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Triple systems

Planetary triple systems: Kozai-Lidov mechanism.

Lidov 1961;Kozai 1962
Tremaine 2016
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Many more...

Page 4



Content
* Formalism: particle moving in a tidally perturbed Schwarzschild spacetime
* Interesting relativistic effects:

* Precession due to coupling between tidal field and quadrupole moment of
the orbit.

 Relativistic Kozai-Lidov effect for transient resonances.
e Shift on ISCO.

* Future directions.
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A tidally deformed Schwarzschild black hole

The external tidal field can be decomposed into multipoles: Poisson 2005

Electric part: £, Magnetic part: B

In the quasi-stationary limit, neglect the contribution from magnetic part
of the tidal field. A Schwarzschild black hole metric is perturbed as

htt = —7“2f2(c;, hma = —7“2((3, htr = —7“2]08,

2 2
hia = —§T3f5A, hra = —§7°35A

1 2M 2
hap ==t (1- 2LV e,

r2

A perturbed Kerr metric is solved by Yunes et al in 2006.
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A tidally deformed Schwarzschild black hole II

» Keep only the quadrupole piece of tidal field Poisson 2010

M,r*(1 — 3 cos? )

Tidal potential: Uext = 503

* The corresponding tidal tensor is

3M, sin’ 0 3M, sin* 0
590 - = 43 ) g¢¢ - d3 ’
3M, sin 6 cos 6 M, (1 — 3cos?0)
59 — , g =

d3
59¢=5¢9=5¢=0

d3 ’

e The perturbed metric can be obtained analytically.
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A particle moving in deformed Schwarzschild metric

 First viewpoint: accelerated particle in Schwarzschild spacetime

1 A

at = _5(9“1/ + ufu”) (2hoyx;p — hopp )u”u”

* Second viewpoint: particle moving on geodesic of perturbed spacetime

di* OH  dp, OH

7~ op,” dir O

With Hamiltonian given by:

1 1

H = §Z5MZ5V§W = 525“]5’/ (9uv + hpuw)
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Orbital-averaged change of conserved quantities

* Change rate of conserved quantities in Schwarzschild spacetime

dac  oC
dr  Op¥

aV

* Conserved quantities: energy, vector angular momentum

* Geodesic motion in Schwarzschild is planar. Radial and angular motions
are independent (separable), indexed by Mino time.

(5] - (- (-2 - 29)

2
(%) = (Q — L cot?f
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Orbital-averaged change of conserved quantities

Change rate of conserved quantities in Schwarzschild spacetime

dac  oC
dr  Op¥

aV

Conserved quantities: energy, vector angular momentum

Geodesic motion in Schwarzschild is planar. Radial and angular motions
are independent (separable).
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Content
* Formalism: particle moving in a tidally perturbed Schwarzschild spacetime

1
* | Interesting relativistic effects: |
1 ]

* Precession due to coupling between tidal field and quadrupole moment of
the orbit.

 Relativistic Kozai-Lidov effect for transient resonances.
e Shift on ISCO.

* Future directions.



Precession

Stationarity: F must be conserved M. .

~ ]

Axis symmetry: [,. must be conserved !

The difference between C and C are ~ O(h), TR

S~
-~
-~
-~

interchangeable for long-term secular evolution. =~ N\ "ro---_C >

-~
\§\
~

Time reversal symmetry + 2 D ergodic orbit
implies that the magnitude of total angular momentum
must be conserved.
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Precession

Stationarity: F must be conserved M. .
Axis symmetry: [~,n must be conserved q

The difference between C and C are ~ O(h), TR e
interchangeable for long-term secular evolution. Tl I

Time reversal symmetry + 2 D ergodic orbit
implies that the magnitude of total angular momentum
must be conserved.

[Precession around 7 ]
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Precession

 The precession frequency is given by, (align 2 with 1. ):

Ao LodL, LydL,\ r?
Qe = M, d\ Chamtc
P FtA Ag / / 9( dr ) Q

With average lapse rate:
dt E (M 2
r,=( )= / ir— N
/A Sy T oMY

1 dL,
7 —a?r?sin ¢,
1 T

M M,
[ Qprec X T J
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Precession

The precession frequency is given by, (align £ with 10 ):

1 Ar Ao L,dL, L,dL,\ r>
Qproe = d\, dhg [ 222y 2y 2w ) M. .
P T A Ag /O /0 ’ ( dr dr ) Q .

The orbit-averaged interaction energy depends on the inclination angle:  d !

B <1 —3(n- L)% =1—3sin?0,, L7

Torqueis  dFiy/dO,, o sin @, cosb,,

Orthogonal piece of angular momentum o< cos 6,,

{Qprec x sin 6,, ] uM
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The precession frequency can be expressed by:
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Precession

* The precession frequency can be expressed by:

MM,
[ Qprec — w(rmina rmax) 7 sSin em]

* A reasonably accurate fit:

N 3/2
o~ 1.3 (rmax — rmm)

2M

* Precession for stellar mass (10 Msun) black hole binary near a SMBH

2Ty d \°/ M. \? /[ fow \*/*
~ 4. ays
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Precession

Average over

outer orbit>
|

JL MM, . .. dL\ _ | MM, 3y s
% = UJ(Tmina?ﬂmaX)—(n ) L>n x L <E> B _w<rm1narmax)w(2 L)Z <L
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Relativistic Kozai mechanism
* The argument about conservation of |L| is invalid for closed orbit.

* Such orbits correspond to transient resonances:
A= pA?" — qAO

» Instead of averaging over the 2-D ring, now average over 1-D trajectory.

dc A dC
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Relativistic Kozai mechanism

Pick a 1:2 resonance, with 7yin = 7M.,

Ago/Ne

Tmax = 9.391M

Conservation of energy and angular momentum around symmetry axis
(dE/dNy = (dL,/d)\) =0

The change rate of total angular momentum may be nonzero!

Celestial body

True anomaly
Argument of pgriapsis

Y

Reference
direction

Longitude of ascending node

Plane
of refe,-e,.,ce
Inclination
63

Ascending node
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Relativistic Kozal mechanism
Pick a 1:2 resonance, with 7min = TM, 7rmax = 9.391.M
Conservation of energy and angular momentum around symmetry axis
(dE/dNy = (dL,/d)\) =0
The change rate of total angular momentum may be nonzero!

A whole new set of Kozai-type configurations around the relativistic transient
resonance points. Newtonian limit = 1:1 resonance!

An unique signature for tidally-perturbed Kerr/Schwarzschild metric: test gravity.
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Astrophysical relevance
The scaling of dissipative part of self force and the tidal force:
as ~ pv? /M ~ (M /1) 2 /M agide ~ Myro/d’
Phase correction due to self force contribution during resonance ~ ,u_l/ 2 cycles
Phase correction due to tidal force during resonance ~ ,u_l/ 2atide as cycles
21

Phase resolution of LISA: d¢ ~ SNR

The tidal effect 1s visible if

d<0.1 C( a )—1/2 M.\ V* (SNR 1/3( o )11/6 M
=P\ 106 M 40 I5M)  Mgga.
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Astrophysical relevance

Tens of percent of Milky-way alike galaxies experience a MBH merger within the
past 10 Gyrs.  Bell et al. 2006

Time spent for distance less than sub-parsec is uncertain: final parsec problem.

tt 1
I rlc rh rb fe
t,, (loss cone
10°+ // " depleted) T
. l ' Begelman, Rees, and Blandford 1980
[0 i Sy A LR
rQOS: 10‘yr i
g [
{yr) / (neglecting -,
loss cone
100 | /tGR depletion} i
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Astrophysical relevance

Tens of percent of Milky-way alike galaxies experience a MBH merger within the
past 10 Gyrs.  Bell et al. 2006

Time spent for distance less than sub-parsec is uncertain: final parsec problem.

Take the merger time of MBH binary to be several Gyrs [Kelley et al. 2017], the
time spent from sub-parsec scale might be several 10”8 yrs.

The optimal EMRI rate > 10”3 yr*-1; the average rate >10"2 yr"-1 Gair etal. 2017

The optimal rate of detection for tidal effect ~ a few yr*-1; more possible rate ~ 1
per several years.

several 10%yrs
10 Gyrs

O(10%) x X [>10%yr~, O(10%)yr~]
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ISCO shift

A topic of mainly theoretical interest.

Detweiler-type of gauge-invariant quantities relies on the assumption of helical
symmetry.

An angular averaged version of helical symmetry:
21
/ do Ly, hag = O(IUQ), k=0, + Qc’?gb
0

Gauge invariance of angular-averaged frequency:
27
/ do ()
0
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ISCO shift

Up to linear order in strength of tidal field, it suffices to consider mean-motion of
ISCO.

Hamiltonian of the mean motion:

2 2 _alh . T2 2
H _ E L M-3R LP) (o, () 2M
w2 M? 2(1 —2M/r) = 2r2 Ad3 r2
ISCO COIldlthII_}I B EIVe OH; 92 H, L
= 2 7 or  0rz

ISCO shift:
1 277 M2 M.,

OM = -
66 54 4d3
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Future work

Extend the study to Kerr.

Joint evolution with radiation reaction.

An EOB-type construction for cases with comparable mass-ratio inner
binary.

Stellar-mass triple systems in the PN regime, a self-consistent description
of orbit including PN correction, tidal force, self force: Multiscale analysis
/ RG method.
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