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Table of contents

o Comparing post-Newtonian (PN) theory and black hole perturbation theory (BHPT):
Eccentric orbits on Schwarzschild

Computing finite-order PN series with perturbation theory — analytic approach
(dissipative sector)

o Obtaining logarithmic PN contributions with multipole moment analysis (fluxes at infinity)

Next steps:

e The rest of the dissipative sector
e The conservative sector
o Eventually, Teukolsky formalism on Kerr
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Goal: Develop the overlap region between BHPT and PN theory

o Mass ratio u/M and orbital speed v/c both small

o Use analytic techniques from both formalisms, extend various expansions in PN order and e
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Goal: Develop the overlap region between BHPT and PN theory

e BHPT side:

o Take RWZ equations in PN limit. Use small PN parameters: 1/c,1/p,y, etc.

o Analytic expansion procedure: Follow Kavanagh, Ottewill, Wardell (2015) & Hopper,
Kavanagh, Ottewill (2016)

Homogeneous problem: MST method, Detweiler-Chandrasekar transformation
Source problem: Schwarzschild geodesics, Extended Homogeneous Solutions
e Obtain desired quantities to finite PN order, finite order in e

Also, reuse results from old numeric fitting methods

e PN side:

e Work with the multipole moment formalism I;;, Jij, Lijk, - - -

e Combine derivations with some BHPT results to determine logarithmic PN terms to all
orders in e;

e Will include some expansions at higher order in the mass ratio
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Goal: Develop the overlap region between BHPT and PN theory

o End result: High order series in y = (MQ,)?/3 or (1/p) and e for various quantities of
interest

e Many terms computed to all orders in e or e;

e Sample of references/related work:

Arun, Blanchet, Iyer, Qusailah (2008a,b); Arun, Blanchet, Iyer, Sinha (2009); Damour, Iyer, Nagar (2009);
Goldberger and Ross (2010); Blanchet, Detweiler, Le Tiec, and Whiting (2010,2011); Fujita (2012); Bini and
Damour (2013, 2014, etc); Shah, Friedman, and Whiting (2014); Shah (2014); Fujita (2014); Johnson-McDaniel
(2014); Johnson-McDaniel, Shah, and Whiting (2015); Sago and Fujita (2015); Forseth, Evans, Hopper (2016);
Bini, Damour, Geralico (2016, etc.); Loutrel and Yunes (2017)
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Table of contents

o Computing finite-order PN series with perturbation theory — analytic approach
(dissipative sector)
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The RWZ formalism for eccentric orbits on Schwarzschild

e Fourier-space form:

9 f2 +w? +Vi(r)| X, ()—1/TTS whdt f=QQ-2M/r)
or or w I\r Imn\T") = Tr 0 Im€ ) - T
Sim = 0[r — 1p(t)|Gim + 0’ [ — rp(t)] Fimm. Vi and Sy, parity dependent

and Xl‘;‘m =X,

: . up  _ v+
e Homogeneous solutions: X =X I

lmn lmn
o Use MST method
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The RWZ formalism for eccentric orbits on Schwarzschild

e Fourier-space form:

o (.0 .
[ ar <f8r) +w? + V}(r)} Ximn(r) = Tir/o Simetdt, f=0Q—-2M/r)

Sim = 0[r — 1p(t)|Gim + 0’ [ — rp(t)] Fimm. Vi and Sy, parity dependent
and X;;‘m =X,

: . up  _ v+
e Homogeneous solutions: X =X I

lmn lmn
o Use MST method

o Inhomogeneous problem: Apply Extended Homogeneous Solutions:

Kimn = Cph X ()07 = 1p(8)] + Cprppy Xy ()01 (8) — 7]

Imn“*lmn

1 . oM 1dX7F dt
Cp, :7/ G (OXT 4| == XF —Zmn ) (
Ilmn Wimn Ty 0 [fp l (X) Ilmn ,,,gfg Ilmn f dr l (X) dx

) 100 gy
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The normalized MST homogeneous solutions

e Odd-parity homogeneous solutions found through MST methods

o Work in the dissipative sector — immediately divide off the amplitude at » = oo or r = 2M.

o Example: Normalized odd-parity X l';m given by

o €F(=2iz)"T e T o T(b—2)T'(b) o
Xup—iAa%m (—2te) (1 z) j;ooa]( 2iz) 7F(b*+2)F(b*)U(b’d’ 2iz)

am s~ DG+v—1—ie)T(G+v+1—ie)
ASm ,
uP E:‘”Hj+u+3+kﬁu+u+1+k)

j=—o00

eb=j+v+1—ie, d=2j+2v+2. U the irregular confluent hypergeometric function
o Expansion parameters: z = (rw)n, ¢= (2Mw)n®, n=1/c

o X~

tmn, follows similarly
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Expanding the homogeneous solutions

e X lfn ,, most easily expanded in 4 steps:

e Expand the continued fraction equation agR1 + Bo + yoL—1 = 0 for v
o Use v to develop the series coefficients a;.

o Transform the relevant hypergeometric function into a form more suitable for the PN regime
(See Kavanagh, Ottewill, Wardell (2015)). Include needed j in summation. Expand
e Expand the prefactor and put everything together

@ Result (I =2):

. 3 1 Be 3ieyr  Bie  3em  3ielog(2en?) 1562 Te 22\ o
Xup = — —-{z+—= WA — 4z
P z2n? (2 + 2z3> + ( z? z2 + 222 + z2 " et T

Tzt 4z 8
. . .92 .92 2 . 3 . . 2 3
(1 -G g -2 Bee L SR Boggaer’) + HBEN ) s 0y
R B2 182 (_13z4 2’ ) 1 13i2° {_ 952> w2
e3ns  1de3nt - 12e2n3 42¢?  504e3 ) n?  168€3n 48¢ Ge
n 28 _ 2% n 10723 log (En2>] n (_ 169iz* n 13i27 ) n+ 0(772)
54e2 3326463 210e z 504e 6048¢2
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Even-parity homogeneous solutions

o Normalized even-parity solutions found using Detweiler-Chandrasekar transformation:

. 4 3e ey dX9dd 1
Xeven — _ 1 - —
* (Aliﬁie> [2 (1-2) =+ (an+ o

where \; = (I = 1)I(l+1)(I +2)

9¢2 (1 - €)

z

I—1)(1+2)22 + 6z¢
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Expanding the source motion

o To move to the inhomogeneous solutions, must handle source motion
— Geodesics on Schwarzschild

o Parameterize in terms of semi-latus rectum p, eccentricity e, relativistic anomaly x (Note:
1/p=0(n?))
e 7,(x) and ¢,(x) have simple forms. t(x) and T, more complicated — must integrate ODE

dty PP M ( (p72)274e2 1/2
)

dx - (p—2—2ecos(x))(1+ecos(x))? \p— 6 — 2ecos(x

o Can rapidly integrate by expanding in 1/p and e

o Fundamental frequencies given by

Q=T _ {1 = % +0 (e“)} (;)3/2 + [—3+ 15262 +0 (e‘*)] <;>5/2 +0 (p71/2>
0, - sa(T2:r) _ {1 _ % Lo (64)] (;)5/ + (3¢ + 0 () (;)5/2 +0 (#)

~
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Expanding the inhomogeneous solution coefficients Cﬁm

o Parameterization of the source motion allows for evaluation of the source integral

o First need 3 additional expansions:

° lenn at the location of the particle
o The Wronskian Wi.n
o The source terms Gy, and Fj,

o For the first two, make substitutions in z/e expansions (now, ¢ = 1):

’ !
z=rw= pMw = Mo EZQMWZ% (1)
1+ecos(x) +/p(1+ecos(x)) p3/2

o Introduced PN-adjusted frequency w’ = wp®? = O(1) to avoid evaluating w = mQ, + nQ,
o In this way, Wimn (X, €, parity)-independent

o Gy and Fy,,: Decompose the stress-energy tensor over tensor spherical harmonics
o See Martel and Poisson (2005), Hopper and Evans (2010)
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The full C;

mn

o When everything plugged in and expanded in 1/p and e, source integral becomes
straightforward (though large) sum of complex exponentials

Bottleneck in the code, but still manageable. ~ 30 minutes to get to 7PN, e'° for [ = 2.

o Higher powers of e more expensive than higher powers of 1/p

Additional simplifications still available:
o Expression for Ci&  involves the integral of X7  divided by Wimn — any z-independent

lmn lmn
factors in X T will cancel. Thus, can omit from the start

o Can also apply factorizations. See: Johnson-McDaniel (2014)

Larger [ start at higher PN order — only need finite [ for dissipative quantities of interest
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The full C’l

mn

o Example low-order expansions (odd parity):

Ot = [(BUL I8N o] (1) 4 [ (- 222 2miel)? 260

5 15 45
) o] ()7 (-
- Byt ST 0D 360 (A)) - Bty ios (40 )e
+O(62)}—+O( 71/2>

32

(-8 )ev o] ) (- - ) o] ()
[ ) oo )
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The radiated energy and angular momentum

o Now move to observables. First, focus on the fluxes at infinity
o Future: Horizon fluxes, waveforms
o Energy flux:

<%> = o S DO - ) (O P

Imn
32 2 )
=3 (*f&) y5 {L‘o+y£1+y3/2£3/2+y2£2+y5/2£5/2+---]

o Angular momentum flux:

32 2
== (%) My™? {jo Fydi + 62 Tspe + VP T+ 42 Tsjn + - }

o Converted PN variable from 1/p to y = (M,)%? to be consistent with prior work
o L; =L;(e) and J; = J;(e) expansions in e
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The fluxes at infinity: Finding closed forms

o Crucially, many eccentricity functions £(e) and J(e) found to yield closed or compact
forms. Examples:

1 73 5 37
Lo(e) = a—ayre (1 + ﬂez + %e4> Peters-Mathews (1963)
1 1247 15901 5 9253 , 4037 ¢
Lile) = —g =y ( 336 T o2 © 384 T ime2© )
1 7
jO(e) = m (1 + gez)

o In these cases, can combine a finite-in-e expansion with suspected form to generate exact
result, valid to all orders in e

e Singular factor known from asymptotic analysis (Forseth, Evans, Hopper (2016), Loutrel
and Yunes (2017))

Slide 16/39



Side note: Expanding the fluxes through numeric fitting

o Another BHPT-PN hybrid method can be used to expand the fluxes: numeric fitting

e BHPT fluxes calculated numerically for 50+ choices of p, 30+ choices of e
e Perform double numeric fit for PN expansion
o Numeric quantities converted to analytic form when possible via integer relation algorithm

@ Procedure used for the energy flux at infinity by Forseth, Evans, Hopper (2016). Extended
and used for the angular momentum flux by Munna, Evans, Hopper, Forseth (2019) (in
preparation)

@ Method more expensive and less versatile than analytic expansions

@ However, most current results found in this way

o In what follows, narrow focus to energy regime — we have angular momentum analog for all
results as well
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The fluxes: Past work and current results

2
(B) = — (% y° [Eo +yLli + y“"/zﬁ;;/z + 2Ly + y"/zﬁs/z +° (E:s + log(y)E3L>
+ 217/257/2 +y* <£4 + log(y)£4L> + %2 (£9/2 + IOg(y)£9/2L)
5 11/2
+y (ﬁs +10g(y)E5L> +y <£11/2 +10g(y)£11/2L>
6 2 13/2
+y (Lo +log(y)Ler + log”(y)Lgr2 | +y L1372 +log(y)Lis/2L
+y” <£7 +log(y)LrL + log2(y)£7L2> + oyt <L15/2 +log(y)L1s5/2L
1082 (1) Ly a2 ) + 0 (£ + 1080 Lar, + 108 (1) £y )

+y7? (lln/z +log(y) L1721 + logQ(y)ﬁmng) + 9 log(y)®Lops + - }

Prior PN advancements (Peters-Mathews, etc.)

Slide 18/39



The fluxes: Past work and current results

2
(B) = — (%) y° [Co +yLr+ 927 Layo + 47 L2 + 47 7 Lo 0 + ° (Ls + log(y)CsL>
+ y7/257/2 +y* <C4 + 10g(’y)£4h> +y7? (ﬁs/z + 10g(U>£9/2L>
5 ) 11/2
+y <£5 + 10?3(?/)55’“) v <£11/2 + IOg(y)‘C'll/ZL)
6 2 13/2
+y (Lo +log(y)Ler + log” (y)Lgr2 | +y Liz/2 +log(y)Liz 2L
o7 o 2, 15/2
+y' | L7 +log(y)Lrr +log™(y)Lyr2 | +y Li5/2 + log(y)Lis/2L
1082 (1) Ly a2 ) + 0 (£ + 1080 Lar, + 108 (1) £y )

+y'7? (1117/2 +log(y) L1721 + 10g2(9)£17/2L2> + 9 log(y)®Lops + - ]

Forseth, Evans, Hopper (2016) (lowest order in the mass ratio)
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The fluxes: Past work and current results

2
(B) = — (%) y° [Co +yLr+ 927 Layo + 47 L2 + 47 7 Lo 0 + ° (»Cs + log(y)llsL)

+ y7/2L7/2 +y* <£4 + 10g(y)£4L> + 4?72 (59/2 + IOg(y)£9/2L)
5 ) 11/2

+y <£5 Jrlog(y)CE)L) +y <£11/2 +10g(y)511/zL>
6 2 13/2

+y (Lo +log(y)Ler +log™(y)Lgr2 | +y Liz/2 +log(y)Lis 2L
7 ) 2 15/2 ’

+y' | L7 +log(y)Lrr +log™(y)Lyr2 | +y Li5/2 + log(y)Lis/2L

108" (1)L145 01 ) + 0 (£ + 10w(w) Lot +108% () Ly )

+y7? <£17/2 +log(y)Lir/ar + 10g2(3/)£17/2L2> + 9 log(y)* Ly s + - ]

Extended fitting and analytic MST expansions (lowest order in the mass ratio)
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Summary of finite-order BHPT results

(By = =2 (%)2745 [ﬁo +yLr+ 9> " Lajo +y Lo+ y* Lo )0 + P (z:3 + 1og(y)£3L>
+ .717/257/2 + 9 <£4 + 10g(y)£4L> + %2 (59/2 + 10g(9)£9/2L>
+y° (55 + 10g(y)L5L> +y'7? <£11/2 + 102((?/)£11/2L>
+4° (lle +log(y)Ler + 10g2(y)/$6L2) +yt?? (£13/2 + log(y)ﬁls/u)
+y° <£7 + log(y)LrL + logz(y)ﬁnz) +y'?? <£15/2 + log(y) L1521
108 (1) Ly a2 ) + 0" (s +l0w(w) Lar + 10" (1)L )
+y'7/? <£17/2 +log(y)Li7/2r + logQ(y)l:”/sz) +y° log(y) Lops + - :|

Green: Closed expression Blue: €26 — 30
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Summary of finite-order BHPT results

(By == (%)25 |:£o +yLr+ 9> " Lajo +y Lo+ y* Lo )0 + P (z:3 + 1og(y)£3L)
+ y7/2£7/2 + 9 (£4 + log(y)L4L> + %2 (Cg/z + log(y)£9/2L>
0" (L5 + 10w Lo ) + 912 L1z +10w(w) Lasyar )
+° (Ee +log(y)Ler + 10g2(y)£6L2) +yt?? (£13/2 + log(y)ﬁls/u)
+y° (57 +log(y)Lrr + 10g2(y)£7L2> + y15/2 (»615/2 + log(y)L15/2L
1082 (1)L 1g a0 ) +° (Ls +log(o) Lar +log () L2 )
+ 72 <£17/2 +log(y)Li7/2L + log2(y)£l7/2,12> +° 10g(y)3£9L3 + - ]

Green: Closed expression Blue: €26 — 30

Red: e!2 — 20 Black: €% or 2
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Table of contents

e Obtaining logarithmic PN contributions with multipole moment analysis (fluxes at
infinity)

Slide 20/39



The energy flux at infinity: “Pure” PN form
@ PN expansion via PN derivations:
dE 32
<E> I v’ 5{730-1—:6731-&-36/R3/2+$R2+$/R5/2
3( 7/2 4
z°(Rs + RsL 10g(a:)> +2"" "Ry +x (’R4 + RarL log(x)) + .. }

o x = ((my +my)Q,)?/?

e R; = Ri(es,v) functions of e; (time eccentricity) and v = myma/(my + mso)?

R 1 1247 | 10475¢7 N 10043ef  2179¢8
YT -2 336 672 384 1792
vy 35 N 1081e? N 31lef = 851eb
12 36 12 576

@ PN derivations much more laborious than BHPT expansions, but come with 2 benefits:

1) Obtain all orders in v
2) Easier to reach arbitrary order in eccentricity (e:)
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Relating the PN expansion to the BHPT-PN expansion

o Key differences:

o L; remain lowest order in v
o Recall: y = (m19Q,)%3  (m1 > ma2) = y=z+0()
e R; now functions of e;, not Darwin e

e Can connect the two expansions at lowest order in v by relating e and e,

e Can calculate this relationship to arbitrary PN order (Oth order in v):

17 — 21e? 4+ 154/1 — €2 ,
Yy

2
1—e;

2
& =1+ 6y+
t

]

N 26 — 107¢; + 5de; + (150 — 90€7) /1 — €
Yy

(=7 How

@ Thus, can convert back and forth between the two expansions as needed
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Newtonian-order terms

@ Quick side note: because e/e; = 1+ O(y), flux terms from Newtonian orbital quantities
will have Rz = ﬁl

1 73, 37,
Lo=— b (14 B2 37

T - 2)7/2 (1+24 +966>
73, 37 4

Ro = 7/2<+—t+— )

1375 3935 10007 2321
53/247 1+ e 4 6 8_F'..)

768 ¢ T 36864 T 884736

1375 3935 10007 2321
<1_+ €2 4+ 4 6 S_F...>

R —
3/2 = 768 “ T 36364 T 884736

14*6t
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PN derivations: The multipole moment approach

@ Deriving the fluxes entails computation of PN-corrected multipole moments

o Lowest-order multipole in the fluxes is the Newtonian mass quadrupole

o These moments then plugged into instantaneous flux expressions and tail integrals to yield
the R;(et, v)

1... ... 1... oo (5) T
RQZEI”I”, R3/2:§I”(t>/o Iij (t—’T)lIl<2ro>dT

o I;; the simple (dimensionless) Newtonian mass quadrupole

Slide 24/39



Fourier decomposition in the Kepler problem

o Certain low order enhancement functions found
to have particularly simple forms in Fourier space

lij = i IV et = i {Veint

n=—oo n=—oo
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Fourier decomposition in the Kepler problem

o Certain low order enhancement functions found
to have particularly simple forms in Fourier space

i Ii(;')einﬂqnt: Z I”) inl

n=—oo n=—oo
o Let g(n,e;) = 1/16n6|1i(f)\2

@ In the course of PN derivations, discovered that

o0 oo n
Z (n,eq), Rs3/2 :47TZ§g(n,et),
n=1 n=1
856 n
Ryp=—7"= > —
3L 105 2~ 4 g(n, )

P
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The leading logarithm series

o First two appearances (one integer, one half-integer) of each new power of logarithm

dE\"" 32 2.5 3/2 3 9/2
o =V Ro + 27 "Ry /o + 2 log(x)Rar + 27/ log(x)Rg o1

o0

+ 25 logz(x)RMz + z1%/? 10g2(17)7€15/2Lz + 2 logs(x)RgLs + .

o Circular orbit limit of each of those terms known from Johnson-McDaniel (using BHPT)
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The leading logarithm series

o First two appearances (one integer, one half-integer) of each new power of logarithm

dE 32 .
<dt> gyzx‘r’ {Ro + 517‘3/27%3/2 + 2% log(z)Rar, + /2 log(z)Rg /21

+ 25 logz(x)RMz + z1%/? 10g2(x)R15/2L2 + 2 logs(x)RgLs + .
o Circular orbit limit of each of those terms known from Johnson-McDaniel (using BHPT)

o Discovery: g(n,e;) can be used to generate fully eccentric expressions

k oo
1 856 n\ 2k
Rk = 7l <_105> T; (5) g(n,er) = Lk (e — er)

k
4 856 n\ 2k+1
Rsk+s/2Lm) = 77 <105> > (5) g(n,er) = Lizria/o)nm (e — et)

n=1
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The 3PN logarithm series

o Leading log series naturally connected to its 3PN correction:

dE\PNL 5o
<dt> = Eugac"a 3R3 + x9/2R9/2 + 2% log(z)Rer, + 21°/2 log(z)R15/20 + - -

o0
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The 3PN logarithm series

o Leading log series naturally connected to its 3PN correction:

dE\PNL 5o
<dt> = €u2x5 |:SC3R3 + x9/2R9/2 + 2% log(z)Rer, + 21°/2 log(z)R15/21 + - ]

e Example: full 3PN flux given by

Rt R loga 1 2193295679 | 20506331429 , _ 89TT637 4

3T RSLIOBT T (T V1572 | T 9979200 19958400 11354112
14047483 36863231 185

1—e? (- 2 — @
+ et( 151200 1ooso0 ¢ Tt aRe )+ (”)}

70 116761 8(1—ef) 1712
29p — ——m° Rar +1 Rap — ——

+< BT 17" T 29960) 3L + log g T x(et)

e x(e¢) (only non-closed portion) an infinite series in e? given by

= n2 n
x(e) = 3 los (3) om0
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The 3PN log series

o Strong suspicion: All 3PN logarithms (both £ and R varieties) have forms similar to R

o Evidence in PN/BHPT eulerlog functions (see Sec. IV C of Munna and Evans (2019))
e Caveat: half-integer terms will not be finite in the first section
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The 3PN log series

o Strong suspicion: All 3PN logarithms (both £ and R varieties) have forms similar to R

o Evidence in PN/BHPT eulerlog functions (see Sec. IV C of Munna and Evans (2019))
e Caveat: half-integer terms will not be finite in the first section

o Consequences two-fold
1) Generalized set of functions like x(e;)

e = 3 (5) 108 (3) e

2) Can use BHPT to extract compact forms for integral 3PN logs at lowest order in v
e Express xx and corresponding LL in terms of e
o Take finite-in-e BHPT expansion, determine last line of suspected form, solve overdetermined
system of equations for remainder
o Use e/e; relation to convert back to R(e;) form — result valid to all orders in e and e,
o Successfully found Lsr,/Rer. Reduced Lor2 and Rgr2 to rational series
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The 1PN and 4PN logarithm series

o Now, can look for the 1PN corrections to the those results. First, the 1PN logarithm series

dE 32
<dt> 5 S{R + 2% Rs 5 + a* log()Rar, + '/ log()Ra1jar, + -+
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The 1PN and 4PN logarithm series

o Now, can look for the 1PN corrections to the those results. First, the 1PN logarithm series

dE 32
<dt> el {Rl + 2Ry + 2t log(2)Rar, + 2"/ log()Ra1jap, + -+ -

o Problem: 1PN mass quadrupole — 1PN orbital quantities — huge increase in complexity

e Orbital motion no longer closes, producing two frequencies €2, and Q.. Requires biperiodic
Fourier expansion

H i \‘\HM ‘\
HM l M\ HM\

\‘ \ | |
‘“\“ | \“H“\ i w H I
m‘

=
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The 1PN and 4PN logarithm series

o Also must calculate the Newtonian mass octupole and current quadrupole (easy)

@ The Fourier expansions become

o e 0o 2
L= 3 I gy 3P 1= 3 dpete
n=-—oo n=—oo ne—oo p=—2
0 k=10Q,/Q —1=0(x). Ii(;’iz) not even closed in form
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The 1PN and 4PN logarithm series

@ Result: Find that our single sequence of Fourier sums is replaced by 7
Ry = RGO RGO | RG0S | (RMQIL | RNQI2) | RMO | RO

2

e Each component a complicated Fourier sum involving the aforementioned moments
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The 1PN and 4PN logarithm series

@ Result: Find that our single sequence of Fourier sums is replaced by 7
Ry =Ry + RYZ2 H Y 4y (RYT + RYVE) 4 RYO 4+ REC

2

e Each component a complicated Fourier sum involving the aforementioned moments

@ Derivation follows from that of LLs, involves identification of the various 1PN corrections

e Of particular note: Includes corrections at next order in v

,E2
1)

Expansion much slower in Mathematica (primarily due to , but can extract each

term to at least e}?°

Slight uncertainty remains in ’R;\/IQU. Still under investigation
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Finding £4 completely

o Finally, can extract £4 to all orders in e, just as was done with Lg7,. Need the following:

o Lar

o 1PN correction to x(et), converted to Darwin e (calculated to e;2°/e*20)
o Fitting results for L4 to at least 26

o Suspected form (like L3/R3)

o Can transform back to R4 with e/e; relation to 4PN
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Finding £, completely

Lae) = 1 18510752431 40934075709731e*  131458534402891e*  3215698875850801¢°
BT (1= e2)15/2 | 44144100 6356750400 2542700160 50854003200
8 10 12
_ 586522182193681<° _ 3028139270269¢% | 670101511e™* | f—o( 1654225499
31294771200 45203558400 14057472 3175200
2426725501e” | 186636561079¢*  72788261801e°  16274063783¢® 4982855
3175200 12700800 8467200 7526400 18432
136977 104549¢® 1113487 2644503¢° | 10829823¢®  573939¢""
126(1 — e2)15/2 2738 5476 10952 175232 350464
8(1 —€?) >]
+2 +log | ——== )| Lar(e) + L (e

@ Timely result, as the PN community is currently researching the full orbital motion at 4PN
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Table of contents

o Next steps:

e The rest of the dissipative sector
e The conservative sector
o Eventually, Teukolsky formalism on Kerr
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Other dissipative sector information

Look to apply same simplifications/procedures at the horizon

o Currently have the lowest order (e.g. 0, 1, 2, 3, 4L) horizon enhancement functions exactly

4PN may have form similar to L3

Waveforms (at both infinity and the horizon) slightly more complicated, but should be
amenable to similar techniques
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Analytic RWZ and the conservative sector

o Eventually would like to move into the conservative sector
o Presents new set of difficulties

o Example: PN order no longer increases with [. Require lengthy general-l expansions

e Common/significant example: generalized redshift invariant (u')
o Average ratio of dt/dt over an orbit
o 1st order correction given by T,./T,2(H®), HT = (1/2)9,(}1,)’R utu”

e Found to y* and e!'° in Hopper, Kavanagh, Ottewill (2016); y*, ¢?° in Bini, Damour,
Geralico (2016)
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Analytic RWZ and the conservative sector

o Eventually would like to move into the conservative sector
o Presents new set of difficulties

o Example: PN order no longer increases with [. Require lengthy general-l expansions

e Common/significant example: generalized redshift invariant (u')
o Average ratio of dt/dt over an orbit
o 1st order correction given by T,./T,2(H®), HT = (1/2)9,(}1,)’R utu”

e Found to y* and e!'° in Hopper, Kavanagh, Ottewill (2016); y*, ¢?° in Bini, Damour,
Geralico (2016)

@ Seek to extend those results. Goal: Combine finite results with expected forms and PN
techniques to yield terms exactly (as with Lgr,/L4)
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Analytic results on Kerr

o Finally, move to the more difficult case of a central Kerr black hole
o No RWZ functions on Kerr, but similar Teukolsky formalism applies

@ Develop expansions in both the dissipative and conservative sectors
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Conclusions/Summary

Successful implementation of BHPT and PN theory for eccentric orbits

BHPT side: Analytic expansion of the RWZ equation

Expand homogeneous solutions in 1/c

Convert to 1/p (or y) and e for the source problem
Alternatively, use numeric to analytic fitting
Regardless, great yield in the fluxes at infinity

PN side: Multipole moment derivations lead to logarithm series

o Combine BHPT results with multipole moment derivations, obtain leading logarithm and
1PN logarithm series all orders in eccentricity

e Use expected forms and finite-order BHPT computations to extract 3PN and 4PN logarithms
to all orders in eccentricity at lowest order in v

Next steps:

e Apply dissipative techniques to fluxes at horizon and waveforms
e Eventually: extend methods to conservative effects and Kerr spacetime
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