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• Exact post-Minkowskian calculations [Damour ’19; Bini, Damour, Geralico ’20]
• 1st order self-force exactly determines 2 body Hamiltonian up to 4PM
• 2nd order self-force exactly determines 2 body Hamiltonian up to 6PM

• Comparison with scatter amplitude calculations
• Strong-field benchmarking exact at        (no PN or PM expansions) 

Motivation
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Scatter geodesics in Schwarzschild
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Energy and angular momentum

Eccentricity and semi-latus rectum

Velocity at infinity and impact parameter
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Scatter angle: geodesic case

Definition
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Expansion of scatter angle

Solve 1st order self-force equations of motion at fixed      and

is the conservative part of the self-force

First order self-force correction to the scatter angle
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Self-force calculation method

• Time-domain metric reconstruction in a radiation gauge from Hertz potential, 
with mode sum regularization [Barack & Giudice ’17]
• Main hurdle is the formulation of jump conditions for the Hertz potential
• Implementation using a 1+1 evolution in Eddington-Finkelstein coordinates

In the rest of this talk:
• Formulation of jump conditions for Hertz potential
• Implementation of jump conditions – instabilities and resolutions
• Evolution of Teukolsky equation: problem of divergent modes
• Resolution via transformation to a Regge-Wheeler-like equation
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Vacuum case

Teukolsky equation

‘Inversion’ relation

Hertz potential obeys adjoint Teukolsky

Metric reconstruction

Brief review of metric reconstruction
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Ô± ± = 0

<latexit sha1_base64="nphN3oBvlPpafsVBR7WsjBSfNG4=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRXJVEipeFUHDjzgr2Ak0Ik+mkHTozCTMToYSs3fgqblwo4tYncOfbOG2z0NYfBj7+cw5nzh8mjCrtON9WaWl5ZXWtvF7Z2Nza3rF399oqTiUmLRyzWHZDpAijgrQ01Yx0E0kQDxnphKPrSb3zQKSisbjX44T4HA0EjShG2liBfZh5GDFviDS8zYPMS3gOvUTRAq+gE9hVp+ZMBRfBLaAKCjUD+8vrxzjlRGjMkFI910m0nyGpKWYkr3ipIgnCIzQgPYMCcaL8bHpKDo+N04dRLM0TGk7d3xMZ4kqNeWg6OdJDNV+bmP/VeqmOLvyMiiTVRODZoihlUMdwkgvsU0mwZmMDCEtq/grxEEmEtUmvYkJw509ehPZpza3XLu/q1cZZEUcZHIAjcAJccA4a4AY0QQtg8AiewSt4s56sF+vd+pi1lqxiZh/8kfX5A3pwmhY=</latexit>

D4
±�± =  ±

<latexit sha1_base64="F6EQ4x2cDhaHiWDv6p0KiXfGOdE=">AAACBHicbZBNS8MwHMbT+TbnW9XjLsEheBqtVLYdhIEePE5wL7DWkmbpFkzakqTCKDt48at48aCIVz+EN7+NWVfEtwcCP57n/yfJEySMSmVZH0ZpaXllda28XtnY3NreMXf3ejJOBSZdHLNYDAIkCaMR6SqqGBkkgiAeMNIPbs7mef+WCEnj6EpNE+JxNI5oSDFS2vLN6vm147sJh24yoTmcapQ5+mbNqlu54F+wC6iBQh3ffHdHMU45iRRmSMqhbSXKy5BQFDMyq7ipJAnCN2hMhhojxIn0svwTM3ionREMY6FPpGDuft/IEJdyygM9yZGayN/Z3PwvG6YqbHoZjZJUkQgvLgpTBlUM543AERUEKzbVgLCg+q0QT5BAWOneKnkJrVxwAQ2ngJb9VULvuG479ZNLp9ZuFnWUQRUcgCNggwZogwvQAV2AwR14AE/g2bg3Ho0X43UxWjKKnX3wQ8bbJ4dll8c=</latexit>

Ô
†
±�± = Ô⌥�± = 0

<latexit sha1_base64="NIotGRq6xmQVBWwlHLOzStBHvqw=">AAACKnicbZBLSwMxFIUz9VXrq+rSTbAIrsqM1NdCUNy4s4K1Qmcc7qSZNpjMhCQjlKG/x41/xU0XSnHrD3E6HaQ+DgQ+zrmXJCeQnGlj22OrNDe/sLhUXq6srK6tb1Q3t+50nChCWyTmsboPQFPOItoyzHB6LxUFEXDaDh4vJ3n7iSrN4ujWDCT1BPQiFjICJrP86oXbB5O6BDi+Hj64Xej1qPJdKbAr+yyHMzw747tCzma2X63ZdTsX/gtOATVUqOlXR243JomgkSEctO44tjReCsowwumw4iaaSiCP0KOdDCMQVHtp/tUh3sucLg5jlZ3I4Nyd3UhBaD0QQTYpwPT172xi/pd1EhOeeCmLZGJoRKYXhQnHJsaT3nCXKUoMH2QARLHsrZj0QQExWbuVvITTXHgKx40CTp3vEu4O6k6jfnjTqJ0fFXWU0Q7aRfvIQcfoHF2hJmohgp7RK3pD79aLNbLG1sd0tGQVO9voh6zPL3fZpwE=</latexit>

 + :=  0

 � := ⇢�4 4

� := Hertz potential

<latexit sha1_base64="X+4M4bgUaWvZti756LP2H/E2hOI="></latexit>

h↵� = Re
⇣
Ŝ†
±�±

⌘

↵�

<latexit sha1_base64="O/p+n3FFIjLZUZ0fuG3W8fkV5+0="></latexit>



Particle case

Sourced Teukolsky equation

Point particle solutions for 

Brief review of metric reconstruction
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� and h↵�

<latexit sha1_base64="YaMbv1gfb/v7ToudOnjsqeeVGQE=">AAACC3icbZBLS8NAFIUnPmt9VV26GSyCq5JIQbsT3LhUsFVoSrmZ3prBySTM3IgldO/Gv+LGhSJu/QPu/DemaRBfBwY+zrmXmTlBoqQl1/1wZmbn5hcWK0vV5ZXVtfXaxmbHxqkR2Baxis1lABaV1NgmSQovE4MQBQovguvjSX5xg8bKWJ/TKMFeBFdaDqUAyq1+bcdPQsl9wlvKOOgBH/Own/mgkhC4HyDBuF+ruw23EP8LXgl1Vuq0X3v3B7FII9QkFFjb9dyEehkYkkLhuOqnFhMQ13CF3Rw1RGh7WfGXMd/NnQEfxiY/mnjhft/IILJ2FAX5ZAQU2t/ZxPwv66Y0POxlUicpoRbTi4ap4hTzSTF8IA0KUqMcQBiZv5WLEAwIyuurFiW0CvEpHDRLaHlfJXT2G16z0Tpr1o8OyzoqbJvtsD3msQN2xE7YKWszwe7YA3tiz8698+i8OK/T0Rmn3NliP+S8fQKkLJsz</latexit>

Ô± ± = T± / �(r � rP)

<latexit sha1_base64="6JvqPLgwRJeDSaAz5kBGnv0lCF8="></latexit>



Inversion relation [schematic]

1+1 mode decomposed Teukolsky equation

3rd order ODE

2nd order ODE

1st order PDE
@u [�,vv + b1�,v + b0� = D2 0]

<latexit sha1_base64="04WoqS1Vzug1+xSf1kacneaE/zc="></latexit>

@u [�,vvvv =  0]

<latexit sha1_base64="J6Pb6CO6dPdor7KNrWvUBWnL69U="></latexit>

Reduction of 1+1 inversion relation to 1st order

8

�,uv + U(r)�,u + V (r)�,v +W (r)� = 0

<latexit sha1_base64="b+Kxaz0Si+fuKgvilAmF0eh6Zlk=">AAACJXicbZBNS8MwHMZTX+d8q3r0EhzCRBmtTLaBwsCLxwl2G2ylpFm2haVpSdLBKPsyXvwqXjw4RPDkV7HtOpkvDwQefs//T5LHDRiVyjA+tJXVtfWNzdxWfntnd29fPzhsSj8UmFjYZ75ou0gSRjmxFFWMtANBkOcy0nJHt0neGhMhqc8f1CQgtocGnPYpRipGjn7dDYbUiS7C8RSeQ6sozuCCJKC5BNKJ1gLAG2g4esEoGangX2NmpgAyNRx91u35OPQIV5ghKTumESg7QkJRzMg03w0lCRAeoQHpxJYjj0g7Sn85hacx6cG+L+LDFUzp8kaEPCknnhtPekgN5e8sgf9lnVD1q3ZEeRAqwvH8on7IoPJhUhnsUUGwYpPYICxo/FaIh0ggrOJi82kJtVRwbirlzNTM7xKalyWzXLq6Lxfq1ayOHDgGJ6AITFABdXAHGsACGDyCZ/AKZtqT9qK9ae/z0RUt2zkCP6R9fgGjgKH9</latexit>

@u [�,vvv + a2�,vv + a1�,v + a0� = D1 0]

<latexit sha1_base64="tLOYNs/t8r2LYZcw+DAqX3gXbYk="></latexit>

cv�,v + cu�,u + c� = D3 0

<latexit sha1_base64="tnjIyZQnGx9RudrTEgTgN5ZbyvI=">AAACHHicbZDLSgMxFIYzXmu9jbp0EyyCoJQZW2m7EAq6cFnBXqAdhkyaaUMzF3IplKEP4sZXceNCETcuBN/GdDqKtx8C3/nPOST5vZhRIS3r3VhYXFpeWc2t5dc3Nre2zZ3dlogUx6SJIxbxjocEYTQkTUklI52YExR4jLS90cWs3x4TLmgU3shJTJwADULqU4yktlyzhN0x7MVD6iYn4yk8hthVn7VK67SC5/DSLWkU1LVcs2AVrVTwL9gZFECmhmu+9voRVgEJJWZIiK5txdJJEJcUMzLN95QgMcIjNCBdjSEKiHCS9HNTeKidPvQjrk8oYep+30hQIMQk8PRkgORQ/O7NzP96XSX9qpPQMFaShHh+ka8YlBGcJQX7lBMs2UQDwpzqt0I8RBxhqfPMpyHUUsE5VMoZ1OyvEFqnRbtcPLsuF+rVLI4c2AcH4AjYoALq4Ao0QBNgcAvuwSN4Mu6MB+PZeJmPLhjZzh74IePtA86Kn7E=</latexit>



Jumps in the Hertz potential

Jump in a field

Proper time derivatives of jump

Eliminate 
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˙[�] = v̇P[�,v] + u̇P[�,u]

<latexit sha1_base64="cvR9WB+uQbX1wuFoRXzIwFn6fj4="></latexit>

= d1[�,v] + d2[�] + [ 0] terms

<latexit sha1_base64="Q42L5oxuFMAmV36SGYT8oFqzDrU="></latexit>

¨[�] = e1[�,vv] + e2[�,uv] + e3[�,v] + e4[�] + e5 ˙[�] + [ 0] terms

<latexit sha1_base64="84ZUTNir/o+GdDdbPCPBeda5TCw="></latexit>

= f1[�,v] + f2[�] + f3 ˙[�] + [ 0] terms

<latexit sha1_base64="DDuCusFz/K65w6KKlDFHnh7Fm+k="></latexit>

¨[�] +A(⌧) ˙[�] +B(⌧)[�] = F (⌧, [ 0])

<latexit sha1_base64="gZdrhN2OUJWVHz2gVhWbQkuOV+I="></latexit>

[�] := lim
✏!0

⇥
�+(⌧, rP(⌧) + ✏)� ��(⌧, rP(⌧)� ✏)

⇤

<latexit sha1_base64="WvxoeIGEFEg6vl3osbMoJ6yJ964="></latexit>

��

<latexit sha1_base64="3ispKKujwga/H1utzPnmjD6WMvY=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEN5YZKbTdFdy4rGAv0I4lk2ba2EwyJBmhDH0HNy4Ucev7uPNtTKeDePsh8PGfczgnfxBzpo3rfjgrq2vrG5uFreL2zu7efungsKNloghtE8ml6gVYU84EbRtmOO3FiuIo4LQbTC8X9e49VZpJcWNmMfUjPBYsZAQba3UGrQm7PR+Wym7FzYT+gpdDGXK1hqX3wUiSJKLCEI617ntubPwUK8MIp/PiINE0xmSKx7RvUeCIaj/Nrp2jU+uMUCiVfcKgzP0+keJI61kU2M4Im4n+XVuY/9X6iQnrfspEnBgqyHJRmHBkJFp8HY2YosTwmQVMFLO3IjLBChNjAypmITQyoSXUqjk0vK8QOhcVr1ppXFfLzXoeRwGO4QTOwIMaNOEKWtAGAnfwAE/w7Ejn0XlxXpetK04+cwQ/5Lx9AkGFj1A=</latexit>

�+

<latexit sha1_base64="DMzZkd874yNoU7Og+Jro6rIxluo=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEQSgzUmi7K7hxWcFeoB1LJs20sZlkSDJCGfoOblwo4tb3cefbmE4H8fZD4OM/53BO/iDmTBvX/XBWVtfWNzYLW8Xtnd29/dLBYUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mF4u6t17qjST4sbMYupHeCxYyAg21uoMWhN2ez4sld2Kmwn9BS+HMuRqDUvvg5EkSUSFIRxr3ffc2PgpVoYRTufFQaJpjMkUj2nfosAR1X6aXTtHp9YZoVAq+4RBmft9IsWR1rMosJ0RNhP9u7Yw/6v1ExPW/ZSJODFUkOWiMOHISLT4OhoxRYnhMwuYKGZvRWSCFSbGBlTMQmhkQkuoVXNoeF8hdC4qXrXSuK6Wm/U8jgIcwwmcgQc1aMIVtKANBO7gAZ7g2ZHOo/PivC5bV5x85gh+yHn7BD59j04=</latexit>

[�,v]

<latexit sha1_base64="b4465tIhb5w9wfNwG5zHXSioVvE=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMSKHtruDGZQV7gelQMmnahmaSITlTKEMfw40LRdz6NO58G9PpIN5+CHz85xzOyR/Gghtw3Q+nsLG5tb1T3C3t7R8cHpWPT7pGJZqyDlVC6X5IDBNcsg5wEKwfa0aiULBeOLtZ1Xtzpg1X8h4WMQsiMpF8zCkBa/n+IJ7yYXo1XwbDcsWtupnwX/ByqKBc7WH5fTBSNImYBCqIMb7nxhCkRAOngi1Lg8SwmNAZmTDfoiQRM0GanbzEF9YZ4bHS9knAmft9IiWRMYsotJ0Rgan5XVuZ/9X8BMaNIOUyToBJul40TgQGhVf/xyOuGQWxsECo5vZWTKdEEwo2pVIWQjMTXkO9lkPT+wqhe131atXmXa3SauRxFNEZOkeXyEN11EK3qI06iCKFHtATenbAeXRenNd1a8HJZ07RDzlvn3xrkcg=</latexit>



↵ ⇠ C↵e
�↵⌧ � ⇠ C�e

��⌧ [�] ⇠ C[�]e
[�]⌧

<latexit sha1_base64="a94dQsqd1cKHFjxeoGsaPjsMpls="></latexit>

5000 10000 15000 20000

1.×1020000

1.×1040000

1.×1060000

1.×1080000Problem
Asymptotic homogeneous solution

Resolution
Convert to hierarchy of 1st order ODEs

Asymptotic solutions of homogeneous ODEs

Jumps in the Hertz potential
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t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

[�] ⇠ C1e
⌧ + C2e

�⌧

<latexit sha1_base64="Ph9TBDejaESKsRYhlE+EihLN2jQ=">AAACHnicbZBLS8NAFIUnPmt9VV26GSyCIJakVNruCt24rGAf0MRwM522QyfJMDMRSugvceNfceNCEcGV/hvTNEh9HBj4OOdeZuZ4gjOlTfPTWFldW9/YzG3lt3d29/YLB4cdFUaS0DYJeSh7HijKWUDbmmlOe0JS8D1Ou96kOc+7d1QqFgY3eiqo48MoYENGQCeWW7js22LMHGwr5uOma2F6G9sTEAKwrSGa4fOmW56bF8uuWyiaJTMV/gtWBkWUqeUW3u1BSCKfBppwUKpvmUI7MUjNCKezvB0pKoBMYET7CQbgU+XE6fdm+DRxBngYyuQEGqfu8kYMvlJT30smfdBj9Tubm/9l/UgPa07MAhFpGpDFRcOIYx3ieVd4wCQlmk8TACJZ8lZMxiCB6KTRfFpCPRVeQLWSQd36LqFTLlmVUv26UmzUsjpy6BidoDNkoSpqoCvUQm1E0D16RM/oxXgwnoxX420xumJkO0foh4yPLzywobw=</latexit>

[�]

<latexit sha1_base64="D/V/a4/W+BFUq0vTS7Uj6kadvb4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozUmi7K7hxWcG2wnQomTTTxmaSIckIZeg7uHGhiFvfx51vYzodxNsPgY//nMM5+cOEM21c98Mpra1vbG6Vtys7u3v7B9XDo76WqSK0RySX6jbEmnImaM8ww+ltoiiOQ04H4exyWR/cU6WZFDdmntAgxhPBIkawsVbfHyZTFoyqNbfu5kJ/wSugBoW6o+r7cCxJGlNhCMda+56bmCDDyjDC6aIyTDVNMJnhCfUtChxTHWT5tQt0Zp0xiqSyTxiUu98nMhxrPY9D2xljM9W/a0vzv5qfmqgVZEwkqaGCrBZFKUdGouXX0ZgpSgyfW8BEMXsrIlOsMDE2oEoeQjsXWkGzUUDb+wqhf1H3GvX2daPWaRVxlOEETuEcPGhCB66gCz0gcAcP8ATPjnQenRfnddVacoqZY/gh5+0TtoWPnQ==</latexit>

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

[�]

<latexit sha1_base64="D/V/a4/W+BFUq0vTS7Uj6kadvb4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozUmi7K7hxWcG2wnQomTTTxmaSIckIZeg7uHGhiFvfx51vYzodxNsPgY//nMM5+cOEM21c98Mpra1vbG6Vtys7u3v7B9XDo76WqSK0RySX6jbEmnImaM8ww+ltoiiOQ04H4exyWR/cU6WZFDdmntAgxhPBIkawsVbfHyZTFoyqNbfu5kJ/wSugBoW6o+r7cCxJGlNhCMda+56bmCDDyjDC6aIyTDVNMJnhCfUtChxTHWT5tQt0Zp0xiqSyTxiUu98nMhxrPY9D2xljM9W/a0vzv5qfmqgVZEwkqaGCrBZFKUdGouXX0ZgpSgyfW8BEMXsrIlOsMDE2oEoeQjsXWkGzUUDb+wqhf1H3GvX2daPWaRVxlOEETuEcPGhCB66gCz0gcAcP8ATPjnQenRfnddVacoqZY/gh5+0TtoWPnQ==</latexit>

˙[�]� ↵[�] =�

�̇ + (↵+A)� =F
↵̇+ (↵+A)↵ =�B

<latexit sha1_base64="8i2VPq7LlPLfVPPgXoshAkeT1qQ="></latexit>



Teukolsky evolution code
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Worldline

Initial 
conditions

u

<latexit sha1_base64="nlEjCI64aN2+wVE4eQvdg17/Rec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYq9cs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOHxjPk=</latexit>

v

<latexit sha1_base64="d6hod6fNnVfGB9SkHlOJifKZTSI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkNhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/91hiV5rF8NJME/YgOJA85o8ZK9XGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8pGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvUr5rl4pVa+zOPJwBudwCR7cQBUeoAYNYIDwDK/w5jw5L86787FszTnZzCn8gfP5A+N1jPo=</latexit>

h

<latexit sha1_base64="2/NzQbfnpalYmwcZ6KM4R84hg+E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq1606xV6pd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac49jOw=</latexit>

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

r⇤

<latexit sha1_base64="ACj5tASndkWxVVQhz2g8wTPQLFM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iV4OMW8OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6UH3znulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmRcWrVm7uq+XaZR5HAY7hBM7AgyuowR3UoQEMBvAMr/DmSOfFeXc+5q0rTj5zBH/gfP4A+CWNkw==</latexit>



There exist non-physical asymptotic solutions:

Non-physical terms usually removed by physical boundary conditions
Both terms originate from the     term of the Teukolsky equation

 H+ ⇠ C1(u) exp(v s/4M) + C2(v)

<latexit sha1_base64="zAKUKV26sUCXVHvu8+Fa8KZYFYc="></latexit>

Problem of divergent modes

12

�,t

<latexit sha1_base64="rmrr/SP73TfLVnFl+OdoJ/0gNHc=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAILqTMSKHtruDGZQV7kXYomTTThiaZITkjlKFP4caFIm59HHe+jel0EG8/BD7+cw7n5A9iwQ247odTWFvf2Nwqbpd2dvf2D8qHR10TJZqyDo1EpPsBMUxwxTrAQbB+rBmRgWC9YHa1rPfumTY8Urcwj5kvyUTxkFMC1robxlM+Si9gMSpX3KqbCf8FL4cKytUeld+H44gmkimgghgz8NwY/JRo4FSwRWmYGBYTOiMTNrCoiGTGT7ODF/jMOmMcRto+BThzv0+kRBozl4HtlASm5ndtaf5XGyQQNvyUqzgBpuhqUZgIDBFe/h6PuWYUxNwCoZrbWzGdEk0o2IxKWQjNTHgF9VoOTe8rhO5l1atVmze1SquRx1FEJ+gUnSMP1VELXaM26iCKJHpAT+jZ0c6j8+K8rloLTj5zjH7IefsEEWSQ+g==</latexit>

s = +2

<latexit sha1_base64="+r4IuJ1h00rlSPGSLUeqihdNkhI=">AAAB63icbZDLSsNAFIZP6q3WS6su3QwWQRBKUgptF0LBjcsK9gJtKJPppB06MwkzE6GEvoIbF4q49YXc+TYmaRBvPwx8/OcczpnfCznTxrY/rMLG5tb2TnG3tLd/cFiuHB33dRApQnsk4IEaelhTziTtGWY4HYaKYuFxOvAW12l9cE+VZoG8M8uQugLPJPMZwSa19NVlfVKp2jU7E/oLTg5VyNWdVN7H04BEgkpDONZ65NihcWOsDCOcrkrjSNMQkwWe0VGCEguq3Ti7dYXOE2eK/EAlTxqUud8nYiy0Xgov6RTYzPXvWmr+VxtFxm+5MZNhZKgk60V+xJEJUPpxNGWKEsOXCWCiWHIrInOsMDFJPKUshHYmtIZmI4e28xVCv15zGrX2baPaaeVxFOEUzuACHGhCB26gCz0gMIcHeIJnS1iP1ov1um4tWPnMCfyQ9fYJd6+OQQ==</latexit>

s = �2

<latexit sha1_base64="sspXI+ulawvF41XYL3Tlw6U3hrk=">AAAB63icbZDLSsNAFIZP6q3WS6su3QwWwY0lKYW2C6HgxmUFe4E2lMl00g6dmYSZiVBCX8GNC0Xc+kLufBuTNIi3HwY+/nMO58zvhZxpY9sfVmFjc2t7p7hb2ts/OCxXjo77OogUoT0S8EANPawpZ5L2DDOcDkNFsfA4HXiL67Q+uKdKs0DemWVIXYFnkvmMYJNa+uqyPqlU7ZqdCf0FJ4cq5OpOKu/jaUAiQaUhHGs9cuzQuDFWhhFOV6VxpGmIyQLP6ChBiQXVbpzdukLniTNFfqCSJw3K3O8TMRZaL4WXdAps5vp3LTX/q40i47fcmMkwMlSS9SI/4sgEKP04mjJFieHLBDBRLLkVkTlWmJgknlIWQjsTWkOzkUPb+QqhX685jVr7tlHttPI4inAKZ3ABDjShAzfQhR4QmMMDPMGzJaxH68V6XbcWrHzmBH7IevsEermOQw==</latexit>

 I+ ⇠ C3t
�2se�i!v

<latexit sha1_base64="0xwcYD2B6VLjQHWGRcB0L85eOyY="></latexit>



How to avoid the divergent modes?

Other Teukolsky codes:
• Impose boundary conditions (Khanna ‘04)
• Hyperboloidal slicing (Harms et al ‘15)

In Schwarzschild, eliminate     term

13

�,t

<latexit sha1_base64="w4RBRB72jteaN9fqHx5b/K+6Ctw=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAILqTMSKEWXBTcuKxgL9IOJZNm2tAkMyRnhDL0Kdy4UMStj+POtzGdDuLth8DHf87hnPxBLLgB1/1wCiura+sbxc3S1vbO7l55/6BjokRT1qaRiHQvIIYJrlgbOAjWizUjMhCsG0yvFvXuPdOGR+oWZjHzJRkrHnJKwFp3g3jCh+kZzIflilt1M+G/4OVQQblaw/L7YBTRRDIFVBBj+p4bg58SDZwKNi8NEsNiQqdkzPoWFZHM+Gl28ByfWGeEw0jbpwBn7veJlEhjZjKwnZLAxPyuLcz/av0Ewgs/5SpOgCm6XBQmAkOEF7/HI64ZBTGzQKjm9lZMJ0QTCjajUhZCIxNeQr2WQ8P7CqFzXvVq1cZNrdK8zOMooiN0jE6Rh+qoia5RC7URRRI9oCf07Gjn0XlxXpetBSefOUQ/5Lx9AhKYkP4=</latexit>



[X] ⇠ C[X]e
�[X]⌧

<latexit sha1_base64="iWdrD2jz0fYl0a0C/9Ylzu2vW8Y=">AAACEHicbZBLSwMxFIUz9VXrq+rSTbCIbiwzUmi7K3TjsoJ9wMw43EnTNjTzIMkIZehPcONfceNCEbcu3flvTKeD+DoQ+DjnXpIcP+ZMKtP8MAorq2vrG8XN0tb2zu5eef+gJ6NEENolEY/EwAdJOQtpVzHF6SAWFAKf074/bS/y/i0VkkXhtZrF1A1gHLIRI6C05ZVP7YGLHckC3PZSzXNMb9JzZwpxDLnhKEjmXrliVs1M+C9YOVRQro5XfneGEUkCGirCQUrbMmPlpiAUI5zOS04iaQxkCmNqawwhoNJNsw/N8Yl2hngUCX1ChTP3+0YKgZSzwNeTAaiJ/J0tzP8yO1GjhpuyME4UDcnyolHCsYrwoh08ZIISxWcagAim34rJBAQQpTssZSU0M+El1Gs5NK2vEnoXVatWbV7VKq1GXkcRHaFjdIYsVEctdIk6qIsIukMP6Ak9G/fGo/FivC5HC0a+c4h+yHj7BANFnQA=</latexit>

Transformation to Regge-Wheeler form 

Time-domain Chandrasekhar 
transformation

Use similar method to inversion relation to 
obtain ODE for jumps in the Regge-
Wheeler Field

Asymptotic homogeneous solution
14

� = f�2

✓
X,uu � r � 3M

r2
X,u

◆

<latexit sha1_base64="cyIgXV1iDry7utvuxtkuQBv80ls="></latexit>

X,uv +
f

4

✓
l(l + 1)

r2
� 6M

r3

◆
X = 0

<latexit sha1_base64="C9nU/htHkzLqNghvXxPmBau///k="></latexit>

˙[X] + B(⌧)[X] = C (⌧, [�])

<latexit sha1_base64="9mFWc/NId2Oxxa4MckxDrpPqQzM="></latexit>



Regge-Wheeler and Teukolsky circular point particle solutions

15



Scatter Regge-Wheeler evolution code

16

VV UU UV VU

Worldline

Initial 
conditions

u

<latexit sha1_base64="nlEjCI64aN2+wVE4eQvdg17/Rec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYq9cs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOHxjPk=</latexit>

v

<latexit sha1_base64="d6hod6fNnVfGB9SkHlOJifKZTSI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkNhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/91hiV5rF8NJME/YgOJA85o8ZK9XGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8pGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvUr5rl4pVa+zOPJwBudwCR7cQBUeoAYNYIDwDK/w5jw5L86787FszTnZzCn8gfP5A+N1jPo=</latexit>

h

<latexit sha1_base64="2/NzQbfnpalYmwcZ6KM4R84hg+E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq1606xV6pd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac49jOw=</latexit>

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJv m01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

r⇤

<latexit sha1_base64="ACj5tASndkWxVVQhz2g8wTPQLFM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iV4OMW8OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6UH3znulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmRcWrVm7uq+XaZR5HAY7hBM7AgyuowR3UoQEMBvAMr/DmSOfFeXc+5q0rTj5zBH/gfP4A+CWNkw==</latexit>

Y Y 2 {V V, UU,UV, V U}

<latexit sha1_base64="grhljBZHc32xv0VK5lVhBFrELz8=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCglkeJjV3DjsoJJW5pSJtNpO3QyCTMTocQu/BU3LhRx62+482+cPhbaeuDC4Zx7ufeeMOFMacf5tnIrq2vrG/nNwtb2zu6evX/gqziVhHok5rFshFhRzgT1NNOcNhJJcRRyWg+HNxO//kClYrG416OEtiPcF6zHCNZG6thHzSYKmEBB5vslzyt5fsn3gnHHLjplZwq0TNw5KcIctY79FXRjkkZUaMKxUi3XSXQ7w1Izwum4EKSKJpgMcZ+2DBU4oqqdTe8fo1OjdFEvlqaERlP190SGI6VGUWg6I6wHatGbiP95rVT3rtoZE0mqqSCzRb2UIx2jSRioyyQlmo8MwUQycysiAywx0SayggnBXXx5mfjnZbdSvr6rFKsX8zjycAwncAYuXEIVbqEGHhB4hGd4hTfryXqx3q2PWWvOms8cwh9Ynz+esZSM</latexit>

X00 =
1X

i,j=0

Hij(h; r)Xij + JY Y

<latexit sha1_base64="nhfZ5OXcu45Y7oxH6Es6onDzJqU="></latexit>

�00 =
1

2f2h2r2

h
�4r2X00 +

�
h(r � 3M) + 2r2

�
X10

+
�
�h(r � 3M) + 2r2

�
X�10

i
+ JY Y

<latexit sha1_base64="MMBF0uYvdXIHctu9t1AAgC3tstI="></latexit>



Conclusion

• Self-force scattering is needed to give information for exact PM calculations, 
comparison with scattering amplitudes and benchmarking in the strong field 
regime

• The 4th order inversion relation in 1+1 can be written as a 2nd order ODE or      
1st order PDE

• The Teukolsky equation is numerically unstable without boundary conditions
• Transforming to Regge-Wheeler removes the numerical instability

• Work plan:
• Full evolution of Hertz potential
• Evaluation of self-force
• Correction to scatter angle
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