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Motivation: a deficit in flux

Force-flux balance law with spins?

W (F2 4 F) = g
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Motivation: a deficit in flux

Force-flux balance law with spins?

W (F2 4 F) = g

Leading and next-to-L order dissipative force(s)

Fc(ljiéss = Frfnxono + A‘Baﬁslﬁ
Y >

0(q2,¢%) O(qg?)

Deficit in the O(gS1) ~ O(g*) spin-orbit sector

; F58 5 11 31w 1261
fspin /22 52 (_ 3/2 -+ 5/2 2" 3 4V T/2 )
tdiss = Ty IPL 7Y T qgY 6V T YT
5 13 317 9535
Feq = FX S2 ( 3/2 2 5/2 2XN 3 JIII 7/ >
SO 22 47 1Y 67 6 Y + 56 Y +
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Motivation: a deficit in flux

Force-flux balance law with spins?

W (F2 4 F) = g

Leading and next-to-L order dissipative force(s)

Fc(ljiéss = Frfnxono + A‘Baﬁslﬁ + Ftﬁpole

0(q?,¢3) O(q?) O(g3)

Deficit in the O(gS1) ~ O(g*) spin-orbit sector

; F5S 5 11 31w 1261
fspin /22 52 (_ 3/2 -+ 5/2 2" 3 4V T/2 )
bdiss = T IPL\ 7Y T q6Y 6V T YT
5 13 317 9535
Feq = FX S2 ( 3/2 2 5/2 2XN 3 JIII 7/ >
SO 22 47 1Y 67 6 Y + 56 Y +
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
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@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

(4) (b _ o
T = /ah'p(o‘uﬁ)5 (@ =21 _ VW/dTSV(O‘

N
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

(4) (b _ o
ToB _ /dq—p(auﬁ)w _ V,y/dT gy,

V=5

Tns: our old friend
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

W (zh — 1) W (zh — 1)
T = /dTp(au’B)— -V /dT S’Y(O‘U/B)—
/—g v /=g

Tns: our old friend Ts: spin-dipole
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

W (zh — 1) W (zh — 1)
T = /dTp(au’B)— -V /dT S’Y(O‘U/B)—
/—g v /=g

Tns: our old friend Ts: spin-dipole

a

u® = % # p®/my is the four-velocity
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

W (zh — 1) W (zh — 1)
T = /dTp(au’B)— -V /dT S’Y(O‘U/B)—
/—g v /=g

Tns: our old friend Ts: spin-dipole

a

u® = % # p®/my is the four-velocity

Kinematics: Mathisson-Papapetrou-Dixon EoM
u”VWSO‘ﬂ = p®u”® — pPu®

1
uvvaa = —iS’BﬂuéRO‘(SBM,
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Goals

@ Compute the flux due spin-dipole source
Tanaka et al. 1996, Harms et al. 2015, ...
@ Compute the local dissipative dipole self-force
© Demonstrate flux-force balance
Must resolve the field equations now sourced by

W (zh — 1) W (zh — 1)
T = /dTp(au’B)— -V /dT S’Y(O‘U/B)—
/—g v /=g

Tns: our old friend Ts: spin-dipole

a

u® = % # p®/my is the four-velocity

Kinematics: Mathisson-Papapetrou-Dixon EoM
u”VWSO‘ﬂ = p®u”® — pPu®
1
uvvaa = —iS’BﬂuéRO‘(SBM,

Fix unphysical DoF: spin-supplementary condition [Tulczyjew covariant]
Saﬁpﬁ =0
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Simplifications
SSC gives us
p* = miu® + O(Sf)

DSB8

Do a2
=0}
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Simplifications

SSC gives us
« « 2 Du® « e} 2
p* =miu® + O(S7) = m1—— = F3 + F5 + O(57)
dr 7 7
DSP 5 DS* 5
= =0 = =0y
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Simplifications

SSC gives us
« « 2 Du® « e} 2
p* =mu® + O(S7) = |m1—— = F3 + F5 + O(S7T)
dr q 7
DS*P 5 DS* 5
o O(SY) I O(S7) (Neglect)

Circular, equatorial orbits in Kerr.
r(7) = maro,
T
u® = (ut,0,0,Qut)
Let S¢ = S168¢ = S1//L//Szandp’ =u? =0

Str — _Srt 7& 0
S =5t = g% £
ST = -89 £0
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Monopole-Dipole Source

Expand to O(S1)

Taﬂ — TQIB

15} B
ns T sy T Tso)
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Monopole-Dipole Source

Expand to O(S1)

_ B B8 B
= T + Tsa + Ko
—— ——
O(q?): old O(¢?): new
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Monopole-Dipole Source

Expand to O(S1)

_ B B8 B
= T + Tsa + Ko
—— ——
O(q?): old O(¢?): new

0¥ (x —z),

X=z
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Monopole-Dipole Source

Expand to O(S1)

_ B
T = Ts0)

——— ——— ——
O(q?): old O(¢?): new O(g3): new

B B
+ Tusay + Tso

TNSﬁ: {\/jgutu uﬁ} B ¥ (x —2)
1 g
T = Ve [apé(S)(x —z) { S”((’uﬂ)} + {S”(al"gz_zt } 6@ (x — z)] )
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Monopole-Dipole Source

Expand to O(S1)

_ B
T = Ts0)

——— ——— ——
O(q?): old O(¢?): new O(g3): new

B B
+ Tusay + Tso

o 1 1
» 1 1 u?
Th = = [ap5(3>(x —2) {utsmuﬂ)} o+ {Smrggut} 75(3)()( - z)] ,
ut = L u? = Qul,

V(91 + 2960+ 96622
3 a
Q=0 |1-20Qp(1- — 2
0[ 27 0( \/TO)]JFO(U)’

-1
3/2
Qo = (7“0/ Jra) y 0= {éi‘% =qx1
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Road map

Divide and conquer
© Lorenz gauge

© Radiation gauge
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Road map

Divide and conquer
© Lorenz gauge
Work with hqg directly.
Regularization straightforward (not needed for Fg..).
Established algorithms for: hog — F*“.
Schwarzschild only.
10 field equations = 20 new sources.
o Numerical.

© Radiation gauge
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Road map

Divide and conquer
© Lorenz gauge
o Work with hqg directly.
o Regularization straightforward (not needed for F. ).
o Established algorithms for: hog — F©.
e Schwarzschild only.
e 10 field equations = 20 new sources.
o Numerical.
© Radiation gauge
One field equation = 2 new sources.
Numerical or analytic (MST) approaches.
Kerr.
Reconstructing hqg involved, but understood.
Computing F'* ...
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Radiation-gauge computation

Sarp + Chris:
s = 12 sources for Kerr and Schwarzschild
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Radiation-gauge computation

Sarp + Chris:
s = %2 sources for Kerr and Schwarzschild
Niels + Chris:
Solve the Teukolsky eq. numerically and analytically
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Radiation-gauge computation

Sarp + Chris:
s = £2 sources for Kerr and Schwarzschild
Niels + Chris:
Solve the Teukolsky eq. numerically and analytically
Compute fluxes
(s ==2) = 1y — F,
(s =42) = 9o —» FH
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Radiation-gauge computation

Sarp + Chris:
s = %2 sources for Kerr and Schwarzschild

Niels + Chris:
Solve the Teukolsky eq. numerically and analytically
Compute fluxes

(s ==2) = 1y — F,
(s =~42) = g —» FI

Chris: Metric reconstruction

Yy — WorG — hag
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Radiation-gauge computation

Sarp + Chris:
s = 12 sources for Kerr and Schwarzschild
Niels + Chris:

Solve the Teukolsky eq. numerically and analytically
Compute fluxes

(s ==2) = 1y — F,
(s =~42) = g —» FI

Chris: Metric reconstruction

Yy — WorG — hag

In progress:  Self-force: F* = PO‘BV‘SVﬁhwg
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Teukolsky s = —2 source

@ Project Tgﬁ along n#, m*: Ty, Trims T
o Hit these with 2"9-order radial/angular derivatives: B’, B'*.

@ Fourier transform

X . 4
o Ttmw = 4/dﬂdt E(B’I + B,I*) _ng,%((g)eMtefzm¢
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Teukolsky s = —2 source

Project Tgﬁ along n*, m*: Ty, Trims T
Hit these with 2"%-order radial/angular derivatives: B’, B'*.

Fourier transform

X . 4
o Ttmw = 4/dﬂdt E(B’I + B,I*) _ng,%((g)eMtefzm¢

Integrate over {0, ¢}: separate {9y, 9y, 9,}6®) (x — z), use identities

2 . .
d¢ efzm¢ azél((b o Qt) _ (Z‘m)nJrlefzmQt
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Teukolsky s = —2 source

Project Tgﬁ along n*, m*: Ty, Trims T
Hit these with 2"%-order radial/angular derivatives: B’, B'*.

Fourier transform

by . 4
o Ttmw = 4/dﬂdt E(B’I + B,I*) _ngnui((g)eMtefzm¢

Integrate over {0, ¢}: separate {9y, 9y, 9,}6®) (x — z), use identities

2 . .
d¢ efzmqi) azél((b o Qt) _ (Z‘m)nJrlefzmQt

n d"f

drm™

Integration for flux amplitudes via [ drf(r) 5™ (r —ro) = (-1)

7% / dr'RE, (1) —aTomw/ A2,

=70
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Teukolsky s = —2 source

Project Tgﬁ along n*, m*: Ty, Trims T
Hit these with 2"%-order radial/angular derivatives: B’, B'*.

Fourier transform

by . 4
o Ttmw = 4/dﬂdt E(B’I + B,I*) _ngnui((g)eMtefzm¢

Integrate over {0, ¢}: separate {9y, 9y, 9,}6®) (x — z), use identities

2 . .
d¢ efzmqi) azél((b o Qt) _ (Z‘m)nJrlefzmQt

n d"f

drm™

Integration for flux amplitudes via [ drf(r) 5™ (r —ro) = (-1)

7% / dr'RE, (1) —aTomw/ A2,

=70

o t-integral using 5= [*°_ dt eilw=mt — §(0; — mQ)
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Teukolsky s = —2 source

where
A" = [elehs +2iapsinoc 5] ©
st _yysosin 2 [(K N g oK
Ay = —2V2C55 v [(A P07 ) £5S o+ T sind (" = p)S 70y
st 5 K (5
A +2eg +io(3)] an
A = Ao 5 o [L.,S iasind(p— p*): ] a2

s _yesin o ,,i )

Anihz =203 7 (« A)é- 3
A a8

Ihave checked the equality between Eqs.
of o T isn’t as convenient for the r-integral as 57,3,
over /(1 ry) when computing the source/flux integral

Zjji ~ /rlr’—W—L'" (A: o as

where we will make use of the identity

ang
@,

/rlr 1) 8 = 1) = (—1)" S 76

Reamanging Eq.

Ziii ~ /411¢r<.—mm,/m

B ) (A0 + A%+ AN 0% <o
umm(ﬂ,’.‘z’ . 1;,‘,,‘4 + 20,4550 8"~ r0)

FRE(r) ASE 8" = 1)

= [ gt

x [ o, {lﬁm(A’,,’,’,’m)}wf{lew,) (4},’,70))} —(r‘{/e‘(,m,,‘,,’{(,)}]

 obtain, for the r integral,

it + 0TI 8 o)

“an
where
At 7.1,,,1,” A+ 13.,’,.’( * Ml,f.’z’ O Ainis + A a3
BT T

Sarp Akcay (FSU Jena - UCD)

‘The ¢ Integral for Circular Motion
The ¢ integral looks like the well-known identity

‘which is consistent with the Fourier decomposition for circular, equatorial motion

- mQ) (30)

Z = 2,

i

(w —mQ). 1)

Restoring the full form of the scaling coefficients, we have

2858 = (25 2+ 2 )

where W = 2i0 B D' i the usual Wronskian and

*R},

7[R+ A Al ~ S 130+ A3+ S a3

AT+ AT + A

Lol

AR}
St + A5t -

< &> =
= ) [R5 + a5 st

75+

itm =

AL 00} - 3 {RL A% )]

o, {RE, (7

where the exact expressions for the A’s and A's can be extracted from the text.

One final simplification can be made when evaluating these expressions and this is in regards (0 the
£1S and £]£3S terms in Egs. and which can be evaluated using known
identities (cf. App. A3 of Hughes2000), s=

LS =awsindS — 3 b/ = D(E+2) -1Vin(0), (86)

=

L1L}S = 2awsinLLS — (awsind)?S + Z h\/ ;‘un,,.(m. ®7

where , Y., (#) are the spin-weighted spherical harmonics and £yy, by arise from using the spectral de-
composition method (o contstruct , S5, (6) from .Yy, (0).

Game Plan

My aim i to first evaluate the flux due to the spin source and compare this with Harms et al. to see
‘whether or not I get agreement. Then we can think about the local computation.

T will use my existing Sasaki-Nakamura (SN) code t0 solve the homogeneous Teukolsky equation then
transform to the standard radial solutions R (r).

Spin dissipation force Capra 21 at AEI 11 /16



Lorenz-gauge source(s)
@ Tensor harmonic basis + Fourier transform = 10 wave-like equations:

Oscd+ ... = Fy(r) d(r — ro) + Fo(r)d' (r — 7o)
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Lorenz-gauge source(s)

@ Tensor harmonic basis + Fourier transform = 10 wave-like equations:

Oscd+ ... = Fy(r) d(r — ro) + Fo(r)d' (r — 7o)

e Matching: new junction conditions due to ¢'(r — rg)

ot — -, = Fa(ro) |,

C+¢+ —c ¢ |

Sarp Akcay (FSU Jena - UCD)
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Lorenz-gauge source(s)
@ Tensor harmonic basis + Fourier transform = 10 wave-like equations:

Oscd+ ... = Fy(r) d(r — ro) + Fo(r)d' (r — 7o)

@ Matching: new junction conditions due to ¢'(r — rg)

ot — -, = Fa(ro) |,

!

eyl — el | = F1(ro) —F3(ro) — ;EFQ(TO)

o Additional terms in ¢ =1, 2,4, 8 eqgs.

4M ~
Duch) =0, |+ MO (1) = F{D ()3(r = 10) + F ()3 (7 = o).

4 4M
crht = e = F{V (rg) — F§P ' (ro) — %Fz(l)(ro) +TTF2(3)(7‘0)
0 0
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Lorenz-gauge source(s)
@ Tensor harmonic basis + Fourier transform = 10 wave-like equations:

Oscd+ ... = Fy(r) d(r — ro) + Fo(r)d' (r — 7o)

@ Matching: new junction conditions due to ¢'(r — rg)

ot — -, = Fa(ro) |,

!

eyl — el | = F1(ro) —F3(ro) — ;EFQ(TO)

o Additional terms in ¢ =1, 2,4, 8 eqgs.

4M ~
Duch) =0, |+ MO (1) = F{D ()3(r = 10) + F ()3 (7 = o).

! A4M
crhM — e n . FV(ro) — B! (o) — %Fz(l)(ro) +TTF2(3)(7‘0)
0 0

o Check: V,T% =0+ O(o?).
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Status

Good agreement (< 1079) in fluxes between gauges
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Good agreement (< 1079) in fluxes between gauges
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Status

Good agreement between numerical and analytic (PN) Teukolsky
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What's next?

© Lorenz gauge

o Construct F}.
o Establish flux-force balance
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What's next?

© Lorenz gauge
o Construct F}.
o Establish flux-force balance
© Radiation gauge
e Divergent mode-sum: Fji’_fs ~ O(1)
= Gauge-dependent piece in FJ 7
= F; not directly related to F7?
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What's next?

© Lorenz gauge
o Construct F}.
o Establish flux-force balance
© Radiation gauge
e Divergent mode-sum: Fji’_fs ~ O(1)
= Gauge-dependent piece in FJ 7
= F; not directly related to F7?

miuy = —E + %L +0(0%) = -E+ (y3 + quarhkk) oL+ O(c?)
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What's next?

© Lorenz gauge

o Construct F}.

o Establish flux-force balance
© Radiation gauge
e Divergent mode-sum: Fji’_fs ~ O(1)
= Gauge-dependent piece in FJ 7
= F; not directly related to F7?

miuy = —E + %L +0(0%) = -E+ (y3 + quarhkk) oL+ O(c?)

g — gaLatarhkk = L)+

dt

y=Q2/3

Sarp Akcay (FSU Jena - UCD) Spin dissipation force Capra 21 at AEI 16 / 16



What's next?

© Lorenz gauge

o Construct F}.

o Establish flux-force balance
© Radiation gauge
e Divergent mode-sum: Fji’_fs ~ O(1)
= Gauge-dependent piece in FJ 7
= F; not directly related to F7?

miuy = —E + %L +0(0%) = -E+ (y3 + quarhkk) oL+ O(c?)

g — gaLatarhkk = L)+

dt

y=Q2/3

O(0-2)

Sarp Akcay (FSU Jena - UCD) Spin dissipation force Capra 21 at AEI 16 / 16



What's next?

© Lorenz gauge

o Construct F}.

o Establish flux-force balance
© Radiation gauge
e Divergent mode-sum: Fji’_fs ~ O(1)
= Gauge-dependent piece in FJ 7
= F; not directly related to F7?

miuy = —E + %L +0(0%) = -E+ (y3 + quarhkk) oL+ O(c?)

g — gaLatarhkk = L)+

dt

y=Q2/3

o-2)
© Augmented EMRI evolution: add F(fi‘éls‘ to Warburton-Osburn-Evans?
add F2ORC {6 van de Meent 20177

diss
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