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V1. History of the Method: Close Calls.

Abstract: The motion of two or more sources of a gravitational field is modelled using the
Parker Sochacki Method in adaptive finite element analysis. In rest frames, the metric is
isotropic but not conformally flat. A metric equation for the conjugate mass-energy-
momentum equation provides explicit consistency with quantum mechanics: Unitarity is
preserved because Planck's Constant is invariant with metric scaling. While a metric is
invariant under a local lorentz transformation, it is not invariant in under a lorentz
transformation at an observer with a different metric scaling. The lorentz-transformed
metric provides the affine connection for the equations of motion, which gives the
velocities of the rest frames of the metrics at each point in space as seen by an observer at
an arbitrary location. The equivalence principle applied to the continuity equation

(or Bianchi identities) for the Einstein Tensor as seen by any observer provides the
equation which advances the Taylor series for the metric scaling: G(g?) =0, where the
metric scaling g appears in the metric equations in rest frames as d 2=g-2dt2-g2r? and
dmy2=g2E2-g2p2. This method is inherently symplectic because it uses the Parker Sochacki
Method. It is inherently retarded and parallelizable because time evolution depends only on
local conditions: Each processor can independently track its finite element.
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General Relativistic Model: Isotropic Metric.

d r2=dt ?/g?-g%r* dr?=g;dS'dS] (1)
dmy*=gE>p*lg>  dmy*=giddr (2)
d2er | der de° ar _ ¢

dr? Loo dr dr ! (3) ' gy (4)
21 d(gy) dE? L, dgrdgT

dt"? i gy dt’ dt’ T Lo dt’ dt' ! (5)
G = —g2(2V2Ve + (VVe)?)) (6)

GI=0 () GV=gGi(8)  Gi(g);=0 (9



The Power Series Expansion Method

. Write dif. eqgs. as sums of products.

Expand each function as a power series.

Treat each sum, product, or derivative as a separate step.
Equate powers of the independent variables.

Advance series until error reaches goal.

S e 0 B

koo b |
()= X x| < | ((1—1\f|t>-1/<m—1>— )3 zjtv) (1)

j j=0

where c are rescaled coefficients, ||c|| = cmaz, m > 2,
M = (m—-1)||By||, and ||By]|| is the largest row sum
of the absolute value of coefficients of transformation B.

t| < 1/M



Taylor Series Expansion and Cauchy Product

f&)=fo+ fit+ fot* +..= ) _fit' (2)

r!
f=dffdt = fr+2fat+3f58 +..= ) (i+ Dt (3)
fg = fogo+ (fog1 + frg0)t + (fog2 + flzlo-l- fa90)t° + ... (4)
(f9): = Z figi-s (5)
g(t) = 1/f(t) : fogi = — Z fi9i—j- (6)
1/(1—t)=1+t+t2+t3j|-=.1..=}:t'i. (7)

$f(t)=1/(1-t). Then f' = f2.



Expansions for Functions of Functions

fg(t) = f)". Then ¢’ =nf' f*"t=nf'g/f
§g(t) = e/(). Then ¢' = e/ f' = g by chain rule. Then

(i + 1)91+1 Z (= 1>f]+1J2—] 1- (8)
]=

Dot = sin(f(t)) and hy = cos(f(t)). Then

¢ =cos(f)f =hf and b = —sin(f)f' = —gf". (9)



Compound Pendulum Example: Equations of Motion.

1) 2 =asinf 4+ bsin o.

2) y = —acosf —bcoso.
3) L=T-V="2(a%0"+b°¢"2+2ab0'¢' cos (- ¢))—mg(a cos f-+b cos¢).
4)0 = af" + b cos (0 — ¢) + bd'?sin (0 — o) + gsiné.
5)0 = b’ + af”’ cos (6 — @) — ab'?sin (0 — @) + gsin o.

6)p" = beos(o- ¢) (a8 sin (§—¢)—gsin §+b°¢"%sin (6—¢)+gbsin
ab—ab(cos (8—¢))?

a cos (0—¢)(—ba'2 sin (8—¢)—gsin ¢— a29’25m(9—¢)+gasm¢
ab—ab(cos (0—¢))?

1) =




Compound Pendulum EX.: Polynomial Form.

6)0" = bcos (0—¢)(a8"? sin (8—)—g sin 64+b°3"? sin (—¢)+gbsin 0
ab—ab(cos (8—o))?
7)o" = a cos (0—a@)(—bg'? sin (0—¢)—gsin o—a?0"2 sin (09— ¢)tgasing
' ab—ab(cos (6—¢))?

Bluy =0. uz =40". Ui = uz.

QNuo = . ug = ¢, uH = ug.

10)us = 0 — ¢. U = U3 — U4.

11)ug =sin (6 — ¢). Ug = UTUS.

12)uz = cos (0 — o). Uy, = AU,

13)us = ab — ab(cos (8 — ¢))? = ab — abu3. ug = 2aburul, = —2abusueuy.
14)ug = 1/us. Uy = —ug/ u% = 2abu5u6u7ug.
15)u19 = sSin 6. Ujg = U11U3.

16)uy; = Ccosé. uj, = —uious.

17)’&12 = Sin ¢. 'u.'12 = uU13U4.

18)u13 = COS 9. ’ll-’13 = —U12u4.

19)uy = (bu7(au3u6 — gui2) + b*uZusuig)ug.
20)u), = (au7(—buius — guio) — a’uiusuiz)ug.



Identification of Terms that Advance Series.

‘ﬁf’ = f and f(t =0) = fy. When solved by series solution,

f= fot+ fit+ fot® + fat® i + Jit?
f'=fi+2ft+3f382. + (i + 1) fipati + ..

When equating powers of t, (i4+1)f;11 = fi. f = foe

@tg’ + g =tg and g(t = 0) = gg. When solved by series solution,
g =Y;gt" tg=3;9-1t" and tg' = ¥, ig;t".

When equating powers of t, ig; + g; = g;—1.

Solving analytically for comparison, (tg)' = (tg). g = go(e' —1)/t.
Aﬁ ath”" +bh! + h = 0.



Calculation of Error Limit: Rescaling.

1.(Theorem DIf p = [l ur(t) = ;i pitt, ¢ = [ vi(t) =35 ¢t
and kmaz < bnaz 2N up =) j 'u.kjtj and v; = Y "Uljtj

and Yk, |ug| < v, and v,g = 1, then by induction, p;. < q;1.
2. Suppose 3 a system of N differential equations x’ = f(x).
hen rescale x to put initial conditions between 1 and -1:
If ;(0) = q;, then scaling ¢; = a; if |a;| > 1, else ¢; = 1.

If 2; = c¢;y;, then y;(0) = b; with |b;] < 1 and y' = f(x).

3. For the power series method, y is written as

N

N N o |
go= Y Y iwi ¥, Bigas  soaptypesoydn (10)
j1=0j2=0 Jn=0



Calculation of Error Limit: Warne Transformation.

4. For Warne transformation By[y] =f : R" — R",
IBx|| = sup{||Bx[u]|| : u € R"where||u|| = 1} (11)

N N N
Bl= oo { 357 3 Bl a2

j1=o .]2=O jr.=0

5. Thenon |ly=b|| < L, ||f|| < ||Bx||[(L4+1)" and ||0f/Oyx|| < m||Bx||(L +1)™
where m is the largest degree of any nonzero term in f.

Then 3 a unique y in Eq. (2) fort € (—L/(||Bn||[(L4+1)™),L/((Bx||(L41)™)).
For m > 1, the interval is a maximum for L = m — 1, vielding

A f—TN" 1 Fi= T
Al S . 13
( M ( m ) M ( m ) ) (13)

where M = (m — 1)||Bx||.




Calculation of Error Limit: Majorizing Limit z on v.

6. Since y' = By[y], and y(0) =b, and y = ¥, yjtj, =3, f]-tj,
we can iteratively generate terms:

yo=b, fo =f(yo0), Yrt+1 = f&/(k+1). So [[ypall = [If]l/(k+1).
7. Likewise, if 2/ = ||By||2z™, and 2(0) =1, and z = ¥, z;t/,
then iteratively, z0 = 1, zp4+1 = (2")k||Bnl|/(k 4+ 1), vielding

Al = el B |lt for m = 1,
o (1— Af[t)_l/(m—l) for m > 1.
8. We can use T heorem 1 on the' limits of products:
since |y;;| < |ly;ll < zj, then |[y1*y22 -y lk] < (2™)k-
N N N m
9' Then lflkl é Z]lzo ijzo i E]nzo |B’i,j1,j2,...,j'72.I(“{’Tn)k’» S ||BAT|
Ikl < [IBN|[(z")k @and [lygall < [IBN[|(z")k/(k+ 1) = 2341

(14)

T




Calculation of Error Limit: Transfer of Limit to Xx.
10. Since ||yi+1]|| < zr+1 and

iy ] P for m = 1,
AT (1= M)V for mo> 1.

then the limit on y is

f ”B\H |f| . k | j
j = > i—o0Zilt] for m=1
yilt ‘2, it | < §=0 4 ., . : 15
yz.( ) e Yij { (]_ e ﬂ..ft)—l,.»(m—l) §:§=0 zjltlj for m > 1. ( )

Since z; = cui(t), then the limit on x is

F ; :
”Cll QHB.\'” |t| —_ E‘};:O letlJ) for 8 — 1’
<4

k
x(t) — ) x;t?|| < _. . (16)
;) \ lle|| ( (1 — Mt)—1/(m=1) Z;’zo zj|t|3) for m > 1.

The coefficients z; are easily calculated iteratively from 2o = 1:

o ((m — 1k + 1) M . (17)

k41 m—1



Calculation of Error Limit: A Simpler Bound.

—ull error limit:

C

x(t) - ¥ x;t|| <
j=0

e|| (el 1t — Z;‘l’zo A,J|1‘|J) form=1
(1 - Mt)=H/(m=1) _ 5k _25]e7) form>1

Since ((m—1)k+1)(k+1) <m-—1, a simpler, less tight bound:

k
x(t) = Y x;t
j=0

Jell (Mt
£
= 1| M

for m > 1. (18)

This is an example of a Cauchy-Kovalevsky error limit.
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| orentz Transformations.

2(1 + av2)yv, G, + 209020,G, + 209020, G,
2(1 + m*g) v, Gy + 2070, 0 Gu1 + 2an 1'21* G
2(1 + av?)y /0 G, + ZQ"‘ 1*It,r§G.I + 2« ,,-1,-*.3),1,-2Gy oo
(v,Gy +0v.G.) . . G

1+ a--t,-*g v, U, ULV, YUy g 0 0 0
av,v, 14 a--z.-'g, QU U, YUy 0 g, 0 0 | &
v, avyv, 1+ av? v, 0 0 ¢g. O C
YUy YUy YU ¥ 0 0 0 g
(1+ av?)?g, + v2(a’ 1*‘jy+a 029 +v2g;) —g° + 7097 = g°)
00y (14 av})age + (1 + avl)ag, + o*vg. +v2g) : B V20,0, (97 — g?)
vv- (1 + a--z.r:;),)a- gz + (1 + a--z.ré)a- g + a-Q-z.rg Gy + ,.}___.2 ge) ... N ,.-2-1,-*5.3-@ ( j_g — 92)
. (14 av})g, + avig, + avig. + vg;) V(g7 — ¢°)
1+ av? av, v, UL, YU, 0O 0 0 G,
( avyv, 1+ a--t.-*f, QU U, YUy 0 0 0 G, | x _
UL, avyv, 1+ av? v, o 0 0 G. | —
VU, YU, YU, v G, G, G. 0

(1+ avi + 027Gy + (@ + 7). where G = 2771

2 — ¢
2
2 ¢
2 — v

[N}

.Gy + v,Gy + 0.G).



