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Metric perturbations

assume background metric g5, is Ricci-flat, vacuum,
satisfies Einstein eqns (e.g., Schwarzschild, Kerr)

small metric perturbation: g.p — gap + hap, and perhaps also T,, # 0
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= in a generic gauge, the O(h,p) Einstein eqns for gap + hap are
Dr’ab + 2Rcadbl_7cd - /_736|C|b - /_7bc|c|a + gabr’cdr’Cd = —167 T,
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assume background metric g5, is Ricci-flat, vacuum,
satisfies Einstein eqns (e.g., Schwarzschild, Kerr)

small metric perturbation: g.p — gap + hap, and perhaps also T,, # 0

= in a generic gauge, the O(h,p) Einstein eqns for gap + hap are
Dr’ab + 2Rcadbl_7cd - /_736|C|b - /_7bc|c|a + gabr’cdr’Cd = —167 T,

where hop = hap — 3gaph, O = €, and the covariant derivatives
and index raising/lowering are all with respect to the background metric

Lorenz gauge condition h,,!® = 0 zeros the red terms,
leaving a wave equation (hyperbolic, uncoupled in principal part):

D/_bb + 2Rcadbf_7cd = —167T,

= nice for time-domain evolutions
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Lorenz gauge properties

Point particles

Lorenz gauge is well-behaved in the presence of point-particle perturbations
the metric perturbation from a point particle is

e localized (~ 1/r falloff away from the particle)
e nonsingular everywhere away from the particle

e approximately spherically symmetric at the particle
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Lorenz gauge properties
Point particles

Lorenz gauge is well-behaved in the presence of point-particle perturbations:
the metric perturbation from a point particle is

e localized (~ 1/r falloff away from the particle)
e nonsingular everywhere away from the particle

e approximately spherically symmetric at the particle

Effective-source regularization

We know how to construct puncture functions of various orders
for effective-source regularization in the Lorenz gauge
Mode-sum regularization

Individual Yy, modes of h,, are finite at a point particle, and self-force
regularization parameters are known for generic orbits in Schwarzschild & Kerr

In general these nice properties do not hold for other gauges,
e.g., Regge-Wheeler or radiation gauge (infinite-string gauge singularities).
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Lorenz gauge modes & mode stability

Consider simplest case: perturbations of Schwarzschild

decompose into Y7, modes, consider time-domain evolution of hp
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Lorenz gauge modes & mode stability

Consider simplest case: perturbations of Schwarzschild

decompose into Y;, modes, consider time-domain evolution of hap
= ( > 2 evolutions are stable v/
(if a suitable constraint-damping scheme is used)
Gundlach et al.,, CQG 22, 3767 (2005) = gr-qc/0504114

Barack & Lousto, PRD 72, 104026 (2005) = gr-qc/0510019
Dolan & Barack, PRD 87, 084066 (2013) = arXiv:1211.4586
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Consider simplest case: perturbations of Schwarzschild
decompose into Y;, modes, consider time-domain evolution of hap

= { > 2 evolutions are stable v
(if a suitable constraint-damping scheme is used)
Gundlach et al.,, CQG 22, 3767 (2005) = gr-qc/0504114
Barack & Lousto, PRD 72, 104026 (2005) = gr-qc/0510019
Dolan & Barack, PRD 87, 084066 (2013) = arXiv:1211.4586

But £ =0 (monopole) and £ =1, m = +1 (dipole) modes are unstable:
Barack & Sago, PRD 81, 084021 (2010) = arXiv:1002.2386
Dolan & Barack, PRD 87, 084066 (2013) = arXiv:1211.4586

Dolan & Barack (2013) found a generalized Lorenz gauge
(set hap!® = f(heg, x)) which stabilizes the monopole mode v/

But they were unable to stabilize the dipole mode
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Growing (dipole) Lorenz gauge mode

The dipole Lorenz gauge mode ...
e is a pure-gauge solution of the perturbation equations
e satisfies all physical BCs at horizon and spatial infinity at any finite time
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The dipole Lorenz gauge mode ...
e is a pure-gauge solution of the perturbation equations

satisfies all physical BCs at horizon and spatial infinity at any finite time

is present in both vacuum and sourced evolutions

e appears to be unique (for a given background g,p) up to scalar multiples
[Dolan & Barack (2013) found an analytical solution for Schwarzschild]

Jonathan Thornburg (with Sam Dolan) 2018-06-25 5/9



Growing (dipole) Lorenz gauge mode

The dipole Lorenz gauge mode ...
e is a pure-gauge solution of the perturbation equations
e satisfies all physical BCs at horizon and spatial infinity at any finite time
e s present in both vacuum and sourced evolutions

e appears to be unique (for a given background g,p) up to scalar multiples
[Dolan & Barack (2013) found an analytical solution for Schwarzschild]

e after initial transients, grows linearly with time

Jonathan Thornburg (with Sam Dolan) 2018-06-25 5/9



Growing (dipole) Lorenz gauge mode

The dipole Lorenz gauge mode ...
e is a pure-gauge solution of the perturbation equations
e satisfies all physical BCs at horizon and spatial infinity at any finite time
e s present in both vacuum and sourced evolutions

e appears to be unique (for a given background g,p) up to scalar multiples
[Dolan & Barack (2013) found an analytical solution for Schwarzschild]

e after initial transients, grows linearly with time

Numerical example: 4000 :
. + sourced
£ = m =1 Cauchy evolution o vacuum
|
. +F
same (random-Gaussians) 3000 it
R . +oo°
initial data for both evolutions = s
. . . 2 +re®
= constraint-violating, but £ 2000 | Lttt
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Growing (dipole) Lorenz gauge mode

The dipole Lorenz gauge mode ...

is a pure-gauge solution of the perturbation equations
satisfies all physical BCs at horizon and spatial infinity at any finite time
is present in both vacuum and sourced evolutions

appears to be unique (for a given background g,p) up to scalar multiples
[Dolan & Barack (2013) found an analytical solution for Schwarzschild]

e after initial transients, grows linearly with time
Numerical example: 4000 :
. + sourced
£ = m =1 Cauchy evolution o vacuum
I
. +F
same (random-Gaussians) 3000 it
R . +oo°
initial data for both evolutions = s
. . . 2 +re®
= constraint-violating, but £ 2000 | Lttt
. . . g +3°
constraint violations damp away & *ttt*
¥
. . . 3t

sourced evolution: point particle 1000 ******
in circular orbit at r = 10.1M o

. ) o

PS L i . . .

[movie of homogeneous evolution] o4 - - - o o
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What to do about the linearly-growing mode?
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Work in the frequency domain v

= effectively enforces boundedness as t — oo
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= effectively enforces boundedness as t — oo
= nicely kills the growing mode

Or if we stay in the time domain ...

e for circular orbits, Dolan & Barack (2013) used a
frequency-domain filter to remove the growing mode
e tolerate the growing mode (it's purely a gauge effect)
but it will prevent recognizing when solution is periodic
and it may get big enough to cause numerical problems
e Sam Dolan & | experimented with a number of “gauge driver’ conditions

and ran numerical tests on ~ 10° different sets of gauge parameters, but
we did not find any gauge condition that eliminated the growing mode.
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and ran numerical tests on ~ 10° different sets of gauge parameters, but
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e At Capra@Meudon (2016) | discussed orthogonalizing the RHS
of the evolution eqns with respect to the linearly growing mode
= this stabilizes vacuum evolutions, but fails to stabilize sourced evolutions
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of the evolution eqns with respect to the linearly growing mode
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Subtracting (orthogonalizing) the homogeneous mode

Observe that our main interest is in sourced evolutions
(either with a point particle or with an effective source). So ...
e define (choose) an inner product (u1, u2) on state vectors;
this implicitly also defines a norm |lul| = +/(u, u)
| typically use the standard Euclidean inner product
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Subtracting (orthogonalizing) the homogeneous mode

Observe that our main interest is in sourced evolutions
(either with a point particle or with an effective source). So ...

e define (choose) an inner product (u1, u2) on state vectors;
this implicitly also defines a norm ||u|| = \/(u, u)
| typically use the standard Euclidean inner product
e consider a sourced evolution Usourced(t, x') with some initial data

e in parallel with this evolution, also simulate a vacuum
(homogeneous) evolution uhom(t, x') with the same initial data

e define Udiff(t,Xi) by
Udiff *= Usourced T Alhom

where the (complex) scalar A & —1 is chosen to minimize ||ugif||
[this is equivalent to the orthogonality condition ugifr L Uhom];
A may either be fixed or be updated “occasionally” during the evolution
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Observe that our main interest is in sourced evolutions
(either with a point particle or with an effective source). So ...

e define (choose) an inner product (u1, u2) on state vectors;
this implicitly also defines a norm ||u|| = \/(u, u)
| typically use the standard Euclidean inner product
e consider a sourced evolution Usourced(t, x') with some initial data

e in parallel with this evolution, also simulate a vacuum
(homogeneous) evolution uhom(t, x') with the same initial data

e define Udiff(t,Xi) by
Udiff °= Usourced + AUhom
where the (complex) scalar A & —1 is chosen to minimize ||ugif||

[this is equivalent to the orthogonality condition ugifr L Uhom];
A may either be fixed or be updated “occasionally” during the evolution

=> since Unhom is @ homogeneous solution and (in between updates) A is just a
fixed complex scalar, ugis is also a solution of the sourced evolution eqns
(the hope is that ugif will not have the growing mode)
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Numerical example

Same example as before: 000 [ : : :
¢ = m =1 Cauchy evolution o vacuum
|

same (random-Gaussians) 3000 1 ++t:fft—
initial data for all evolutions = ++:,»;tf"
= constraint-violating, but % 2000 | +t:ff‘t" |
constraint violations damp away £ ft**ttt.
sourced evolution: point particle 1000 | t****** |
in circular orbit at r = 10.1M #w***

o .w'**‘ ‘ ‘ ‘

0 200 400 600 800 1000
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Numerical example

Same example as before:
¢ = m =1 Cauchy evolution

same (random-Gaussians)

initial data for all evolutions

= constraint-violating, but
constraint violations damp away

sourced evolution: point particle
in circular orbit at r = 10.1M

Orthogonalized evolution . ..
with the vertical scale expanded
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Numerical example
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same (random-Gaussians) 10
initial data for all evolutions
= constraint-violating, but
constraint violations damp away

||state vector]|

sourced evolution: point particle
in circular orbit at r = 10.1M .

0.2 T T T T
Orthogonalized evolution . .. 00 L

with the vertical scale expanded
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¢ = m =1 Cauchy evolution

same (random-Gaussians)

initial data for all evolutions

= constraint-violating, but
constraint violations damp away

sourced evolution: point particle
in circular orbit at r = 10.1M

Orthogonalized evolution . ..
with the vertical scale expanded

Real[A] or Imag[A]

[movie of orthogonalized evolution]
(note greatly expanded vertical scale compared to flrst movie!)

Jonathan Thornburg (with Sam Dolan)

||state vector]|

14

12

10

0.2

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

-1.2

—— orthogonalized

800

+ S
AT

. Real[A]

0

200

400

600

800

1000

2018-06-25

8/9



Conclusions
e Lorenz gauge is a natural choice for numerical evolution
of Schwarzschild or Kerr metric perturbations
e Lorenz gauge makes mode-sum or effective-source regularization easy

e but there is a linearly-growing dipole gauge mode
(& no obvious time-domain way to kill this mode apart from circular orbits)
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Next steps:
o verify that we can compute (correct) Schwarzschild self-force
via this technique (with effective-source regularization) [in progress|
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e the gauge mode is unique (for a given background metric)
and is a homogeneous solution of the metric-perturbation equations

= we can “subtract the homogeneous mode”
(more precisely, orthogonalize with respect to the homogeneous mode)

=> this works in numerical tests:
“difference” evolution is stable (no growing mode as t — co) v/

Next steps:
o verify that we can compute (correct) Schwarzschild self-force
via this technique (with effective-source regularization) [in progress]

e Kerr (again, effective-source regularization)
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