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Flat-spacetime
• Flat space

• Electromagnetism

• 2 Solutions: 

⇤Aµ = �4⇡jµ

singular!Aµ
ret, A

µ
adv

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!
!

!!

!(!"#)!
! !

!!
! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!
!

!!

!(!"#)!
! !

!!
!

Retarded solution Advanced solution

Aµ
S =

1

2
(Aµ

ret +Aµ
adv)

Aµ
R = Aµ

ret �Aµ
S =

1

2
(Aµ

ret �Aµ
adv)

FR
µ⌫ = @µA

R
⌫ � @⌫A

R
µ

ma
µ

= fext

µ

+ eFR

µ⌫

u⌫

Dirac, 1938

⇤Aµ
S = �4⇡jµ

⇤Aµ
R = 0

Image credit: NASA JPL

q



• Curved spacetime

• Scalar:

• Electromagnetic:

• Gravitational:

• General case:
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Curved Spacetime



• Curved spacetime

• Scalar:

• Electromagnetic:

• Gravitational:

• General case:

• Detweiler-Whiting singular field
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Mode-sum
• Mode-sum regularisation

• Barrack, Ori (2001)

Fa(x̄) =
1X

`

⇣
F

`(ret)
a (x̄)� F

`(S)
a (x̄)

⌘
,

• Expansions of the form, F

`(S)
a (x̄) = F̃

`/(S)
a (x̄) +O(✏n+1)

F

`(ret)/(S)
a (x̄) = lim

�r!0

2`+ 1

4⇡

Z
F

(ret)/(S)
a (r̄ +�r,

¯

t,↵,�)P`(cos↵)d⌦

higher order 
parameters increase 
efficiency

Credit: N. WarburtonData by N.Warburton

Image credit: NASA JPL

convergence`�n�2

See: Maarten Van De Meent
        Zach Nasipak



To-date

BO: Barack, Ori

DMW: Detweiler, Messaritaki, Whiting

HP: Haas, Poisson

HOW: Heffernan, Ottewill, Wardell
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To-date

sin ✓ cos(�� �0
0) = cos↵,

sin ✓ sin(�� �0
0) = sin↵ cos�,

cos ✓ = sin↵ sin�.

Riemann Normal Coordinates:

w1 = 2 sin

⇣↵
2

⌘
cos�,

w2 = 2 sin

⇣↵
2

⌘
sin�.
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1. Calculate singular field and it’s associated self-

force

2. Rotate to Riemann normal coordinates

3. Spherical harmonic decomposition and integrate

(Schwarzschild or Boyer-Lindquist coordinates)



To-date
Equatorial Geodesic


sin ✓ cos(�� �0
0) = cos↵,

sin ✓ sin(�� �0
0) = sin↵ cos�,

cos ✓ = sin↵ sin�.

Riemann Normal Coordinates:
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1. Calculate singular field and it’s associated self-

force

2. Rotate to Riemann normal coordinates

3. Spherical harmonic decomposition and integrate

(In Riemann normal coordinates)



To-date
Equatorial Geodesic


sin ✓ cos(�� �0
0) = cos↵,

sin ✓ sin(�� �0
0) = sin↵ cos�,

cos ✓ = sin↵ sin�.
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sin�.
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1. Calculate singular field and it’s associated self-

force

2. Rotate to Riemann normal coordinates

3. Spherical harmonic decomposition and integrate

(covariantly)
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Covariant singular field
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Covariant singular field
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• Scalar case
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+ 2ūcd�xc

�

3�d
ef�xb + �b

ef
�

+ 2�c
de�xb

i

+
1

12
ū
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New(ish) Rotation
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sin ✓ cos(�� �0
0) = cos↵,

sin ✓ sin(�� �0
0) = sin↵ cos�,

cos ✓ = sin↵ sin�.

Previous Rotation:

New Rotation:

Target: No        cross terms in    , recalling�x ⇢

cos ✓ cos ¯✓ + sin ✓ sin ¯✓ cos(�� �0
0) = cos↵,

sin ✓ sin(�� �0
0) = sin↵ cos(� � �0

),

� sin ✓ cos ¯✓ cos(�� �0
0) + cos ✓ sin ¯✓ = sin↵ sin(� � �0

).

Leor (15+ years ago): Use     freedom to set         to zero�0 uw̄2

(explicit calculation avoided in Boyer Lindquist)
Explicitly in Riemann normal coordinates: Not viable

Solution: Don’t reinvent the wheel! Forget about A parameter!



Testing: Scalar
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Road to gravity
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1. Calculate singular field and it’s associated self-force

2. Break covariance: Riemann normal coordinates

3. Spherical harmonic decomposition and integrate

Covariant Scalar: D

Schwarzschild: D
Kerr: B

Coordinate independent: D
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Thank you!
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