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Solving the relativistic two-body problem

@ Numerical relativity
@ Analytic approximation schemes:

Limit Perturbation theory Natural for
Newtonian gravity post-Newtonian
G 2 .
¢ — 00 ™1, 22 <1 | bound orbits
mo rc c
special relativity post-Minkowskian
G 2 .
G0 o1, <~ | scattering
mo rc c
test-body motion in a post-test-body
stationary background (“self-force”)
2
™ 0 oy GmV both
mo mo rc C
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post-Newtonian (PN) vs. post-Minkowskian (PM)

OPN | 1PN | 2PN | 3PN | 4PNi | S5PNi | 6PNi
OPM: 1 U2 ,U4 Ub ,US ,UIO ’U12 1)14
1PM: | tree | 1/r | o%/r | oY/r | /0 | W80 | 000 | 0'2/r
2PM: 1-loop 1/r? | 2?2 | otr? | oS82 | o8 | 0l0)r2
 3PM: | 2-loop 1/r3 | v/ | vt/rd | o8/ | o8/
4PM: 3-loop 1t | o2 /rt | ot rt | o8/t
5PM: 4-loop 1/r5 | v2/r5 | otr®
 6PM: | 5-loop S1/r6 | v?2/rS
1 — mc?, v2—>é Gm.
C rc
current PN results. current PM results. matching overlap. unknown.
(monopole) conservative dynamics. ~ imod tails. mod logs. “static.
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PM binary-black-hole conservative dynamics: results

spin® spin! spin:3:-
(70s, ...)
1PM Bicak+ 0807. *G—AH-H-H *G—AH-H-H
Foffa 1309. Bini, Damour 1709. JV 1709.
Damour 1609.
Westpfahl '85 *G—AH-H-H
*G—AH-H-H . JV+ 1812,
2PM *Damour 1710. Bini GD;'?nl_(ia-ul_ri_:—isos *Guevara+ 1812.
*Bjerrum-Bohr+ 1806. ’ ' *Chung+ 1812.
*Cheung+ 1808. -
3PM *Bern+ 1901. - -
*Amplitudes (see also Antonelli+ 1901. on 3PM EOB)

G—AH-H-H: Guevara 1706., using Arkani-Hamed, Huang & Huang 1709.

... and many more related papers in the past few years ...

Justin Vines Black hole scattering



Spin effects in BBH conservative dynamics

PN order 1.5 | 25 | 3.5 | 4.5 | 5.5 |
0 1 2 3 4 5 6 need up to
N 1PN 2PN 3PN 4PN 1PM / tree
| LO SO | NLO SO | NNLO SO | | | 2PM/ 1-loop
| LO S~2 | NLO S”2 [ NNLO S*2 | 3PM/ 2-loop
| LO S*3 | NLO S*3 | | 4PM / 3-loop
| LO s*4 | NLO s*4 | 5PM / 4-loop
| LO S”5 | 6PM / 5-loop

| LO S”6

New from Amplitudes: Guevara, Ochirov, JV 1812.1
Chung, Huang, Kim, Lee 1812.1

using minimally coupled massive spinor-helicity amplitudes
from Arkani-Hamed, Huang, Huang 1709.
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Lessons from Scattering Amplitudes

Big long results often collapse into super-simple ones
—uwhen reorganized in the proper way—e.g.:

o Parke-Taylor MHV six-gluon amplitude ('86):

1-

(12)*

=220F di =
eynman diagrams (34)(45)(56) (63)

Work (only?) with observable gauge-invariant quantities:
(“the S-matrix approach”)

@ On-shell amplitudes
@ Scattering angles (encode same info as Hamiltonians)

“Bootstrapping”: amplitudes are surprisingly tightly constrained by
general principles such as symmetries, unitarity, locality...
——sometimes you can just write down the answer (or a parametrization)

Using good variables: geometrical quantities; spinor-helicity/twistors, ...
Unitarity methods; soft theorems; double copy: GR = (QCD)?; ...
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A nonspinning [or aligned-spin] PN Hamiltonian

. OH . OH
H(R7PRaL;m17m2) R= — a7

| 5 =B
[orH(R, Pr, L; my, mo, 5'1,52)} PR:_87H ':_ai_o
OR’ 0¢
ith u2P?— P? — P34 L =M =112y =
Wi 12 = == R+ﬁy n=v - M 3 _ml+m21

in an isotropic gauge:

H Md& P2 GM
- — 4 — - =

I I 2 R
+1<_1+VP4_3VP2GM+1VG2M2)

c2 8 2 R 2 R?
1 (1+v+1v? 4 5+5v—302_,GM
—F—P P
+c4< 16 + 8 R

10-v+302 _,G*M?* 1+ 22 G3M3
+ P — + ...
4 R? 4 R3
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The gauge-invariant scattering angle x

@ Solve E=H(R,Pgr,L) for Pp=Pr(R,E,L),
then find the com-frame scattering angle x from [Damour 1710.]

7r+x(E,L):—/ dRa%PR(R,EL).

@ New variables from SR @ ~o: relative velocity v, impact parameter b,

1
I = mimeso

7:\/1—1}2’ E

E? =mi +m3 + 2mimay,

~yvb.

@ x(v,b), including the (local-in-time) Hamiltonian through 4PN,

M= 2G—M(1+v2+0(v10))+

3r (GM
E v2b

2
2, 4 10 3
1 v2b> (4v +0*4+0(v ))—l—O(G ),

encodes the complete gauge-invariant info. of the Hamiltonian.
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The gauge-invariant scattering angle x

@ New variables (using SR @ oo): relative velocity v, impact parameter b,

1 I = mimso

(v g

E? = mf + m% + 2mimay,

x (v, b), including the (local-in-time) Hamiltonian through 4PN,

M- QG—M(1+U2+O(U10))+

37 (GM
E v2b

2
2 4 10 3
- v2b> (102 +01+0(1)) +0(G?),

encodes the complete gauge-invariant info. of the PN-PM Hamiltonian.

@ According to Westpfahl '85, [after a large gauge-dependent mess]
M  _GM o 3w (GMN\®, ., .
EX_QW(l—H) )J’Z (v%> (4v° +v%) + O(G?).
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The gauge-invariant scattering angle x

@ x(v,b), including the (local-in-time) Hamiltonian through 4PN,
M GM 2 10 3r (GM? 2, .4 10 3
Ex_zm(wv +O(v ))+Z % (41; +ut+O(v ))+0(G ),
encodes the complete gauge-invariant info. of the PN-PM Hamiltonian.

@ According to Westpfahl ’85, [after a large gauge-dependent mess]

M GM 3 (GM

2
Mo 2 &M 2 4 3y
7 X 2v2b(1+v)+4 v2b) (4v* +20%) + O(G”)

@ The Schwarzschild result,

_GM o 3w (GMN\? o, .
XSchw—QU2b(1+U)+4<U2b> (4'0 +'U)+O(G )
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Two-body vs. test-body

14 u“
Py " P
E B
o My
Xt
Tb Dt
77777 -
mp

Justin Vines Black hole scattering



Two-body vs. test-body

I
up

_ P2 Py - PB
T = )
mymp

b
mimso

E:El—l—EQ:\/m%—l—m%—l—lemg’y Et:mt’yﬁ

@ Identify ~ =,

@ “Newtonian EOB” mass maps: m = M, mp = mq + Mo,
my + mo
B2 _m2 — m2
— EOBenergymap: E, = — 1~ ™2
2(m1 + mg)
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Two-body vs. test-body

E:E1+E2:\/m%+m§+2m1m2'y Ey = mgn
. mim
o Identify =, mi=——, mp=m +ma,
mi 4 mo

2 2 2
E? —m3 —m3

EOB energy map: E; =
= gy map t 2(mr + ma)

——Applying the energy map to the Schw. geodesic Ham.,
you get a two-body Ham. correct at 1PM.

[Damour 1609., Bini-Damour 1709.]



The scattering angle from amplitudes

The relevant classical part of the amplitude
for two scalars exchanging gravitons:

p1—4q p2+4q

ﬂ :M:M+>@+M+O<Gz>,

—-1/2

with  p1-po=v7=(1- and p;-qg=p2-q=0,

167TG m1m2’y)

B G

67r2 G?(mymay)?

2
72]q] (4 + v )ma,

6772 G?(mymay)?

2
777q] (4+v)m

Eﬁﬁﬁ
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The scattering angle from amplitudes

pP1—4q P2 +q

_ B B 167G (m1may)? .2
R [
672G (m1may)? 9
D Li iiﬁb{ e <4+“)(m2+m1)]

Scattering angle from the eikonal approximation [Bjerrum-Bohr+ 1806.],

_ hE O [ dq _.pm M) 3
X__@%/(%)Qe g T O(@)

GE (1+v? 37 G(ma+my) 4+ 02 3
=2— —_—
b ( 2z T3 b v? +0(E),

matching Westpfahl '85. (test-body limit: m; — 0, E — my)
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Adding spin: classical approaches

@ Spin-orbit (linear-in-spin, dipole) effects, which are universal,
can be determined from the metric for monopolar bodies,
via the parallel transport map along the monopolar trajectories,
(assuming of the existence of a canonical Hamiltonian)
(**crucial boost between “covariant” and “canonical” spins™*)
1PM: Bini & Damour 1709.
2PM: Bini & Damour 1805.

@ All-multipole effects for black holes at 1PM [ Z, + i.7; = m(ia)* |
can be determined from assuming existence of an effective action
[already in Levi & Steinhoff 1501.]
and matching to the linearized Kerr solution,

4Gm
T b

(**crucial translation between “covariant” and “canonical” worldlines**)
JV 1709.

R = uPul exp(a * 9)"),,

(ax0)H, =€) 00?07,

**special relativistic kinematics at infinity**
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Adding spin: classical approaches

@ All-multipole effects for black holes at 1IPM [ Z, +iJ; = m(ia)* |
can be determined from assuming existence of an effective action
[already in Levi-Steinhoff 1501.]
and matching to the linearized Kerr solution,

_ 4
v = wu explax0), 28T (a0, = e,
T

JV 1709.

—Results reveal remarkable EOB-like maps for BBHs at 1PM:
aligned-spin scattering angle:

_ GM ((1—1—1})2 (1—v)?
b+ a b—a

Kerr geod.: ) +0(G?).

02

GE [ (1+wv)? (1—v)? 9
BBH: = — .
X= 2 <b+a1+a2+b—a1—a2 +0(&)
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Adding spin: amplitudes approaches

@ A key observation (at leading PN orders) from Vaidya 1410.:
for minimally coupled massive spin-s particles exchanging gravitons,

@ spin-0 — (universal) monopole coupling

@ spin-; — adds (universal) dipole coupling

@ spin-1 — adds black-hole quadrupole coupling

@ spin-2 — adds black-hole (octupole and) hexadecapole

@ Minimally coupled “amplitudes for arbitrary masses and spins”
using massive spinor-helicity, Arkani-Hamed, Huang, Huang 1709.,

“3-point”: >}ww for any s, “Compton”: >jiz for s < 2.
@ Guevara 1706.: >;/< = M + >j§i + Eﬁﬁ< + O(G?),

and some matching to the PN potential a la Holstein & Ross 0802.
(Leading singularity: Cachazo & Guevara 1705.)
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Adding spin: amplitudes approaches

@ Vaidya 1410.: minimal spin-s gives black-hole 22-pole (LO PN, n < 2)

@ Arkani-Hamed, Huang, Huang 1709.: >3M >j;i
@ Guevara 1706.: >:< = M + >>:i + Eﬁx{ + O(G3).

@ Guevara, Ochirov, JV 1812.:

match to linearized Kerr a la JV 1709.,

aligned-spin BBH scattering angle: 1PM spin> (s — oo), 2PM spin?,

connect to sub-subleading soft theorem of Cachazo & Strominger 1404.
@ Chung, Huang, Kim, Lee 1812.:

match to effective action of Levi & Steinhoff 1501.,

contributions to PN potential: LO spin>, NLO spin?,

discussion of s > 2.

@ Guevara & Bautista 1903.:
new perspective on multipoles and matching, double copy, LO radiation.
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Adding spin: amplitudes approaches

@ Vaidya 1410.: minimal spin-s gives black-hole 22¢-pole (LO PN, s < 2)

@ Arkani-Hamed, Huang, Huang 1709.: >3M >j;i

@ Guevara 1706., Guevara, Ochirov, JV 1812.,
Chung, Huang, Kim, Lee 1812., Guevara & Bautista 1903.,
—aligned-spin scattering angle:

>i< :X(U7b7m17m27a1>a2)] = [M :GEfl(’U,b,al +a2)
+ [w ZGQETTLQ fg(’t/,b,al,ag)] + [M ZGQETI’M fg(’U,b,az,Ch)]

O(a®) @ 2PM = all obtained from the spinning-test-BH limit
JV, Steinhoff, Buonanno 1812. (to NNLO-PN spin?)
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Amplitudes for massive spin-s particles

j2A Py
Db

Pa
My, Sa mp, Sp
1
1 (Kp3N? (2)\*
5= mp< @) ) (m) ,  foranys,
2
4 3
_ — (3]s 2)* (<43>[12}+<13>[42])25
m3t(s — m2)(u — m2) (3[p1]2] ’
1 2t fors < 2.

[Arkani-Hamed+ '17, Guevara ’17]
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Mathisson-Papapetrou-Dixon dynamics

@ Dynamics of an “extended test body”, worldline z()) in background g,

Dpa 1 b oed 1 bed 1 fbede
—Rapea?’ S = F, = —=Rpede:ads®® — — Rpede: fa ).
d)\+2 bed? g thedea 19 ‘bedeifals +
DSab 4 bled
2 _gplashl — Nob = ZRle gl g
ax Pz 3 de/2 +

@ Multipoles J2*¢ depend on body’s internal structure and dynamics

@ What should they be for a “spinning test black hole” in vacuum?

—an infinitely-small-mass, ultra-super-extremal Kerr
naked ring singularity of finite radius a« = S/m? (string worldsheet?)

@ Assume only d.o.f.s are z, p, S (others “integrated out”) —“minimal MPD”
@ Constrain p, S = 0, solve for 3¢

e = Jabed pyilt covariantly from only p®, 5% and Ruped....(2)
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Couplings in an effective action

@ Action approach to minimal MPD: Jat<d(p S, R) all determined by
a
one scalar function M?(u, S, R), where u®= LQ,
—-p
suchthat p?+ M? =0 :dynamical mass shell condition

Fa _ pézvgorizontal logMQ,

0 0
Nab —p.3 ( [a_Y + 25[(10
P P apb] aSb]c

) log M2
@ From matching to (unperturbed) (linearized) Kerr, we know

M2 _ m2 + 2m2 ( Ruaua + RZaua;a + Ruaua;aa N R;aua;aaa + .. )

2! 3! 41 5!

+ O(R?) + : tidal effects? 1t Jy ~ma"
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Couplings in an effective action

@ Action approach to minimal MPD: Jj2<¢(p, S, R) all determined by

o
7p2
suchthat p?+ M2 =0 :dynamical mass shell condition

one scalar function M?(u, S, R), where u®=

@ (Rescaled) spin vector a?, Sap = M €qpequla’, u-a=0,

constant bare rest mass m, M? =m? + O(R)

@ From matching to (unperturbed) (linearized) Kerr, we know

M2=m2+2m2(— + -

Ruaua RZaua;a Ruaua;aa RZaua;aaa +
2! 3! 4l 5! o

+ O(R?) «— : tidal effects? 1 J, ~ma®
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Relevant couplings for a spinning test black hole

@ Suppressing indices, *’s, u’s, dimensionless coefficients,

M2

—7 = 1+ Ra® + VRa’ + V’Ra' + V'Ra® + V'Ra® +...

& R%* @ VR?*d® @ V2R*5 @¢...

& R3a° D ...
plus many other R=?2 terms (with powers of m),
k L [aN" 4p2 6 p3
&) (mV) (aV) (m) (m R & m’R @...),
e.g.: m*R? terms, k,l,n = 0: leading adiabatic quadrupolar tidal effects

@ Reasonable conjecture?:
If a spinning test black hole limit exists, it should have only m° terms.
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Relevant couplings for a spinning test black hole

@ PM resums/reorganizes PN,
reveals new connections to the test-body limit.

@ Amplitudes reveal hidden simplicity.
[reviews: Elvang & Huang 1308.1697, Cheung 1708.03872]

@ Black holes correspond to minimal coupling. (how/why??)

@ Not discussed here and/or future directions:
@ Radiation!..
@ The high-energy/ultrarelativistic limit...
@ Double copy: “ GR = (QCD)? "...
@ Precessing spins...
@ Bodies other than black holes...
@ Theories other than GR...
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