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Green Functions in Black 
Hole Spacetimes

• The 1st Order self-force can be decomposed as


• The historical part relates to the effects from the part of the worldline inside the 
past light cone


• G is the retarded Green Function
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Green Functions in Black 
Hole Spacetimes

• For now, we restrict ourselves to a scalar self force, in Schwarzschild


• This is just a wave equation in curved spacetime, so


• So we try to solve for a Green function, which will satisfy:
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Time Domain Numerical 
Method

• Inside the past light cone, reduces to a 2D wave equation


• Grid in null coordinates, (u, v) 
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Time Domain Numerical 
Method

�5Points needed for 2nd Order in h
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Time Domain Numerical 
Method
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Time Domain Numerical 
Method

�7Points needed for 4th Order in h
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Time Domain Numerical 
Method
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Time Domain Numerical 
Method
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Time Domain Numerical 
Method
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Time Domain Numerical 
Method

�11

Gl(u, v) = �Gl(u� h, v � h) +Gl(u, v � h) +Gl(u� h, v)

� h2

1440

⇣
108W (u, v)G(4)

l (u, v) + 371(W (u, v � 3h)Gl(u, v � 3h) +W (u� 3h, v)Gl(u� 3h, v))

�154(W (u� 4h, v)Gl(u� 4h, v) +W (u, v � 4h)Gl(u, v � 4h))

+116(W (u� 3h, v � h)Gl(u� 3h, v � h) +W (u� h, v � 3h)Gl(u� h, v � 3h))

+40W (u� 2h, v � 2h)Gl(u� 2h, v � 2h)

+27(W (u� 5h, v)Gl(u� 5h, v) +W (u, v � 5h)Gl(u, v � 5h))

�19(W (u� 4h, v � h)Gl(u� 4h, v � h) +W (u� h, v � 4h)Gl(u� h, v � 4h))

�5(W (u� 3h, v � 2h)Gl(u� 3h, v � 2h) +W (u� 2h, v � 3h)Gl(u� 2h, v � 3h))

+627(W (u� h, v)Gl(u� h, v) +W (u, v � h)Gl(u, v � h))

+1032W (u� h, v � h)Gl(u� h, v � h)

�504(W (u� 2h, v)Gl(u� 2h, v) +W (u, v � 2h)Gl(u, v � 2h))

�329(W (u� 2h, v � h)Gl(u� 2h, v � h) +W (u� h, v � 2h)Gl(u� h, v � 2h))))
<latexit sha1_base64="6nxLhBH5SFpZShgtLr3o3KaCMG8="></latexit><latexit sha1_base64="6nxLhBH5SFpZShgtLr3o3KaCMG8="></latexit><latexit sha1_base64="6nxLhBH5SFpZShgtLr3o3KaCMG8="></latexit><latexit sha1_base64="6nxLhBH5SFpZShgtLr3o3KaCMG8="></latexit>

�4@2
uvGl �

✓
1� 2M

r

◆✓
l(l + 1)

r2
+

2M(1� s2)

r3

◆
Gl = 0

<latexit sha1_base64="Yrhb9ydGgwfXiD+12/0dVn100yg="></latexit><latexit sha1_base64="Yrhb9ydGgwfXiD+12/0dVn100yg="></latexit><latexit sha1_base64="Yrhb9ydGgwfXiD+12/0dVn100yg="></latexit><latexit sha1_base64="Yrhb9ydGgwfXiD+12/0dVn100yg="></latexit>



Initial Conditions
• For higher order, we need data on more than one ‘previous’ null surface

• We use a standard ansatz from BHPT, the Hadamard series
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<latexit sha1_base64="MP+sOXBPRfJhTwEe7HJ48HHEdqY=">AAACH3icbVBNSwMxFMz6bf2qevQSLEI9WHZFtBdB8KBHhVaF7nbJptk2NMkuyVuhLP0nXvwrXjwoIt76b0zbPah1IDDMvOHlTZQKbsB1R87c/MLi0vLKamltfWNzq7y9c2eSTFPWpIlI9ENEDBNcsSZwEOwh1YzISLD7qH859u8fmTY8UQ0YpCyQpKt4zCkBK4Xl06tQ4HPsN3oMCK4e+YZ3JTn0TSbDXJ27w3bucxXDYIibocJTu22DFbfmToBniVeQCipwE5a//E5CM8kUUEGMaXluCkFONHAq2LDkZ4alhPZJl7UsVUQyE+ST+4b4wCodHCfaPgV4ov5M5EQaM5CRnZQEeuavNxb/81oZxPUg5yrNgCk6XRRnAkOCx2XhDteMghhYQqjm9q+Y9ogmFGylJVuC9/fkWXJ3XPPcmnd7UrmoF3WsoD20j6rIQ2foAl2jG9REFD2hF/SG3p1n59X5cD6no3NOkdlFv+CMvgF11qID</latexit><latexit sha1_base64="MP+sOXBPRfJhTwEe7HJ48HHEdqY=">AAACH3icbVBNSwMxFMz6bf2qevQSLEI9WHZFtBdB8KBHhVaF7nbJptk2NMkuyVuhLP0nXvwrXjwoIt76b0zbPah1IDDMvOHlTZQKbsB1R87c/MLi0vLKamltfWNzq7y9c2eSTFPWpIlI9ENEDBNcsSZwEOwh1YzISLD7qH859u8fmTY8UQ0YpCyQpKt4zCkBK4Xl06tQ4HPsN3oMCK4e+YZ3JTn0TSbDXJ27w3bucxXDYIibocJTu22DFbfmToBniVeQCipwE5a//E5CM8kUUEGMaXluCkFONHAq2LDkZ4alhPZJl7UsVUQyE+ST+4b4wCodHCfaPgV4ov5M5EQaM5CRnZQEeuavNxb/81oZxPUg5yrNgCk6XRRnAkOCx2XhDteMghhYQqjm9q+Y9ogmFGylJVuC9/fkWXJ3XPPcmnd7UrmoF3WsoD20j6rIQ2foAl2jG9REFD2hF/SG3p1n59X5cD6no3NOkdlFv+CMvgF11qID</latexit><latexit sha1_base64="MP+sOXBPRfJhTwEe7HJ48HHEdqY=">AAACH3icbVBNSwMxFMz6bf2qevQSLEI9WHZFtBdB8KBHhVaF7nbJptk2NMkuyVuhLP0nXvwrXjwoIt76b0zbPah1IDDMvOHlTZQKbsB1R87c/MLi0vLKamltfWNzq7y9c2eSTFPWpIlI9ENEDBNcsSZwEOwh1YzISLD7qH859u8fmTY8UQ0YpCyQpKt4zCkBK4Xl06tQ4HPsN3oMCK4e+YZ3JTn0TSbDXJ27w3bucxXDYIibocJTu22DFbfmToBniVeQCipwE5a//E5CM8kUUEGMaXluCkFONHAq2LDkZ4alhPZJl7UsVUQyE+ST+4b4wCodHCfaPgV4ov5M5EQaM5CRnZQEeuavNxb/81oZxPUg5yrNgCk6XRRnAkOCx2XhDteMghhYQqjm9q+Y9ogmFGylJVuC9/fkWXJ3XPPcmnd7UrmoF3WsoD20j6rIQ2foAl2jG9REFD2hF/SG3p1n59X5cD6no3NOkdlFv+CMvgF11qID</latexit><latexit sha1_base64="MP+sOXBPRfJhTwEe7HJ48HHEdqY=">AAACH3icbVBNSwMxFMz6bf2qevQSLEI9WHZFtBdB8KBHhVaF7nbJptk2NMkuyVuhLP0nXvwrXjwoIt76b0zbPah1IDDMvOHlTZQKbsB1R87c/MLi0vLKamltfWNzq7y9c2eSTFPWpIlI9ENEDBNcsSZwEOwh1YzISLD7qH859u8fmTY8UQ0YpCyQpKt4zCkBK4Xl06tQ4HPsN3oMCK4e+YZ3JTn0TSbDXJ27w3bucxXDYIibocJTu22DFbfmToBniVeQCipwE5a//E5CM8kUUEGMaXluCkFONHAq2LDkZ4alhPZJl7UsVUQyE+ST+4b4wCodHCfaPgV4ov5M5EQaM5CRnZQEeuavNxb/81oZxPUg5yrNgCk6XRRnAkOCx2XhDteMghhYQqjm9q+Y9ogmFGylJVuC9/fkWXJ3XPPcmnd7UrmoF3WsoD20j6rIQ2foAl2jG9REFD2hF/SG3p1n59X5cD6no3NOkdlFv+CMvgF11qID</latexit>

�(x, x0) = �1

2
(�⌧)2 = �1

2
�u�v

<latexit sha1_base64="JiP7keVdtizg/XbFtU/UTIqEhGk="></latexit><latexit sha1_base64="JiP7keVdtizg/XbFtU/UTIqEhGk="></latexit><latexit sha1_base64="JiP7keVdtizg/XbFtU/UTIqEhGk="></latexit><latexit sha1_base64="JiP7keVdtizg/XbFtU/UTIqEhGk="></latexit>

�12Décanini, Folacci, 2006, Phys Rev D, 73



Initial Conditions
• Can derive transport equations for the      ‘s


                                                                                       


• Coefficients independent of t (in Schwarzschild)


• For 4th order, need at least      , for 6th order      , etc.


�fVl + 2(�u@uU1 +�v@vU1) + 2U1 = 0
<latexit sha1_base64="GBMrOJf1RpO2m/aQf8NTTO+Paew="></latexit><latexit sha1_base64="GBMrOJf1RpO2m/aQf8NTTO+Paew="></latexit><latexit sha1_base64="GBMrOJf1RpO2m/aQf8NTTO+Paew="></latexit><latexit sha1_base64="GBMrOJf1RpO2m/aQf8NTTO+Paew="></latexit>

⇤Un � fVlUn + 2(n+ 1)(�u@uUn+1 +�v@vUn+1) + 2(n+ 1)2Un+1 = 0
<latexit sha1_base64="IO90SclXeD3bIs6GyvV4URys0eA="></latexit><latexit sha1_base64="IO90SclXeD3bIs6GyvV4URys0eA="></latexit><latexit sha1_base64="IO90SclXeD3bIs6GyvV4URys0eA="></latexit><latexit sha1_base64="IO90SclXeD3bIs6GyvV4URys0eA="></latexit>

Un
<latexit sha1_base64="cQuwE2BppefEcdvM+Kbak/rSOjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68AdyUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje6svrpH1V99y6d39dazaKOMpwBudwCR7cQBPuoAU+MBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8AS/QjbA=</latexit><latexit sha1_base64="cQuwE2BppefEcdvM+Kbak/rSOjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68AdyUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje6svrpH1V99y6d39dazaKOMpwBudwCR7cQBPuoAU+MBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8AS/QjbA=</latexit><latexit sha1_base64="cQuwE2BppefEcdvM+Kbak/rSOjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68AdyUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje6svrpH1V99y6d39dazaKOMpwBudwCR7cQBPuoAU+MBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8AS/QjbA=</latexit><latexit sha1_base64="cQuwE2BppefEcdvM+Kbak/rSOjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ68AdyUK25dXcBsk68gtSgQGtQ/eoPE5bFKA0TVOue56YmyKkynAmcVfqZxpSyCR1hz1JJY9RBvjh1Ri6sMiRRomxJQxbq74mcxlpP49B2xtSM9ao3F//zepmJGkHOZZoZlGy5KMoEMQmZ/02GXCEzYmoJZYrbWwkbU0WZselUbAje6svrpH1V99y6d39dazaKOMpwBudwCR7cQBPuoAU+MBjBM7zCmyOcF+fd+Vi2lpxi5hT+wPn8AS/QjbA=</latexit>

�13

U5
<latexit sha1_base64="zaFhgxmAt+1nO6FHbHI2P85Fmvg=">AAAB6nicbVA9SwNBEJ2LXzF+RQUbm8UgWIU7QbQM2lgm6CWB5Ih7m7lkyd7esbsnhJCfYGOhiK2/yM7G3+Lmo9DEBwOP92aYmRemgmvjul9ObmV1bX0jv1nY2t7Z3SvuH9R1kimGPktEopoh1Si4RN9wI7CZKqRxKLARDm4mfuMRleaJvDfDFIOY9iSPOKPGSnd+56JTLLlldwqyTLw5KVWOat8PAFDtFD/b3YRlMUrDBNW65bmpCUZUGc4EjgvtTGNK2YD2sGWppDHqYDQ9dUxOrdIlUaJsSUOm6u+JEY21Hsah7Yyp6etFbyL+57UyE10FIy7TzKBks0VRJohJyORv0uUKmRFDSyhT3N5KWJ8qyoxNp2BD8BZfXib187Lnlr2aTeMaZsjDMZzAGXhwCRW4hSr4wKAHT/ACr45wnp03533WmnPmM4fwB87HD2nGj2I=</latexit><latexit sha1_base64="q64D90zBf0257Q3WixKpDdh/sRc=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuIFqG2Fgm6CaBZAmzk9lkyOzsMjMrhCWfYGOhiK2tf+EX2Nn4LU4ehSYeuHA4517uvSdIBNfGcb5QbmV1bX0jv1nY2t7Z3SvuHzR0nCrKPBqLWLUCopngknmGG8FaiWIkCgRrBsPrid+8Z0rzWN6ZUcL8iPQlDzklxkq3XveiWyw5ZWcKvEzcOSlVjurf/L36UesWPzu9mKYRk4YKonXbdRLjZ0QZTgUbFzqpZgmhQ9JnbUsliZj2s+mpY3xqlR4OY2VLGjxVf09kJNJ6FAW2MyJmoBe9ifif105NeOVnXCapYZLOFoWpwCbGk79xjytGjRhZQqji9lZMB0QRamw6BRuCu/jyMmmcl12n7NZtGlWYIQ/HcAJn4MIlVOAGauABhT48wBM8I4Ee0Qt6nbXm0HzmEP4Avf0AuweRHg==</latexit><latexit sha1_base64="q64D90zBf0257Q3WixKpDdh/sRc=">AAAB6nicbVC7SgNBFL0TXzG+ooKNzWAQrMKuIFqG2Fgm6CaBZAmzk9lkyOzsMjMrhCWfYGOhiK2tf+EX2Nn4LU4ehSYeuHA4517uvSdIBNfGcb5QbmV1bX0jv1nY2t7Z3SvuHzR0nCrKPBqLWLUCopngknmGG8FaiWIkCgRrBsPrid+8Z0rzWN6ZUcL8iPQlDzklxkq3XveiWyw5ZWcKvEzcOSlVjurf/L36UesWPzu9mKYRk4YKonXbdRLjZ0QZTgUbFzqpZgmhQ9JnbUsliZj2s+mpY3xqlR4OY2VLGjxVf09kJNJ6FAW2MyJmoBe9ifif105NeOVnXCapYZLOFoWpwCbGk79xjytGjRhZQqji9lZMB0QRamw6BRuCu/jyMmmcl12n7NZtGlWYIQ/HcAJn4MIlVOAGauABhT48wBM8I4Ee0Qt6nbXm0HzmEP4Avf0AuweRHg==</latexit><latexit sha1_base64="pEQ71eBZTYkBUXdmjjEHCSj31rg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0kE0WPRi8eKpi20oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwe9f9qs1t+7OQVaJV5AaFGj2q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6DrIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nYkPwll9eJa2LuufWvXu31rgp4ijDCZzCOXhwBQ24gyb4wGAIz/AKb450Xpx352PRWnKKmWP4A+fzB9sfjX0=</latexit>

U7
<latexit sha1_base64="f+OCmhNYo+oNFAJUcqD5JfBtMVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJzdzvPHJtRKIecJryIKYjJSLBKFrp3h80BtWaW3cXIH+JV5AaFGgNqp/9YcKymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF+cOiNnVhmSKNG2FJKF+nMip7Ex0zi0nTHFsVn15uJ/Xi/D6CrIhUoz5IotF0WZJJiQ+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwVl/+S9oXdc+te3eXteZ1EUcZTuAUzsGDBjThFlrgA4MRPMELvDrSeXbenPdla8kpZo7hF5yPb99njYM=</latexit><latexit sha1_base64="f+OCmhNYo+oNFAJUcqD5JfBtMVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJzdzvPHJtRKIecJryIKYjJSLBKFrp3h80BtWaW3cXIH+JV5AaFGgNqp/9YcKymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF+cOiNnVhmSKNG2FJKF+nMip7Ex0zi0nTHFsVn15uJ/Xi/D6CrIhUoz5IotF0WZJJiQ+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwVl/+S9oXdc+te3eXteZ1EUcZTuAUzsGDBjThFlrgA4MRPMELvDrSeXbenPdla8kpZo7hF5yPb99njYM=</latexit><latexit sha1_base64="f+OCmhNYo+oNFAJUcqD5JfBtMVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJzdzvPHJtRKIecJryIKYjJSLBKFrp3h80BtWaW3cXIH+JV5AaFGgNqp/9YcKymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF+cOiNnVhmSKNG2FJKF+nMip7Ex0zi0nTHFsVn15uJ/Xi/D6CrIhUoz5IotF0WZJJiQ+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwVl/+S9oXdc+te3eXteZ1EUcZTuAUzsGDBjThFlrgA4MRPMELvDrSeXbenPdla8kpZo7hF5yPb99njYM=</latexit><latexit sha1_base64="f+OCmhNYo+oNFAJUcqD5JfBtMVM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJzdzvPHJtRKIecJryIKYjJSLBKFrp3h80BtWaW3cXIH+JV5AaFGgNqp/9YcKymCtkkhrT89wUg5xqFEzyWaWfGZ5SNqEj3rNU0ZibIF+cOiNnVhmSKNG2FJKF+nMip7Ex0zi0nTHFsVn15uJ/Xi/D6CrIhUoz5IotF0WZJJiQ+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwVl/+S9oXdc+te3eXteZ1EUcZTuAUzsGDBjThFlrgA4MRPMELvDrSeXbenPdla8kpZo7hF5yPb99njYM=</latexit>

U0 = �(x, x0) = 1
<latexit sha1_base64="NleUL3y4f8idS6bnXseq4j/GCJI=">AAAB/3icbVDLSgMxFL1TX7W+RgUR3ASLWEHKjBu7EQq6cFnBaQvtMGTSTBuaeZBkpLV24a+4caGIW3/DneDHmD4W2nrgwsk595J7j59wJpVlfRmZhcWl5ZXsam5tfWNzy9zeqco4FYQ6JOaxqPtYUs4i6iimOK0nguLQ57Tmdy9Hfu2OCsni6Fb1E+qGuB2xgBGstOSZe45noQvUvKJc4ULvtHd8op+2Z+atojUGmif2lOTL+/ffoFHxzM9mKyZpSCNFOJayYVuJcgdYKEY4HeaaqaQJJl3cpg1NIxxS6Q7G+w/RkVZaKIiFrkihsfp7YoBDKfuhrztDrDpy1huJ/3mNVAUld8CiJFU0IpOPgpQjFaNRGKjFBCWK9zXBRDC9KyIdLDBROrKcDsGePXmeVM+KtlW0b3QaJZggCwdwCAWw4RzKcA0VcIDAAzzBC7waj8az8Wa8T1ozxnRmF/7A+PgBKcyVEA==</latexit><latexit sha1_base64="MpmP9T2nCWLj9c4DAyQIPcKQApA=">AAAB/3icbVDLSgMxFM3UV1tfo4IIboJFrCBlxo3dCEVduKzgtIV2GDJp2oZmMkOSkdaxoL/ixoUi4s7fcCf4MaaPhbYeuHByzr3k3uNHjEplWV9Gam5+YXEpnckur6yurZsbmxUZxgITB4csFDUfScIoJ46iipFaJAgKfEaqfvd86FdviJA05NeqHxE3QG1OWxQjpSXP3HY8C57CxgVhCuV7R72DQ/20PTNnFawR4CyxJyRX2rn9zty/n5U987PRDHEcEK4wQ1LWbStSboKEopiRQbYRSxIh3EVtUteUo4BINxntP4D7WmnCVih0cQVH6u+JBAVS9gNfdwZIdeS0NxT/8+qxahXdhPIoVoTj8UetmEEVwmEYsEkFwYr1NUFYUL0rxB0kEFY6sqwOwZ4+eZZUjgu2VbCvdBpFMEYa7II9kAc2OAElcAnKwAEY3IFH8AxejAfjyXg13satKWMyswX+wPj4ASc4lo0=</latexit><latexit sha1_base64="MpmP9T2nCWLj9c4DAyQIPcKQApA=">AAAB/3icbVDLSgMxFM3UV1tfo4IIboJFrCBlxo3dCEVduKzgtIV2GDJp2oZmMkOSkdaxoL/ixoUi4s7fcCf4MaaPhbYeuHByzr3k3uNHjEplWV9Gam5+YXEpnckur6yurZsbmxUZxgITB4csFDUfScIoJ46iipFaJAgKfEaqfvd86FdviJA05NeqHxE3QG1OWxQjpSXP3HY8C57CxgVhCuV7R72DQ/20PTNnFawR4CyxJyRX2rn9zty/n5U987PRDHEcEK4wQ1LWbStSboKEopiRQbYRSxIh3EVtUteUo4BINxntP4D7WmnCVih0cQVH6u+JBAVS9gNfdwZIdeS0NxT/8+qxahXdhPIoVoTj8UetmEEVwmEYsEkFwYr1NUFYUL0rxB0kEFY6sqwOwZ4+eZZUjgu2VbCvdBpFMEYa7II9kAc2OAElcAnKwAEY3IFH8AxejAfjyXg13satKWMyswX+wPj4ASc4lo0=</latexit><latexit sha1_base64="jOyUQ2Fujz1P0cEDAFQp5WS4VIY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK0jJuLEboaALlxWcttAOQybNtKGZzJBkpGXswl9x40IRt/6GO//GtJ2FVg9cODnnXnLvCRLOlEboyyosLa+srhXXSxubW9s79u5eU8WpJNQlMY9lO8CKciaoq5nmtJ1IiqOA01YwvJr6rXsqFYvFnR4n1ItwX7CQEayN5NsHro/gJexeU65xZXQ2Ojk1T8e3y6iKZoB/iZOTMsjR8O3Pbi8maUSFJhwr1XFQor0MS80Ip5NSN1U0wWSI+7RjqMARVV42238Cj43Sg2EsTQkNZ+rPiQxHSo2jwHRGWA/UojcV//M6qQ5rXsZEkmoqyPyjMOVQx3AaBuwxSYnmY0MwkczsCskAS0y0iaxkQnAWT/5LmudVB1WdW1Su1/I4iuAQHIEKcMAFqIMb0AAuIOABPIEX8Go9Ws/Wm/U+by1Y+cw++AXr4xvkt5Ni</latexit>



Initial Conditions

�14

U1(r, r0) =
(r � r0)(�M(r + r0)(s2 � 1) + rr0l(l + 1))

2r2r20(r
⇤ � r⇤0)

<latexit sha1_base64="djARi2addetBtWmXUMylmfWg23o="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6DSSj85YVR0Yenm7rv05fOkmbRw="></latexit><latexit sha1_base64="6DSSj85YVR0Yenm7rv05fOkmbRw="></latexit><latexit sha1_base64="XS3zkKLh8bNHDA06C2RuWTPpI3Y="></latexit><latexit sha1_base64="XS3zkKLh8bNHDA06C2RuWTPpI3Y="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="3bCXPinkOGWI21q91YW/8OC4TZk="></latexit><latexit sha1_base64="XS3zkKLh8bNHDA06C2RuWTPpI3Y="></latexit>
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Initial Conditions
• We must treat the value of the initial conditions carefully near coincidence
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Green Function Derivatives

• For the self-force, also require the derivatives of the Green Function:        ,


• For example, for a scalar charge:      


• Can use finite differencing or compute directly


• Latter requires values of both derivatives and Green function on previous 
points in the domain 
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Green Function Derivatives
• For direct computation, start by differentiating the wave equation


• The first term is the same as before, the second and third are both of familiar 
form


• We then differentiate the Hadamard series to obtain the necessary initial data


• This requires finding derivatives of the     ’s, which we have expressions for


• Note that now 2nd order will require     , 4th order      , 6th order      , etc.
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• Mathematica implementation of 2nd 
and 4th order algorithms for G and 
both derivatives


• Algorithms valid for scalar, 
electromagnetic and gravitational 
perturbations to background


• Extension to higher orders 
straightforward (6th started)


• C code implementation of the above
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Quasilocal and tail contributions

Time Domain Results
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Circular orbit Green function, r = r0= 6M, lmax=100

Casals, Nolan, Ottewill, Wardell, In prep.
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Regularised Self-Field

Reference value
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Casals, Nolan, Ottewill, Wardell, In prep. 
Diaz-Rivera, Messaritaki, Whiting, Detweiler, 2004, Phys. Rev. D 70  



Future Work
• Scalar self-force


• Gravitational self-force


• Higher order schemes (in progress)


• Variety of orbits, bound and unbound


• Mixed second derivatives - Derivatives with respect to both the base 
point and field point (in progress)


• Input into Surrogate Model(s)


• Extension to Kerr 


To name a few things…
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Thank you 
Questions?



Bonus Slide 1 
From 4D to 2D

• Simplification to 2D is done through a number of straightforward steps


1. Tortoise Coordinate


2. Conformal Transformation


3. Spherical Harmonic Decomposition


4. Null Coordinates

r⇤ = r + 2M log
⇣ r

2M
� 1
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dr

dr⇤
= 1� 2M

r
= f

<latexit sha1_base64="Mnod6CtaeT86CpPuct9F3TsyKz4=">AAACD3icbZDLSsNAFIZP6q3WW9Slm8GiiGBJimA3QsGNG6GCvUAbwmQyaYdOLsxMhBLyBm58FTcuFHHr1p1v46TtQqs/HPj5zjnMnN9LOJPKsr6M0tLyyupaeb2ysbm1vWPu7nVknApC2yTmseh5WFLOItpWTHHaSwTFocdp1xtfFf3uPRWSxdGdmiTUCfEwYgEjWGnkmseDQGCS+SLX5Z7m6BLZ6AzNaP0mz0SBAtesWjVrKvTX2HNThblarvk58GOShjRShGMp+7aVKCfDQjHCaV4ZpJImmIzxkPa1jXBIpZNN78nRkSY+CmKhK1JoSn9uZDiUchJ6ejLEaiQXewX8r9dPVdBwMhYlqaIRmT0UpBypGBXhIJ8JShSfaIOJYPqviIywjkLpCCs6BHvx5L+mU6/ZVs2+Pa82G/M4ynAAh3ACNlxAE66hBW0g8ABP8AKvxqPxbLwZ77PRkjHf2YdfMj6+AaBWmxE=</latexit><latexit sha1_base64="Mnod6CtaeT86CpPuct9F3TsyKz4=">AAACD3icbZDLSsNAFIZP6q3WW9Slm8GiiGBJimA3QsGNG6GCvUAbwmQyaYdOLsxMhBLyBm58FTcuFHHr1p1v46TtQqs/HPj5zjnMnN9LOJPKsr6M0tLyyupaeb2ysbm1vWPu7nVknApC2yTmseh5WFLOItpWTHHaSwTFocdp1xtfFf3uPRWSxdGdmiTUCfEwYgEjWGnkmseDQGCS+SLX5Z7m6BLZ6AzNaP0mz0SBAtesWjVrKvTX2HNThblarvk58GOShjRShGMp+7aVKCfDQjHCaV4ZpJImmIzxkPa1jXBIpZNN78nRkSY+CmKhK1JoSn9uZDiUchJ6ejLEaiQXewX8r9dPVdBwMhYlqaIRmT0UpBypGBXhIJ8JShSfaIOJYPqviIywjkLpCCs6BHvx5L+mU6/ZVs2+Pa82G/M4ynAAh3ACNlxAE66hBW0g8ABP8AKvxqPxbLwZ77PRkjHf2YdfMj6+AaBWmxE=</latexit><latexit sha1_base64="Mnod6CtaeT86CpPuct9F3TsyKz4=">AAACD3icbZDLSsNAFIZP6q3WW9Slm8GiiGBJimA3QsGNG6GCvUAbwmQyaYdOLsxMhBLyBm58FTcuFHHr1p1v46TtQqs/HPj5zjnMnN9LOJPKsr6M0tLyyupaeb2ysbm1vWPu7nVknApC2yTmseh5WFLOItpWTHHaSwTFocdp1xtfFf3uPRWSxdGdmiTUCfEwYgEjWGnkmseDQGCS+SLX5Z7m6BLZ6AzNaP0mz0SBAtesWjVrKvTX2HNThblarvk58GOShjRShGMp+7aVKCfDQjHCaV4ZpJImmIzxkPa1jXBIpZNN78nRkSY+CmKhK1JoSn9uZDiUchJ6ejLEaiQXewX8r9dPVdBwMhYlqaIRmT0UpBypGBXhIJ8JShSfaIOJYPqviIywjkLpCCs6BHvx5L+mU6/ZVs2+Pa82G/M4ynAAh3ACNlxAE66hBW0g8ABP8AKvxqPxbLwZ77PRkjHf2YdfMj6+AaBWmxE=</latexit><latexit sha1_base64="Mnod6CtaeT86CpPuct9F3TsyKz4=">AAACD3icbZDLSsNAFIZP6q3WW9Slm8GiiGBJimA3QsGNG6GCvUAbwmQyaYdOLsxMhBLyBm58FTcuFHHr1p1v46TtQqs/HPj5zjnMnN9LOJPKsr6M0tLyyupaeb2ysbm1vWPu7nVknApC2yTmseh5WFLOItpWTHHaSwTFocdp1xtfFf3uPRWSxdGdmiTUCfEwYgEjWGnkmseDQGCS+SLX5Z7m6BLZ6AzNaP0mz0SBAtesWjVrKvTX2HNThblarvk58GOShjRShGMp+7aVKCfDQjHCaV4ZpJImmIzxkPa1jXBIpZNN78nRkSY+CmKhK1JoSn9uZDiUchJ6ejLEaiQXewX8r9dPVdBwMhYlqaIRmT0UpBypGBXhIJ8JShSfaIOJYPqviIywjkLpCCs6BHvx5L+mU6/ZVs2+Pa82G/M4ynAAh3ACNlxAE66hBW0g8ABP8AKvxqPxbLwZ77PRkjHf2YdfMj6+AaBWmxE=</latexit>

ĝµ⌫(t, r⇤, ✓,�) =
gµ⌫(t, r⇤, ✓,�)

r2
<latexit sha1_base64="o7MZjEc1Ys8o2lqXqn9zI16lucE="></latexit><latexit sha1_base64="o7MZjEc1Ys8o2lqXqn9zI16lucE="></latexit><latexit sha1_base64="o7MZjEc1Ys8o2lqXqn9zI16lucE="></latexit><latexit sha1_base64="o7MZjEc1Ys8o2lqXqn9zI16lucE="></latexit>

(⇤) ! �@2G

@t2
+

@2G

@r2⇤
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2f

r

@G

@r⇤
+

f

r2
r2

⌦2
G =

�4⇡

r2
�2(x

A � xA0
)�⌦2(x

a, xa0
)

<latexit sha1_base64="q73bEb4UOmuLFmy8eFxOOjW9lr0="></latexit><latexit sha1_base64="q73bEb4UOmuLFmy8eFxOOjW9lr0="></latexit><latexit sha1_base64="q73bEb4UOmuLFmy8eFxOOjW9lr0="></latexit><latexit sha1_base64="q73bEb4UOmuLFmy8eFxOOjW9lr0="></latexit>

G =
1

rr0
Ĝ

<latexit sha1_base64="W35Z2xHV7k18Jz6QxkBpkBWasSU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slhETyURwV6Egod6rGA/oClls920SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fDP12w9UKhaJez2JaS/EQ8ECRrA2Ut8+qqNr5AUSk9TNUonkWYa8EdZpPevbZafizICWiZuTMuRo9O0vbxCRJKRCE46V6rpOrHsplpoRTrOSlygaYzLGQ9o1VOCQql46+yFDp0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAfVXspEnGgqyHxRkHCkIzQNBA2YpETziSGYSGZuRWSETSDaxFYyIbiLLy+T1kXFdSru3WW5Vs3jKMIxnMA5uHAFNbiFBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwh/YH3+AFDYlqU=</latexit><latexit sha1_base64="W35Z2xHV7k18Jz6QxkBpkBWasSU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slhETyURwV6Egod6rGA/oClls920SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fDP12w9UKhaJez2JaS/EQ8ECRrA2Ut8+qqNr5AUSk9TNUonkWYa8EdZpPevbZafizICWiZuTMuRo9O0vbxCRJKRCE46V6rpOrHsplpoRTrOSlygaYzLGQ9o1VOCQql46+yFDp0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAfVXspEnGgqyHxRkHCkIzQNBA2YpETziSGYSGZuRWSETSDaxFYyIbiLLy+T1kXFdSru3WW5Vs3jKMIxnMA5uHAFNbiFBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwh/YH3+AFDYlqU=</latexit><latexit sha1_base64="W35Z2xHV7k18Jz6QxkBpkBWasSU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slhETyURwV6Egod6rGA/oClls920SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fDP12w9UKhaJez2JaS/EQ8ECRrA2Ut8+qqNr5AUSk9TNUonkWYa8EdZpPevbZafizICWiZuTMuRo9O0vbxCRJKRCE46V6rpOrHsplpoRTrOSlygaYzLGQ9o1VOCQql46+yFDp0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAfVXspEnGgqyHxRkHCkIzQNBA2YpETziSGYSGZuRWSETSDaxFYyIbiLLy+T1kXFdSru3WW5Vs3jKMIxnMA5uHAFNbiFBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwh/YH3+AFDYlqU=</latexit><latexit sha1_base64="W35Z2xHV7k18Jz6QxkBpkBWasSU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slhETyURwV6Egod6rGA/oClls920SzebsLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fDP12w9UKhaJez2JaS/EQ8ECRrA2Ut8+qqNr5AUSk9TNUonkWYa8EdZpPevbZafizICWiZuTMuRo9O0vbxCRJKRCE46V6rpOrHsplpoRTrOSlygaYzLGQ9o1VOCQql46+yFDp0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0ZuK/3ndRAfVXspEnGgqyHxRkHCkIzQNBA2YpETziSGYSGZuRWSETSDaxFYyIbiLLy+T1kXFdSru3WW5Vs3jKMIxnMA5uHAFNbiFBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwh/YH3+AFDYlqU=</latexit>

Ĝ(x, x0) =
1

4⇡

1X

l=0

(2l + 1)Gl(x
A, xA0

)Pl(cos �)
<latexit sha1_base64="B0W+cW+QVh+Twfat9tZma42ChbY="></latexit><latexit sha1_base64="B0W+cW+QVh+Twfat9tZma42ChbY="></latexit><latexit sha1_base64="B0W+cW+QVh+Twfat9tZma42ChbY="></latexit><latexit sha1_base64="B0W+cW+QVh+Twfat9tZma42ChbY="></latexit>

u = t� r⇤<latexit sha1_base64="lANBgEuueCAzKoFn4mAv9z6XqLc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBBEsigr0IBS8eK9gPSEPZbDft0k027E6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DIq04w3mZJKd0JquBQJb6JAyTup5jQOJW+Ho7uZ337i2giVPOI45UFMB4mIBKNoJT8jtwTJJdG9i1654lbdOcgq8XJSgRyNXvmr21csi3mCTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LExpzE0zmJ0/JmVX6JFLaVoJkrv6emNDYmHEc2s6Y4tAsezPxP8/PMKoFE5GkGfKELRZFmSSoyOx/0heaM5RjSyjTwt5K2JBqytCmVLIheMsvr5LWVdVzq97DdaVey+Mowgmcwjl4cAN1uIcGNIGBgmd4hTcHnRfn3flYtBacfOYY/sD5/AHtRY+s</latexit><latexit sha1_base64="lANBgEuueCAzKoFn4mAv9z6XqLc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBBEsigr0IBS8eK9gPSEPZbDft0k027E6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DIq04w3mZJKd0JquBQJb6JAyTup5jQOJW+Ho7uZ337i2giVPOI45UFMB4mIBKNoJT8jtwTJJdG9i1654lbdOcgq8XJSgRyNXvmr21csi3mCTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LExpzE0zmJ0/JmVX6JFLaVoJkrv6emNDYmHEc2s6Y4tAsezPxP8/PMKoFE5GkGfKELRZFmSSoyOx/0heaM5RjSyjTwt5K2JBqytCmVLIheMsvr5LWVdVzq97DdaVey+Mowgmcwjl4cAN1uIcGNIGBgmd4hTcHnRfn3flYtBacfOYY/sD5/AHtRY+s</latexit><latexit sha1_base64="lANBgEuueCAzKoFn4mAv9z6XqLc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBBEsigr0IBS8eK9gPSEPZbDft0k027E6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DIq04w3mZJKd0JquBQJb6JAyTup5jQOJW+Ho7uZ337i2giVPOI45UFMB4mIBKNoJT8jtwTJJdG9i1654lbdOcgq8XJSgRyNXvmr21csi3mCTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LExpzE0zmJ0/JmVX6JFLaVoJkrv6emNDYmHEc2s6Y4tAsezPxP8/PMKoFE5GkGfKELRZFmSSoyOx/0heaM5RjSyjTwt5K2JBqytCmVLIheMsvr5LWVdVzq97DdaVey+Mowgmcwjl4cAN1uIcGNIGBgmd4hTcHnRfn3flYtBacfOYY/sD5/AHtRY+s</latexit><latexit sha1_base64="lANBgEuueCAzKoFn4mAv9z6XqLc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBBEsigr0IBS8eK9gPSEPZbDft0k027E6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDCVwqDrfjuFtfWNza3idmlnd2//oHx41DIq04w3mZJKd0JquBQJb6JAyTup5jQOJW+Ho7uZ337i2giVPOI45UFMB4mIBKNoJT8jtwTJJdG9i1654lbdOcgq8XJSgRyNXvmr21csi3mCTFJjfM9NMZhQjYJJPi11M8NTykZ0wH1LExpzE0zmJ0/JmVX6JFLaVoJkrv6emNDYmHEc2s6Y4tAsezPxP8/PMKoFE5GkGfKELRZFmSSoyOx/0heaM5RjSyjTwt5K2JBqytCmVLIheMsvr5LWVdVzq97DdaVey+Mowgmcwjl4cAN1uIcGNIGBgmd4hTcHnRfn3flYtBacfOYY/sD5/AHtRY+s</latexit>

v = t+ r⇤<latexit sha1_base64="xvEpbt3DQX9S1gvWpXcEkysE3bU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBFEoigr0IBS8eK1hbSEPZbDft0k027E4KpfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6MmoTDPeZEoq3Q6p4VIkvIkCJW+nmtM4lLwVDu9mfmvEtREqecRxyoOY9hMRCUbRSv6I3BIkl0R3L7rlilt15yCrxMtJBXI0uuWvTk+xLOYJMkmN8T03xWBCNQom+bTUyQxPKRvSPvctTWjMTTCZnzwlZ1bpkUhpWwmSufp7YkJjY8ZxaDtjigOz7M3E/zw/w6gWTESSZsgTtlgUZZKgIrP/SU9ozlCOLaFMC3srYQOqKUObUsmG4C2/vEqerqqeW/Ueriv1Wh5HEU7gFM7Bgxuowz00oAkMFDzDK7w56Lw4787HorXg5DPH8AfO5w/rw4+r</latexit><latexit sha1_base64="xvEpbt3DQX9S1gvWpXcEkysE3bU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBFEoigr0IBS8eK1hbSEPZbDft0k027E4KpfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6MmoTDPeZEoq3Q6p4VIkvIkCJW+nmtM4lLwVDu9mfmvEtREqecRxyoOY9hMRCUbRSv6I3BIkl0R3L7rlilt15yCrxMtJBXI0uuWvTk+xLOYJMkmN8T03xWBCNQom+bTUyQxPKRvSPvctTWjMTTCZnzwlZ1bpkUhpWwmSufp7YkJjY8ZxaDtjigOz7M3E/zw/w6gWTESSZsgTtlgUZZKgIrP/SU9ozlCOLaFMC3srYQOqKUObUsmG4C2/vEqerqqeW/Ueriv1Wh5HEU7gFM7Bgxuowz00oAkMFDzDK7w56Lw4787HorXg5DPH8AfO5w/rw4+r</latexit><latexit sha1_base64="xvEpbt3DQX9S1gvWpXcEkysE3bU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBFEoigr0IBS8eK1hbSEPZbDft0k027E4KpfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6MmoTDPeZEoq3Q6p4VIkvIkCJW+nmtM4lLwVDu9mfmvEtREqecRxyoOY9hMRCUbRSv6I3BIkl0R3L7rlilt15yCrxMtJBXI0uuWvTk+xLOYJMkmN8T03xWBCNQom+bTUyQxPKRvSPvctTWjMTTCZnzwlZ1bpkUhpWwmSufp7YkJjY8ZxaDtjigOz7M3E/zw/w6gWTESSZsgTtlgUZZKgIrP/SU9ozlCOLaFMC3srYQOqKUObUsmG4C2/vEqerqqeW/Ueriv1Wh5HEU7gFM7Bgxuowz00oAkMFDzDK7w56Lw4787HorXg5DPH8AfO5w/rw4+r</latexit><latexit sha1_base64="xvEpbt3DQX9S1gvWpXcEkysE3bU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBFEoigr0IBS8eK1hbSEPZbDft0k027E4KpfRnePGgiFd/jTf/jds2B219MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6MmoTDPeZEoq3Q6p4VIkvIkCJW+nmtM4lLwVDu9mfmvEtREqecRxyoOY9hMRCUbRSv6I3BIkl0R3L7rlilt15yCrxMtJBXI0uuWvTk+xLOYJMkmN8T03xWBCNQom+bTUyQxPKRvSPvctTWjMTTCZnzwlZ1bpkUhpWwmSufp7YkJjY8ZxaDtjigOz7M3E/zw/w6gWTESSZsgTtlgUZZKgIrP/SU9ozlCOLaFMC3srYQOqKUObUsmG4C2/vEqerqqeW/Ueriv1Wh5HEU7gFM7Bgxuowz00oAkMFDzDK7w56Lw4787HorXg5DPH8AfO5w/rw4+r</latexit>
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)�⌦2(x
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<latexit sha1_base64="8dYEbb+x+Nw27PKhvRNvOWMl9uk="></latexit><latexit sha1_base64="8dYEbb+x+Nw27PKhvRNvOWMl9uk="></latexit><latexit sha1_base64="8dYEbb+x+Nw27PKhvRNvOWMl9uk="></latexit><latexit sha1_base64="8dYEbb+x+Nw27PKhvRNvOWMl9uk="></latexit>

gµ⌫(u, v) = �1

2


0 1
1 0

�

<latexit sha1_base64="5S2PoNGIxC7i0aa/aobwIABZ140="></latexit><latexit sha1_base64="5S2PoNGIxC7i0aa/aobwIABZ140="></latexit><latexit sha1_base64="5S2PoNGIxC7i0aa/aobwIABZ140="></latexit><latexit sha1_base64="5S2PoNGIxC7i0aa/aobwIABZ140="></latexit>
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<latexit sha1_base64="8DZ4KDPMeB1ZjetuuPdVG6kmWP0="></latexit><latexit sha1_base64="8DZ4KDPMeB1ZjetuuPdVG6kmWP0="></latexit><latexit sha1_base64="8DZ4KDPMeB1ZjetuuPdVG6kmWP0="></latexit><latexit sha1_base64="8DZ4KDPMeB1ZjetuuPdVG6kmWP0="></latexit>
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Bonus Slide 2 
Kerr

• A number of significant issues posed by transition to Kerr:

• Cannot fully separate angular coordinates

• Initial conditions more complex

• Reformulation of the problem


• But essentially the same steps as for Schwarzschild


• First of the above has been solved previously for similar problems


• Third may require exploring a number of coordinate systems


• Starting with Bardeen-Press-Teukolsky, then moving on to Teukolsky
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Bonus Slide 3 
Other To-Dos

• Mixed second derivatives - Derivatives with respect to both the base 
point and field point

• Necessary for computing stress-energy

• Also possibly useful for 2nd-Order Osculating Elements


• Experiment with hyperboloidal coordinates

• Possibly obtain the global Green function


• Hyperbolic scatterings

• Potential comparisons with Post-Minkowskian methods


• Zoom-whirls

• Building on discussions from Monday


• Arbitrary precision using GSL

• Improves C codes robustness to numerical roundoff errors


• Applications to QFT in curved spacetime

• Self-consistent evolution
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