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GRAVITATIONAL PERTURBATIONS IN
SCHWARZSCHILD SPACETIME
» To first order in /M <« 1

G [hag] = 87T ) 1)

» Harmonic decomposition of i,
» Even-parity (polar):

Y0, 6), YA (0, 0), Y4R(0,6)
» Odd-parity (axial):

X5m(0, ), X55(0. ¢)

» In the Regge-Wheeler gauge
aB — Z hmeZm ()

where ¢ > 2, h" = " (t,r),a = t,r and B = 0, ¢.
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» (34 1)—D RW eq. for scalar, emag and gravitational
perturbations (Nakano & Sasaki, 2001)

)2
[V”V + 2 M} Uy = Ss. 3
» Mode decomposition
1
U, — — Im f Yﬁm
2= D (Y™ (0, 0)

L,m

» To reconstruct the metric perturbation from ¥, we use
Im __ _@ Im\ _ r2f(r) t
2
.

Em Em 7
W =" et ©
(0)

where f(r) = 1 — 24 and P'" is a Xp-projection of T},
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GREEN FUNCTION FOR THE (3 + 1)—D RW EQ.
» Retarded Green function of the RW equation

AV —1—52% Gret(x, ¥’ :—4—7T5(t—t’)6 r—1)5(Q— )
K r3 rr’

(6)

» Due to the Schwarzschild spacetime symmetries

1 & -
Gret(x,x') = - g (20 4+ )G (r, 7', At)Py(cos )
where At =t —t,v=¢ — ¢ and

[ o* 0

gt gz~ Q| GF === @)

which is the standard (1 + 1)-D RW eq.
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(0+1 2M(1 — 2
1y, Ma-D),

Qu(r) =f(1) [

r*:r+2Mln<AL/I—2>.

» We re-write (7) using the null coordinates v = t + r, and
U=1=t—r,

" | E= = —Lsw— -y ®
v o(r = —50(0—0)o(u —u).

» Characteristic initial data
G (v, u;v,1') = G (v, u; 0", u)0(v — V)O(u — ') (9)

where 0(x) is the Heaviside function.
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THE CHARACTERISTIC INITIAL DATA PROBLEM

» Plugging G/ (v, u; u,u") back into Eq. (8)

82
[ + Qg(r)] Gt (v, u; 9", u') =0,

 9vdu
1
GEEt(,U = ’Ul, M;U,, u,) = _57
1
Grl(v,u=u';v u) = —5

» Price and Lousto were the first to solve this kind of CID
problem to O (h*), being 2/ the usual step-size of the
scheme.
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» We extend the scheme to O (h°)

(%), (o) -(tfaom),
(%), - (fars) -t fars)
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We calculate g fromr =1 = 6Mand At =0up tor =1 = 6M
and At =200M, ¢ : 0 — fmax = 100

10—1 L R Gret
102 ?

I a Gret
1074+ r2
1077

10—11 L
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At

Figure: On a circular geodesic at r = 6M
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GRAV. PERTURB. GREEN FUNCTION OF THE RWE
!
1 Zmax
AN ret /.
Gret(x,x') =~ — E (20 4+ 1)G%(r,7'; At)Py(cosy)
=0
10°
10*
U.‘:
- 10
1
107!
1072
0 20 40 60 80 100

At

» Growth for large At due to unphysical ¢ = 0
» Problems near coincidence due to finite upper limit

] = =
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METHOD OF MATCHED EXPANSIONS

» Hadamard form (In a normal neighborhood)
Gret(x,x") = U(x,x")6(0) — V(x,x)0(—0)

» We need the regular part, Gret — Ud(0)

» Method of matched expansions:
Quasilocal region

V(x,x') = Z vt — )% (1 = cos ) (r — '),
ijk

We computed v to have V(x,x') to O ((x —x')*!).
Distant past

Emax
Gret(x7 xl) ~ _W Z (26 + 1)GE€f(r’ 7’/; At)P[(COS ’7)7 (10)
=0
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» V(x,x") does not do well near the end of the neighborhood
» Gret does not do well near coincidence
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IMPROVEMENT OF /-SUM (IN PROGRESS BY CASALS,
NOLAN, OTTEWILL & WARDELL)

» Subtract the -mode of U(x,x")d(o) from the ¢-mode of
Gret(x,X'),

emax

U(x,x)d(0) & — Y (20 + 1)G{(r,7'; At)Py(cos ),

rr’
=0

1 sin
Gg(x,x’) = EQ(t —t)0(n)0(m — n)A;éng(COS 17)1 / Tn

» 1 and Ayq are the proper time and the van-Vleck
determinant in

ds3 = fg) (—df* +dr?)

dsgapy = r* (ds3 +d03)



GRAV. PERTURB. GREEN FUNCTION OF THE RWE CID PROBLEM RESULTS CONCLUSIONS

SOME RESULTS

» For A;éz and
» Using the transport equations introduced by A. Ottewill
and B. Wardell
7 1 / 2 1 O/
D Azd = 5(4_5 a’)

» Coordinate expansion, Casals & Nolan (work in progress)

AL2
A —un (t=t)(r =1,
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Figure: (Black) Gret, (Dashed gray) Gret —
Gret - Gexp to O ((X - x/)6)

Gllymns (Red) V(x,x'), (Blue)



GRAV. PERTURB. GREEN FUNCTION OF THE RWE CID PROBLEM RESULTS CONCLUSIONS
!

CONCLUSIONS

» We calculated the retarded Green functions of the (1 + 1)-D
and (3 + 1)-D RW egs.

» Improved /-sum calculation of the (3 + 1)-D RW Green
function by subtracting the modes of the direct part.

» Next: regularize any of these Green functions
appropriately in order to obtain the self-force by applying
a differential operator.

Thanks!
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