕ × 103

10−16

10−14

10−12

10−10

10−8

10−6

10−4

1 3 6 10 15

F̂
l r
(ψ

=
π
/2
)

l

l−2

exp
Self

Conservative
Dissipative

〈Ė〉tot
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Successfully implemented SSF code for inclined, eccentric orbits on Kerr

• Extends SSI techniques to Kerr spacetime

• Can handle arbitrary numerical precision

• Mathematica, MST, SSI

• Confirmed previous results in literature

• Produced self-consistent (equatorial vs. inclined) results in Schwarzschild limit (a→ 0)

• Resonant orbits provide new, self-consistent (energy flux vs. work) results for generic

orbits in Kerr spacetime

Moving forward

• Incorporate regularization scheme for Fθ

• Probe higher eccentricities and spins
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MST analytic function expansion overview

Use Mano, Suzuki, and Takasugi (1996) (MST) method (earlier Leaver)

• Rin
lmω is an expansion (an) in hypergeometric functions pn+ν

R
in
lmω = e

−iωr∗ r
2
k(r)

∞∑
n=−∞

anpn+ν(r)

• Outer solution Rup
lmω from expansion (bn) in Coulomb wave functions

Free parameter: the renormalized angular momentum ν

• Eigenvalue of ν makes recurrence for an and bn convergent n→ ±∞

Well understood procedure [see Sasaki & Tagoshi (2006) (LRR)]

Implemented in Mathematica → arbitrary precision calculations
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Components of the self-force

Conservative and dissipative components

F
cons
α (τ) =

1

2

[
F

(full)
α (τ) + ε(α)F

(full)
α (−τ)

]
←− perturbs orbital parameters, exponential convergence

F
disp
α (τ) =

1

2

[
F

(full)
α (τ)− ε(α)F

(full)
α (−τ)

]
←− radiation reaction, algebraic convergence

Fiducial geodesics: (tp, rp, θp, ϕp)→ (−tp, rp, θp,−ϕp)
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Components of the self-force

Conservative and dissipative components

F
cons
α (τ) =

1

2

[
F

(full)
α (τ) + ε(α)F

(full)
α (−τ)

]
←− perturbs orbital parameters, exponential convergence

F
disp
α (τ) =

1

2

[
F

(full)
α (τ)− ε(α)F

(full)
α (−τ)

]
←− radiation reaction, algebraic convergence

Fiducial geodesics: (tp, rp, θp, ϕp)→ (−tp, rp, θp,−ϕp)
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