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Relativistic theory of Love numbers

® Electric-type and magnetic-type tidal moments:

gal...ag X (COaloaz;a3~~~ae )STF

and Bay“ae X (5albcCa20bc;a3~~~ag)STF

® Metric and Geroch-Hansen multipole moments:
gop=&ap T a5 + W7 — { Mom = Mem + OMem
~— —— Sem = Sem + 0Sim
~rt ~r—(e+1)
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Relativistic theory of Love numbers

Electric-type and magnetic-type tidal moments:

galmag X (COaloaz;ayuag)STF and Bay“ae X (5albcCa20bc;a3~~~ag)STF
Metric and Geroch-Hansen multipole moments:

. . M = Mym + M,

_ htldal hl’e§p N m K Lm /'m

Baxp = BapF lof + lag, Stm = Stm + 5Sim
~rt ~r—(£+1)

Four families of tidal deformability parameters:
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Dimensionless tidal Love numbers:
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Black holes have zero Love numbers

Reference Background

Tidal field

[Binnington & Poisson 2009]  Schwarzschild

weak, generic {

[Damour & Nagar 2009] Schwarzschild weak, generic ¢
[Kol & Smolkin 2012] Schwarzschild weak, electric-type
[Chakrabarti et al. 2013] Schwarzschild  weak, electric, £ = 2
[Giirlebeck 2015] Schwarzschild  strong, axisymmetric
[Landry & Poisson 2015] Kerr to O(a) weak, quadrupolar
[Pani et al. 2015] Kerr to O(a%) weak, (¢,m) = (2,0)

Problem of fine-tuning from an Effective-Field-Theory perspective



Investigating Kerr's Love

(gfmy Bfm)
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Metric reconstruction through the Hertz potential W



Perturbed Weyl scalar

® Recall that in the Newtonian limit we established
lim 8™ o< Epm r' 2 [1 4 2kem (R/1)* ] 2Yim(0, 6)
Cc—00
® For a Kerr black hole the perturbed Weyl scalar reads
U6 o [Em + 725 Bim] Rem(r) 2Yem(0, ¢)

® Asymptotic behavior of general solution of static radial
Teukolsky equation:

Rom(r)=r"2(1+ ) +rmr 3@ +--)
~—_—— ~——

i Y tidal H resp
tidal field RpS linear response R,



To Love or not to Love?

Rgm(r):rf—2(1+...)+wm r—é—3(1+...)
| | —

H : tidal H resp
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To Love or not to Love?

Rim(r)=r"2(1+ ) +rmr 30 +-)
—_——— —_———
tidal field R;il‘:f' linear response R;;p

Eric is not in Love

® The growing solution R4l is not unique
® Specify it uniquely by requiring its smoothness
® Since Ry is smooth, we conclude that ks, = 0

Marc and | are in Love

® Analytic continuation of / € R
® The growing/decaying solutions are specified uniquely
® Smoothness of Ry, yields a response coefficient k¢, # 0

Edgardo has mixed feelings



Kerr black hole linear response

Rim(r) = RESA(r) + 2kem RYZP(r)
N—— N —
~rl—2 ~r—(£+3)
® The coefficients ky,, are related to the Love numbers and read

: (¢ —=2)I(¢ +2)!
M0+ 14 2imy))? IED

Ko = —ﬁ sinh (27m7)

® The linear response vanishes identically when:

o the black hole spin vanishes (v = 0)
o the tidal field is axisymmetric (m = 0)

® Reconstruct the Kerr black hole response h(rf;p via Wresp



Love numbers of a Kerr black hole

We compute the Love numbers to linear order in y = a/M
The modes of the mass/current quadrupole moments are

_ImX ons SRLPIN

The associated dimensionless tidal Love numbers are

imy
kME — 255:—?0 and KkMB = k3¢ =0

For a dimensionless black hole spin x = 0.1 this gives

|kp 40| >~ 2 % 1072 —  black holes are “stiff”



Love tensor of a Kerr black hole

® For a nonspinning compact body we have the proportionality
relations

My = NSEp and  6S,, = A5°8B,,

® For a spinning black hole we have the more general tensorial
relations

6Mab = Aabcdgcd and 553b = )\abchcd

® The effective description of spinning black holes requires
augmenting the p.p. action by the nonminimal couplings

SO —% / ds Aabed (Eabgcd + BabBcd)



Love tensor of a Kerr black hole
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Observing black hole tidal deformability

[Pani & Maselli, IJMPD 2019]

Accumulated GW phase in LISA
band during quasi-circular inspiral

down to Schwarzschild 1ISCO:
@
k

1077 k>
Piigal =~ —80 | ——
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L T
like 1st order dissipative GSF




Summary

Love numbers of Kerr black holes do not vanish in general

We computed in closed-form the leading (quadrupolar) Love
numbers to linear order in the black hole spin

Kerr black holes deform like any other self-gravitating body,
despite being particularly “stiff” compact objects

The black hole tidal deformation contribution to the GW
phase of EMRIs will be detectable by LISA

New black hole test of the Kerr-like nature of the massive
compact objects at the center of galaxies

Spinning black holes fall in Love!



Why analytic continuation?

Rim(r)=r"2(1+ ) 4+rmr 30 +-)
| | —

: : tidal i resp
tidal field RyS linear response R, -

Ambiguity in the linear response [Fang & Lovelace 2005; Gralla 2018]

The decaying solution lere;p is affected by a radial coord. transfo.

Ambiguity in the tidal field [Pani, Gualtieri, Maselli & Ferrari 2015]

The growing solution Rfid2! + o R)**P still qualifies as a tidal solution



Two basis of independent solutions

® Dimensionless radial coordinate and spin parameter

r—r a
x=—" and ~y=
ry —r— ry —r—

® Smooth and unsmooth solutions:

Rsm°°th x2(1+x)2F(—0 — 2,0 — 1,1 4 2im~y; —x)
Rime™ooth = (14 1/x)*™ F(—0 + 2, + 3,3 — 2imy; —x)

e Tidal field and linear response solutions:

l
Ridal — (14’:7)2 F(—0—2,—0 — 2imry, —20; —1/x) ~ x'~2
X
resp _ x—t1 : . —(-3
R F(l—1,0+1—2imvy,20+2;—1/x) ~ x

tm (14 x)?



Electric Love number

Love numbers of neutron stars

[Binnington & Poisson, PRD 2009]
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Magnetic Love number
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Love numbers of neutron stars
[Binnington & Poisson, PRD 2009]
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Love numbers of neutron stars
[Damour & Nagar, PRD 2009]

0.35

0.12 ‘
—— (=2 (SLy)
— — —{=2 (FPS)
P —— (=3 (SLy)
0.11 /” AN —- - -(=3 (FPS) T
4 AN —— (=4 (SLy)
/ N — — —{=14 (FPS)
0.08} / AN 1
a \
I A\
/ \
< 0.06 ! R
< 0 / \
Il AN
I AN
1
0.04F | AN
I \
A
I — N\
I z TS N
0.02f |/ 7 TS b
I 4 ™
/ // = \\\
Ny = TS
0.05 0.1 0.15 0.2 0.25 0.3
c



Love numbers of spinning neutron stars
[Pani, Gualtieri & Ferrari, PRD 2015]

0.20
M/R

Restricted to an axisymmetric tidal perturbation (m = m’ = 0)



Gravitational-wave observations

/ 5 / 5 [Chatziioannou, GRG 2020]
N=Xo/M° xx ko/C
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