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I.  The many faces of the first 
law in general relativity
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Laws of Mechanics for Isolated Black Hole
Bardeen et. al 1973

Zeroth law :

First law :

Second law :

A

Add semi-classical treatment  
to get “Thermodynamics” 
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First law for dipolar particles

Mass

Spin

+

�M�⌦�J =
X

i

zi�mi+zi!i�Si + F (Qi)?
<latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit>

Quad

+

⌦
<latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit>

Circular Orbit

m2

S1

S2

m1

�<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>
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Mass

Spin

Quad

m2

S1

S2

m1

Q1

Q2+

+

Goal : First law for quadrupolar particles

�M�⌦�J =
X

i

zi�mi+zi!i�Si + F (Qi)?
<latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit><latexit sha1_base64="qoO2dWBpPG/yelqiwmh1wK5zZcI="></latexit>

⌦
<latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit><latexit sha1_base64="qI6Qdfwwz6aMMhIiMypv98jzuD4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJji+2u6MadFewD2qFk0kwbm0yGJCOUof/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04eRWVtfWN/Kbha3tnd294v5BS8tUEdokkkvVCbGmnMW0aZjhtJMoikXIaTscX8789j1Vmsn41kwSGgg8jFnECDZWavWuBR3ifrGE3FoNlcsViNwK8n2/agk686s1D3oumqMElmj0i++9gSSpoLEhHGvd9VBiggwrwwin00Iv1TTBZIyHtGtpjAXVQTa/dgpPrDKAkVS2YgPn6veJDAutJyK0nQKbkf7tzcS/vG5qomqQsThJDY3JYlGUcmgknL0OB0xRYvjEEkwUs7dCMsIKE2MDKtgQvj6F/5OW73rI9W7KpfrFMo48OALH4BR44BzUwRVogCYg4A48gCfw7Ejn0XlxXhetOWc5cwh+wHn7BMkWj0Q=</latexit>

Circular Orbit

�<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>



!11

Variant of Wald & Iyer identity

for a spacetime            with a Killing vector field    gab
<latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit>

ka
<latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit>

Variational identity btw Noether charge        and SE tensor T ab
<latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit>

Q
<latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit>

Essentially comes from Stokes theorem applied to Gab = 8⇡Tab
<latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit>
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<latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit> ! !
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Application to binaries : circular orbit with helical symmetry

T ab
<latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit>Therefore, we just need the            of the compact objects… 

Variant of Wald & Iyer identity

for a spacetime            with a Killing vector field    gab
<latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit><latexit sha1_base64="f4KbgkDdR4o4jtDdm3KpDLGENG4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qDnsZjaa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8furWPNw==</latexit>

ka
<latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit><latexit sha1_base64="1KjamY/L9UENMfoAqKiNc7S5DlI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka5Hd6RXrmAbu57rYIRtFzveaU48r1Z1XeTYeIYKLNDold+7/YRmEYs1FUSpjoNT7U+I1JwKNi11M8VSQkdkwDqGxiRiyp/MTp2iI6P0UZhIU7FGM/X7xIRESo2jwHRGRA/Vby8X//I6mQ5r/oTHaaZZTOeLwkwgnaD8b9TnklEtxoYQKrm5FdEhkYRqk07JhPD1KfqftE5sB9vOVbVSP1/EUYQDOIRjcOAM6nAJDWgChQE8wBM8W8J6tF6s13lrwVrM7MMPWG+fr2qOEA==</latexit>

Variational identity btw Noether charge        and SE tensor T ab
<latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit><latexit sha1_base64="5IFubnakMUSNUZQApxy6mvNTrII=">AAACGHicbZC7TsMwFIYdrqXcAowsERUSAwpJiNqyVbAwFqk3KQ2V4zqtVeci20GqojwGC6/CwgBCrN14G5w2A7QcydKn/z/HPv69mBIuDONbWVvf2NzaLu2Ud/f2Dw7Vo+MOjxKGcBtFNGI9D3JMSYjbggiKezHDMPAo7nqTu9zvPmHGSRS2xDTGbgBHIfEJgkJKA/Uq7c8vcdjIc1NDv6lXLbt6aeiGUTMtMwerZl/bWesxhV6WDdRK7uWlrYJZQAUU1Ryos/4wQkmAQ4Eo5NwxjVi4KWSCIIqzcj/hOIZoAkfYkRjCAHM3ne+UaedSGWp+xOQJhTZXf0+kMOB8GniyM4BizJe9XPzPcxLh192UhHEicIgWD/kJ1USk5SlpQ8IwEnQqASJG5K4aGkMGkZBZlmUI5vKXV6Fj6aahmw92pXFbxFECp+AMXAAT1EAD3IMmaAMEnsEreAcfyovypnwqX4vWNaWYOQF/Spn9AKhGnGA=</latexit>

Q
<latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit><latexit sha1_base64="Y0Z90IZJR/13C81mlw7g8LFKJpg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbOaxeQW9OIxAfOAZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/uc79zj2TisfRrZ4mzAvJKOIBp0QbqdkclMrYxm7NdTDCtoud2kVOarVqxXWRY+M5yrBEY1B67w9jmoYs0lQQpXoOTrSXEak5FWxW7KeKJYROyIj1DI1IyJSXzQ+doVOjDFEQS1ORRnP1+0RGQqWmoW86Q6LH6reXi395vVQHVS/jUZJqFtHFoiAVSMco/xoNuWRUi6khhEpubkV0TCSh2mRTNCF8fYr+J+1z28G206yU61fLOApwDCdwBg5cQh1uoAEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3Txt5jSM=</latexit>

Essentially comes from Stokes theorem applied to Gab = 8⇡Tab
<latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit><latexit sha1_base64="qzzff4mWFywQhVsJJ4MIVMybYJ0=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CZaCqzIjgt0IRRe6rNAXtMOQSdM2NJMZkoxQh+KvuHGhiFv/w51/YzqdhbYeCJyck8s9OUHMmdKO822trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwfhm5rcfqFQsEg09iakX4qFgA0awNpJvH9/6KQ6m6ApVezFDjezm2yWn4mRAy8TNSQly1H37q9ePSBJSoQnHSnVdJ9ZeiqVmhNNpsZcoGmMyxkPaNVTgkCovzdJPUdkofTSIpDlCo0z9PZHiUKlJaEKWQ6xHatGbif953UQPql7KRJxoKsh80SDhSEdoVgXqM0mJ5hNDMJHMZEVkhCUm2hRWNCW4i19eJq3ziutU3PuLUu06r6MAJ3AKZ+DCJdTgDurQBAKP8Ayv8GY9WS/Wu/Uxf7pi5TNH8AfW5w8Hf5RM</latexit>
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II.  Circular orbits & 
helical Killing vectors
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Why study (quasi)-circular orbits ?

• Physically relevant to LIGO/Virgo, SMBH binaries, .. 

• Easy, starting case for EMRI’s 

• It’s amenable to geometrical approach (Killing vector)

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Notons cependant qu’en relativité générale, on étudie un espace-temps « entier » solution
des équations, qui contient le passé et le futur du système. Aussi remplace-t-on l’étude
d’un unique espace-temps où la binaire spirale et les paramètres orbitaux évoluent par une
succession d’espaces-temps où la binaire est sur une orbite circulaire, avec des paramètres
orbitaux fixes dans chacun d’entre eux. Nous allons donc nous concentrer sur ces orbites
circulaires, qui sont représentées par des hélices dans un diagramme d’espace-temps.

∼Tr ∼P

Figure 7. Diagrammes d’espace-temps qui résument l’approximation adiabatique. À gauche, la
phase spiralante s’étale sur plusieurs temps Tr. Au centre, sur une durée Tr contenant encore de
nombreuses périodes P , le rayon de l’orbite diminue de façon significative. À droite, sur une échelle
de temps orbitale, le rayon n’évolue quasiment pas et la symétrie hélicoïdale devient manifeste.

2.2.2 Vecteur de Killing hélicoïdal

Une autre façon de dire ceci est de supposer que l’espace-temps ℰ dans lequel évolue la binaire
admet une symétrie hélicoïdale. Mathématiquement, cette symétrie sur ℰ se traduit par
l’existence d’un vecteur de Killing hélicoïdal ka. La définition exacte d’un vecteur de Killing
hélicoïdal se trouve dans [19], mais ses deux carcatéristiques principales sont

Lkgab=2∇(akb)=0, et ka= ta+Ωφa. (23)

La première équation indique que la dérivée de Lie le long de ka laisse la métrique gab
inchangée, c’est l’aspect « Killing ». Elle implique d’ailleurs que le tenseur ∇akb est anti-
symétrique. La seconde équation défini l’aspect « hélicoïdal » de ka : celui-ci s’écrit comme
une combinaison linéaire d’un vecteur de genre temps ta et d’un vecteur de genre espace φa,
dont les courbes intégrales sont fermées et de longeur 2π. Le paramètre Ω est un constante
réelle strictement positive et s’interprête physiquement comme la vitesse angulaire de la
binaire. Un vecteur de Killing étant défini à une constante près, nous choisirons d’imposer
qu’à l’infini spatial, là où ℰ est asymptotiquement plat, celui-ci prend la forme

ka=(∂t)a+Ω(∂φ)a, (24)

où (∂t)a et (∂φ)a sont des vecteurs de la base naturelle associée au système de coordonnées
inertielles sphériques (t, r, θ, φ) usuelles. Un vecteur de Killing hélicoïdal est de genre
temps proche de l’origine des coordonnées et de genre espace à l’infini. Entre les deux se
trouve une zone où il est de genre lumière : on l’appelle cylindre de lumière. Elle correspond
heuristiquement à la zone où la vitesse angulaire orbitale atteint la vitesse de la lumière.

Voici un diagramme d’espace-temps muni de coordonnées (t, r,θ, φ) dans lesquelles le vecteur
de Killing hélicoïdal ka a partout la forme (∂t)a+Ω(∂φ)a.
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Relevance of circular orbits

Orbital periodRadiation reaction
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Notons cependant qu’en relativité générale, on étudie un espace-temps « entier » solution
des équations, qui contient le passé et le futur du système. Aussi remplace-t-on l’étude
d’un unique espace-temps où la binaire spirale et les paramètres orbitaux évoluent par une
succession d’espaces-temps où la binaire est sur une orbite circulaire, avec des paramètres
orbitaux fixes dans chacun d’entre eux. Nous allons donc nous concentrer sur ces orbites
circulaires, qui sont représentées par des hélices dans un diagramme d’espace-temps.

∼Tr ∼P

Figure 7. Diagrammes d’espace-temps qui résument l’approximation adiabatique. À gauche, la
phase spiralante s’étale sur plusieurs temps Tr. Au centre, sur une durée Tr contenant encore de
nombreuses périodes P , le rayon de l’orbite diminue de façon significative. À droite, sur une échelle
de temps orbitale, le rayon n’évolue quasiment pas et la symétrie hélicoïdale devient manifeste.

2.2.2 Vecteur de Killing hélicoïdal

Une autre façon de dire ceci est de supposer que l’espace-temps ℰ dans lequel évolue la binaire
admet une symétrie hélicoïdale. Mathématiquement, cette symétrie sur ℰ se traduit par
l’existence d’un vecteur de Killing hélicoïdal ka. La définition exacte d’un vecteur de Killing
hélicoïdal se trouve dans [19], mais ses deux carcatéristiques principales sont

Lkgab=2∇(akb)=0, et ka= ta+Ωφa. (23)

La première équation indique que la dérivée de Lie le long de ka laisse la métrique gab
inchangée, c’est l’aspect « Killing ». Elle implique d’ailleurs que le tenseur ∇akb est anti-
symétrique. La seconde équation défini l’aspect « hélicoïdal » de ka : celui-ci s’écrit comme
une combinaison linéaire d’un vecteur de genre temps ta et d’un vecteur de genre espace φa,
dont les courbes intégrales sont fermées et de longeur 2π. Le paramètre Ω est un constante
réelle strictement positive et s’interprête physiquement comme la vitesse angulaire de la
binaire. Un vecteur de Killing étant défini à une constante près, nous choisirons d’imposer
qu’à l’infini spatial, là où ℰ est asymptotiquement plat, celui-ci prend la forme

ka=(∂t)a+Ω(∂φ)a, (24)

où (∂t)a et (∂φ)a sont des vecteurs de la base naturelle associée au système de coordonnées
inertielles sphériques (t, r, θ, φ) usuelles. Un vecteur de Killing hélicoïdal est de genre
temps proche de l’origine des coordonnées et de genre espace à l’infini. Entre les deux se
trouve une zone où il est de genre lumière : on l’appelle cylindre de lumière. Elle correspond
heuristiquement à la zone où la vitesse angulaire orbitale atteint la vitesse de la lumière.

Voici un diagramme d’espace-temps muni de coordonnées (t, r,θ, φ) dans lesquelles le vecteur
de Killing hélicoïdal ka a partout la forme (∂t)a+Ω(∂φ)a.
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qu’à l’infini spatial, là où ℰ est asymptotiquement plat, celui-ci prend la forme
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où (∂t)a et (∂φ)a sont des vecteurs de la base naturelle associée au système de coordonnées
inertielles sphériques (t, r, θ, φ) usuelles. Un vecteur de Killing hélicoïdal est de genre
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trouve une zone où il est de genre lumière : on l’appelle cylindre de lumière. Elle correspond
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Conserved Noether charge
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Of course, asymptotic flatness and helical symmetry are compatible only if one uses some 
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III. Gravitational skeleton
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Multipole-particle formalisms

• MP, Tulczyjew : gravitational skeleton 

• Harte : generalised Killing vectors 

• Dixon : integral fluid-like moments 

• Bailey, Israel : Lagrangian formalism
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Multipolar particle formalisms

• MP, Tulczyjew : gravitational skeleton 

• Harte : generalised Killing vectors 

Gravitational skeleton : 

describe a compact body   
(e.g continuous fields) 

as a point particle with 
   finite number of mutipoles

• Dixon : integral fluid-like moments 

• Bailey, Israel : Lagrangian formalism

T ab
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Skeleton

Clothes
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Multipolar particle formalisms

• MP, Tulczyjew : gravitational skeleton 

• Harte : generalised Killing vectors 

Gravitational skeleton : 

describe a compact body   
(e.g continuous fields) 

as a point particle with 
   finite number of mutipoles

• Dixon : integral fluid-like moments 

• Bailey, Israel : Lagrangian formalism

T ab
<latexit sha1_base64="1pbOtRuzHxNJJ3qJsWlxRFMBc8A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V+gXtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43Kqytb2xuFbdLO7t7+wflw6OWUammrEmVULoTEsMEl6xpuRWsk2hG4lCwdji+nfntJ6YNV7JhJwkLYjKUPOKUWCe1Gg8ZCaf9csWrenPgVeLnpAI56v3yV2+gaBozaakgxnR9L7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187xWdOGeBIaVfS4rn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFtgrPXscDrhm1YuIIoZq7WzEdEU2odQGVXAj+8surpHVR9b2qf39Zqd3kcRThBE7hHHy4ghrcQR2aQOERnuEV3pBCL+gdfSxaCyifOYY/QJ8/nAKPIw==</latexit><latexit sha1_base64="1pbOtRuzHxNJJ3qJsWlxRFMBc8A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V+gXtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43Kqytb2xuFbdLO7t7+wflw6OWUammrEmVULoTEsMEl6xpuRWsk2hG4lCwdji+nfntJ6YNV7JhJwkLYjKUPOKUWCe1Gg8ZCaf9csWrenPgVeLnpAI56v3yV2+gaBozaakgxnR9L7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187xWdOGeBIaVfS4rn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFtgrPXscDrhm1YuIIoZq7WzEdEU2odQGVXAj+8surpHVR9b2qf39Zqd3kcRThBE7hHHy4ghrcQR2aQOERnuEV3pBCL+gdfSxaCyifOYY/QJ8/nAKPIw==</latexit><latexit sha1_base64="1pbOtRuzHxNJJ3qJsWlxRFMBc8A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V+gXtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43Kqytb2xuFbdLO7t7+wflw6OWUammrEmVULoTEsMEl6xpuRWsk2hG4lCwdji+nfntJ6YNV7JhJwkLYjKUPOKUWCe1Gg8ZCaf9csWrenPgVeLnpAI56v3yV2+gaBozaakgxnR9L7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187xWdOGeBIaVfS4rn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFtgrPXscDrhm1YuIIoZq7WzEdEU2odQGVXAj+8surpHVR9b2qf39Zqd3kcRThBE7hHHy4ghrcQR2aQOERnuEV3pBCL+gdfSxaCyifOYY/QJ8/nAKPIw==</latexit><latexit sha1_base64="1pbOtRuzHxNJJ3qJsWlxRFMBc8A=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V+gXtWrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43Kqytb2xuFbdLO7t7+wflw6OWUammrEmVULoTEsMEl6xpuRWsk2hG4lCwdji+nfntJ6YNV7JhJwkLYjKUPOKUWCe1Gg8ZCaf9csWrenPgVeLnpAI56v3yV2+gaBozaakgxnR9L7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187xWdOGeBIaVfS4rn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFtgrPXscDrhm1YuIIoZq7WzEdEU2odQGVXAj+8surpHVR9b2qf39Zqd3kcRThBE7hHHy4ghrcQR2aQOERnuEV3pBCL+gdfSxaCyifOYY/QJ8/nAKPIw==</latexit>

ℒ

(T abN )
<latexit sha1_base64="wtKakSwgzHI3WbziTjc/11BeoMI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFN66kQl/QxjKZTtqhk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx485U9pxvq2l5ZXVtfXCRnFza3tn197bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13nfuuBSsUiUdfjmHohHggWMIK1kXr2YbkbYj0kmKf17D7F/m12inp2yak4E6BF4s5ICWao9eyvbj8iSUiFJhwr1XGdWHsplpoRTrNiN1E0xmSEB7RjqMAhVV46SZ+hE6P0URBJ84RGE/X3RopDpcahbybzqGrey8X/vE6ig0svZSJONBVkeihIONIRyqtAfSYp0XxsCCaSmayIDLHERJvCiqYEd/7Li6R5VnGdint3XqpezeoowBEcQxlcuIAq3EANGkDgEZ7hFd6sJ+vFerc+pqNL1mznAP7A+vwB1C2UzQ==</latexit><latexit sha1_base64="wtKakSwgzHI3WbziTjc/11BeoMI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFN66kQl/QxjKZTtqhk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx485U9pxvq2l5ZXVtfXCRnFza3tn197bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13nfuuBSsUiUdfjmHohHggWMIK1kXr2YbkbYj0kmKf17D7F/m12inp2yak4E6BF4s5ICWao9eyvbj8iSUiFJhwr1XGdWHsplpoRTrNiN1E0xmSEB7RjqMAhVV46SZ+hE6P0URBJ84RGE/X3RopDpcahbybzqGrey8X/vE6ig0svZSJONBVkeihIONIRyqtAfSYp0XxsCCaSmayIDLHERJvCiqYEd/7Li6R5VnGdint3XqpezeoowBEcQxlcuIAq3EANGkDgEZ7hFd6sJ+vFerc+pqNL1mznAP7A+vwB1C2UzQ==</latexit><latexit sha1_base64="wtKakSwgzHI3WbziTjc/11BeoMI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFN66kQl/QxjKZTtqhk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx485U9pxvq2l5ZXVtfXCRnFza3tn197bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13nfuuBSsUiUdfjmHohHggWMIK1kXr2YbkbYj0kmKf17D7F/m12inp2yak4E6BF4s5ICWao9eyvbj8iSUiFJhwr1XGdWHsplpoRTrNiN1E0xmSEB7RjqMAhVV46SZ+hE6P0URBJ84RGE/X3RopDpcahbybzqGrey8X/vE6ig0svZSJONBVkeihIONIRyqtAfSYp0XxsCCaSmayIDLHERJvCiqYEd/7Li6R5VnGdint3XqpezeoowBEcQxlcuIAq3EANGkDgEZ7hFd6sJ+vFerc+pqNL1mznAP7A+vwB1C2UzQ==</latexit><latexit sha1_base64="wtKakSwgzHI3WbziTjc/11BeoMI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBotQNyURQZdFN66kQl/QxjKZTtqhk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx485U9pxvq2l5ZXVtfXCRnFza3tn197bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13nfuuBSsUiUdfjmHohHggWMIK1kXr2YbkbYj0kmKf17D7F/m12inp2yak4E6BF4s5ICWao9eyvbj8iSUiFJhwr1XGdWHsplpoRTrNiN1E0xmSEB7RjqMAhVV46SZ+hE6P0URBJ84RGE/X3RopDpcahbybzqGrey8X/vE6ig0svZSJONBVkeihIONIRyqtAfSYp0XxsCCaSmayIDLHERJvCiqYEd/7Li6R5VnGdint3XqpezeoowBEcQxlcuIAq3EANGkDgEZ7hFd6sJ+vFerc+pqNL1mznAP7A+vwB1C2UzQ==</latexit>

T ab =
X

n

rN

Z

L
T abN�4d⌧

<latexit sha1_base64="r7nZ51WdcZMKW5/9WBdFptXqtxQ="></latexit><latexit sha1_base64="r7nZ51WdcZMKW5/9WBdFptXqtxQ="></latexit><latexit sha1_base64="r7nZ51WdcZMKW5/9WBdFptXqtxQ="></latexit><latexit sha1_base64="r7nZ51WdcZMKW5/9WBdFptXqtxQ="></latexit>

ℒ

Skeleton

Clothes
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Exemple : dipolar particle

T ab =

Z

L
T ab�4d⌧ +rc

Z

L
T abc�4d⌧ +rcd

Z

L
T abcd�4d⌧

<latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit>

ℒ ℒ
n = 1

<latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit>

1. Truncate at 
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Exemple : dipolar particle

T ab =

Z

L
T ab�4d⌧ +rc

Z

L
T abc�4d⌧ +rcd

Z

L
T abcd�4d⌧

<latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit>

raT
ab = 0

<latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit>

2. Use SE conservation

ℒ ℒ
n = 1

<latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit>

1. Truncate at 



!25

T ab =

Z

L
T ab�4d⌧ +rc

Z

L
T abc�4d⌧ +rcd

Z

L
T abcd�4d⌧

<latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit><latexit sha1_base64="IOVIw9bhZeRpkKWh+IlnZutHqH8="></latexit>

raT
ab = 0

<latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit><latexit sha1_base64="8+Ko4Mg4yx0TrxCya5zUY1g1At0=">AAAB+nicbVDLSgNBEOz1GeMr0aOXwSB4Crsi6EUIevEYIS9I1qV3MkmGzM4uM7NKWPMpXjwo4tUv8ebfOHkcNLGgoajqprsrTATXxnW/nZXVtfWNzdxWfntnd2+/UDxo6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyHNxO/+cCU5rGsmVHC/Aj7kvc4RWOloFDsSAwFBkhq9xmG4ys3KJTcsjsFWSbenJRgjmpQ+Op0Y5pGTBoqUOu25ybGz1AZTgUb5zupZgnSIfZZ21KJEdN+Nj19TE6s0iW9WNmShkzV3xMZRlqPotB2RmgGetGbiP957dT0Lv2MyyQ1TNLZol4qiInJJAfS5YpRI0aWIFXc3kroABVSY9PK2xC8xZeXSeOs7Lll7+68VLmex5GDIziGU/DgAipwC1WoA4VHeIZXeHOenBfn3fmYta4485lD+APn8wdhHJNp</latexit>

T ab =

Z

L
u(apb)�4d⌧ +rc

Z

L
u(aSb)c�4d⌧

<latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit>

2. Use SE conservation

then there exists        and            such that pa
<latexit sha1_base64="bGsXEMMXzRDpZYVMXr6czfg8n6I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka7TO9IrV7CNXc91MMK2ix3vNCeeV6u6LnJsPEMFFmj0yu/dfkKziMWaCqJUx8Gp9idEak4Fm5a6mWIpoSMyYB1DYxIx5U9mp07RkVH6KEykqVijmfp9YkIipcZRYDojoofqt5eLf3mdTIc1f8LjNNMspvNFYSaQTlD+N+pzyagWY0MIldzciuiQSEK1SadkQvj6FP1PWie2g23nqlqpny/iKMIBHMIxOHAGdbiEBjSBwgAe4AmeLWE9Wi/W67y1YC1m9uEHrLdPtwiOFQ==</latexit><latexit sha1_base64="bGsXEMMXzRDpZYVMXr6czfg8n6I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka7TO9IrV7CNXc91MMK2ix3vNCeeV6u6LnJsPEMFFmj0yu/dfkKziMWaCqJUx8Gp9idEak4Fm5a6mWIpoSMyYB1DYxIx5U9mp07RkVH6KEykqVijmfp9YkIipcZRYDojoofqt5eLf3mdTIc1f8LjNNMspvNFYSaQTlD+N+pzyagWY0MIldzciuiQSEK1SadkQvj6FP1PWie2g23nqlqpny/iKMIBHMIxOHAGdbiEBjSBwgAe4AmeLWE9Wi/W67y1YC1m9uEHrLdPtwiOFQ==</latexit><latexit sha1_base64="bGsXEMMXzRDpZYVMXr6czfg8n6I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka7TO9IrV7CNXc91MMK2ix3vNCeeV6u6LnJsPEMFFmj0yu/dfkKziMWaCqJUx8Gp9idEak4Fm5a6mWIpoSMyYB1DYxIx5U9mp07RkVH6KEykqVijmfp9YkIipcZRYDojoofqt5eLf3mdTIc1f8LjNNMspvNFYSaQTlD+N+pzyagWY0MIldzciuiQSEK1SadkQvj6FP1PWie2g23nqlqpny/iKMIBHMIxOHAGdbiEBjSBwgAe4AmeLWE9Wi/W67y1YC1m9uEHrLdPtwiOFQ==</latexit><latexit sha1_base64="bGsXEMMXzRDpZYVMXr6czfg8n6I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZnVLGZvQS8eI5pESNYwO5lNhsw+mJkVQsgnePGgiFe/yJt/42wSQUULGoqqbrq7glRwpTH+sApLyyura8X10sbm1vZOeXevpZJMUtakiUjkbUAUEzxmTc21YLepZCQKBGsHo4vcb98zqXgS3+hxyvyIDGIeckq0ka7TO9IrV7CNXc91MMK2ix3vNCeeV6u6LnJsPEMFFmj0yu/dfkKziMWaCqJUx8Gp9idEak4Fm5a6mWIpoSMyYB1DYxIx5U9mp07RkVH6KEykqVijmfp9YkIipcZRYDojoofqt5eLf3mdTIc1f8LjNNMspvNFYSaQTlD+N+pzyagWY0MIldzciuiQSEK1SadkQvj6FP1PWie2g23nqlqpny/iKMIBHMIxOHAGdbiEBjSBwgAe4AmeLWE9Wi/W67y1YC1m9uEHrLdPtwiOFQ==</latexit>

Sab
<latexit sha1_base64="qOD1+W4lkWdTSg/t2i2nX/v4zjY=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjRdsKbSyb7aZdu9kNuxuhhP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFyaMKu04H1ZhaXllda24XtrY3NreKe/utZVIJSYtLJiQNyFShFFOWppqRm4SSVAcMtIJx+e537knUlHBr/UkIUGMhpxGFCNtpPbVbYbCab9ccezTetXzq9CxHafmem5OvJp/4kPXKDkqYIFmv/zeGwicxoRrzJBSXddJdJAhqSlmZFrqpYokCI/RkHQN5SgmKshm107hkVEGMBLSFNdwpn6fyFCs1CQOTWeM9Ej99nLxL6+b6qgeZJQnqSYczxdFKYNawPx1OKCSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0Pdt1bPfSrzTOFnEUwQE4BMfABTXQABegCVoAgzvwAJ7AsyWsR+vFep23FqzFzD74AevtE/qIj2Q=</latexit><latexit sha1_base64="qOD1+W4lkWdTSg/t2i2nX/v4zjY=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjRdsKbSyb7aZdu9kNuxuhhP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFyaMKu04H1ZhaXllda24XtrY3NreKe/utZVIJSYtLJiQNyFShFFOWppqRm4SSVAcMtIJx+e537knUlHBr/UkIUGMhpxGFCNtpPbVbYbCab9ccezTetXzq9CxHafmem5OvJp/4kPXKDkqYIFmv/zeGwicxoRrzJBSXddJdJAhqSlmZFrqpYokCI/RkHQN5SgmKshm107hkVEGMBLSFNdwpn6fyFCs1CQOTWeM9Ej99nLxL6+b6qgeZJQnqSYczxdFKYNawPx1OKCSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0Pdt1bPfSrzTOFnEUwQE4BMfABTXQABegCVoAgzvwAJ7AsyWsR+vFep23FqzFzD74AevtE/qIj2Q=</latexit><latexit sha1_base64="qOD1+W4lkWdTSg/t2i2nX/v4zjY=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjRdsKbSyb7aZdu9kNuxuhhP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFyaMKu04H1ZhaXllda24XtrY3NreKe/utZVIJSYtLJiQNyFShFFOWppqRm4SSVAcMtIJx+e537knUlHBr/UkIUGMhpxGFCNtpPbVbYbCab9ccezTetXzq9CxHafmem5OvJp/4kPXKDkqYIFmv/zeGwicxoRrzJBSXddJdJAhqSlmZFrqpYokCI/RkHQN5SgmKshm107hkVEGMBLSFNdwpn6fyFCs1CQOTWeM9Ej99nLxL6+b6qgeZJQnqSYczxdFKYNawPx1OKCSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0Pdt1bPfSrzTOFnEUwQE4BMfABTXQABegCVoAgzvwAJ7AsyWsR+vFep23FqzFzD74AevtE/qIj2Q=</latexit><latexit sha1_base64="qOD1+W4lkWdTSg/t2i2nX/v4zjY=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaOut6MVjRdsKbSyb7aZdu9kNuxuhhP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFyaMKu04H1ZhaXllda24XtrY3NreKe/utZVIJSYtLJiQNyFShFFOWppqRm4SSVAcMtIJx+e537knUlHBr/UkIUGMhpxGFCNtpPbVbYbCab9ccezTetXzq9CxHafmem5OvJp/4kPXKDkqYIFmv/zeGwicxoRrzJBSXddJdJAhqSlmZFrqpYokCI/RkHQN5SgmKshm107hkVEGMBLSFNdwpn6fyFCs1CQOTWeM9Ej99nLxL6+b6qgeZJQnqSYczxdFKYNawPx1OKCSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0Pdt1bPfSrzTOFnEUwQE4BMfABTXQABegCVoAgzvwAJ7AsyWsR+vFep23FqzFzD74AevtE/qIj2Q=</latexit>

3.

4.
ṗa =

1

2
Rbcda

bcd Sbcud

<latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit>

Evolution 
equations

Reduced 
SE tensor

and

ℒ ℒ
n = 1

<latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit><latexit sha1_base64="WdpYOPQkvNXyKLO4nTbNXWb4sGY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPchrr1+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/yeMowgmcwjl4UIM63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfIu410</latexit>

1. Truncate at 

Exemple : dipolar particle

Ṡab= 2p[aub]
<latexit sha1_base64="dUbYKfZU9Q/yj9QmMtHWyNwIMSw="></latexit><latexit sha1_base64="dUbYKfZU9Q/yj9QmMtHWyNwIMSw="></latexit><latexit sha1_base64="dUbYKfZU9Q/yj9QmMtHWyNwIMSw="></latexit><latexit sha1_base64="dUbYKfZU9Q/yj9QmMtHWyNwIMSw="></latexit>

ℒ ℒ



�26

SSC and helical isometry

ṗa =
1

2
Rbcda

bcd Sbcud

<latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit>

Ṡab= 2 p[aub]
<latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit>

(ua, pa, Sab) =
<latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit>

3 + 4 + 6 degrees of freedom

Evolution Eqs give 4 + 6 

need 3  
add. Eqs.

Spin Supp. Condition

• closes the diff. system 

• eq. to choice of worldline

Da:= ubS
ab= 0

<latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit>



• closes the diff. system 

• eq. to choice of worldline
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SSC and helical isometry

ṗa =
1

2
Rbcda

bcd Sbcud

<latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit><latexit sha1_base64="pFM339/bnOoKSdHs+eq30hXdWFI="></latexit>

Ṡab= 2 p[aub]
<latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit><latexit sha1_base64="LUy4sMb+yi0aw0F8rkrq5VXI29o="></latexit>

(ua, pa, Sab) =
<latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit><latexit sha1_base64="PLmMnGRrTRUB5XOgHOiED7GWZBs="></latexit>

3 + 4 + 6 degrees of freedom

Evolution Eqs give 4 + 6 

need 3  
add. Eqs.

Spin Supp. Condition

LkT
ab = 0 )

<latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit>

Da:= ubS
ab= 0

<latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit><latexit sha1_base64="Ww30hFfgc5K0FelPxZ4RctRD4f4="></latexit>

LkT
ab = 0

<latexit sha1_base64="VMC9CPZze3DUbT/5lfi7B9akOwk="></latexit><latexit sha1_base64="VMC9CPZze3DUbT/5lfi7B9akOwk="></latexit><latexit sha1_base64="VMC9CPZze3DUbT/5lfi7B9akOwk="></latexit><latexit sha1_base64="VMC9CPZze3DUbT/5lfi7B9akOwk="></latexit>

Lkp
a= 0

<latexit sha1_base64="gKjyihHP+pECOaYu/sOMR1iMri8="></latexit><latexit sha1_base64="gKjyihHP+pECOaYu/sOMR1iMri8="></latexit><latexit sha1_base64="gKjyihHP+pECOaYu/sOMR1iMri8="></latexit><latexit sha1_base64="gKjyihHP+pECOaYu/sOMR1iMri8="></latexit>

LkS
ab= 0

<latexit sha1_base64="P3mtEmBs+DO2thL2+TrWlcOp8FI="></latexit><latexit sha1_base64="P3mtEmBs+DO2thL2+TrWlcOp8FI="></latexit><latexit sha1_base64="P3mtEmBs+DO2thL2+TrWlcOp8FI="></latexit><latexit sha1_base64="P3mtEmBs+DO2thL2+TrWlcOp8FI="></latexit>

Lku
a = 0

<latexit sha1_base64="bqYHCo3dXlwFk7GYFh+AyzvM7bk="></latexit><latexit sha1_base64="bqYHCo3dXlwFk7GYFh+AyzvM7bk="></latexit><latexit sha1_base64="bqYHCo3dXlwFk7GYFh+AyzvM7bk="></latexit><latexit sha1_base64="bqYHCo3dXlwFk7GYFh+AyzvM7bk="></latexit>

Lkgab = 0
<latexit sha1_base64="RDs0SN3bWa2vjvpIlqx+1b4FA4Q="></latexit><latexit sha1_base64="RDs0SN3bWa2vjvpIlqx+1b4FA4Q="></latexit><latexit sha1_base64="RDs0SN3bWa2vjvpIlqx+1b4FA4Q="></latexit><latexit sha1_base64="RDs0SN3bWa2vjvpIlqx+1b4FA4Q="></latexit>

LkT
ab = 0 )

<latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit><latexit sha1_base64="LqsSPDSws3RBfKAOMBzf43gBMRM="></latexit> {
<latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit>

{
<latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit>
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IV. Derivation of the First Law
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1. particle must follow helical  
trajectory (enforces circular orbit)

is an integral curve of ka
<latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit>

ℒ
ka= zua

<latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit>

An assumption and the recipe

,
<latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit>
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1. particle must follow helical  
trajectory (enforces circular orbit)

is an integral curve of ka
<latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit>

ℒ
ka= zua

<latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit>

An assumption and the recipe

,
<latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit>
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<latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit>
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<latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit> ! !

2. Insert this & grav. skeleton in 
variational identity (easy part)
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1. particle must follow helical  
trajectory (enforces circular orbit)

is an integral curve of ka
<latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit><latexit sha1_base64="UArE7erJUtVZHVIq/y+BxNNhd/U=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLVLra3ohePFewDtmvJptk2NPsgyQpl6Z/w4l/x4kERr4I3/43ZPkBFBwLDzHzJl/ETzqRC6NNYWl5ZXVsvbBQ3t7Z3ds29/ZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+6PL3G/fUSFZHN2ocUK9EA8iFjCClZZ6ZjnrTi9xxcD3MmQhp+bYqIwsB9m1s5zUatWK40xGt3jSM0uLBFwk4CIBbQtNUQJzNHrmR7cfkzSkkSIcS+naKFFehoVihNNJsZtKmmAywgPqahrhkEovmy40gcda6cMgFvpECk7V7xMZDqUch75OhlgN5W8vF//y3FQFVS9jUZIqGpHZQ0HKoYphXhHsM0GJ4mNNMBFM7wrJEAtMlC6yqEtY/BT+T1qnlo0s+7pSql/M6yiAQ3AEToANzkEdXIEGaAIC7sEjeAYvxoPxZLwab7PokjGfOQA/YLx/AaoPm1k=</latexit>

ℒ
ka= zua

<latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit><latexit sha1_base64="W43rd5x1wXcGTZn6KO/0NOBjHEU="></latexit>

An assumption and the recipe

,
<latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit>

T ab =

Z
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u(aSb)c�4d⌧

<latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit>
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<latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit><latexit sha1_base64="N8qog38I5c9vPjFs2W9tSDfQq8Y="></latexit> ! !

2. Insert this & grav. skeleton in 
variational identity (easy part)

3. Compute those integrals 
(not so easy part)
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Result at dipolar order

T ab =

Z

L
u(apb)�4d⌧ +rc

Z

L
u(aSb)c�4d⌧

<latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit><latexit sha1_base64="DgBTKhoKofZsyb3B6RPGxzWICQM="></latexit>

ℒ ℒ

�Q = �M�⌦�J
<latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit>

First law :

This result  
• is exact and SSC—independant 
• includes all spin non-linearities 
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<latexit sha1_base64="NEQkewilXAW2e62bXiVemWfD/C0="></latexit><latexit sha1_base64="NEQkewilXAW2e62bXiVemWfD/C0="></latexit><latexit sha1_base64="NEQkewilXAW2e62bXiVemWfD/C0="></latexit><latexit sha1_base64="NEQkewilXAW2e62bXiVemWfD/C0="></latexit>
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Scalar first law

�Q = �M�⌦�J
<latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit><latexit sha1_base64="GHXVNEL75qtrNswMTCTSkGGW1TE="></latexit>
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V. Summary and conclusions
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How is the first law used ?

Compare results between  
approx. schemes and NR 

and compute SF corrections

arXiv:1111.5609 
Calibrate EOB models 

arXiv:1512.03392, 
arXiv:1511.04533

Compute frequency shifts of  
ISCO from cons. part of SF

arXiv:1209.0964 
arXiv:1404.6133

Define redshift for NR, 
relate redshift variable  

to surface gravity

arXiv:1606.08056 
arXiv: 1710.03673

At quad order :  
constrain NS  

equation of state 

arXiv:1805.11581
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What has been done

• Derive a variant of the Wald&Iyer variational formula 

• Fully covariant and geometric derivation of the first law 

• Recover all previous results on circular orbits  

• Interesting results regarding EoM in helical context

• Geometrical setup allows to go easily to quad. order 

• Can technically be applied to any kind of quad. model (spin, tidal, etc) 

• What we expect to find (cf Capra23, hopefully…)

What remains to be done

�M�⌦�J =
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First law of mechanics  
for quadrupolar compact objects 

or  

Capra 22 — 20/06/19 Paul Ramond CBPF — Rio



Quadrupolar order

Evolution Eqs.

SE tensor
quad


