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Motivation

e Focus: Seli-force calculations on Kerr

o Difficulties:

* Loss of symmetry compared to Schwarzschild

+ Current computational methods inefficient (algebraic-convergence, precision loss,

cancellation errors)

e (Goal: Use a developmental model to improve self-force calculations

e Approach: Build scalar self-force for generic bound orbits on Kerr

+ See Peter Diener’s talk on Tuesday for other approaches/uses of scalar self-force
code
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Scalar self-force (SSF) literature

e SSF on Schwarzschild

+ (Circular geodesics
Burko (2000) PRL 84

Diaz-Rivera et al. (2004) PRD 70
Vega & Detweiler (2008) PRD 77

<

4

<

4

4

Vega et al. (2009) PRD 80

Dolan &

Barack (2011) PRD 83

F.ccentric geodesics
Haas (2007) PRD 75

<

4

4

Canizares

et al. (2010) PRD 82

Vega et al. (2013) PRD 88

e SSF on Kerr

Circular, equatorial geodesics
»  Warburton & Barack (2010) PRD 81

Eccentric, equatorial geodesics
»  Warburton & Barack (2011) PRD 83

»  Thorburg & Wardell (2017) PRD 95

Circular, inclined geodesics
»  Warburton (2015) PRD 91

(Generic geodesic
» Nasipak et al. (in progress)
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Scalar self-force (SSF') problem

Gravitational self-force (GSF)

e Lquations of motion

pul’Vgu® = Fégp ~ O(u® /M?)
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Scalar self-force (SSF') problem

Gravitational self-force (GSF)

e Lquations of motion
pul’Vgu® = Fégp ~ O(u® /M?)
e GSF equations
Fasp = p P amévﬁhs(s

e lield equations

2Oy = 45Ty } -
_QOIO ¢4 — 47TZT4
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Scalar self-force (SSF') problem

Gravitational self-force (GSF') Scalar self-force (GSF')
e Lquations of motion e Lquations of motion
1 PV g = Fgp ~ O(2/M?) WOV (pu®) = F* ~ O(?/M?)

e GSF equations
Fasp = p P amévﬁhs(s
e lield equations
2Oy = 4T} } ) et
—4 r = Nap
_20,0 ¢4 — 47TZT4
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Scalar self-force (SSF') problem

Gravitational self-force (GSF') Scalar self-force (GSF')
e Lquations of motion e Lquations of motion
1 PV g = Fgp ~ O(2/M?) WOV (pu®) = F* ~ O(?/M?)
o GSF equations e SSF equations
Fésp = pu P70V ghi; Fo=qVo0"

e lield equations

2Oy = 45Ty } -
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Scalar self-force (SSF') problem

Gravitational self-force (GSF') Scalar self-force (GSF')
e Lquations of motion e Lquations of motion
BV gu® = Fégp ~ O(u? /M) WPV () = B ~ O(g2/M?)
o GSF equations e SSF equations
Fésp = pu P70V ghi; Fo=qVoo"
e lield equations e lield equations

Othy = 43T
2 w() T 0 }:>hret gq):vavaq): AT

_2(9,0_4¢4 — 47TZT4 b
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My SSF code
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http://bhptoolkit.org/

My SSFE code

o Written in MATHEMATICA using FD approach

¢ Performed w/ arbitrary numerical precision
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My SSFE code

o Written in MATHEMATICA using FD approach
¢ Performed w/ arbitrary numerical precision

e Computational time of generic orbit

+ ~ 10,000 CPU hours™
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My SSFE code

o Written in MATHEMATICA using FD approach
¢ Performed w/ arbitrary numerical precision

e Computational time of generic orbit

*Depends on initial

~ 10,000 CPU hours™ parameters, specified

numerical precision, etc.
e Some modules inherited

Credit: Charles R. Evans, Thomas Osburn, Erik Forseth, & Seth Hopper

Black Hole Perturbation Toolkit (bhptoolkit.org)
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Building a generic SSF code

e (Construct scalar field
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Building a generic SSF code

e (Construct scalar field

|
|
|
l |
|
D = —dmp 0 = q/5(4) (xt, 2" (7))dT i
|
|
|
|
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Building a generic SSF code

e (Construct scalar field

I
I I
I I
I I
| l '
Pt = —4m = / 5 (a#, 2 (7))dr ' :
g P P q y : |
' l
. ' |
e Separable in FD (wykn = mQy, + kQg + nl,.) | :
1 . . L ______ |
ret __ ) ) MY  _1Wmknt
¢ o \/ 5 5 2 : lekn(r)slmkn(e)e €
r< 4+ a“ .
Imkn
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Building a generic SSF code

e (Construct scalar field

R

e Separable in FD (wykn = mQy, + kQg + nl,.)
v

1 . 1 S
ret ) A LMY MW knt
¢ o 9 9 2 : lekn(r)slmkn(e)e €
VT2 +a? -
Imkn Spheroidal
harmonics
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Building a generic SSF code

e (Construct scalar field

R

e Separable in FD (wykn = mQy, + kQg + nl,.)
v

1 . S
ret ) ) MY _1Wmknt
O = o E : Ximkn () Simpn (0)e e
Ve +a? . :
Imkn, i Spheroidal
_ 2 2 .
X(r) = \/7" + a* R(r) harmonics
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Building a generic SSF code

e (Construct scalar field

gCIDret = —47mp

e Separable in FD (wykn = mQy, + kQg + nl,.)
v

1
(I)ret —
\/T2—|—CL2 Z

A

Imkn

e Decouples into ODEsSs

X[mkn (T) Sfmkn ((9) eimgoeiwmknt

!
=g / 5O (z 21 (r))dr

Spheroidal

T X(r) = \/7“2+a2 R(r)

+ Solve for S; ., — Y, expansion

Imkn

+ Solve for X; , — variation of parameters + MST
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Building a generic SSF code

e (Construct scalar field

gCIDret = —47mp

!
=g / 5O (z 21 (r))dr

e Separable in FD (wykn = mQy, + kQg + nl,.)

1
(I)I‘et —
\/T2—|—CL2 Z

A

Imkn

e Decouples into ODEsSs
» Solve for 57

Imkn

» Solve for X; , — variation of parameters + MST
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X[mkn (T) Sfmkn ((9) ezmsoezwmknt

— Yin expansion — S;

T X(r) = \/r2+a2 R(r)

zmgp
lmkzn
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Building a generic SSF code

e Solving the radial ODEs

dr. r? + aq?

dr r2 —2Mr + a?
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Building a generic SSF code

e Solving the radial ODEs

dr, r? 1+ g2 Tortoise

Adr r2 — 9Mr + a2 coordinate
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Building a generic SSF code

—__%

A

——

e Solving the radial ODEs

dr. r? + aq?

Tortoise

dr r2 —2Mr + a?

coordinate
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Building a generic SSF code

: : (Generalized Sasaki-
e Solving the radial ODEs
Nakamura Eqn
. - 12 ”
2 2 Tortoise d .

dT* — rra o — 2 UlAmkn (7”‘) XlAmkn — p[mkn

dr 12 —2Mr + g2 coordinate dr: ]
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Building a generic SSF code

: , s g
e Solving the radial ODEs Generalized Sasaki
Nakamura Eqn
2 2 Tortoi ) d2 7 ]
dr _ r< 4+ a or f)lse IR : oo X =g
dr r2 — 9Mpr + g2 coordinate dr? | 7 lmkn mkn
67:pmknT* eiwmknr*
7 NS\ S\ S PV aVaYe

e_zwmknr*

<

NN\ N\ NS\ S\

< i ; >

ry < T | | r — OO
— 00 < T« T"'min T"'max Ty — OO
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Building a generic SSF code

e Solving the radial ODEs Generalized Sasaki-
Nakamura Eqn
2 2 - ) d2 -
dr _ r“ 4+ a Tortoise R : U ) X —p
dr 12 —2Mr + g2 coordinate drs mhin 2| = imbn mkn

e Variation of parameters

67:pmknT* eiwmknr*

>

S NS NSNS

e_zwmknr*

<

/\/\/\/\ /\/\/\/\
< i | >
ry | | r — o0
—00 T I'min I'max Ty —> OO
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Building a generic SSF code

e Solving the radial ODEs Generalized Sasaki-

dr., r? + aq?

dr r2 —2Mr + a?

Nakamura Eqn

Tortoise d? .
— er UlAmkn (7”‘) X[mkn — p[mkn

coordinate

e Variation of parameters

| |
eipmknT* | | ezwmknr*
> | | >
VAV A VAN . | | VAV YA
Downgoing | | Outoo:
e—ipmkn’r‘* | | u g()lng tWmknTx
< I I <
VAN N\ S\
| |
< i i >
ry<—rT | | T — OO
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Building a generic SSF code

e Solving the radial ODEs

dr., r? + aq?

dr r2 —2Mr + a?

Tortoise d?

coordinate

e Variation of parameters

Generalized Sasaki-

Nakamura Eqn

|
ipmkn'r* | | tWmknTx
e e
, | X T .
VWAV AYWA . | | Imkn| ~_~_ "
Downgoing | | Outeo;
e—ipmkn’r‘* | | u g()lng tWmknTx
) XA_ | | <
VAV VAN Imkn | | S VA VANVEN
< i i >
ry<—rT | | T — OO
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Building a generic SSF code

e 'inding homogeneous solutions
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Building a generic SSF code

e 'inding homogeneous solutions

Sasaki & Tagoshi

Mano-Suzuki-Takasugi (MST) function expansion formalism
(2003) LRR 6

» Series solution w/ introduction of free parameter v
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Building a generic SSF code

e 'inding homogeneous solutions

Sasaki & Tagoshi

Mano-Suzuki-Takasugi (MST) function expansion formalism
(2003) LRR 6

» Series solution w/ introduction of free parameter v

SYPCIBCOMELIC L Ry (1) = Ry = 3 P n)a (i)
e ioiiiriioreeosiniisrsrses) n=—o00
. Irregular confluent
. hypergeometric R;;nkn( r) — R;;n(w r Z g” (w, 2)by, (22)" W (cy, 4, ¢, 55 —2i2)
__________ function . S
CTVL,’L — CZ,i(w)
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Building a generic SSF code

e 'inding homogeneous solutions

Sasaki & Tagoshi

Mano-Suzuki-Takasugi (MST) function expansion formalism
(2003) LRR 6

» Series solution w/ introduction of free parameter v

Hypergeometric _
function le’m( r) = R Z f(w, x) (Cn 15 Cr, 2>CZ,S5$)
-:::::::::::::::::::::::::::::: n——00
. Irregular confluent :
' S + +
hypergeometric lekn( r) — le(w r Z 9" (w, 2)b, (22)"W(cy, 4, ¢, 53 —2i2)
function ; n=—o00
R lized
Cz,z’ _ ngi(w) y enormalize
angular momentum
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Building a generic SSF code

e 'inding homogeneous solutions

Sasaki & Tagoshi

Mano-Suzuki-Takasugi (MST) function expansion formalism
(2003) LRR 6

» Series solution w/ introduction of free parameter v

Rl BERCES A RUESD p AR TR
function : !

. Irregular confluent :

: : - + E : v n
hyperge()metrlc lekn( ) — le(w T g Cd Z)b (22) \If( C, 4, n, 5, —222)
function 5 =T
&= (w) y Renormalized Black hole
Tt Tt angular momentum monodromy
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Building a generic SSF code

e Source integration & TD reconstruction

| |
| | etWmknTx
| | >
| | VAV ANV
, | |
e—mekn’l“* | |
) | |
W NP W N | |
- ——m--rrk M ero n - k-
ryo <—7T | | r — OO
—O0 < T4 I'min I'max 'y — OC
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Building a generic SSF code

e Source integration & TD reconstruction

X = (- X

Imkn — Imkn [mkn

- | | | I
~
~
~
~
~
~
~
~
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Building a generic SSF code

e Source integration & TD reconstruction

|
| T >
X, , =C- XT ,, —
Ilmkn Imkn [Imkn | I
€ Imkn Imkn [Imkn

|
|
|
|
ro <—7T | | T — OO
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Building a generic SSF code

<
|

e Source integration & TD reconstruction Imkn, imkn :mkn
T C[mkn (T)XlAmkn (T)
| |
| | 6zwmkn7°>k
o | | .
|
_mekn'r* ) _ :I— :|—
€ | | lekn Clmanlmkn
|
|

r————_———--—m-mP——--lr _-m—te e e e
ro <—7T | | T — OO
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Building a generic SSF code

. . . e, = Co o ()Xo ()
e Source integration & TD reconstruction imkm fmkn = lmkn
- + C. r).X- r
2D integral - ) | lmkn( ) lmkn( )
— 4 1D T | pWmkn T
Fourier sums ¥ . | | >
Imkn — Imkn|  Imkn I |
I
_7/ T x R — + -+
€ Pk | | lekn - ClAmanlAmkn
) | |
I I
+—————mhnp————
ry <—7T | | r — 00
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Building a generic SSF code

e Source integration & TD reconstruction

2D integral Method of extended
— 4 1D homogeneous solutions

<
|

| |

| | ot Wmkn T

Fourier sums - B | | >
X[mkn ~ ClAmkn Ximkn | |
|

e_zpm’fnr* | | XlAmkn ~ Cl:lfr_nanl:fI/_nkn

|
|

7’4_%7“ | | T — OO
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Building a generic SSF code

e Source integration & TD reconstruction

Method of extended
homogeneous solutions

T+ <— T | T’p.(t) |
— 00 < Ty I'min I'max
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Building a generic SSF code

e Source integration & TD reconstruction

Method of extended
homogeneous solutions

Gl (£,7)

Z lmkn lmkzn lmkn
Lkn

b X_ _iwmknt
¢lm t T Z lmk:n Imkn lmkn
lkn

ro <—7T | Tp.(t) | r— o0
—00 < Ty Imin Imax Ty — OO
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Building a generic SSF code

ret T
e Source integration & TD reconstruction O = Z O (6, 7) Y1 (6, )
Method of extended |
homogeneous solutions | |
|
|

b X_ _iwmknt
¢lm t T Z lmk:n Imkn lmkn
lkn

Im

©-
S+
~
=

—|— —|— —iwm n T

Imkn lmkn

ro <—7T | Tp.(t) | r— o0
—00 < Ty Imin Imax Ty — OO
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Building a generic SSF code

e Mode-sum regularization
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Building a generic SSF code

e Mode-sum regularization

O
E Fretl FSl
[=0

THE UNIVERSITY
of NORTH CAROLINA

at CHAPEL HILL Z.. Nasipak - 21st Capra Meeting - June 2018

Slide 11



Building a generic SSF code

e Mode-sum regularization

O
E Fretl FSl
[=0

Fot=A,(1+1/2)+ B,
o0 n—1
+> D2 | T] (20— 2k +1)(20 + 2k + 1)
n—=2 L k=1
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Building a generic SSF code

e Mode-sum regularization

O
E Fretl FSl
[=0

Fot=A,(1+1/2)+ B,

1 - —1
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Building a generic SSF code

e Mode-sum regularization

B Y (F - P2

[=0

Fot=A,(1+1/2)+ B,

+» D2
n—=2

[ ]2 -2k +1)(20 + 2k + 1)
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Building a generic SSF code

e Mode-sum regularization

B Y (F - P2

[=0

Fot=A,(1+1/2)+ B,

+» D2
n—=2

[ ]2 -2k +1)(20 + 2k + 1)
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Building a generic SSF code

e Mode-sum regularization

B Y (F - P2

[=0

Fot=A,(1+1/2)+ B,

+» D2
n—=2

[ ]2 -2k +1)(20 + 2k + 1)
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Building a generic SSF code

e Mode-sum regularization

B Y (F - P2

[=0

Fot=A,(1+1/2)+ B,

+» D2
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N THE UNIVERSITY
” I of NORTH CAROLINA
\\_!_-' ai CHAPEL HILL

Z.. Nasipak - 21st Capra Meeting - June 2018

10

15 21 28 36

Slide 11



Building a generic SSF code

e Mode-sum regularization
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Building a generic SSF code

e Mode-sum regularization
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Building a generic SSF code

—__\

A

——

Higher-order parameters for generic orbits?

e Mode-sum regularization

See Anna Heffernan’s talk Tuesday
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Schwarzschild test

e Equatorial v. Inclined

p=10,e =0.9,t =0,a =0

p=10,e =0.5,c =n/5,a =0
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Schwarzschild test

e Equatorial v. Inclined
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Schwarzschild test
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——

e Equatorial v. Inclined

p=10,e =0.9,t =0,a =0

p=10,e =0.5,c =n/5,a =0
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Orbits analyzed by my SSF code
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Orbits analyzed by my SSF code
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Highly eccentric orbit p=38,e=0.8,=0a=099M

—__\ THE UNIVERSITY
” ” of NORTH CAROLINA
i at CHAPEL HILL 7. Nasipak - 21st Capra Meeting - June 2018 Slide 14



Highly eccentric orbit p=38,e=0.8,=0a=099M
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Highly eccentric orbit p=38,e=0.8,=0a=099M

[1610.09319]
e Inspired by Thornburg & Wardell (2017):

Time-domain, equatorial Kerr SSF code
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Highly eccentric orbit

p=8e=081=0a=099M
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Time-domain, equatorial Kerr SSF code
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Highly eccentric orbit p=38,e=0.8,=0a=099M
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Highly eccentric orbit p=38,e=0.8,=0a=099M
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(Generic orbit p=10,e=0.1,0=7/5,a=05M
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(Generic orbit p=10,e=0.1,0=7/5,a=05M
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(Generic orbit p=10,e=0.1,0=7/5,a=05M
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(Generic orbit p=10,e=0.1,0=7/5,a=05M
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(Generic orbit p=10,e=0.1,. =7/5,a = 0.5M
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(zeneric orbit
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(Generic orbit comparison F, F.
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(Generic orbit comparison
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Validation tests - Hluxes

e Flux balance

. . 1 [T F
EH> <E°<>> _ —/ Tt
< i T Jo ul

Radiated energy =  Local work
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Validation tests - Hluxes

e Flux balance

. . 1 (T F
(EM") + (B>) = —/ L gt
T Jo ul

Radiated enerecy —  Local work
Radiated energy Fractional Error
2.917529922x10- Hx10-14
2.9610263x 10 9x 1014
2.994475370x 107 Ox10-11
2.745901231x 105 7x1012
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Validation tests - fluxes

e Flux balance

. . 1 [T F
EH> <E°<>> _ —/ Tt
< i T Jo ul

Local work

Radiated energy =

Radiated energy Fractional Error

2.917529922x 105 5% 1014

2.9610263x 105 0x 1014
2.994475370x 105 0x 1011
2745901231 x 105 7x 1012

i
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Radiated angular
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momentum

Angular momentum Fraction Error
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4.93896206 x 104 A% 1014
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7.281232718 x 10 0x10-11
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Validation tests

e Regularization
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p 0_2
10-3 L+
§::_A ______ N :-::_: _____ A.---A---A--A-—A-A—A-A,A—AFAFA.AA-E
;I“\ 10_4 3 *~§"‘~-_ A\\*\ E
~— - = A ) \\\\ .
Ofkb 0—5 B i A A n _
|| A B :‘: 2 A R
o< 0_6 = S~ a ;~A~A”‘LLA‘ _
OO‘\ O 4 S A A
E 10—7 L ]_/l A DQ Ai\‘*& -
ret,l §) 3
|| 10—8 B A Fe ’ ]-/l _:
N
Jx 1077 L E
A BQ
—10 [ B
10 o 1/[4
10—11 | | | | |
1 3 § 10 15
[
e N THE UNIVERSITY
” I of NORTH CAROLINA
1% | et cHAPEL HILL Z.. Nasipak - 21st Capra Meeting - June 2018 Slide 19



Validation tests

e Regularization

1072 :
073 L T
E:__A______:-::_: _____ A____A__..A_—A-A-A-A-LA—AFLLAA-E
S 1074 oA T
) ].0_5 3 § TC \: A 3
|| 4 :A: f‘A_A
~ 1076 | el el o
L -7 1/19 D et
k ].O = 9 *“k 3
I . Fret,l 1/l6 3
1078 L 0 i
= 0o 1/12 D¢
a . By 1/78
—10
U VA D} —
10—11 | | | | |
1 3 § 10 15
[
o __ N THE UNIVERSITY
” I of NORTH CAROLINA
S | 4 cHAPEL HILL Z. Nasipak - 21st Capra Meeting - June 2018 Slide 19



Conclusions

THE UNIVERSITY
of NORTH CAROLINA
ai CHAPEL HILL

Z.. Nasipak - 21st Capra Meeting - June 2018

Slide 20



Conclusions

e Built functioning scalar self-force (SSF) code in MATHEMATICA
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Conclusions

e Built functioning scalar self-force (SSF) code in MATHEMATICA
e Passed latest round of validation tests

+ Successful comparison w/ other results in literature
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Conclusions

e Built functioning scalar self-force (SSF) code in MATHEMATICA
e Passed latest round of validation tests
+ Successful comparison w/ other results in literature

e (Calculations still computationally expensive, but easier to implement than
full GSF' calculation

e Possibilities moving forward:
» Perform calculations of & around resonant orbits

» Explore alternative analytical & numerical approaches to SSF' calculations
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2:1 resonant orbit (£2¢/€2,. = 2) pr4.6,e=050~079a=09M
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Regularization scheme
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Regularization scheme
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Regularization scheme

1072 :
-0 | T
i::_A______:;::-: _____ A - - _ A _ _ A _ A - A A A - A A—A—A—L‘r‘r—z
g"\ 10_4 3 *55“~,_ A\\~\ E
E i -4 T Ak N :
»  107° L BRSNS _
| A P 2 A,
< 1076 L R SO
0 B \Au\ ~E
P (U S N 07 s
g 10—8 _ . Fget,l 1/16 _
= ] 2 6 :
& 1077 L L/l Dy
8
10—10 B : BQ 1/l |
-1/ D3
10—11 i | | | | '
1 3 0 10 15
[
PN THE UNIVERSITY
” I of NORTH CAROLINA
1Y | o CHAPEL HILL 7. Nasipak - 21st Capra Meeting - June 2018 Slide 24



Regularization scheme
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