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Motivation: an invitation from Sam
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Motivation: a deficit in flux
Force-flux balance law with spins?

dE

dt
= −

(
F∞ + FH

)
= −Ft,diss

Leading and next-to-L order dissipative force(s)

Fαdiss = Fαmono︸ ︷︷ ︸
O(q2,q3)

+ ∆BαβSβ1︸ ︷︷ ︸
O(q3)

+ Fαdipole︸ ︷︷ ︸
O(q3)

Deficit in the O(qS1) ∼ O(q3) spin-orbit sector

F spin
t,diss = F

∞
22
2 qS2

1

(
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4y
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16y
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Goals
1 Compute the flux due spin-dipole source

Tanaka et al. 1996, Harms et al. 2015, ...

2 Compute the local dissipative dipole self-force
3 Demonstrate flux-force balance

Must resolve the field equations now sourced by

Tαβ =
∫
dτ p(αuβ) δ

(4)(xµ − zµ)√
−g︸ ︷︷ ︸

TNS: our old friend

− ∇γ
∫
dτ Sγ(αuβ) δ

(4)(xµ − zµ)√
−g︸ ︷︷ ︸

TS: spin-dipole

uα = dzα

dτ 6= pα/m1 is the four-velocity
Kinematics: Mathisson-Papapetrou-Dixon EoM

uγ∇γSαβ ≡ pαuβ − pβuα

uγ∇γpα = −1
2S

βµuδRαδβµ,

Fix unphysical DoF: spin-supplementary condition [Tulczyjew covariant]
Sαβpβ = 0
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Simplifications
SSC gives us

pα = m1u
α +O(S2

1)

⇒ m1
Duα

dτ
= Fαq2 + Fαq3 +O(S2

1)

DS

dτ

αβ

= O(S2
1)

⇒ DS

dτ

α

= O(S2
1)

(Neglect)
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1)

DS

dτ

αβ

= O(S2
1) ⇒ DS

dτ

α

= O(S2
1) (Neglect)

Circular, equatorial orbits in Kerr.
r(τ) = m2r0,

uα =
(
ut, 0, 0,Ωut

)T
Let Sα1 = S1δ

α
θ ⇒ S1//L//S2 and pθ = uθ = 0

Sαβ =


Str = −Srt 6= 0
Stφ = −Sφt 6= 0
Srφ = −Sφr 6= 0
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Monopole-Dipole Source
Expand to O(S1)

Tαβ = TαβNS,(0)

︸ ︷︷ ︸
O(q2): old

+ TαβNS,(1)

︸ ︷︷ ︸
O(q3): new

+ TαβS,(0)

︸ ︷︷ ︸
O(q3): new

TαβNS =
{

1√
−g

1
ut
uαuβ

}∣∣∣∣
x=z

δ(3)(x− z),

TµνS = − 1√
−g

[
∂ρδ

(3)(x− z)
{

1
ut
Sρ(αuβ)

}∣∣∣∣
x=z

+
{
Sρ(αΓβ)

ρσ

uσ

ut

}∣∣∣∣
x=z
δ(3)(x− z)

]
,

ut = 1√
−(gtt + 2gtφΩ + gφφΩ2)

, uφ = Ωut,

Ω = Ω0

[
1− 3

2σΩ0

(
1− a
√
r0

)]
+O(σ2),

Ω0 =
(
r

3/2
0 + a

)−1
, σ ≡ qS1

Gm2
1

= qχ1
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Road map
Divide and conquer

1 Lorenz gauge

Work with hαβ directly.
Regularization straightforward (not needed for Fαdiss).
Established algorithms for: hαβ → Fα.
Schwarzschild only.
10 field equations ⇒ 20 new sources.
Numerical.

2 Radiation gauge

One field equation ⇒ 2 new sources.
Numerical or analytic (MST) approaches.
Kerr.
Reconstructing hαβ involved, but understood.
Computing Fα . . .
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Established algorithms for: hαβ → Fα.
Schwarzschild only.
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Numerical.
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Radiation-gauge computation
Sarp + Chris:

s = ±2 sources for Kerr and Schwarzschild

Niels + Chris:
Solve the Teukolsky eq. numerically and analytically
Compute fluxes

(s = −2)→ ψ4 → F∞,
(s = +2)→ ψ0 → FH

Chris: Metric reconstruction

ψ4 → ΨORG → hαβ

In progress: Self-force: Fα = Pαβγδ∇βhγδ
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Teukolsky s = −2 source
Project TαβS along nµ, m̄µ: Tnn, Tnm̄, Tm̄m̄.
Hit these with 2nd-order radial/angular derivatives: B′, B′∗.
Fourier transform

−2T`mω = 4
∫
dΩdt Σ

ρ4 (B′I +B′∗I ) −2S
aω
`m(θ)eiωte−imφ

Integrate over {θ, φ}: separate {∂t, ∂r, ∂φ}δ(3)(x− z), use identities∫ 2π

0
dφ e−imφ ∂nφδ′(φ− Ωt) = (im)n+1e−imΩt

Integration for flux amplitudes via
∫
drf(r) δ(n)(r − r0) = (−1)n dnf

drn

∣∣
r=r0

Z± ∼
∫
dr′R∓`mω(r′)−2T`mω/∆(r′)2,

t-integral using 1
2π
∫∞
−∞ dt ei(ω−mΩ)t = δ(ω −mΩ)
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Teukolsky s = −2 source
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Lorenz-gauge source(s)
Tensor harmonic basis + Fourier transform = 10 wave-like equations:

�scφ+ . . . = F1(r) δ(r − r0) + F2(r)δ′(r − r0)

Matching: new junction conditions due to δ′(r − r0)

c+φ+ − c−φ−|r0
= F2(r0) ,

c+φ
′
+ − c−φ′−

∣∣
r0

= F1(r0) −F ′2(r0)− f ′0
f0
F2(r0)

Additional terms in i = 1, 2, 4, 8 eqs.

�sch
(1) −4M

r2 ∂rh
(3) + M̃(1)(h) = F

(1)
1 (r)δ(r − r0) + F

(1)
2 (r)δ′(r − r0),

c+h
(1)
+
′ − c−h(1)

−
′
∣∣∣
r0

= F
(1)
1 (r0)− F (1)

2
′(r0)− f ′0

f0
F

(1)
2 (r0) +4M

r2
0
F

(3)
2 (r0)

Check: ∇αTαβ = 0 +O(σ2).
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Status
Good agreement (. 10−6) in fluxes between gauges
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Status
Good agreement between numerical and analytic (PN) Teukolsky
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What’s next?
1 Lorenz gauge

Construct F tdiss
Establish flux-force balance

2 Radiation gauge
Divergent mode-sum: F t,`diss ∼ O(1)
⇒ Gauge-dependent piece in F tdiss?
⇒ Ft not directly related to F?

m1ut = −E + σ

r3L+O(σ2) = −E +
(
y3 + q

2y ∂rhkk
)
σL+O(σ2)

====⇒
y=Ω2/3

u̇t −
q

2σL∂t∂rhkk︸ ︷︷ ︸
O(`−2)

= −dE
dt

+ L̇(. . .) + Ω̇(. . .)

3 Augmented EMRI evolution: add Fα,Ldiss to Warburton-Osburn-Evans?
Augmented EMRI evolution: add Fα,ORGdiss to van de Meent 2017?
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