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Abstract

This article aims to give a self-contained introduction to the Langlands program in math and physics.
Initially the Langlands correspondences are purely mathematical conjecture, however, recently there
have been several related works from physics side. Giving some basic facts from mathematical side, we
review those recent advances towards the Langlands program mostly from physical viewpoints, and
see the physical geometric Langlands correspondence is indeed analogous to the picture we have in
mathematics. Starting with A/ = 4 super Yang-Mills theory on a four-dimensional manifold, we claim
that the geometrical Langlands duality is physically understandable via mirror symmetries between
(electric and magnetic) branes associated with the boundaries of the manifold. Main references are

26, 55].
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Chapter 1

introduction

The Langlands program, which originates from work by Robert Langlands [31], has a vast range of
research activities mostly in mathematics today. In addition to the original Langlands correspon-
dences between number theory and harmonic analysis, its geometric analogue has been considered
on Riemann surfaces in several work by Drinfeld [7, 8] and Laffaorgue [32]. Even tough there are a
lot of reasons to be fascinated by the Langlands program, here we would like to present a still mys-
terious correspondence between the elliptic curve (1.1) and the modular form (automorphic form)
(1.2), which is firstly conjectured by Ramanujan and proved by Eichker in 1954. We first consider

the following elliptic curve over the rational field
v +y=2a"—u, (1.1)

and we define a, = p + 1 — #solutions of (1.1) of mod p, where p is a prime. Now let us suddenly

consider an form
qH(l _ qn)2<1 _ qlln)Q _ anqn (1‘2)
n=1 n=1

Surprisingly, the equations a, = b, hold for all prime p. We will reconsider this later in more precise
way, however, this correspondence is yet an astonishing result. It is the Langlands program that
connects these dualities in more general and modern ways from various areas of mathematics. In the
classical Langlands program, the correspondence between elliptic curves and automorphic forms are

all about the correspondence between the eigenvalues of Frobenius operator and Hecke operator.



By the way, one of the most important player in the Langlands program is the Langlands dual
group “G, where G is a given reductive algebraic group. Though the Langlands program has nothing
to do with physics at first sight, the dual group has been independently considered in physics as
an extension of electric-magnetic duality [16, 37] and “G has been know as a GNO dual group
among physicists. For a gauge theory with gauge group GG and a coupling constant e, there exists
a dual theory with G and 1/e, which implies strong-weak duality or S-duality. In addition to the
emergence of dual groups in physics, Kapustin and Witten showed in 2006 that there is a possibility
that the Langlands correspondence is indeed accessible from physics via the S-duality in N = 4
super Yang-Mills theory on a four-dimensional manifold and mirror symmetries. It is notable that
the correspondence between Frobenius operators and Hecke operators in the Langlands program is
mapped to the correspondence between Wilson operators and ’t Hoof operators in physical point of
view as shown by Kapustin [24]. Moreover Kapustin and Witten showed that the Hecke modification
on a G—bundle indeed corresponds to inserting an 't Hooft operator. Hence we have clear picture
to connect the Hecke operators and the 't Hooft operators.

The chart of this article is as shown in Figure 1. We will see how Ramanujan’s findings are
related to the Langlands conjecture in section 2.1, where several marvelous correspondences can be
found. In section 2.2, we will roughly review how the Langlands conjecture can be interpreted from
geometrical and categorical viewpoints. In physics sense, the correspondences between Frobenius and
Hecke operator are interpreted from dualities between Wilson and 't Hooft operators via electric-
magnetic duality. To reconsider the dual groups from physics side, we will review in section 3.1
classical electric-magnetic dualities for non-abelian gauge groups. In section 3.2 we consider N = 4
super Yang-Mills theory (SYM theory) and show the supersymmetric conditions for bosonic fields
result in the Hitchin moduli spaces when the four-manifold is reduced to two-dimension. One of the
key feature is that SYM theories with gauge group G and G are in terms of S-dual in our case,
and the Hitchin moduli spaces My (FG, C) and My (G, C) are believed to be mirror partners, which
agree with the SYZ conjecture [46]. The mirror symmetries between A-brane and a B-brane bring
about the geometric Langlands correspondence. We will show that there is a B-brane which is an
eigenbrane of a Wilson operator and a A-brane which is an eigenbrane of an 't Hooft operator. The

duality seen in Wilson and ’t Hooft operators is one of most important in the Langlands program.



We give some examples for the 't Hooft /Hecke correspondence. In more concrete way, we will finally

see a special A-brane is indeed connected to a D-module.
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Figure 1.1: A rough image of the Langpands program. G is a general reductive algebraic group
(in super Yang-Mills theory, we choose it as a compact Lie group) and LG is its Langlands dual
group. F'is a number field or the function field of a curve over F,. For the geometric Langlands
correspondence, we take F' = k(C'), the field of rational functions on a curve C' over a field k. We
consider N = 4 super Yang-Mills theory in a four-dimensional manifold M = X x C', which is reduced
to sigma models whose target spaces are My (*G,C) and My (G, C), where C' and X are compact
Riemann surfaces with some additional conditions. If 3 has a boundary, we impose some boundary
conditions on the sigma models, and there exists the corresponding branes. Hence one of physical
interpretations of the Langlads correspondences is mirror symmetries between categories of B-brane

and A-brane. Some of fundamental topics about mirror symmetry are wrapped up in appendix B.
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Chapter 2

Langlands program in math

2.1 The Langlands conjecture over number fields

2.1.1 Preliminaries

In a classical sense, one of the main concepts of the Langlands conjecture, or Langlands program,
is to relate an automorphic form and an elliptic curve by the use of the associated L-functions
respectively. Hecke operators act on the automorphic form and Frobenius operators acts on an elliptic
form in a natural way. Here those Frobenius operators generate a Galois group and hence it allows
us to consider its Galois representations. On the other hand, when a special automorphic form is
a simultaneous eigenform of the Hecke operators, its eigenvalues turn out to be the coefficients of
the Fourier series of the original automorphic form. Very mysterious facts are that those Fourier
coefficients can be related to the number of rational points of the corresponding elliptic curve. It
would be natural to ask why those astonishing results arise and whether more general correspondences

exist. Hence the Langlands conjecture over algebraic fields stated below.



Langlands conjecture

For any Galois representation o, there exists an automorphic representation 7 such that
L(s, ) = L(s,m), (2.1)

namely, for a given Hecke operator there is a corresponding Frobenius operator.

Our goal of this section is to provide precise and fundamental review of the Langlands program
with a number of examples. The next series of subsections are equipped with self-contained expla-
nations of terminologies and motivation to consider the Langlands conjecture.

In the series of following sections, we will recall some of fundamental concepts of related to elliptic

curves and automorphic curves. There are a lot of celebrated references, for example [29, 39, 43, 44].

2.1.2 Automorphic forms and Hecke operators on SLy(Z)

An automorphic form rerated to an elliptic curve is a holomorphic function f over the upper half

plane H = {z € C:Imz > 0} = SLy(R)/SO(2). We see G = SLy(R) acts on H naturally by

a b
vz = for v = € SLy(R). (2.2)
d

Indeed one can show that vz € H straightforwardly. Automorphic forms are defined in terms of a

discrete subgroup I' of G. We take I' = SL4(Z), which is generated by

11 0 -1
T = , S = . (2.3)
0 1 1 0
When they act on H, we see by definition
1
Tz=2z+1, Sz=-——. (2.4)
z



Definition 2.1.1.

A holomorphic modular form of weight £ is a holomorphic function f : H — C such that

f(ZjiZ)z(chrd)kf(z) for | Z € SLy(Z). (2.5)
C

and f has a Fourier expansion

f(Z) = a(”? f)qn7 q= e, (26)

n=0

Let My(SLs(Z)) denote the set of all holomorphic modular forms.

Note that the definition (2.6) make sense since a holomorphic function f which obeys (2.5) is
periodic f(z 4+ 1) = f(z) regardless of weight k, which allows us to expand f into a Fourier series

f(z)=> an, fg", q=e"" (2.7)

neL

Now let us consider a situation in which f € M (SL2(Z)) vanishes at infinity z = ioco, namely
the cusp of the fundamental domain of the action of SLy(7Z) on the upper plane H. Such f is called

a holomorphic cusp form defied below.

Definition 2.1.2.
A holomorphic cusp form f of weight k is a holomorphic modular form of weight k& with

a(0, f) =0 at (2.6). We denote by Si(SL2(Z)) the set of all holomorphic cusp forms.

Though we defined a holomorphic modular form with respect to SLy(Z), we can extend our
definition to an automorphic form on SLy(R) as follows. Once given a holomorphic modular form

f € My(SLy(Z)), we define

gpf(g):(ci—i-d)_kf(gi), for g = ¢ Z € SLy(R). (2.8)

Then ¢y is SLy(Z) invariant, ¢¢(vg) = ¢f(g), for any g € SLy(R) since (2.5). Therefore we regard

¢y as an automorphic form on SLy(R)

o SLy(Z)\ SLy(R) — C. (2.9)

10



Moreover if f € Sk(SLs(Z)), then ¢ € L*(SLy(Z) \ SLy(R)). We will consider a more general pair

(G,T") and automorphic forms when we discuss automorphic representations.

Definition 2.1.3.
We define the Hecke operators Tj(m) : Mg(SLa(Z)) — My(SLy(Z)) for 1 < m € Z by

d—1 s 0 b
(Ti(m) f)(2) = mF! Z Zd_kf( ;b) for ; € SLy(Z). (2.10)

ad=m b=0

Since f has the Fourier series (2.72), the right hand side of the above definition (2.10) can be
written in the form of

o0

@m) )= | X (5 1) | " (2.11)

=0\ d|(m,n)

where (m,n) is the greatest common divisor of m and n, and d runs all divisors of (m,n). (For
integers a and b, we write a|b if a is a divisor of b.)

The Hecke operators are commutable

mn
To(m)Ti(n) = Tu(n)Ti(m) = Y d*'T;, (?) (2.12)
d|(m,n)
then the Hecke ring
Ty =C[Tp(m) :m=1,2,---] (2.13)

is an abelian C-algebra.

If f e M(SLy(Z)) is a eigenfunction of all Tp(m) (m =1,2,---)

Ti(m)f = A(m, f)f, (2.14)

then Hecke eigenvalues A\(m, f) form the Hasse-Weil L-function of f

L(s, f) = Z A(m, fym™ (2.15)
= H (1= Xp, fp—> +p"17%)7" (2.16)

11



In particular, if f =" _, a(n, f)¢" € Si(SLs(Z)) is normalized a(1, f) = 1 and is simultaneous

eigenfunction of the Hecke operators Ti(m), then the eigenvalues of Tj(m) are the Fourier coefficients

Ti(m)f = a(m, f)f (2.17)

since the coefficient of ¢ in Typ(m)f is a(m, f) from the equation (2.11). Moreover by virtue of the

Hecke ring (2.12), we see that the Fourier coefficients satisfy

a(m, fa(n, f) = Y d*a (% ) (2.18)

d|(m,n)
2.1.3 Congruence subgroup of SL,(Z) and Hecke operators

For (1 <) N € Z, put

a b

['(N) = € SLy(Z):a=d=1mod N, b=c=0mod N », (2.19)
c d
a b

[o(N) = € SLy(Z) : c=0mod N », (2.20)
c d
a b

['1(N) = € SLy(Z):a=d=1mod N, c=0mod N ;. (2.21)
c d

I'(N) is called the principal congruence subgroup of level N in I' = SLy(Z). A congruence
subgroup I' is a subgroup of SLs(Z) such that I'(N) C I' C SLy(Z).
Now we consider cases 2 < N. Let ¢ be an index of (Z/NZ)*, the group of units of Z/NZ, and

f be a function on H. We define a function f|,g on H by

(Fleg)(2) = (det 2 f(g())(c2 + D), g = Z € GL. (R), (2.22)

where G Loy (R) is the set of matrices in G Lo(R) whose determinant is positive.

We define the set of the holomorphic modular form and holomorphic cusp form of weight k£ and

12



level N, denoted by My(I'o(N), ) and Si(I'o(N), 1) respectively, as

a b a b

Mp(To(N),¥) =< f € Mp(T'1(N)) : fle ; =(d)f, for all ; eZ(N) ¢, (2.23)
a b a b

Sp(Do(N),¢) =< f € Sk(L1(N)) : fl« ; =(d) f, for all ; e Z(N) ¢, (2.24)
c c

where ¥(d) = ¢(d mod N). They are general concepts of the holomorphic modular form and the
holomorphic cusp form we defined in the previous subsection.

The Hecke operators Ty (m) are defined for f € M (I'o(N), ) in a similar way that

m 2) =mh ! dild_k az+b for @b SLy(7Z). )
(Tim)1)(2) > Xt () w1 ) esn@. e

ad=m,(a,N)=1 b=0

Let f € Mi(I'o(N),v¢), k> 0 be a simultaneous eigenfunction of the Hecke operators

Te(m)f = Aom, 1)f (2.26)
Then the Hasse-Weil L-function is
Lis. f) = ilwn, fym (2.27)
= 1:[<1 = A, Hp~) = Mp, Hp + d(p)pt ) (2.28)
p|N ptN

Moreover the eigenvalues A(m, f) coincide with the Fourier coefficients of f(z) = Y>> a(n, f)e*™*,

namely

a(n, f) = A(m, fa(L, f). (2.29)

2.1.4 Remarks on history

The theory of automorphic forms we have been working on originates in the work of Ramanujan [41].

In 1916 Ramanujan considered a holomorphic cusp form of weight 12 and revel 1

A(z) =q (1 —¢"* (2:30)

13



and its Fourier series

A(z) =) aln, )" = q — 24> + 252¢° — 1472¢" + 4830¢° — 6048¢° — - - - . (2.31)

n=1

Here is a list of a(n, A) for 1 <n < 50.

n  a(n,A) n a(n,A) n a(n,A) n a(n, A) n a(n,A)
1 1 11 534612 21 -4219488 31 -52843168 41 308120442
2 -24 12 -370944 22 -12830688 32 -196706304 42 101267712
3 252 13 -577738 23 18643272 33 134722224 43 -17125708
4 -1472 14 401856 24 21288960 34 165742416 44 -786948864
) 4830 15 1217160 25 -25499225 35 -80873520 45 -548895690
6 -6048 16 987136 26 13865712 36 167282496 46 -447438528
7 -16744 17 -6905934 27 -73279080 37 -182213314 A7 2687348496
8 84480 18 2727432 28 24647168 38 -255874080 48 248758272
9 -113643 19 10661420 29 128406630 39 -145589976 49  -1696965207
10 -115920 20 -7109760 30 -29211840 40 408038400 20 611981400

Then he predicted that there are mysterious formulas

@ Put L(s,A) =" a(n, A)n™*, then we obtain the form (2.28)

Lis,8) = 1 (0 =alp, o= +p" )7, (2.32)

p:prime

which is equivalent to the following statements
@ a(p*, A) = a(p, A)a(p®, A) — pHa(p*~1, A) for any prime p and k > 1.
If m and n are co-prime, then a(mn, A) = a(m, A)a(n, A).
@ For any prime p, there exists 0 < ¢, < 7 such that
a(p, A) = 2p? cos 0. (2.33)

Moreover he showed

® For any prime p, a(p, A) = 1 + p'* mod 691.

14



In the remaining of this subsection we show (@) by following Mordell’s argument [36]. He intro-

duced the Mordell operator T’
TN =3 (atna) 4 (2a) ) o (2.3
n=1

for a prime p, which is an example of the Hecke operator (2.11) from modern view point. We need

to show that f is indeed an eigenfunction of 7. First of all, the function
F(z) = —FF—F—— (2.35)

is constant for all 2z since short calculations show

TEA) +1) = (TE)A) ), (2:30
Ta) (1) =T, (2.87)

which mean 7T'(p)A transforms in the same way as A under SLy(Z).

Next we want to identify the constant as a(p, A). By the use of Fourier series expansions

~ (T(p)A)(2)
Fa) = =5 B (2.38)
~alp,A)g+O(¢?)
g 24>+ O(¢?) (2:59)
a(p, A) + O(q) (2.40)

T 1—24g + O(¢?)
we take the limit ¢ — 0 (z — ico) then F(z) — a(p,A). Then F(z) = a(p,A) follows since F' is

constant everywhere.

T(p)A = a(p, A)A and the definition of the Mordell operator (2.34) imply
a(pn, A) + pta (E, A) =a(p,A)a(n,A), forn=1,2,--- p. (2.41)
p

Putting n = p* in the above equation (2.41) gives @.
In order to show @ it is enough to show a(p®m, A) = a(p*, A)a(m, A) if p and m are co-prime.
We prove this by mathematical induction with respect to k. If £k = 0, the statement is true. We

15



assume the statement is true for k = 0,1,--- ,1. Again putting n = p'm in the equation (2.41) gives
a(ptm, A) = alp, Aa(p'm, A) = p'a (p'm, A)
= a(p, Aa(p', A)a(m, A) — p'a(p'™", A)a(m, A)
= a(p'™, A)a(m, A). (2.42)

Hence the statement is true for k =1 + 1.

To finish the proof of (D), we derive the equation (2.32). @ implies

1= (a(p", A) —alp, A)a(p"") + p"a(p2, A))p~* (2.43)
k=0
= (Z a(p", A)p‘s’“> (1 —alp, A)p™ +p" 7). (2.44)
Then we have .
> alpt, A)pF = (1 —alp, A)p~* +p ) (2.45)
k=0

Now we use @ in the above equation and obtain

> am, A~ =[] (Za(pk,A)p_ks) (2.46)

n=1 p:prime \ k=0
= I a0 —a2)p~+p" )" (2.47)
p:prime

2.1.5 Automorphic representation on GLy(Ag)

(a) p-adic number and adéle
Firstly we work on the simplest case. For a given prime p € Z, any nonzero rational number a can
be written as

m

a=7p % m € Z, p and each of u, v € Z are relatively prime. (2.48)

Then we define the p-adic valuation ord,(a) of a by ord,(a) = m and set ord,(0) = co. We

introduce the p-adic absolute value |a|, of a € Q by

p—ordp(a) a ?é 0
alp = (2.49)

0 a=20

16



The p-adic number field Q, is a completion of Q by the p-adic metric
dy(a,b) =]a—0l, a,beQ. (2.50)

Q, is a field of characteristic 0. Let

Z,={a € Q,:ord,(a) >0} (2.51)
be the ring of p-adic integers.
Example 2.1.4.
Consider the case © = § for p = 2 and 3. For p = 2 one has ordy(z) = —1 hence  is not

2-adic integer. On the contrary, for p = 3 one has ords(z) = 0 hence z is 3-adic integer.

. J

In addition to the method we have used above, there are several ways to define Z,. A standard

way is by means of inverse limit defined as follows.

Definition 2.1.5. Given a sequence consists of sets X,,(n = 1,2,---) and maps f, : X,, —
Xn—‘rl(n - 1727)
I3 f2 f1
e Xy = Xy — X, (252)

we define the inverse limit of X, by

@Xn = {(an)nzl € ﬁXn ¢ fulans1) = a, for all n > 1} : (2.53)

n=1

Indeed, one can show that for a prime p
Z, = @Z/p”Z. (2.54)
In accord with the terminology used for general algebraic fields, we include infinity oo to prime,
which is called the infinite place associated with Q., = R, while a finite prime p is called the finite

place. We denote the places by v.
The adéle ring Ag of Q is defined by the restricted direct product

Ag=]JQ.=Rx J] @ (2.55)

p:prime

= {(aeo, a2, a3,a5,--+) : a, € Z, for all but finitely many p}. (2.56)

17



The rational numbers are embedded diagonally into Ag naturally
Q3zw— (v,z,z,2,---) € Ag. (2.57)

We consider a group of n x n invertible matrices with entries in Ag denoted by GL,,(Ag)

GLn(Ag) = {(goo,g2,gs,gs, -..) € GLy(R) x HGLn(@p)} (2.58)

such that g, € GL,(Z,) for all but finitely many p.

(b) Automorphic representation
Let G be a locally compact group and I' be its discrete subgroup. We define an action of G on the
Hilbert space L*(T'\ G) with respect to a Haar measure on G by

R:L*T\G)2¢—, € L*(T'\G), (2.59)

where
Uy(x) = ¥(xg). (2.60)

Then we obtain a representation of GG
G — Autc(L*(T'\ @), (2.61)

where Autc(L*(T" \ G)) is the set of isomorphisms of L*(T\ G) whose restrictions on C are the
identity map idc. We call its subrepresentation automorphic representation. In particular, given
an automorphic form ¢ € L*(I"\ G), the natural action of G on a subspace V,, = {p, : g € G} gives
the automorphic representation

G — Aute(V)). (2.62)

Let K be a number field, namely a subfield of C, and v a place of K. An automorphic

representation related to the Langlands program is an irreducible representation
7: GL,(Ag) — Aute(L*(GL,(K)\ GL,(Ak))). (2.63)
7w can be decomposed to a tensor product

T = ®yTy (2.64)
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of irreducible representations of the groups GL,(K,). The Hasse-Weil L-function for the auto-

morphic representation 7 is an FEuler product defined by

L(s,m) = [] L(s,m) = [ det(1 = t(m,)N(v)~*)~". (2.65)

v<00 v<00

(c) Relation with Fourier transformation
We restrict ourself to the simplest example G = R and I' = Z which amounts to the theory of
Fourier series as follows. For y € Z\ R and ¢ € L*(Z \ R) we define (2.60) by

(R(y)v)(z) = ¥(z +y), (2.66)
then the Peter-Weyl theory allow us to decompose R and L*(Z \ R) irreducibly
R = ®nezXn, (2.67)
L*(Z\R) = ®pezLn, (2.68)
where the pairs (x,, L,) are irreducible representations such that
Xn:Z\R— C*, tmodl — ™" (2.69)
and L, is a vector space with a basis {e*™}, .. We define an operator R(f) = ®,x.(f) : L*(Z \

R) — L*(Z\R) for f € L'(Z\ R) by

X-n(f) = f(t)X—n(t)=/0 f(t)e*mmdt = f(n), (2.70)

Z\R
which are the Fourier coefficients of f. Since the unitary dual group of m is {Xn}tnez = Z, the

Fourier inverse transformation for f is given by

£(t) = / N ()Xt x) (2.71)
=" f(n)e*mint, (2.72)

where dy is the Plancherel measure du(x,) = 1.
An essential formula related to the Langlands program is the Poisson summation formula for

a function g on R

> gn) =Y §n), (2.73)
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where ¢ is the Fourier transform

o0

f](y):/_ g(x)e 2™ dy, (2.74)

o0

To show the Poisson summation formula (2.73), we introduce

o0

fle)y=>_ glz+n), (2.75)

n=—oo

and then f(z) = f(z + 1) enable us to expand f(z) into the Fourier series

f(z) = Z €2 (2.76)

1 00
0 = / Fla)e2mna gy — / g(z)e2 " g = g(n) (2.77)
0 —o0
Set # = 0 in the above equations (2.75) and (2.76) leads to the Poisson summation formula (2.73).

2.1.6 Elliptic curves

A generic elliptic curve whose coefficients are integer is a curve of the form
E:y?+axy + asy = 2° + aox® + asx + ag, a1, ,a6 € Z, (2.78)

which dose not have any multiple root. This condition is equivalent to that discriminant A # 0,

which is defined as follows. Let

by = a + ay, (2.79)
b4 = 2(14 -+ apas, (280)
be = a3 + 4ag, (2.81)
bg = (I%CLG + 4(126L6 — aiasay + CLQ(I§ - ai (282)
We define the discriminant A of E to be
A = —b2bg — 8b3 — 27b2 + 9bybybs. (2.83)
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Note that over Q, when we change variables so that Y = %(y —a1x — az), X = z, the above elliptic

curve (2.78) is transformed into
Y2 =4X3 4+ by X% + 2b4 X + bg. (2.84)

An elliptic curve over Q can be transformed to the form (2.78) by proper choice of variables. We
say that an elliptic curve E over Q has good reduction at a prime [ if F can be an elliptic curve
over IF;, namely p does not divide the discriminant A, otherwise £ has bad reduction at [. Note
that any elliptic curve has good reduction for all but finitely many primes since the number of primes
which divide A is finite.

Let E has bad reduction at a prime [. We call £ has multiplicative reduction at [ if [ does not
divide A, otherwise we call E has additive reduction there. We assume [ # 2, thenE : y? = f(z)
has multiplicative reduction is equivalent to f(z) has a double root over F;, and E has additive
reduction is equivalent to f(x) has a triple root.

Moreover if E has multiplicative reduction at [ and the slopes of the tangent line at the node are

in [F;, then the reduction is said to be split multiplicative.

Example 2.1.6.
=2} —z=2(zx—1)(z+1) (2.85)

has good reduction except at | = 2.

Let K be a field whose character is larger than 2. An elliptic curve F over K is an algebraic
curve defined by
E: y?=ar® +bs* +cx+d, (2.86)

where a,b,c,,d € K, a # 0 and the right hand side does not have any multiple root.

The elliptic curve E can be transformed into
' =4a° — gor — g3, 92,93 €L (2.87)

over C. The condition that 423 —gox— g5 is nonsingular is equivalent to a the fact that the discriminant

A = g5 —27g5 #0.
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Let E(K) be the set of K rational points in F
E(K)={(z,y) e Kx K :y*=az’ +ba® + cx +d} UO, (2.88)

where O is the point at infinity. F(K) has an additive group structure whose binary operation + is

defined by

1. O is the unit element

2. If P,Q € E(K) and P # @ # O, let R = (x,y) be the point of intersection of E with the
line joining P and ). Then P+ Q = (z,—y). If P = Q # O, then replace R by the point of

intersection with £ and the tangent at P.

3. The inverse of P = (z,y) is P~ = (z, —y)

Theorem 2.1.7. In general, a group F(K) is a finitely generated abelian group, namely
E(K) 2 Z% & E(K)iors, (2.89)

where F(K )i is a certain finite group and called the torsion subgroup of E(K).
Especially, if K = Q, then E(K )iy is isomorphic to one of the following 15 groups:

-Z/mZ, 1 <m <12, m # 11,

Z2Z®Z/2mZ, 1 <m < 4.

22



Example 2.1.8. We consider an elliptic curve over Q, F : y*> = 23 + 2z + 3 (Fig 2.1). If we

choose P = (—1,0), and @ = (3, —6), then R = (%1, —18—5) is the intersection point with £ and
the line through P and (). Therefore we obtain P+ = (—}1, —%). One can show that 2P = O

and n@ # O for all n € Z. Moreover it is know that P and @ generate E(Q) = Z ® Z/27.

10

=10

Figure 2.1: E:y? =23+ 22+ 3

Let E be an elliptic curve over Q. Recall that E can be transformed into
y? =42 — gox — g3, ¢2,93 € Z (2.90)

over C. Let wy,ws be a pair of complex numbers which are linearly independent on R and we denote
L = Zuw + Zw, the lattice spanned by wy, ws. Topologically the quotient C/L is homeomorphic to a
torus St x S1.

we define the Weierstraf3 p-function by

1 1 !
1 B , 2.91
p(z) 2 + ( )Z#O ) ((z —mwr — nws)? (mwy + nwg)Q) (2.91)

The following theorem indicates that there is one to one correspondence between a point on z € C/L

and a rational point of E(C) which is given explicitly by the Weierstral p-function.
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Theorem 2.1.9. For an elliptic curve y? = 42® — g,z — g3, there exist wy,w, € C which are

linearly independent over R and satisfy

g2 =60 > _ g2 =140 ) . (2.92)

4 6
M (mwy + nws) e (mwy + nwy)

Furthermore for the Weierstraf§ p-function we obtain an isomorphism of abelian group
C/L >z (p(2),0'(2)) € E(C), (2.93)

where '(2) = ().

When a pair of two complex numbers (w1, ws) which are linearly independent over R is given, we
can order them so that Im(w;/wy) > 0. Let (w],w)) be another pair of elements in L, then there

exists a matrix A such that

Wi W a b
=A , A= € My(Z). (2.94)
wh Wa c d

The pair (w],w)) become basis of L if and only if det A = £1. Moreover for z = wy /wy, 2’ = w}/wh,

we see

Im(z") = Im ( (2.95)

therefore Im(2’) > 0 if and only if det A > 0. So SLy(Z) naturally acts on the set of basis (w;,ws)
for L with Im(w;/we) > 0. Let M = {(w1,w2) : Im(w;/we) > 0} and A be the set of lattices in C.

We have proved that SLo(Z)\ M = A.
Since C* naturally acts on M by scaler multiplication, M/C* can be identified with H by the

az+b\  (ad—bc)Im(z)
cz+d)  |az+ b2

map

M/C* 3 (w1,wa) — wy/wy € H. (2.96)

Combing the above two identifications, we arrive at the following statement.

Proposition 2.1.10.
A/C* =2 SLy(Z)\ M/C* =2 SLy(Z) \ H. (2.97)
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2.1.7 Galois representation

Let K denote a number field and L a finite extension of K. We denote Autg (L) the set of au-
tomorphisms o over K such that o|x = idg. Autg(L) has a natural group structure whose bi-
nary operation is given by composition of the automorphisms. Generally there is the inequality
#(Autg (L)) < [L: K|. When the inequality is saturated we call L is a Galois extension of K and
Autg (L) a Galois group, and we denote it by Gal(L/K).

Example 2.1.11. If K =R and L = C, then [C : R] = 2 and Aut(C/R) = {id¢, o}, where o
is complex conjugation. Hence C is a Galois extension of R and Gal(C/R) = {id¢,0} = Z/2Z.

Let E(C), be the subgroup of C/L defined by
EC),={Pe€C/L:nP=0}=2Z/nZ®Z/nZ. (2.98)
P € E(C),, can be written in such a way that
P = ae; + Pes, (2.99)

where «, 5 € Z/nZ and ey, ey are basis of C/L. The action of o indeed maps E(C),, to itself since

no(P) = o(nP) = 0. Then when we put the image of e;, eo with respect to o by
ofe1) = aey +bey, o(e) = cer + dey, (2.100)

we succeed to construct a homomorphism

Gal(Q/Q) — GLy(Z/nZ) (2.101)
a b

o : (2.102)
c d

For our purpose to construct a Galois representation of Gal(Q/Q) over Z;, where [ is a prime, we

define the Tate module T, F(C) to be
T,E(C) = imE(C)p. (2.103)

where the inverse limit of F(C);» is taken with respect to the map E(C)jn+1 — E(C)pn.
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The Galois group Gal(Q/Q) acts on T;E(C) in a similar manner as it did on E(C),. Let ey, e,
be a set of basis of T} E(C) as Z;-module and the action of ¢ be

ofe1) = aer +bey, o(e) = cer + dey, (2.104)

where a, b, c,d € Z;. Then we obtain a Galois representation

a b
o . (2.106)
c d

We consider the case of K = F,, where p is a prime, and L = F,, where ¢ = p" (n € Z), be
a finite field with ¢ elements. It is known that Gal(F,/F,) = Z/nZ is generated by Frobenius
automorphism

Frob, : F, > v — 2 € F,. (2.107)

One reason the Frobenius automorphism is important for a Galois representation is as follows.

Theorem 2.1.12. Let L be a finite Galois extension of Q. For any conjugate class ¢ of

Gal(L/Q) there exist infinite number of primes p such that p are unramified at L and ¢ = Frob,,.

We define a Galois representation by a composite map

PE,I

pE, - Gal(Q/Q) —> GLa(Z)) — GLy(Qy), (2.108)

which is known to be irreducible for any prime [.

The Artin L-function is defined by

L(s, pro,) = H det(1 — pp g, (Frob,)p®)~". (2.109)

p:prime
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Theorem 2.1.13. Let E be an elliptic curve over Q and [, p (I # p) be primes at which E has

good reduction. Then we have

det(p,(Frob;)) = . (2.110)
Moreover if we put

Tr(p,(Froby)) = a, (2.111)
then a; is integer and

#E(F)=14+1-aq, (2.112)

where #FE(F,) is the number of F,; rational points of E.

Hence the main part of the Artin L-function (2.109) where F has good reduction can be written

as
IT = ap+p"2)" (2.113)
good p
For a bad prime p, let

(
0 additive reduction

ap = 4 —1 non split multiplicative reduction (2.114)

1 split multiplicative reduction
\

and then the Artin L-function becomes

L(s,ppg) = [[ A =aw™)™" J] @ —aw™+p7>)"" (2.115)
bad p good p

Here we give a brief introduction to a mysterious result derived by Eichler. Our elliptic curve

over Q is as follows:

E: oy +y=2a*—2% (2.116)
We can transform this elliptic curve to

Y= X% —4X? 116 (2.117)
under Y = 8y — 4 and X = 4x. This implies the elliptic curve (2.116) has bad reduction at 11 since

X% —4X?4+16 = (X +1)*(X —6) mod 11. (2.118)

27



[F; rational points (z,y) of E are

Fy, 0,(0,0),(0,1),(1,0),(1,1)

F; 0,(0,0),(0,2),(1,0),(1,2)

Fs 0,(0,0),(0,4),(1,0),(1,4)

F, 0,(0,0),(0,6),(1,0),(1,6), (4,2),(4,4),(5,1),(5,5), (6, 3)

Fy,  0,(0,0),(0,10),(1,0),(1,10),(5,3),(5,7),(7,5),(8,5),(10,4), (10,6)

Then a; =1+ 1 — #E(F)) is listed in the following table.

I 2 3 5 7 11---
a -2 -1 1 -2 1.

Surprisingly the a; coincide with the coefficients a(l) of the Fourier series of the following auto-
morphic form of weight 2 and revel 11:

g[Ia=a*(1=¢")*=> aln)g"

n=1

:q_2q2_q3+2q4+q5+2q6_2q7_2q9_2q10+q11_2q12+4q13...

Recall that the Hasse-Weil L-function of this elliptic curve is

L(s,E) = Z a(n)q” (2.119)

=1

=(1—-a(1)117) [T A = alp)p™ +p' ). (2.120)

p#11

3

3

Therefore the Artin L-function associated with the elliptic curve y? +y = 2 — 22 and the Hasse-

Weil L-function associated with the automorphic form ¢ [[72, (1 —¢")*(1 — ¢*'™)? coincide with each
other.
There are some other cases for instance

=2+ 1+ q ] - ¢

n=1

V=2t —xe— g [J(1 - ") (1 - ™)

n=1
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More generally, for a given irreducible n-dimensional Galois representation
o:Gal(K/K)— GL,(C) (or GL,(Q))), (2.121)

the Artin L-function is defined by

L(s,0) = [ [ L(s,00) = [ ] det(1 = o(Frob,)N(v)™*)~". (2.122)

<00 <00

The Langlands conjecture is stated below.

Langlands conjecture

For any Galois representation o, there exists an automorphic representation 7 such that
L(s,0) = L(s, ), (2.123)

namely, eigenvalues of Frobenius correspond to eigenvalues of Hecke operators.

2.2 The geometric Langlands Program

2.2.1 Geometric interpretation of the Langlands program

In the previous section, we saw that the Langlands correspondence implied that n-dimensional rep-
resentations of the Gaois group Gal(K/K) could be described by automorphic representations of
GL,(Ak). In this section, we would like to explain the geometric analogue of them. The geometric
Langlands correspondence has been constructed by [32, 5, 7, 8] and there is a huge number of surveys

today. Some readable reviews are [9, 10, 11] and we recall some discussions given in [10].

(a)Geometric counterparts of Galois representations

We first give the geometric counterpart of the Galois group in brief. We will back to this topic in
section 2.2.2. Let C be a smooth projective connected algebraic curve over C and F' be the field
of rational functions on C'. We restrict ourself to the case where all coverings of C' are unramified.
Let G be a complex reductive algebraic group. Then a homomorphism Gal(F/F) — LG is a

homomorphism 7;(C) — LG, which can be understood in terms of a “G bundle (£, V) with a flat
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connection on C, where £ is a holomorphic G bundle with a holomorphic connection V over C.

Both of £ and V originate from the (0,1) and (1,0) components of the given flat connection.

(b) Geometric counterparts of automorphic representations

Next, we consider the set of isomorphism classes of principal G-bundle on C', which we denote
by Bung. If G = GL;, then Bung turns out to be the Picard variety Pic. However, Bung is
not an algebraic variety for a general GG, nevertheless the derived category, on which the Hecke
functors act, of D-modules on Bung is defined in general. The geometric analogue of an automorphic
representation is believed to be a perversive sheaf [3, 22] on Bung. According to the Riemann-
Hilbert correspondence [27, 35|, if C' is an algebraic variety, then the category of (holonomic)
D-modules with regular singularities on C' is equivalent to the category of perverse shaves on C. So
we may pass the automorphic representations to the D modules. The D we consider for the geometric
Langlands is so-called Hecke eigensheavs, which we roughly explain here.

Let V be a finite dimensional representation of “G and x be a point in C. The Hecke functors
are labeled by (z,V). We consider the simplest case G = GL;. We denote by £ a line bundle £
on C and by L(x) the line bundle whose sections are sections of £ which have a pole of order 1 at
x € C. We consider the map h, : Pic — Pic, which sends £ to L(z). Regarding 1 € Z as the set
of one-dimensional representations of “G = G Ly, the Hecke functor H, , satisfies H; ,(F) = h%(F),
where F is a D-module on Bungy,. Recall that automorphic functions in the Langlands program
are eigenfunctions of the Hecke operators (2.14). The geometric analogues of them are some sheaves,
called Hecke eigensheavs, on Bung. In our case, the Hecke eigensheaf is a certain D-module F on

Bung such that

H v (./T" ) ~ Vg X F
(2.124)
HV@(JT'-) 2V®F, T € C,
where (€,V) is a flat “G bundle on C' and Ve = € x1g V is the flat vector bundle on C' associated
to & and V.
In summary, the geometric Langlands correspondence roughly claims that for each holomorphic

LG-bundle £ with a holomorphic connection V on a complex algebraic curve C, there is a corre-

sponding D-module F¢ on Bung. Here F¢ is a Hecke eigensheaf with eigenvalue £.
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2.2.2 Flat bundles and local systems

In this part, we consider the left side of the Langlands program in the figure 1. We will mostly take
G as a Lie group if there is no remark.

Let V be the sheaf of smooth vector fields on a real manifold M, O,; be the sheaf of smooth
functions on M, and E be a complex vector bundle on M. We denote by End(E) the bundle of

endomorphisms of E. Then a connection V is a map
V:V — End(E) (2.125)

which assigns an endomorphism V, for a smooth vector field v defined on an open set U C M such

that
1. Vopw = Vo + Vi
2. V;, = [V, for f € Oy.
3. Vo(fé) = fVu(8) + 6 v(f) for f € Oy and ¢ € End(E).

The first and second conditions are linearity of V, and the third condition is the Leibniz rule.

Let U be a sufficiently small open subset of M on which F is trivial. We choose coordinates

Z1,- -, 2, associated with U. A connection is given by the form
Ve, = 0y, + Ai(z), (2.126)
where A;, ¢ = 1,--- ,n, are m X m matrix-valued smooth functions on U. We call a connection is

flat if the curvature vanish Fj; = 0, where

By o= Ve Vi) (2.127)
=V, A — szAi + [A;, Aj}.

With respect to a section s : M — E and a connection V, we consider the differential equation
Vus(z) =0, (2.128)

where v is a smooth vector field defined on a small open subset U. According to the theorem of

existence and uniqueness of linear differential equations, for a given point o € M and a given vector

31



V in the fiber E,, there is an unique local solution sy of (2.135) such that sy (z9) = V. Each sy for
V € E,, is a section of E over U, hence it gives the natural trivialization of E over U.

When we consider a loop in M with the base point xy, we have a homomorphism 7 (M, zo) —
AutE,,. If we identify E,, with C™, then the homomorphism becomes m (M, z,) — GL,(C),
which is called a holonomy homomorphism of a flat bundle E. More strongly the equivalence
class of isomorphisms of flat G-bundles on a manifold M is equivalent to the conjugacy class of

homomorphisms 7 (M) — G.

Theorem 2.2.1. Let M be a smooth manifold and G be a Lie group. Then with respect to a
flat G-bundle on M, the correspondence which assigns its holonomy isomorphism 7 (M) — G

1S one-to-one.

This gives us a suitable reason why we work on the space of flat “*G-bundles for the geometric
Langlands program. Recall that a Galois representation Gal(F/F) —% G is replaced by a homo-
morphism 71(C) —¥ G in section 2.2.1. More precisely we will work on holomorphic “G-bundles on
a complex algebraic variety C, and we will add some conditions on the above theorem. In order to
consider this, we first recall some definitions of those concepts.

Let E be a holomorphic vector bundle on a complex variety C'. For an open subset U C C
we choose its holomorphic coordinates z; - - - , z,. The holomorphic sections of E are sections which
are annihilated by all d-operators Vz,, where zy, - - - , Z,, are anti-holomorphic coordinates associated
with U. We introduce a holomorphic structure on E by defining a connection V in such a way that

vfi = (‘}zia

where A;(z), i =1,--- ,n, are matrix-valued holomorphic functions of z;, j = 1,--- ,n. The flatness
conditions are defined as before: Fj; = [V, sz] =0.

From now on we consider a holomorphic G-bundle P on C. Let V be a finite dimensional vector
space and p : G — GL(V') be a representation of G. A flat connection on P can be constructed from

the associated vector bundle:

VPZPXGV:<PXV)/G, (2130)
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where the action of G on P x V' is defined by
g: (u,y) = (ug, p(g)~'y) forge G, (u,y) € P xV (2.131)

and we identify (u,y) ~ (ug, p(g)"'y). If {g;;} is a translation function of P, then the translation
function of Vp is given by {p(gi;)}-

We choose a sufficiently small open set U so that P is trivial there. Then a flat connection on P
is given by operators

V., =0, + ai(2), (2.132)
where a;’s are g-valued holomorphic functions on U. A gauge transformation is given by
V., 0.+ gai2)g " — (9.9)97" (2.133)

where g is a translation function, which is holomorphic on U by definition. This method to endow the
principle bundle P with a flat connection is known as the Tannakian formalism. Now the theorem

we saw for a smooth real manifold M is changed to as follows.

Theorem 2.2.2. Let C' be a compact complex algebraic variety and G' be a complex algebraic
group. Then with respect to a flat G-bundle on C| the correspondence which assigns its

holonomy isomorphism 7 (C) — G is one-to-one.

If C' is non-compact, generally a pole of higher order associated with the connection produces many
more gauge equivalence classes of flat G-bundle than the number of homomorphisms 7 (C) — G.

We denote Locg by the set of gauge equivalence class of G-bundles on C', which is called the moduli
stack of local systems on C'. We refer to a point of Locg as a local system on C. In summary, a
local system is a pair (P, V) of a holomorphic G-bundle P and a holomorphic connection V, which
brings the corresponding flat connection on P. Note that the connections are allow to have a pole

in of arbitrary order.

2.2.3 D-module

We first describe fundamental concepts of D-module with an elementary model. Let X be a open

set of C" and O be the commutative ring of all holomorphic functions on X. We denote by D the

33



set of all linear differential operators whose coefficients are holomorphic functions on X. Namely, an

element of D has the form

o0 o i1 P in
“ZZ v (8_371) (8%) ;o Jiein €0, (2.134)

where z1, - - - , x,, are coordinates of X and 7,--- , 1, are non-negative integers. Note that D is a non-

commutative ring in general and O is a (left) D-module under the action of D to O as differential
operators. To see more concrete way, we choose a differential operator P € D and consider a

differential equation with respect to & € O:
P® = 0. (2.135)

What is the set of solutions of this equation? In order to answer this question we define a new

D-module by A= D -® = D/I, where = {P € D: P® = (}.

Example 2.2.3. Let X = C and D = Clz, 0,].
1. If ® =1, then A = CJ[z].

2. if & = 1/, which is annihilated by d,x. Hence this case results in A = C[z, 1/z].

3. If & =§(0), the delta function supported at 0, then we have A = Clz, 0,|/(x) = C[0,].

Then the set Homp (A, O) of all D-homomorphisms from A to O gives the answer. The reason

is as follows: We observe the isomorphism
Homp(A,O0) ~ {¢ € Homp(D, O) : ¢(P) = 0}
~{feO:Pf=0}
The last identification obeys from the fact Homp(D,O) ~ O (¢ — ¢(1)) and the formula Pf =

(2.136)

Pp(l) = ¢(P1l) = ¢(P) = 0. Hence we obtain an alternative perspective toward the space of
solutions of the differential equation (2.135). This expression Homp(A, O) has advantage since it
is independent of any detail of the expression P® = 0. Importantly, this is true for the system of
general linear differential operators F;; € D. In the sense of category, these result in to consider
an opposite functor Homp(—, O) from the category M (D) of D modules to the category M(C) of

C-modules.
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So far we have considered the simplest example where X is a open set of C" and holomorphic
functions are defined on X globally. In principle, we can generalize X to any complex manifold or
any algebraic variety over a field k, and the holomorphic functions can be locally defined on X. In
such a case, we work on the sheaf Ox of holomorphic functions on X, instead of O, and the sheaf
Dx of the linear differential operators on X. Also, instead of D-module on X, we generally consider
the sheaf of Dy-modules. Of course, the space of the solutions associated to differential operators
should be sheafified.

To describe more concretely, let X be a n-dimensional smooth algebraic variety over C. We
choose an open set U C X with coordinates x; --- , z,. The sheaf Vy of vector fields on U is defined
by .

Vu = P O, (2.137)

i=1

where 0,,’s are operators on U such that [0,,, ;] = d;;. Moreover Dy = Dx|y is

Dy = P 0vdy--- oy, (2.138)
i1 yin
where iy - -+ , 4, are non-negative integers. So this definition is a natural extension of (2.134). We say

M is a Dx module if M is a sheaf on X and for any open set U C X, M(U) is a Dx(U)-module and
its structure commutes with the restriction map of the sheaf. In other wards, M is a Ox-module
with a flat connection V, namely V defines the action V, : M — M for v € Vx which obeys the
same properties given in section 2.2.2 just replaced End(FE) with M.

2.2.4 Schubert variety

Now let us move on to the right side of the figure 1. For G = GL,, case, the Hecke operators are
parametrized by points in the Grassmannian manifold Gr(r, n), which is a union of Schubert varieties.
In order to state those meanings, we recall some fundamental topics of them.

Let V be a n-dimensional vector space over C. A flag manifold FI(V') consists of all sequences

of vector subspaces of V

O=VcVic---CcV,,,CV,=V, dimcV, =1. (2.139)
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The manifold structure of FI(V') results from that fact that GL(V') acts on FI(V) transitively by
gVocViC--- CVor C V) = (g9(Vo) Cg(V1) C -+ C g(Var) C g(Va)), (2.140)

where g € GL(V). Then FI(V) can be identified with element of GL(V) modulo B(V), where B(V)
is the subgroup of GL(V') which fixes a flag Vo, = (Vo Cc V3 C --- C V.1 C V). After all, we have
FI(V) = GL(V)/B(V).

Now we choose V = C" and write FI(C") = Fl,. In this case B(C") = B,(C) is the group of all

upper triangular n X n matrices with coefficients in C. Hence dimcFl,, = sn(n — 1). By using the

2
unitary group U,, Fl, can be written as Fl, = GL,(C)/B,(C) = U,/U(1)". Consequently, Fl,, is
compact since U, is so. Let 5, be the symmetric group on n letters. Then each elements in w € S,
has a matrix representation A,, € GL,(C), which is constructed by putting A,e; = ey, where
e, , ey, are the standard basis of C". Since A, is an element of GL,(C), it gives a corresponding

point p,, in Fl,. More precisely, p,, corresponds to flags V; = (ew1), - s €w@), 1 =1,--- ,n.

The following proposition plays a fundamental role when we introduce Schubert varieties.

Proposition 2.2.4. The set of fixed points in Fl, under the action of torus 7' = U(1)"

corresponds to {p, : w € S, }.

The above statement says that if a flag Vo, = (Vo C Vi C --- C V,,_1 C V,) satisfies t(V,) =V, for

any t € T, then generators of each V; = (v, -+ ,v;) can be written as a liner combination of basis
vy, -+, v, of C" in such a way that
i
V; = Zaijew(j), Qg5 € C, (0773 75 0, (2141)
j=1

where w is an elements of S,,. Used mathematical induction for the equation (2.141), the proposition
2.2.4 will be shown.

For our convenience, let us put B = SL,(C) N B. Then Fl,, can be written as Fl, = SL,(C)/B.
With respects to a torus fixed point p,, of Fl,, the B-orbit X = Bp, is called a Schubert cell.
We write X, for the closure of X, in Fl, and call it a Schubert variety. In general X,, has

singularities.

36



Schubert varieties are also accessible via Grassmann manifolds. An approachable review will be
found in [34]. Let us see how to achieve there for our purpose of geometrical Langlands program. Let
V' be a vector space over C. A Grassmann manifold G(r, V') is defined by the set of all r-(complex)
dimensional vector subspace of V. GL(V') acts transitively on r-dimensional subspaces of V', hence
if H is the stabilizer subgroup of GL(V') with respect to an element U € GL(V'), then it is possible
to identify G(r,V) as GL(V')/H, which gives the manifold structure of G(r,V). We now choose
V' = C" and simply write G(r,C") = G(r,n).

Recall a flag V, = (\, € V} C --- C V-1 C V,,) consists of r-dimensional vector spaces V.

Therefore there is a surjection

pr: Fl, — G(r,n)

(2.142)
Ve Vi
We choose a set of non-negative numbers A = (Ay,--- ,\;) sothat 1 < A < A < -+ < A <.
Then, Schubert cells and varieties of Grassmann manifold are defined by
X5(Va) ={U € G(r,n) : dimc(UNV,,) =i} (2.143)
X (Ve) ={U € G(r,n) : dimc(U NVy,) > i}. (2.144)

2.2.5 More on Hecke operators

Here we explain some important properties of Hecke operators in more algebraic way. We first
consider G = GL,, case. We write Bun,, for the moduli stack of GL,-bundles on a smooth projective
connected curve C' over a field k. Let (M, M’) be a pair of points in Bun,, such that M’ C M. We
pic an arbitral point x up form C' and denote O, by the skyscraper sheaf supported at . The Hecke
correspondence (or modification) Hecke, is the moduli space of (M, M, x, ), where x is a point
in C and §: M’ — M is an embedding of the sheaves of sections such that M /M’ is supported at
x and isomorphic to the direct sum OF" of r copies of O,. We define the correspondence Hekce,. ,

over Bun, xBun,, by

supp(z, M, M') = =
(2.145)
Hecke, , = supp " (z).
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Hence we obtain the diagram

Hecke, , (2.146)

7 K
Bun,, Bun,,,

where h* (2, M, M') = M and h~(x, M, M') = M’. Hence the Hecke functor H, , is written as
H, (F) = hh"(F), (2.147)

where F is a D-module on Bun,,.

For a simple case (r,n) = (1,2), the points in the fiber of Hecke;, in the left Buny, the sheaf of
sections of a rank 2 vector bundle on C| is all locally free sheaves M’ such that M/ M’ = O,. Each
M’ corresponds to a line bundle £, in the dual space M7, and a section s of M’ is a section of M
such that (v, s(z)) = 0 for all non-zero v € L,. Then Hecke; , is a P!-fibration over left Bun,. In
the same way, it is a P!-fibration over right Bun,.

Generally, Hecke,, is a fibration over left and right Bun,s whose fiber is the Grassmannian
Gr(r,n).

For a generic reductive group G, the space of Hecke correspondences is parametrized by the affine

Grassmannian. Let R be a ring. We define the ring of formal power series R[[t]] by

R[[t]] = {i apt” : a, € R} (2.148)

n=0

and ring of formal Laurient series R((t)) by

R((t)) = {i apt" :m € Z,a, € R} : (2.149)

If R is a field, then R((t)) become a field. For R = C, the loop group G((t)) is defined by
G((t)) = G(C((t))). We define G[[t]] in the similar way. The affine Grassmannian is given by
Grg = GJ[[t]]/G((t)). It is known that there is a bijection between Bung and Gouw\G((t))/G][t]],
where Goy = {C\z — G} is the group of algebraic maps. It is known that the space of (spherical)

Hecke modifications is Schubert cell in the affine Grassmannian.
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The physical counterparts of the Hecke operators are 't Hooft operators as we will see in the later
section. We tell the result first. Let G be a compact reductive real Lie group. An 't Hooft operator
is classified by the conjugacy class of a homomorphism p : U(1) — G, which is analytically continued
to a homomorphism p¢ : C* — G¢, where G¢ is the complexfication of G. Then p¢ defines a point
on Grg and the orbit, which is the Schubert cell, of this point under the action of G((¢)) depends

only on the conjugacy class of p.
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Chapter 3

Langlands program in physics

3.1 The early days of the Langlands programs in physics

The electric-magnetic duality is a key to understand the Langlands dual group. Classically it say
Maxwell’s equations are invariant under exchanging the electric field and the magnetic field. Fur-
thermore, from U(1) gauge theory, it results in Dirac’s quantization condition. In viewing these
charges as coupling constants of U(1) gauge theory and the dual “U(1) theory respectively, we arrive
at the picture of S-duality (for introduction, see [47]). And this S-duality is the most elementary
perspective of modern S-duality with supersymmetries. One trivial but important fact is that the
dual of U(1) is again U(1), which implies that the magnetic charge is scaler. However if we consider
a gauge theory whose gauge group is a general compact real Lie group G, the "magnetic” charge is
g valued in general (strictly speaking, it takes values in the maximal torus of g) and the dual theory
has the gauge group “G. Hence we obtain more nontrivial duality of gauge theories. In below, we
will consider how the Langlands dual group emerges and what the dual theory looks like.

In 1974, 't Hooft [49] and Polyakov [48] constructed frameworks to consider a monopole with
charge e in Yagn-Mills-Higgs model with SO(3) gauge group. They made assumptions, which is called
the ’t Hooft-Polyakov anzats today, on the form of the Higgs field ® and the gauge potential W,
and showed that the magnetic field Fj; is written as a product of a Higgs filed ® and field strength G;

in such a way that F;; = ®-G|;, and at the region sufficiently away from the monopole, the magnetic
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field becomes Fj; = eijk%%. This shows that 't Hooft-Polyakov monopole is indeed the Dirac charge
up to sign. In the following section, we extend the gauge group to a more general one and consider
monopoles. Then it turns out that the corresponding monopole charge @) is also quantized. While
these series of discussions we encounter the GINO dual groups which are examples the Langlands
dual groups.

In this section we review the paper of Goddard, Nuyts and Olive [16]. We work on the 3 + 1-
dimensional Yang-Mills-Higgs system with a n-dimensional compact and connected gauge group G.
Let g be the Lie algebra of G, and we denote by {7,}7_; the a of the basis with structure coefficients
fave, namely any 7, and 7, satisty [7,, 7] = fapeTe-

We work with Lagrangian density £ given by

1 a aur 1
L= _ZGHVG a + §|DM(I)‘2 - V<(I))7 (31)
where p,v =0,---,3 and
D,® =0, —elW,®, (3.2)
G = 0,W, —o,W, —e[W,,W,], (3.3)

where W, = W7, are the g = {7,},_, valued potentials and V' (®) is an G invariant Higgs potential.

In this system, the energy density H corresponding to the given Lagrangian density is
L 2 L. 2 1 a aij 1 2
H= §|Wz| +§|(I)i’ —i—ZGijG J +§‘Di@| + V(®), (3.4)

where a dot indicates the time derivative. Since the energy is the integral over R? of the density H,
especially D,® = 0 and V(®) = 0 as |z| — oco. So let Mj denote the manifold of vaccua, namely
My ={® :V(®) =0}. Since V is G invariant, so is My. Suppose G acts on M, transitively, namely
Y, d' € My,?g € G such that ® = g&. We put an asymptotic 2-dimensional sphere S whose
radius is sufficiently large so that ® € My. Then the condition V(®) = 0 as |z| — oo means that
® is a continuous map from S2 to M,. Hence we would be allowed to categorize ® by ma(My). Let
us fix a base point zy in S2 and assume ®(zy) = ¢9 € My. The G-orbit G¢y is a submanifold
Goo = {900 : g € G} C My and the isotropy subgroup I is defined by I = {g € G : g9 = ¢o}.
Hence we have homeomorphic G/I = Gy = M, since G acts on M transitively. Assume My = G/1
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is connected and consider the homotopy exact sequence as the fiber bundle (G,G/I, 1)
o= m(G) & m(GI) - m(I) = m(G) = - (3.5)
Note that mo(G) = 1 for any connected and compact Lie group GG. Then we obtain isomorphic
mo(G/I) = ker(m (1) — m(G)). (3.6)

Therefore our problems to classify ® by m(G/1) result in to study loops in I which is null-homotopic
in G.

Now we consider a monopole in this model. If the gauge group G is SO(3), this results in a 't
Hooft-Polyakov monopole as we mentioned.

We construct a loop in I and show the given monopole charge Q(x) determines the element of
m1(I) in an appropriate manner. Now we invite a magnetic monopole with magnetic charge Q(x)

which takes value in Lie algebra i. We assume that the field strength take the form

G n QW) o9 (3.7)

ij = €ijkW .

at any site sufficiently distant from the central region of the monopole in a appropriate Lorentz

frame.
Claim 3.1.1.
DiQ(z) =0 on S2, (3.8)

Derivation. The Bianchi identity

1

ée“yp’\D,,Gp)\ =0 (3.9)
brings about
And the equation of motion

G — e f"WIGH + e®T,D'D = 0 (3.11)

gives D,G* = 0 since D¥® = 0 on the sphere, where D,G" = 0,G" — e[W,, G*]. Then we obtain
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Consequently the assertion follows. 0
Some loops in I are obtained by the following way. Firstly, we divide S2 in to two open hemi-
spheres Y. such that S2 =X, UY_ and ¥, NY_ is a small band around the equator. Since ¥ are

contractible, there are local gauge transformations gy : ¥4 — G such that
P(z) = gu(z)do, =€ Xy (3.13)

This gives us on X, N X_
9+ (x)do = g (2)¢o. (3.14)

Thefore there we obtain g~*(z)g, (z)¢o = ¢, and this shows that g~*()g, (z) € I, which is what we
have sought. Moreover, this loop h(x) = g(z)_'g, (z) is trivial in G, because for all h(z) there exists
continuous paths to connect between g1 and the identity element of G since G is path-connected. Let
g(1,z)x € G, T € [0,1] be such a continuous path which satisfies ¢(0, )+ = 1 and g(1,z)+ = g(x)+.
Then the operation to glue g+(7,z) into g~*(7,7)g (7, ) is also continuous since G is Lie group,
and h(r,z) = g(7,2)"'g. (7, ) connects 1 and h(x) in G. Therefore we have the following Higgs

configuration

9(7_, :E) qu TEX
B(r,z) = * ’ (3.15)
g(T,x)_¢y =€ X_.
On the other hand, if h(z) €ker(m (1) — m(G)) is given, then choose a continuous path g(7, x) €

G so that g(0,z) = 1 and ¢(1,2) = h(x). Then we arrive at

O(r, ) = g(7, z)o. (3.16)

Clearly, the set of the equivalent classes of h(z) forms a subgroup of 7 (1) and is indeed ker(m, (H) —
m(G)).

Let us introduce parameters (s,t) € [0,1] x [0,1] and coordinates z;(s,t) for S2 € R3. In order

to consider a loop h(z(s,t)), we fix z(s,t) at P € S2 whenever s or t = (0 or 1.
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Claim 3.1.2. For a fixed s, ®(s,t) is given by

t .
®(s,t) = Pexp (e/ dt’%(s,t')%ﬁf) b0, (3.17)
0
where ®(s,t) and W;(s,t") are abbreviation of ®(x(s,t)) and W;(x(s,t")) respectively. Hence
1 8:6@
h(s) = Pexp e/ dtWi(s,t)E (3.18)
0

defines a loop in [.

Derivation. Since D;® =0 on S2 | Ddi(P = %ﬁi D;® = 0. Then

0= 5 D=2 — e

D, 1
5 Wi (3.19)

Note that W is non-Abelian, by which we need the path-ordering operator P. The integral with

respect to ¢ over [0,t] gives the solution ®(s,t). Since 88? =0at s =0,1, h(0) = h(1) follows.

Moreover ®(s,1) = ¢g € I, since x(s,1) = P. Then h(s) is a loop in 1. O

In order to show that the monopole charge is quantized, let us calculate the development of A(s).

Claim 3.1.3. h(s) = exp [~ £Q J; ds' [ dtei2 55| h(0).

Derivation. We defined g by

t .

g(s,t) = Pexp (e/ dt'Wi(s,t") ?‘9?) : (3.20)
0

With respect to ®(s,t) = g(s,t)po, DiP = D%(I) = 0 leads to D;g(s,t) = 0. Then D,;gf = g0o,f for

1

all f, and hence ¢g7'D; = 9,g7 " follows. Therefore we obtain

0i(9™'Dsg) = g~ DDy (3.21)
=g~ '[Dy, Dylg (3.22)
O0x; 0x;
—_ -1 ¢ _‘] . .
O0x; 0x;
=g 5 On (—eGij)g. (3.24)
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The integral of this form over ¢ € [0, 1] and the fact g7'(s,t)Dsg(s,t)|i=0 = h™'(5)dsh(s) give

ox; 0
h=1(s),h(s) = / dt 5’; ax] s, t)Gi9(s, 1) (3.25)
a:pz 0z; — Ty Q( ( ))
=— dt Lg~ (s, t)e; t 2
6/' at 839 (8 )€]k| |3 47T g(S7 ) (3 6)
L' Ow; Ox; xr Q(x(0,0))
——c [ @S 010,0)e 22 g0, 3.27
6/0 8t asg ( ’ )ejkym‘g A7 g( ) ) ( )
Q 8131 (%cj Tl
= dt i —— —— 3.28
e kot ds |z|3 (3:28)
We used the fact D;Q(x(s,t)) = 0 to obtain

97 (s,)Q(x(s,1))g(s,t) = g71(0,0)Q(x(0,0))g(0, 0). (3.29)

The integration of this form over s yields
Q [° ! Ox; 0x; T}

h(S) = exp |:—€E ; dS, ; dtezjkga—fw h(O), (330)
where exp : i — [ is the exponential map, which corresponds to construct the Chevalley group.
Especially,

Q /1 /1 Ox; 0z oy,
h(1) = —e— d dte;jp———=1| h(0). O 3.31

(1) exp[e4ﬂ0 80 6]k8t85|x]3 (0) ( )

O

Next we evaluate the above integral. Since the integral is invariant under rescaling x, we are

dacl

o as 2Ly is the pul back via the embedding

allowed to set the radius |x| of 5% to 1. Furthermore, €;;; %%

S?2 5 (s,t) — xi(s,t) € R? of the form w = e,]kxkdxz A dz;. Then the above integral becomes

h(1) = exp [—e% /S 2 w] h(0) (3.32)

= exp [—e% / dw] h(0), OD? = S? (3.33)
= exp|—eQ]h(0). (3.34)

To derive the last equation we used the fact that dw = %eijkdxi A dx; A dzy is indeed the 3 times of

the standard volume form in R3.
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Recall h(1) = h(0), then we arrive at the following pregnant result.

Claim 3.1.4. exp[—eQ] =1 € I.

We shall investigate the structure of the group which produces the above simple formula. Since
H is connected and compact Lie group, the Lie algebra i of I has Cartan decomposition with the

associated set A of roots

i=t® ) ia, (3.35)

a€A

where t is the Cartan subalgebra, which is equivalent to the Lie algebra t of the maximal torus

T

’

t={Xci:[X,X]=0"X €i}, (3.36)

and i, is defined by
l,={Xci:[[,X]=a(X)I,"T cil. (3.37)

We focus on t. Let the rank of h be [. That is to say, we take {11,--- ,1;} as the basis of t. And we
denote by e, the generator of i,. Then they satisfy the following properties:

1. i = UserAd(s)t, namely

VX €1, 'Y €t, 7s € I such that X = sYs™ L. (3.38)

2. s € I such that sts™! = t.
3. [T;, eq) = ajeq.
4. The center of H is contained in 7', i.e. Z(H) CT.

The above properties 1. and 2. allow us to write —e@ € i as

l
—eQ = s (Z 6T> s. (3.39)

Then the quantization condition exp|—e@] = 1 becomes

I
exp (Z ﬁ/ﬂ) =1 (3.40)
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This shows that the exponential map is exp : t — T'. Alternatively, the map exp : t — T is surjective,

and there exists a non negative integer k(< [) such that

exp (1) = Y ZT, (3.41)
= X.(T) (3.42)

where {T;} is an appropriate choice of the basis of t, and X.(7') is the coweight lattice of homeo-
morphism U(1) — 7. Then we find
Tt/ X.(T). (3.43)

Moreover using the property 3. ([7}, eo] = ue,), we obtain

l l

Therefore we arrive at -« € 2nZ.

A homeomorphism y : T'— U(1) is called a character of T
Yo (e7) = e X)X et (3.45)

where w is a weight. The set of weights spans a lattice X*(T"), which is called weight lattice of
homeomorphism x : 7" — U(1). So our quantization condition exp[—e@)] = 1 means that there exists
a compact connected semisimple Lie group I whose weight lattice is X, (7). Therefore with respect
the given root data (X*(7), A, X.(T), AY) for I, we obtain its dual root data (X, (T'), AV, X*(T), A)
for 'I. So f3; are coweights of I and, at the same time, are weights of 7. We call “I GNO dual
group of I which is an example of the Langlands dual groups. In appendix A, we explain general

Langlands dual groups of connected reductive groups.

3.2 N =4 SYM from a geometric Langlands point of view

3.2.1 Overview

A physical approach to the Langlands program was firstly proposed by Kapustin and Witten [26].
Their method based on N' = 4 super Yang-Mils theory in four dimensions. We review it in this

section. Here is a flow chart of our discussion.
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3.2.2 Review of N =4 SYM

(a) Action

Our signatures of the metric g;; of ten-dimensional Minkowski space R or Euclidean space R are
in accord with those of used in [26], namely Lorentz signature — + + - - - 4+ or Euclidean signatures
+ + +---+. The gamma matrices I'; (I =0,---,9) obey the Clifford algebra {I';,I';} = 2¢g;;. The
chirality operator I' is as defined in appendix C,

g = (—i)Ty--- Ty (3.46)
for the Euclidean signature, and
Iy =(—i)Ty---Ty (3.47)

for the Lorentz signature. We use label E or L to indicate Euclidean or Lorentz signature. In this
paragraph we work with the Lorentz signature.

The T' classifies the chirality of spinors. Let ST and S8~ be the set of positive and negative
chirality spinors respectively. A number of detailed properties about the gamma matrices and spin
representations ST are given in appendix C.

We first consider N' = 1 super Yang-Mils theory in ten-dimensions. Let A be a gauge field, which
is a connection on a G-bundle E. We prefer to choose A anti-hermitian then the curvature F' is
F =dA+ AN A. We denote by A a fermion field, namely A is a section of ST ® ad(E). Our action
is given by

I = 6—}2 dzTr (%FI JF17 — z’XPIDIA) (3.48)
A constant bosonic Majorana-Weyl spinor € that obeys
Cre = —ie (3.49)
generates supersymmetry. The action (3.48) is invariant under the supersymmetry transformation
0sAr = iel'1 ), (3.50)
SsA = %F”FUe, (3.51)
and the conserved supercurrent which generates the above supersymmetries is

1
J = §TrFJKFJKFI)\. (3.52)
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(b) Dimensional reduction from ten-dimensions to four-dimensions

We simply take all the fields to be independent of the coordinates x4, - ,z9 to reduce to four
dimensions. For example, the four components A; (I = 0,---,3) are the four dimensional gauge
field A, (1 =10,---,3), and the others become four dimensional scaler fields ¢; = A;44 (i =0,--- ,5).
Hence the field strength Fr; = 0;A; — 0;Ar + [Ar, As] become

;

0,A, — 0, A, +[A,A)] 0<I=p J=v<3

Frr =4 ¢4, 04 A<T—itd J=j+4<9 (3.53)

\D,u¢j:8u¢j+[A/m¢j] 0§[:ﬂ§3,4§J:j+4§9

The dimensional reduction produces as Spin(6) symmetries in four dimensions and the Spin(6) group
acts on the scaler fields ¢; naturally.
The bosonic part of the action of the four dimensional N' = 4 supersymmetric Yang-Mils theory
consists of S, is reduced from Iy to
1 13 3 5 B
Si= d*zTr (5 ZO E, F" + Z; Z; Du$iD"¢' + 5 Zl[opi, qu]?) : (3.54)
pv= p=0 i= ij=

Moreover there is an additional term, known as a topological term of the theory, given by

Sp= 2 Te(F AF) =

~ 82 1672

where *F" is the Hodge dual of I and (xF),, = %EWMF’)". Together with Sy and Sy, we have two

/ d*zTr(F,, (xF)"™), (3.55)

real parameters e and . We combine them into the complex coupling parameter

0  4m
= — 4+ —. 3.56
T o - e? (3:56)
We show that 7 is identified with the coupling constant of our theory. When we put
Gu = Fu +i(xF) ., (3.57)
then we obtain
GuwG" = 2F,, F" + 2iF,, (xF)". (3.58)
The gauge field part of Sy and Sy become
1 0 1
4 v v _ 4 v
/d xTr <2—62FWF“ + 167T2FW(*F)“ ) = E/d 2Tr(rGGMY). (3.59)
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So we regard T as the coupling constant of 4 dim N = 4 SYM theory.
Note that 7 is defined on the upper half plane H and recall the group SLs(Z), which S and T
(defined by (2.4)) generate, naturally acts on H and 7 as

1

ST ——, (3.60)
T

T:7—7+1. (3.61)

If & = 0 the S transformation results in the classical electric-magnetic duality e — 1/e and as we
saw in the previous section 3.1, the gauge group G transforms to its Langlands dual group G in
the dual theory. If G is simply-laced, the S-duality conjecture asserts that the gauge theories of
(G,7) and (*G,—1/7) are equivalent. If G is not simply-laced, we modify the coupling constant 7

and S-transformation as

" TP .
. 1
S:F—-—-——, (3.63)
ngT

N (3.64)

where ng = |ongl?/|short s and qong and qieng are the long root and short root of g respectively.

Consulting the Dynkin diagrams (see appendix A), we notice

/

1 for A,, D, and E,

ng =142 for B,, C,and F; - (3.65)

3 for Go
\

So if ny # 1, the S-transformation is not a generator of SLy(Z), instead S?, STS and T generate
a subgroup I'g(ng) of SLy(Z) (see (2.20) for its definition). More detailed discussions for generic
S-duality for N' = 4 super Yang-Mills theories can be found in [2, 6].

(c) Transformation of the supersymmetries

From now on we will work with the Euclidean signature. The Euclidean ten-dimensional SYM
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theory has the standard Spin(10) symmetry in the presence of fermionic fields and it decomposed
to Spin(4) x Spin(6) symmetry after we reduced to the dimensional reduction. So the chirality

condition I'pe = € in ten-dimension becomes
ITe = e, (3.66)

where I' = Ty - - - s classifies Spin(4) chirality and I' = T - - - Ty classifies Spin(6) chirality. Both of
I' and I have the same eigenvalues £1. Recall the isomorphisms Spin(4) = SL(2, C) and Spin(6) =
SU(4). The two spin representations of Spin(4) corresponds to (2,1) and (1,2), one of which is
complex conjugate of the other. We choose sigs so that I' acts as +1 and —1 on (2,1) and (1,2)
respectively.

Similarly the spin representations of Spin(6) are 4 and 4 of SU(4)g, and we prefer signs so that
[ acts +1 and —1 on 4 and 4 respectively.

In summary, the four-dimensional supersymmetries transform as
(2,1,4) ® (1,2,4) (3.67)

under Spin(4) x Spin(6) = SL(2,C) x SU(4)g. The fermion fields transform in the same way.

(d) Topological twisting

We successfully obtained four-dimensional supersymmetric Yang-Mils theory on flat space, however
when we try to transplant this theory to a general four manifold, we need a trick, called twisting,
otherwise all the supersymmetries are destined to die. The procedure of twisting is to replace the
symmetry group Spin(4) of R* to a subgroup Spin’(4) of Spin(4) x Spin(6), which is isomorphic to
Spin(4) and acts on R*, but acts on the gauge theory in a different way. In the following section, we
will mainly use Euclidean signature. By the Wick rotation, we have I';, = il'g, so I'ge = —ie.

We pick a homomorphism s : Spin(4) — Spin(6) and set
Spin'(4) = (1 x »)(Spin(4)) C Spin(4) x Spin(6). (3.68)

Basically we have three different ways to perform twisting since there are isomorphisms Spin(6) =

SU(4) and Spin(4) = SU(2) x SU(2), which we refer to as SU(4) g and SU(2); x SU(2), respectively.
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The 4 representation of SU(4)g can be realized as representations of SU(2); x SU(2), in the following
ways:

() (2,1) @ (1,1) @ (1,1) (i) (2,1) @ (2,1) (i) (2,1) @ (1, 2). (3.69)
Here we make some short comments on the three twists. (i) is the Donaldson-Witten twist [51] and
this corresponds to regard N’ = 4 as N' = 2 with matter. (ii) is the Vafa-Witten twist [50]. S-duality
conjecture was tested by this twisting method. In this article, we prefer to choose the last case (iii)

so as to rerate to the geometrical Langlands program and we call it the GL twist. This choice of »

amounts to embedding SU(2); x SU(2), in SU(4)g in such a way that

SU(2), 0
x:SU(2), x SU(2), — € SU(4)g. (3.70)
0 SU(2),
This embedding commutes with an additional U(1) group generated by K:

, 1o 0
H = —IK = : (3.71)
0 —1
We will classify charges of fields by #". Therefore the 4 of SU(4)r = Spin(6) transforms under
SU(2); x SU(2), x U(1) as (2,1)" @ (1,2)"".
In addition to the above method of twisting, there is an alternative description in terms of SO
group. Let v; (i =1,---,6) be the gamma matrices in six dimensions, which are 8 x 8 matrices. We

regard Weyl spinors 1, x in four-dimensions as eight-dimensional spinors by identifying 1) = (’g) and

X = (g‘), then a vector in six-dimensions wan be written in such a way that
MpCyix = (CT)aph®X®  i=1,---,6, a,f=1,--- 4, (3.72)
where C' is the charge conjugation matrix and we used the chiral representation of 7;, namely

0 g;
o, O
where o; is four-dimensional gamma matrices. So the fundamental, six-dimensional vector represen-

tations 6 of SO(6) is the same as the Weyl representation A?4 of Spin(6). Hence
6=1%(21)" @(1,2)")

=(2,2)®(1,1)’®(1,1)77, (3.74)
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where (2,2)° can be identified with the vector representation 4 of SO(4). Therefore the embedding

corresponds to the homeomorphism

SO(4) 0
SO4) xU(1) 2 S50(4) x SO(2) — € SO(6). (3.75)
0 SO(2)

That is to say, the four ¢y, - - - , @3 of the six spin zero fields ¢q, - - - , @5 of our theory, which transform
as 6 of SO(6), rotate as 4 of SO(4) and the rest ¢4, ¢5 are the SO(4) scalers transformed by SO(2).
So the scalers o = \%(@ —i¢s) and T = \%(qh +i¢s) have charges # = 2 and £ = —2 respectively.
In summary, the bosonic fields of our theory are gauge fields A = A,dz*, which is an adjoint

valued one-form, another adjoint valued one-form ¢ = ¢,dz", and the complex scalers o, 7.

It is necessary to make a survey of how the sypersymmetries transform under Spin/(4) x U(1).

Recall the four-dimensional original supersymmetries transform under Spin(4) x Spin(6) as (3.67)
(2,1,4)® (1,2,4). (3.76)
So the supersymmetries which transform as (2,1) of Spin(4) now transform as
2,1 ((2,1) e ,2))=(1,1)"ae3,1) e (2,2)! (3.77)
under Spin’(4) x U(1).
Similarly, the supersymmetries which transform as (2, 1) of Spin(4) now transform as
(1,2)°%2 ((2,1)'®(1,2) ™) =1,1)"'®(1,3) e (2,2)" (3.78)

under Spin/(4) x U(1).

The representation (3,1)® (1, 3) implies there are anti-symmetric two forms since the Lie algebra
of SU(2) x SU(2) is the same as that of SO(4) and (3,1) & (1, 3) is the adjoint representation of
S0O(4). So we call the anti-symmetric two form x* of (3,1)7! self-dual two form and another anti-
symmetric two form x~ of (1,3)"! anti-self-dual two form.

In summary, our fermion fields are as listed in the following table.

H =1 two one forms ~ (2,2)!
H=-1 x* self-dual two form (3,1)~!
X~ anti-self-dual two form (1,3)7!
7,7 two zero forms (1,1)7!
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(e) The SUSY generators in four dimensions
The generators of Spin’(4) are I'yy + I'ysapia (1, v = 0,---,3) so the supercharges preserved by
twisting are those obey

(FNV + Fu+4,l/+4)€ = 0. (379)

Note this equation is equivalent to

FH7H+4€ == PV7V+4E (380)

for all u,v =0,1,2,3.
The Spin’(4) invariant spinor € can be decomposed to a linear combination € = ue; + ve,., where

€ and €, are told apart by fE =I'y['1I'5I'5 in such a way that

Tpe = —¢, (3.81)

Tpe = €. (3.82)
Let N = }122:0 I')44I',, then ¢ and €, can be exchanged by IV, namely

e, = Ne¢y, (3.83)
e, = —Ne,. (3.84)

Since ¢ and ¢, satisfy (3.80), we can show that

€ = N¢
= F#+4:ﬂ€l' (385)
Hence ¢; and ¢, obey
Uyraer = —Tuer, Tpyae, =16 (3.86)

It would be convenient to use I'si;9 = \/ii(l“g +il'g), then we have

Elrg_ﬂ'ger = Errg_;,_igq == 0, (387)

Fg,iQE = 0. (388)
The first equations follow by the chirality condition. We normalize ¢, and €, up to sign so that

EZF8+Z'9€Z = E'I’F8+i9€7' =1. (389)
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The spinor € = ue; +ve, is parametrized by CP* since we are not interested in any overall constant
scaling of €. Let ); and @), be the supercharges generated by ¢; and ¢,. Let o7 = €0, + €0, be a susy

transformation operator generated by ¢, and €,.. Then any field ® transforms
or® = [Q, 2}, 6P =[Q, P}, 6, =[Q,, O}, (3.90)
where
[A,B} = AB — (—1)IBIBA, (3.91)

+1 A is Grassmann odd
|A| = (3.92)

0 A is Grassmann even.

(f) The SUSY transformations
In order to specify the super symmetry transformations of the bosonid and the fermionic fields, we

expand the ten-dimensional spinor A in terms of fermionic fields in four dimensions:

A= (77 + Z 9, s tig + Z FWXZ,,) € (3.93)
I

p<v
(4 Dt + T ) o 390
p p<v
where ¢ and 1 are one forms, and x* are the selfdual and anti-selfdual parts of a two form y. Note
that
T xwer =T o, (3.95)
I xuwer =T X, 6 (3.96)

since I',,, ¢ is self dual and I', €, is anti-self dual.
Now we perform the susy transformation with respect to the bosonic and fermionic fields. The

transformation laws dgA; = iel'; A (3.50) of bosonic fields lead to

SpA, = iuh, + vy, (3.97)
O = ity — iy, (3.98)
Spo =0, (3.99)
dro = iun + 1. (3.100)
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The equation (3.99) means the charge of o is # = 2, and then there is no field with J#" = 3.

Similarly, the transformation rules dg\ = %F LT Fy e (3.51) of the ferimonic sectors with % = —1

lead

orxt = u(F — oA o))" +u(Do)",
orx” =v(F = N¢)” —u(Dg)",
drn =vD*¢ + u[a, o,

5T77’ = —UD*QS + U[Ev 0-]7

where D*¢ = «D x ¢ = D,¢", with the Hodge star x.

Those of J# = 1 transform as

5Tw =uDo + ’U[(Zﬁ, 0]7

ort) = vDo — ufp, o).
The nilpotency of the supersymmetric transformations is summarized in the form of
67® = —i(u® + v*) L, (D),

where we denote by ® a field. If ® is gauge invariant, then £,(®) = 0 follows.

For bosonic fields, it is straightforward to show

63 A = —i(u® +v*) (- Do)
07¢ = —i(u® +v)[o, ]
ortp = —i(u® +v*)[o, Y]
03 = —i(u® +v*)[o, ¢
630 = 0.

(3.105)
(3.106)

(3.107)

However when one naively calculate similarly for fermion fields, it is false. To cure the problems we
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need to introduce an auxiliary field P in the transformation laws

dp0 = iun + vn (3.113)
drn = vP + u[7, o] (3.114)
drn = —uP +v[7,0] (3.115)
drn = vD*¢p + u[a, 0] (3.116)
orP = —ivlo,n| + iulo, 7. (3.117)

And then under those transformations, we obtain the explicit form £, (®) = [0, @] for a fermion filed
®. If necessary, imposing P = D*¢$ makes those transformations consistent with the original ones.
After all, if @ is a gauge invariant field, either it is bosonic or fermionic, ® indeed obeys 6%® = 0

since we can choose a gauge o = 0.

3.2.3 The ”Topological” Lagrangian

In this section we mention the Lagrangian which posses topological symmetry for all ¢ and reduces
when M is flat to the Lagrangian of the underlying ANV = 4 supersymmetric Yang-Mills theory. Here

we just write results.

2 1
V= _2/ d'z/gTr (——nﬁ - iED*gb) . (3.118)
(& M 2

So = 6,0,V (3.119)

So = %/M d4x\/§Tr(%P2 — PD*¢ + %[5, o] = D,gD"o — [y, o][¢",7]
+ i D" + inDyap* — i, ¢ + mip, ¢
1

= 5lov i = %[0, nln +i[e, YY" +ifo, 12#]1/7#) (3.120)

The Euler-Lagrange equation for P is P = D*¢.
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S = i2 / d'z\/g (lFuyFw  Dudu DY + R0 + = [0y, ) — (D7)
e M 2 2

5%

=2, (1D + i) = 2x,, (iD9 — i, 9])

(3.121)
= X o X = ixu o, x‘“y])
t—tt
— | TrFAF.
Ny /M '
R (el /TrF/\F (3.122)
2T et+t=1)  8n2) Ju ' '
We define our action by
S =50+ 51+ 52
g
= 67V + —/ TtF A F. (3.123)
47T M

The t-dependent terms in S; and Sy vanish in total S. This action S is ”topological” in the sense
that any supersymmetric correlation function does not depend on a given metric. To see this let
O1,---,0, be an operators preserving supersymmetry, namely 67O0; = 0. We call such operators

observables. The correlation function is defined by
(O---0,) = / [DE)O; - O, 5= (3.124)

where = are the fields of the theory and [DZ] is a path-integral measure invariant under supersym-

metric transformations. Varying the correlator with respect to the metric g on M, we find

0 _ [ip= 0 =N)e-SI=]
s(010-0,) = [IDZ101- 0,55 (=5[2])e
= / [DZ12\/g0; - - - O, T}, e 1=

= / [DZ]24/g0; - - - Od7b,,e 5] (3.125)

= / [DE)67r (24/901 - - - Opbye )

o8



Hence the correlation functions are independent of the metric. There are a few comments on the

above derivation. In the second and third equation, we wrote

5 5V
29T = § = O (59””) — 57(—2/gbyw) (3.126)

with respect to the action S = dpV + "topological term”.

To verify the last equation is held, we reparametrize = and consider the trivial equation

/[ o — /[DE]Q, (3.127)

where 2 is an operator. Suppose =’ is obtained by the variation =/ = Z + §r= and expand

Q' = Q+ 671, then we obtain

Oﬁm]:g/ ba1o (229

We used the initial assumption that the measure preserves the supersymmetry [DZ] = [DZ].

3.2.4 Hitchin moduli space

(a) Canonical parameter

0
S =4V + Z— ToF A F (3.129)

™ Jm

where V' is a gauge invariant function and ¥, called the canonical parameter, is given by

*—1
U = Re(7) + ilm(7) EEE (3.130)
It is straightforward to show
SV ! (3.131)
: T’ :
T:V— U+1. (3.132)

29



(b) Hitchin equations

We consider the case where the fields are invariant under supersymmetry. Since this condition does
not depend on the overall scaling, it is parametrized by ¢t = v/u € C U {o0}. Especially vanishing of
the right hand sides of (3.101) ~ (3.106) gives

(F— ¢ Ao +tDo)* =0, (3.133)
(F—¢N¢p—t'D¢)” =0, (3.134)
D6+ %[a, o] =0, (3.135)
D¢ —t[z.0] =0, (3.136)
Do + tlo, 8] = 0, (3.137)
Do — %[a, 6] = 0. (3.138)
We combine (3.133) and (3.134) into the equation
F+t_2t_1D¢+t+t_l*D¢—¢/\¢:0. (3.139)

The most important value of t is t = +4¢ and t = +1.

For t = i, let A = A+ i¢ and A = A —i¢ be the G¢ valued connections. Then the equation
(3.139) is equivalent to that curvature F4 = dA + A A A vanish F4 = 0. Especially t = ¢ and
A= A+i¢plead

Fu=0, (3.140)
D¢ +ilo, 5] =0, (3.141)
Djo =Dpo+[A+i¢,0] =0. (3.142)

Readers should be careful with the different notations D4 and D 4.
Now we take our four-manifold M to be a product M = W x R, W = C x I, where C is a

compact Riemann surface and [ is a compact subspace of R. We denote by y a coordinate on I and

take y = 0 is an end of I. We write 0 = \%(Xl +iX5) and ¢ = ¢,dy, ¢, = X3, where X;(1 =1,2,3)

take values in the real adjoint bundle ad(F). Suppose A = 0, then the equations (3.140)~(3.142)

result in the Nahm equations

dX;
d_y + Eijk[Xj,Xk] =0 (3143>
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as mentioned in [54].
For t =1, we take M = W x R, where W is a three-manifold, and denote by s a coordinate of R
so that ¢ = ¢sds. Then the equation (3.139) results in

F=—%Dg¢ (3.144)

since ds A ds = 0, and this is nothing but the Bogomoln’yi equation, which will play a significant
role when we discuss 't Hooft operator in section 3.2.6.

Now we take our four-manifold M as a product of two Riemannn surfaces C' and ¥, where we
assume C' is compact, has genus g > 1 and sufficiently smaller than ¥ so that we can reduce the
four-dimensional gauge theory on M = C' x X to an effective theory on 3. The generic configurations

of the effective theory on X turns out to be those that satisfy
F—¢Np=0, Dp=D"¢p=0, (3.145)

Do = [¢,0] = [7,0] =0, (3.146)

where ¢ and A are pull-backs from C. The equations in (3.145) are known as Hitchin equations,
and the space of solutions up to gauge transformations is a complex and noncompact manifold of
dimension 2(g — 1)dimG, called the Hitchin moduli space, which we denote My or My(G,C).
Eventually the four-dimensional twisted A/ = 4 SYM theory reduced to a non-linear sigma model of
maps ¢ : ¥ — Mpy(G,C). What our assumption that ¥ is sufficiently larger than C' amount to is
this, that there exist non-constant but slowly varying maps ® : ¥ — My(G, C).

Here we give some important properties of the Hitchin moduli space:
1. non-compact

2. connected if GG is simply connected

3. completely integrable Hamiltonian system

4. hyper Kahler manifold

We rationalize 2 from the fact that the connected components of My (G, C) is labeled by elements
of H*(C,m(Q)) 2 m(G).
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(c) The Hyper Kahler structure of Hitchin moduli space
Our goal of this paragraph is to show a guideline to prove the following theorem. Some of basic

concepts about Kéher and hyper Kéhler manifolds are summarized in appendix B.1.

Theorem 3.2.1. the Hitchin moduli space Mg (G, C) has hyper Kéhler structure.

From now, we work on a local complex coordinate z on C'. Then the gauge fields and scaler fields

are written as
A= A.dz + Azdz, (3.147)
¢ = ¢.dz + ¢pzdz. (3.148)

Let W be the space of all A and ¢. We regard WV as an infinite dimensional affine space, which has
a metric defined by

1
ds® = —4—/ 2| Tr(0A, ® 6 Az + 0 Az ® 6A, + 0¢. ® 0z + 06z © 06.), |d*z] = idzdz, (3.149)
T Jo

where we write 0 for the exterior derivative on My (G,C). We introduce three complex complex
structures I, J and K on W. Basically we define the actions of those operators by their transposed

matrices as follows. We define I by

'T1(5A,) = —iS A, (3.150)
'T1(5Az) = i6 Az, (3.151)
‘1(89.) = i64., (3.152)
1(8¢s) = —idz, (3.153)

which satisfy 12 = (1) = —1. §As and d¢, are the linear holomorphic functions in 1.
Likewise we define J by

PJ(6A,) = —d¢., (3.154)
LJ(6As) = —56=, (3.155)
LJ(6¢.) = 0A., (3.156)
L J(6¢5) = 0 As, (3.157)
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which satisfy J? = (!J)? = —1. A, = A. +i¢, and A; = As + i¢> are the linear holomorphic
functions in J.

Finally we define K by

'K(0A,) = id¢., (3.158)
'K (6A;) = —ids, (3.159)
'K (6¢.) = i0A., (3.160)
'K (0¢z) = —id Az, (3.161)

which satisfy K? = (*K)*> = —1. A, + ¢. and Az — ¢> are the linear holomorphic functions in K.
These linear operators I, J and K obey ‘K'J'I = —1. Taking the transpose, we get IJK = —1.

Moreover

ds* ='1 @'1(ds*) =7 @ (ds?) =K ®@'K(ds?). (3.162)

Therefore, referring the definition B.1.21, we have checked W is a hyper Kahler manifold with
complex structures I, J, K.

It is convenient to introduce the complex structure I,,, which is parametrized by w € CP', defined

by
_mww, e wET (3.163)

L, =
I +ww * I +ww I +ww

The linear holomorphic functions in I, are A, + w™'¢, and Az — we¢s. For instance I; = K and
I_,=J. Weset Iy=1and I, = —1.0
By the definition B.1.10 of the fundamental 2-forms, it is straightforward to find w;, w; and wg

associated with the three complex structures I, .J and K.
wr ="1T®1(ds?)
=~ / |2 Te(6 Az AN OA, — 6z A 66.) (3.164)
27 C

:_i/Tr(aAAaA—5¢A5¢),
47 C

wy ="J ® 1(ds?)
. (3.165)
_ 1 / (2| Te(06s A SA. + 66, A GA),
27T C
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wig ="K ® 1(ds?)
— : 2 _ _
=5 /C |d“z| Tr(6¢pz N 0A, — 0, N6 Az) (3.166)

L [ sonsa
2T C

There is one more step to show that the Hichin moduli space My (G, C) is indeed a hyper Kéhler
manifold. Let e generate an infinitesimal gauge transformation and V' (€) be the corresponding vector
field on W, which acts by A = —De, d¢ = [¢,¢]. The appropriate moment maps pr, 1y and pug

turn out to be

1

pr=—— [ Tre(F — ¢ AN o), (3.167)
47 C
1

py = ——/ |d*2| Tr €(D,¢= + Dz¢b.), (3.168)
47 C
1

g = ——/ |d?z|Tr e(D, ¢z — Dz¢.). (3.169)
47 C

Indeed, one can check they are the right momentum maps as follows. We perform some calculations
for (3.168). The starting point is make a small change for ¢, and A, so that ¢z — ¢z + d¢> and
A, — A, +6A,. Then D,¢s = 0.6 + [A,, @] is transformed into

D.¢z = D.0¢z + [0A., ¢z + [6A, 6¢z] + D.¢. (3.170)
Therefore we obtain dD,¢: = D.d¢s + [0 A,, ¢z]. We define the first term of (3.168) as
1 2
- Tr €D, o=. 171
» 47T/C|dz|rez(bz (3.171)
Then
Sy = —%/ |d?2| Tr €D,
™ Jc
1
-0 / |P2[Tr e(D.6¢5 + [6A., 6])
c
— _ﬁ / |d?2| Tr(—D.e A3z + €[6A., ¢2])
[me (3.172)
= E/ |d?2| Tr(D,e A 6z + [, =) A SA,)
c

= i/ |d?2| Tr(—6 A, A Sz + 6= A SA,)
A7 Jo

1 2
_ %/Cu 2| Tr(56s A SA.)
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The second term jip of (3.168) is derived likewise and it is actually dus = 5= [, [d?z|Tr(0¢. A 5 Az).
As a consequence, we finished to show du = dpy + dpe = tywy.

As mentioned in the theorem B.1.28, the quotient (u; ', 5", ux')(0)/H, where H is a Lie group
acts on W with the moment maps, is a hyper Kihler manifold. And the space (u;*, u;", px')(0)
consists of those (A, ¢) which obey the Hitchin equations (3.145)

F—¢ANép=0, D, = Dsp, = 0. (3.173)

So the Hitchin moduli space My (G, C) is indeed a hyper Kéhler manifold.

(d) The Hitchin fibration

Our main ingredient in this section is a nonlinear sigma model of the map ¥ : ¥ — Myx(G,C).
What we have shown in the previous subsection is My (G, C') has a hyper Kéhler structure. What
we are interested in next is the space called the Hitchin fibration on which we will see that A and
B type D-branes exist.

In [19], N. Hitchin introduced a Higgs G-bundle on X. Firstly we describe it in its complex
structure 7, in which we regard A; and ¢, as holomorphic variables. A Higgs G-bundle on C' is a
pair (E, ), where E is a algebraic G-bundle on C and ¢ = ¢.dz € H°(C,gp ® K¢) is a Higgs field
on it, where gp = F X g is the adjoint vector bundle and K is the canonical bundle of E.

In complex structure I, the Hitchin moduli space My(G, C) is understood as the moduli space
of semistable Higgs G-bundles on C'.

For any Higgs bundle (E, ¢) and an invariant polynomial P of degree d on the Lie algebra g, the

Hitchin fibration is constructed via a gauge invariant map 7, which is surjective [19, 20],
m: My(G,C) = B =a_ H(C,K&) (3.174)

where [ = rankg and each polynomial P; has degree d;, which are the exponents of g plus 1. For each
point p € B, the Hichin fiber F,, is defiend by F, = 7—!(p), which is known to be compact. The

degrees d; of those polynomials satisfy

> (2d; — 1) = dimgG. (3.176)

i
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Since dime My (G, C) = 2(g — 1)dimgG and dimeHO(X, K5%) = (2d; — 1)(g — 1), where g > 1 is

genus of C'; it turn out that
1

Therefore B = @l_, H(C, K&%) = Clo-Ddm=(@) gince initially B is a linear space over C. One of
the main properties of My (G, C) is a complete integrable system in the complex structure I as
shown in [20]. In fact, such Hamiltonians are defined by linear functions on B. For G = SU(2), the

Hamiltonians are, as given in [19],

Ha:/aa/\Trcp2, a=1---,3(9—1), (3.178)
c

where a, are (0,1)-forms valued in the holomorphic tangent bundle to C. For a generic G, we simply

replace Trp? to the invariant polynomials P;(p) and oy to ag; € HY(C, K®U1d)),

Theorem 3.2.2. (Liouville and Arnold)

Let (M,w, H) be a complete integrable system. Then for a set of maps f = (f1, -, fa) :
M — R™ and any ¢ € Image(f),

M;=f(c)=2TF xR (3.179)

Moreover if My is compact and connected, then

My =T =R/Z". (3.180)

As a matter of fact F, is compact and connected. Hence the Hitchin fiber F,, is homeomorphic
to a torus 729~ 1dimz(G)
For example, the invariant polynomials on the classical Lie algebra g are given in the following

table. Here X is an element in g.

type g Invariant polynomial P 7
Ay | sl1(C) or supy Tr(X") 2<i<Il+1
By | 5091:1(C) or sog41 Tr(X?*) 1<i<l
C spi(C) or sp Tr(X %) 1<i<li
D, 509;(C) or soy Tr(X?), (—=1)ldet(X) [1<i<I-1
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For instance, for G = SU(N), the degrees of Tr(X*) are i (2 < i < N), and then surely we can verify
the above formula (3.176) 32 (2i — 1) = N? — 1 = dimg(SU(N)) is correct.

Even if we switch G to its Langlands dual group *G and we write B for the dual of B, still it
is possible to identify “B as B, which is essentially based on Chevalley’s theorem. We can verify the
truth of this statement for the examples in the above table, since the dual of B; is (}, and A; and
Dy are self-dual respectively.

Consequently we obtain the two Hitchin fibrations over the same base space B:

Mu(G,0) Mu(tG, C) (3.181)

~,

B

Moreover for a generic p € B we have two torus F,, and “F,. As stated in [46], the fibers of the two
mirror fibrations over the same point in the base space are T-dual to each other. In this sense, we
say that the tori F, and “F, are T-dual.

Surprisingly this 7-duality originates from S-duality in four dimensions as discussed in [4, 17].
And this is actually in accord with our construction of sigma model, showing of which is our next
purpose. That is a remarkable accomplishment, in the sense that SYZ approach to mirror symmetry
[46], Hausel and Thaddeus showed in [18] that M g(G, C) and My (LG, C) are indeed mirror partners
if G is a type A; group, and they predicted this would be true for any reductive group. And Hitchin
proved in [21] this expectation for the exceptional group Gs.

To summarize, in the context of geometric Langlands correspondence, we claim that the S-duality

is equivalent to the mirror symmetry.

3.2.5 A-models and B-models

We want to construct a topological field theory (TFT) from our sigma model @ : ¥ — My(G, C). We
start with revisiting the family of the complex structures I,, of the Hitchin moduli space My (G, C).
Recall I, is parametrized by w € CP' and defined as

Cl—ww i(w—w) w+w
14 ww 1+ ww 1 +ww

(3.182)

w
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The linear holomorphic functions in I, are A, +w™1¢, and Az — wes.

Since My is hyper Kéhlerian and it has (4,4) supersymmetry, all we have to do is to pick up a
pair of complex structures (J,, J_) form My, which automatically is identified with a structure of
(2,2) supersymmetry. If J, = —J_ = J , we obtain A-model in complex structure J. In contrast, if
Jp=+J_ = J, we obtain B-model in complex structure J.

To chose (J,,J_), we assign a pair of parameters (w,,w_) = (—t,¢t71). An A-model is obtained
if and only if ¢ is real. In contrast, we obtain a B-mode If and only if wy = w_, i.e. t = %i.

For examples, the value t = —1 corresponds to the complex structures (I;,1_1) = (K, —K), so it
is A-model in complex structure K.

Since SLy(Z) acts on t by

d
i € SL(Z), (3.183)
leT + d| c d
the acton of SLy(Z) on (wy,w_) is
cT +d
- - 3.184
Wy Wy ’CT I d” ( )
leT + d|
_ _ 3.185
i ( )

Therefore the A-model in complex structure K is mapped to (w,,w_) = (—i, —i), which is the B-
model in J. Thus S-duality shows the A-model for My (G, C) in complex structure K is equivalent
to the B-model for My (YG,C) in J. Furthermore, recall that the Higgs field ¢ = ¢.dz and the
complex structure rotate in such a way that
© = A, (3.186)
Iy — -1, (3.187)
So setting A = ¢ make the complex structure K into J. Thus, we get a mirror symmetry that maps

the A-model in J to B-model in J, namely My (G, C) and My (FG, C) are a mirror pair in J.

3.2.6 Wilson and ’t Hooft operators

The geometric Langlands duality can be seen physically via the duality of Wilson and ’t-Hooft

operators as pointed out by Kapustin in [24]. Since these are the most elementally operators in
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gauge theory, it is worthwhile to investigate them.

(a) Wilson operators
Let G be a gauge group and A be a connection on G-bundle 7 : E — M. A Wilson loop W is the

holonomy of A in an irreducible representation R around a loop v in M:

Wo(R,~) = TrpP exp (— 7{ A) | (3.188)

When we return to the twisted N = 4 super Yang-Mills theory, the connection A obeys the trans-
formation law (3.97)

SpA, = iu, + v, (3.189)

under which the Wilson loop is not invariant unless (u,v) = (0,0). However we have another adjoint

valued one-form ¢, which transforms as (3.98)

Oy = i, — iu,. (3.190)
If t = v/u is equal to +i, then a linear combination of A and ¢ is invariant. More precisely, we obtain
the invariant Wilson loop operators

W(R.A) = TrpP exp (— $.(A+ z¢)> t=1 (3.191)

Trr P exp (— fV(A - ng)) t=1

Rewriting these combinations as A = A +i¢ and A = A — i¢, the equation (3.139) means they
are flat connections F = F = 0. The existence of a flat connection is important for the geometric
Langlnads duality. Let Y(G,C) be the moduli space of flat G-bundle on C. Then a solution (A4, ¢)
of the Hitchin equations determine a point in Y(G, C). In other words, the operator 0 defined by
the (0,1) part of the derivative D, gives E a holomorphic structure. Moreover, with respect to the
(1,0) part ¢ of ¢ and the canonical bundle K of C, ¢ become a holomorphic section of K ® ad(E).
Therefore, the pair (E, ) defines a Higgs bundle. We will back to this topic later.

Though we have considered the Wilson loop operators around a closed curve =, it is also possible
to work on an open curve, in which the Wilson line operators is defined as the matrix of parallel

transport of a section along the open curve.
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(b) ’t Hooft operators

Recalling the canonical parameter of the form (3.130)

t2—1

the above case t = 41 correspond to ¥ = oo. Since ¥ = oo goes to ¥ = 0 under the S-transformation,
there must be the dual operators of the Wilson operators at ¥ = 0, which turn out to be the 't Hooft
operators.

In order to explain the 't Hooft operator in a representation R of (G, we first restrict ourself to
G = U(1) gauge theory on R* = R x R®, which is the most basic example. Let (¢, 7’) be local
coordinates of R x R? and ~ = {(t, ﬁ) 't e R} be a line. The singular Dirac monopole is a solution
of the Maxwell equations dFF = d x ' = 0 on R*\ ~ and has singularities at v, where F is the
curvature of U(1) connection A and * is the Hodge star operator. Such a solution is given by the

pull back of
: 1
F= %*3 d (‘—7}—0 (3.193)

to R*\ ~y, where x3 is the Hodge star operator in R?® and the form (3.193) is indeed a solution of the
Maxwell equations in a constant time slice R*\ {0}. F' is normalized so that 5= [, F = 1, where S
is a two-sphere enclosing the point 7= 6)

We define the 't Hooft operator with charge m in U(1) gauge theory associated with a general
curve 7y by requiring that the curvature near v pretends as

; 1
F~ ? xy d (—) , (3.194)

r

where r is the distance form ~ and x3 is an operation looks like the x operator on planes normal to
.

Now we return to N/ = 4 supersymmetric Yang-Mills theory with gauge group U(1). We want to
define the 't Hooft operator in a similar manner to the non supersymmetric case. However, we need
to add a constraint in which the 't Hooft operator preserves the topological symmetry. Recall that
we are motivated to introduce the 't Hooft operator by asking the dual of the Wilson operator at

¥ = 0, we find that the appropriate condition is to choose ¢t = 1 and 7 imaginary. At ¢t = 1, as we

70



have already seen in (3.133) and (3.134), a pair of fields (A, ¢) should satisty
(F+do)" = (F —d¢)” = 0. (3.195)
We take a curve v as a straight line for simplicity and then we have such a solution
i 1
F=—x3d
(1)
t 1
=— d
¢ 9 ﬁ S,

where s is the time coordinate along v and again x5 is the three-dimensional in the directions normal

(3.196)

to . For a general curve 7 we define the 't Hooft operator as we did in the non supersymmetric
case.

So far we have considered the U(1) gauge theory, however we are more interested in a generic
gauge group G. To construct an 't Hooft operator associated with G, we pick a homomorphism
p: U(1l) — G and define an 't Hooft operator by requiring that the fields should have a singularity
along a curve 7 that looks like the image under p of the singularity in (3.196). What is important for
the Langlands correspondence is that the 't Hooft operators are classified by irreducible representation
of 'G. Recall that if G is a compact connected Lie group and 7T is a maximal torus of G, then any
element of G is conjugate to an element of 7', namely for any element g € G, there is an element
r € G such that 2 'gx € T. Therefore when such a homomorphism p : U(1) — G is given, the
conjugacy class of p can be classified by a coweight of G, which is a weight of the dual group *G.

Hence an ’t Hooft operator of ¢ is dual to a Wilson operator of *G.

(c) 't Hooft /Hecke correspondences
Now we explain relations between 't Hoof operators and Hecke transformations. We mainly focus
on static 't Hooft operators and take our four-manifold as M = I x C' x R, where I C R is a closed
interval and C' is a Riemann surface. We let W denote the three-manifold of the form W =1 x C.
The configurations of field associated with the supersymmetric 't Hooft operators that emerge at
U = 0 satisfy

F—oNop++xDp=0

(3.197)
D*¢ =0,
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which are obtained setting ¢t = 1 in (3.139), (3.135) and (3.136).
We take the G-bundle E and connection A as pullbacks from W and ¢ as ¢ = ¢sds (one can
show that it is possible to take A; = ¢, = 0 [26]), where ¢, is an ad(E)-valued zero form on W and

s is coordinate on R. Then the equations become the Bogomoln’yi equation
F=—%Dg, (3.198)

as we have derived in (3.144). Let (x1,x2,x3) be local coordinates on W. Then the star operator x
acts as *(dz1) = dxg A drs. Now we parametrize [ by y = x; and choose C' = R2, parametrized by

z = x9 + ix3. Then we have
? _
*dy = édz NdZz
*dz = —1dz N\ dy (3.199)
*dzZ =1idz N\ dy.

The left hand side of the Bogomoln'yi equation (3.198) is
F =F.:dzNdz+ Fy.dy \dz + Fyzdy N\ dz. (3.200)
And the right hand side is

— % ngs =—% (Dygbsdy + ngbsdz + Dégbsdg)

; (3.201)
= —§Dy¢sdz ANdZ +1D,psdz N dy —1Dspsdz N dy.
Compering (3.200) and (3.201), we obtain
)
FzZ - _§Dy¢s
F,. = —iD.¢, (3.202)
FyZ = Z.Diqbs

For a generic Riemann surface C, we write a Kéahler metric on C' as h(z, z)|d*z| with a positive

function h on C. Then the first equation in (3.202) become

th
Fzz = _EDy(bs; (3203)
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and the others remain the same.

We work on A, = 0 gauge, then the last equation of (3.202) results in

0A;
Oy

= iD.o,, (3.204)

which implies that the holomorphic structure of the bundle E is independent of y, since the right
hand side is the gauge transformation caused by i¢;.

Suppose there is an 't Hooft operator at py = (yo, 20). By definition, the 't Hooft operator creates
a singularity there. We write the holomorphic bundle £_ for y < yo and E, for y > yo. When
we across the singular point y = g, the bundle £_ jumps to E,, which is described via the Hecke

modification.

G =U(l) case

For G = U(1), E is simply a line bundle £. We consider sufficiently small neighborhood U of py,
and we identify £_ with its the trivialization O. £, Since the holographic type of £ does not depend
on y as we discussed before, the line bundles £, and £_ are isomorphic on C'\ py. We identify £,
with O(pg)9, the line bundle whose local section near py are holomorphic functions allowed to have
a pole of order q.

An 't Hooft operator T'(m) for G = U(1) is classified by the magnetic charge m, and the curvature
F behaves like (3.194) near p = (po, Yo)

m 1
F~—x3d| - 2
5 *3 (r)’ (3.205)

where 7 is the distance from p to a point 7 € R x C. Now S be a small two-sphere which contains

p. Then the first-Chern number is by definition

/cl(ﬁ) =m. (3.206)

Let y+ be points in R such that y_ < yy < y4, and C1 be y1 x C. Then when L is restricted on Cy,
it gives L. We write

Cy
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The boundary of R x C'\ p is the homology cycle D = C, — C_ — S and then

OZ/DClw):/cfl(ﬁ)_/c cl(ﬁ)—/scl(ﬁ):q+—q—m. (3.208)

Therefore g, = g +m and inserting the 't Hooft operator at p cause the modification of the bundle
in such a way that

L_=0_—L,=0(p)", (3.209)

which is nothing but the Hecke modification we described in section 2.2.

G =U(2) case

When G = U(2), the Hecke modification of G-bundles is same as we considered in section 2.2, and
it is parametrized by the Gassmannian manifold. Let us see this type of modification more precisely.
Note 'G = G = U(2).

We use the similar notations used in the previous example. The weight lattice of U(2) is spanned
by (my,- -+ ,my), where m; and my take values in Z. A dominant weight obeys m; > mg > -+ >
my. We choose a highest weight Lw of LG = U(2) as fw = (1,0). We take a special decomposition
of E_ as O @ O. Then a section of F, is a pair (f, g) which is a section of F_ away from pg and is
allowed to have a simple pole at pg. We choose a pair (u,v) # (0,0) of complex numbers and a pair
(fo, go) of holomorphic functions on C. Let z be a holomorphic function on C' with a simple zero at

po. we require (f, g) to satisfy the condition

(.9) = (o) + (a0, (3.210)

where A is a nonzero complex number. Under this construction, the family of F, is parametrized by
a copy of Gr(1,2) = CP! since E, depends on the pair (u,v) only up to overall scaling.

In general, an arbitrary highest weight of YG = U(2) is given by a pair of integers (n,m) and
a rank 2 bundle E_ = O @ O undergoes the Hecke modification to Ey = O(py)™ ® O(po)™. So
far we have considered the case (n,m) = (1,0) and the space of Hecke modifications is compact
CP!. However, if n — m > 2, it is generically non-compact. The compactification of space of
Hecke modifications for n —m > 2 accompanies with a singularity, which is physically interpreted as

monopole bubbling [26, 30].
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G = SU(2) and LG = SO(3) case

Generally, the weight lattice of SU(N) is spanned by (my,--- ,my), where m; and my take values
in Z/N such that m; —m; € Z and ), m; = 0. A dominant weight obeys my > mgy > --- > my. A
highest weight “w of G = SO(3) is a highest weight of G = SU(2) which is divisible by 2. Hence it
can be written with some integer k as “w = (k, —k). Therefore T'(*w) acts on an G = SU(2) bundle
as

OO — O(po)* @ O(po)~". (3.211)

G =S0(3) and “G = SU(2) case
For our case G = SO(3) and LG = SU(2), a dominant weight Lw is written as Lw = (n/2, —n/2)

with integer n. A bundle E. = O @ O is modified by the 't Hooft/Hecke operator to E, =
O(po)™?® O(py) /2. The nontrivial situation is when n odd, since G = SO(3) dose not have a two-
dimensional representation. In this case we should consider a bundle in the adjoint representation of
SO(3). With respect to a rank 2 complex vector bundle E and its dual E*, we write ad(FE) for F® E*
and ady(E) for the traceless part of E® E*. Then what we consider is the SO(3) bundle V' = ady(F)
and the action of T(*w) on V_ = ady(F_) = 0O ® O @& O results in V, = O & O(po)"™ ® O(po) "

3.2.7 Electric brane and Magnetic brane

(a) Eigenbranes
A brane B is understood as a boundary condition imposed on the boundary of ¥ when the original
theory on M = ¥ x C'is compactified on X. A line operator L approaching a boundary with boundary
condition B creates a new boundary condition LB. We say that the brane B is an eigenbrane of
the line operator L if

LB=B®V (3.212)
for a vector space V. If V is of dimension n, B ® V' is roughly the sum of n copies of B. A brane is
constructed using a vector bundle, called the Chan-Paton bundle, on a manifold. Tensoring a brane
B with a vector space V' means that we tensor the Chan-Paton bundle with V. For a given brane B,
there is a corresponding sheaf F over My and B® V is the brane associated with the sheaf F @ V/

over Mpy.
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Let L and L’ be line operators supported at different points p and p’ in C. Then they can
commute each other in Y without picking up any singularity. Moreover a line operator is locally
independent on C' in the context of four-dimensional topological field theory. Hence line operators
in two-dimensions which originate from loop operators in four-dimensions commute in X, namely we

have

LL'B=LLB. (3.213)

Since the line operators do commute, we may consider a simultaneous eigenbranes for all Wilson
operators or all 't Hooft operators. Eigenbranes for Wilson operators are called electric eigenbranes
and those for 't Hooft operators are called magnetic eigenbranes.

The geometric Langrands correspondence is all about the duality between the Wilson operators
and the 't Hooft operators and it is natural to see that the associated eigenbranes are dual to each

other. We make concrete surveys for those eigenbranes in the rest of this section.

(b) Electric Eigenbranes
We first observe the action of Wilson operators on branes. The universal bundle over C' is a
bundle

£ — My(*G,C) x C (3.214)

with a connection A that for all m € My (tG, C), the restriction of £ to m x C' is isomorphic to E,,,
where E,, is a corresponding “G-bundle E,, — C for a given m € My (*G,C). Let B be a B-brane
associated with a coherent sheaf

F — My(*G,C). (3.215)

Let W,(*R) be a Wilson operator in representation “R supported at p € C' and £(*R)|, be the
restriction of £(!R) to My (*G,C) x p, where we write £(FR) for the associated bundle in repre-
sentation “R. Then W,(*R) - B is the B-brane associated with the sheaf F ® £(*R)|,, namely the
action of the Wilson operator W,(*R) on the coherent sheaf F is

F = F@E(ER),. (3.216)

Comparing the definition of an eigenbrane (3.212), we see that £(*R)|, must be a constant vector

space, in other words the gauge fileds there must be trivial, when restricted to the support of B.
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This happens if and only if B is a zero brane supported at a point m € My (*G,C). Hence F is a
skyscraper sheaf supported at m.

In order to obtain a corresponding magnetic eigenbrane, we simply operate S-duality to an electric
eigenbrane. Then a magnetic eigenbrane turn out to be a rank 1 A-brane supported on a fiber of the

Hitchin fibration as we will observe next.

(c) Magnetic Eigenbranes

We describe how 't Hoof operators act on A-branes. For more detail one may want to consult
[55]. We consider a brane B supported on a fiber of the Hitchin fibration and endowed with a flat
Chan-Paton line bundle. We call such a brane of type F. Recall that an electric-eigenbrane is a
zero-brane supported on a fiber Y of the Hitchin fibration of *G, and the T-duality transforms *§
to the dual fiber § of that of GG, in accord with which the electric-eigenbrane is mapped to a rank
1 brane supported on §, which we call the magnetic-eigenbrane corresponding to the electric-
eigenbrane. Namely, we regard magnetic-eigenbranes as branes of type F. As an electric-eigenbrane
is an eigenbrane of a Wilson operator, we expect that a magnetic-eigenbarn should be a eigenbarane

of an 't Hooft operator. So a magnetic-eigenbrane obeys
T(*w,p)B=B®V, (3.217)

where V' is the "eigenvalue”. For G = U(IV) case the eigenvalues are obtained. For more detail, see

section 7 of [55].

3.2.8 A-branes to D-modules

Let C be a algebraic curve over C and G be a complex reductive Lie group. What the geometric
Langlands correspondence claims is that with respect to each holomorphic “G-bundle E with a
holomorphic connection on C, there exists a Hecke eigensheaf Auty (with the eigenvalue E) on
the moduli space Bung(C') of holomorphic G-bundles on C. Here Autg is a D-module and related
with an A-brane in physical sense, which brings about the 't Hooft/Hecke correspondence. In terms

of the Hitchin moduli space My (LG, C), the geometric Langlands duality is interpreted that the
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derived category of coherent sheaves on Y(YG, C), the subset of My (*G,C) which consists of flat
connections, is equivalent to the derived category of D-module on Bung(C').

We begin with observation on coisotropic A-branes [23] on symplectic manifolds. Let X be a
symplectic manifold and Y be a its submanifold. Y is coisotropic if Iy = {f € C*(X) : f|x = 0}
is closed under the Poisson bracket. Generically Y satisfies dimY > %dim X. We consider an brane
supported on a coisotropic submanifold, called coisotropic brane. Though precise conditions on the
curvature of a vector bundle on a coisotropic brane is not known except for the rank one case, it is
sufficient for us to get a rough idea for connecting an A-brane and a D-module since we only work
on the case that Y = X and the A-brane has rank one. In this case the Chan-Paton bundle is U(1)
bundle whose curvature F' satisfies

(W F)? = —1, (3.218)

where w is the symplectic form on X. Hence N = w™'F is an almost complex structure. Moreover
w™LF turns out to be integrable from the fact that F' and w are closed 2-from.

Now we move to the case Y = X = My(G,C). We choose F' = (Im 7) wy and w = (Im 7) wg,
then we have N = wilw; = I. Here wy, wy and wg are those we defined by (3.164), (3.165) and
(3.166). The A-brane on My (G, C) with this F' is called the canonical coisotropic brane and
abbreviated as B... Notice that (w;lw 7)? = —1, which implies B, is an A-brane in complex
structure I.

Our strategy to relate B.. and a D-module is to see that supersymmetric strings attached to

B.... correspond to differential operators on My (G, C). Let us begin with our action
S = / ®*(w — iF') + (BRST-exact terms). (3.219)
2
Since the closed two-forms w; and wg are exact, the action becomes
S = —i(Im 7')/6 ®*(w) + (BRST-exact terms), (3.220)
5
where w is a canonical holomorphic one-form on My(G, C):

w = l/ |d?*2| Tr(¢.0A5). (3.221)
T Jc
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Let ¢* be local holomorphic coordinates on My (G, C) and p, be linear functions on the fibers

of T*Mpy (G, C) which are canonically conjugate to ¢,. Then it is possible to write w as
==Y padg® (3.222)
and hence we obtain the action of the form
S = —i(Im 7) /padqa + (BRST-exact terms). (3.223)

To see this action gives a module of differential operators, we simply put £ = —i(Im7)p,¢~ and

action S = —i(Im7) [ pag®dt. Recall wave function is defined by the path integral

U(ay) = / DgDp ¢, (3.224)
a(tr)=ay
where ¢ is a final position at time ¢ = ;. The conjugate momentum is by definition p, = %.
Operating the derivative with respect to ¢ gives
0 , S
——¥(ar) = | DqDp (—ilmT)pge”, (3.225)
aqu
which implies the correspondences between differential operators % and functions p,:
0 < —i(Im7) (3.226)
— <> —i(Im7)p,. :
aq“ p
Hence the operators p, defined by
i 0
Dy = —— —— 3.227
3 ImT 0g* ( )
produce the non commutative algebra
B el = —— 88 (6] = [P =0 3.228
[4*, Dg] T 05 14, G°] = [Pas 5] = 0, (3.228)

where ¢ act on wave functions as usual. FEssentially this is the story to obtain the D-module
associated with the canonical coisotropic A-brane B... However this is not a general method to

attain D-modules from given A-branes since generic A-branes are not holomorphic.
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3.2.9 Categories of A-branes and B-branes

We partially follow arguments in [10]. From now we assume Y has a boundary 0¥. Let M be
a certain manifold with nice properties. Branes are topological spaces associated with boundary
conditions for the maps ® : ¥ — M on 0X. Let M’ C M be a submanifold which include ®(9%). In

the previous subsection, we obtained TFT with N = (2, 2) supersymmetries:

Charges: @4, Q_, Q,, Q_. (3.229)

If there a brane exists, a half of them are preserved and they result in (1,1) supersymmetries:

Qa=0Q-+Q,., Q,=Q.+0Q_, (3.230)

or
Qs=0Q,+0Q_, Qp=0Qs+Q-. (3.231)

In a classical picture, however this is enough for our model, (Q4,Q4) is preserved if and only if the
target space M is Kahler manifold and M’ is Lagrangian submanifold. We call this A-model. While
(@, Qp) is preserved if and only if M is a complex manifold. The supersymmetries are protected if
M’ is a complex submanifold. We call this B-model.

In general, the category of branes in the A-model, called A-branes, would contain Fukaya cat-
egory, which consists of pairs (L, V), where L. C M is a Lagrangian submanifold and V is a flat
unitary vector bundle on L. On the other hand the category of B-branes is the derived category
of coherent sheaves on M. The latter is better understood than the former one.

We write Y(L'G, C) for Mg (*G, C) with respect to the complex structure JJ. What the homolog-
ical mirror symmetry [28] expects is there should be equivalence between the derived categories
of B-branes on Y(!'G, ) and that of A-branes on My(G,C).

The Langlands correspondence predicts that derived category of O-modules on Locrg, which is
the moduli stack of flat “G-bundle on C, is equivalent to the derived category of D-modules on Bung,
which is the moduli stack of holomorphic G-bundle with holomorphic connection on C'. Those two
(derived) categories are supposed to be mapped by non-abelian Fourier-Mukai transformation. For

abelian case G = G Ly, this equivalence was shown by G. Laumon [33] and M. Rothstein [42]. Under
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the Fourier-Mukai transformation, the skyscraper sheaf Og¢ supported at £ € Locrg is transformed
into the Hecke eigensheaf F¢ with eigensheaf £. In physical perspective, the skyscraper sheaf O¢
corresponds to the electric-eigenbrane, which is the eigenbrane of the Wilson operator (functor), and
the Hecke eigensheaf corresponds to the magnetic-eigenbrane, which is the eigenbrane of the 't Hooft
operator (functor). Hence the prediction made by Kapustin and Witten is expressed by the following

picture:

A-branes on My (G, C) B-branes on Y(rG, C)

\ /

D-modules on Bung(C')

The upper equivalence is due to the homological mirror symmetry, the right lower arrow comes from
the suggestion by Kapustin and Witten, and the right lower arrow is a consequence of the geometrical

Langlands correspondence.
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Chapter 4

Conclusion and future direction

Let us close this review note with a few words. The Langlands program encloses several mysterious
aspects hidden in mathematics, which is why the author was fascinated by and jumped in this
program. Looking back the history, we find the world the Langlands program embodies is so huge
that even with a lot of examples or proofs, which are almost enough for the program to capture one’s
hart, yet one may still wonder why they should be so. With those things in my mind, it is surprising
that only recently the physical applications has been considered. At this time, all of the well known
examples in physics are written in terms of the supersymmetry, which have been a main stream in
modern physics, however at the same time we know that such a feature does not explicitly appear at
least the energy level of our physics in laboratory today. Hence the meaningful question we address
is what is a non-supersymmetric example of the geometric Langlands correspondence, and how it
is applicable for technology. When we talk about its application for technology, we soon come up
with usage of the elliptic curve cryptography is established as fundamental cryptography systems in
various fields today. Recalling that elliptic curves are at the one side of the Langlands program, it
would be natural to try and find the corresponding application based on other side.

If T were allowed to make some comments on the technical detail of the geometric Langlands
correspondence, I would feel some uncertainty in the way to construct the geometrical analogues of
automorphic representations. As mentioned previously or in other standard reviews, we treated the
Hecke eigensheaves as D-modules on the associated moduli stack by identifying them with perverse

sheaves as a consequence of the Riemann-Hilbert correspondence, which is established for complex
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manifolds and algebraic varieties. But generically such a moduli stack is neither a complex manifold
nor an algebraic variety, and hence we are not confident enough to apply the Riemann-Hilbert corre-
spondence for general cases. But, in different words, it can be said that the Langlands correspondence
suggests the Riemann-Hilbert correspondence is true for a general algebraic stack.

For physical interpretation of the geometric Langlands, a lot of works will be needed to ensure
our perspective is really correct. Hence it is a great chance for a young scientist or a beginner who
wants to contribute from this approach. For example, in mathematical side, the Hecke eigensheaves
are difficult to calculate, however in our view of A-branes, there would be relative advantage when
one consider some concrete examples since there are a lot of surveys on barnes, though there still
remains some ambiguity in deciding which is the corresponding D-module. Of course needless to
say, much more hard work will be required when one wants to say the mirror symmetry is certainly
connected to the Langlands conjecture in more direct way.

With great expectation for further development of the Langlands program, I would like to say
goodbye to readers.
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Appendix A

Langlands dual groups

In section A.1 we will give a brief introduction to a Langlands dual group, and in section A.2 we will
investigate the Langlands dual groups of linear Lie groups over C in quite some detail. The meanings

of the terminologies mentioned in section A.1 will become clear in section A.2.

A.1 Introduction to Langlands dual groups

Let us first consider a connected reductive algebraic group G over the closure k of a field k.
Let T be a maximal torus of G defined over k. We associate to T two lattices: the weight lattice
X*(T) = Hom(T, k") and the coweight lattice X,(T) = Hom(k ,T). They contain the set of
roots A C X*(T) and coroots AY C X,.(T), respectively. The quadruple(X*(T), A, X.(T),AY)
is called the root data for G over k. Thanks to the Chevally’s theorem, the root data completely
determines the connected reductive group G up to an isomorphism over k. Choose a Borel subgroup
of G over k in such a way 7' C B. Then we can find a basis in A, namely the set of simple roots Aj,

and the corresponding basis AY in AY. We call the quadruple
R.(G,B,T) = (X*(T), A, X.(T),AY) (A1)

the based root data.
Given v € Gal(k/k), there is ¢ € G(k) such that v(B) = gBg~'. Moreover v(T) = gTg!
since y(7T') is a maximal torus contained in y(B). For & € X*(T), let us define v¢ € X*(v(7T))
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as (v)(v(t)) = v(&(t)), where t € T. Then we obtain &, € X*(T) defined in such a way that
&, (t) = (7€) (g tg). The map & — &, is an automorphism of X*(7') which maps a positive root to a
positive root. Thus we obtain an action of Gal(k/k) on the based root data R.(G, B,T).

Now let us exchange the lattices of weights and coweights and the set of simple roots and coroots.

Then we obtain the based root data
(X.(T), A, X*(T),Ay) (A.2)

of a connected reductive group over C, which is denoted by “G°. Again by the Chevalley’s theorem,
LGe is uniquely determined up to the isomorphism class of G over k. The action of Gal(k/k) on the
based root data R.(G, B,T) gives rise to its action on “G°. The semi-direct product

Lg =LG° x Gal(k/k) (A.3)

is called the Langlands dual group of G. Here semi-direct product “G°® x Gal(k/k) means that

every g €“G can be written uniquely as
g=nh, ne’G° heGalk/k). (A.4)

Remark A.1.1. If £ = C, X*(T) = Hom(7,C*) =Hom(T,U(1)) since U(1) is the only compact

connected subgroup of C*.

A.2 Examples : Semisimple linear Lie groups over C

A.2.1 Semisimple groups

In the following part of this section we give some examples of the Langlands dual group of a classical
linear semisimple Lie groups. Let k = C then “G =LG° since Gal(k/k) = idc. The general
linear group GL,(C) of invertible complex n x n matrices has a natural structure of an affine variety,

namely

GL.(C) = {X € M,(C) : detX # 0}, (A.5)

with coordinate ring

O(GL,) = Clry,det™"], det = det(x;;) € Clay]. (A.6)
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A closed subgroup G C GL,(C) is called an algebraic group or linear algebraic group. A
subgroup G of GL,(C) is called a reductive Lie group if for all g € G, %G is contained in G and
the number of connected subgroups of G is finite. For example, GL,(C) and SL,(C) are reductive.
A subgroup G of GL,(C) is called semisimple if its radial is trivial. For example, SL,(C) and
SO, (C) are semisimple, but GL,(C) is not so. A semisimple Lie group is reductive by definition.
The semisimple Lie groups are classified in terms of root systems of the corresponding Lie algebras.
The following table gives the some of the examples. We denote by g the Lie algebra of G and by 1,
the identity element of M,,(C).

G g type
SL,1(C) $lp1(C) ={X € M,(C) : trX =0} A,
S502,41(C) | 502,11(C) ={X € M,,(C) X + X =0,trM =0} | B,

Spn(C) spn(C) = {X € M>,(C) X Jy, + X Jo, = 0} Ch
S04, (C) 509, (C) D,

The matrix J which appears in definition sp, (C) is defined by

A.2.2 Root data

To explain the root data of semisimple Lie group, we first state the definition of semisimple Lie
algebra. Once given a n-dimensional Lie algebra, we can choose its basis {v1, -+ ,v,}. Let K be a

complex bilinear form called the Killing form
K(v;,v5) = tr(adv;, adv;), (A.8)

where ad is adjoint representation ad(v;)(v;) = [v;,v;]. The Lie algebra g is called semisimple
if the Killing form is nondegenerate, namely K(X,Y) =0 for all Y € g if and only if X = 0. One
can check that a Lie group is semisimple if the associated Lie algebra is semisimple and vice versa.

A maximal abelian subalgebra h C g is called the Cartan subalgebra if for all H € h ad(H) is
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diagonalizable. A root « of a semisimple Lie algebra g is a linear map « : h — C such that there is
0#Xegforall Hebh
ad(H)(X) = a(H)X. (A.9)

We denote by A the set of nonzero roots and call it root system. Since ad(H) (H € b) is simulta-

neous diagonalizable, for a given root « the associated one dimensional eigenspace

g ={X €g:ad(H)(X)=a(X)H, "H € b} (A.10)
={kea: k€ C}=C, Feseyg (A.11)

is determined. The generator e, of g, will play an fundamental role to construct a Langlands dual
group. Then g can be decomposed into the direct sum
g=h&> o (A.12)
acA
Now we define a simple root in the following way. Firstly note that every nonzero root has dimg —
dimb number of components as a vector in the dimg dimensional vector space. However since a
nonzero root is an element of h* =Hom(h, C*), the number of linearly independent nonzero roots is
equal to dimh*(= dim b = rank G). So let A be the set of the linearly independent nonzero roots,

which we call the simple roots. Equivalently this is the set of positive roots.
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type | G (complex) | G (compact) Root rank
A, SL,1(C) SUp 11 ei—e; (1<i#j<n+1) n
B, SO02,41(C) SO9p,41 te;,te;, £e (1<i#j<n) n
C, Spn(C) Spn te; te;, £2¢ (1<i#j<n) n
D, S04, (C) SOqp, te;te; (1<i#j<n) n
Es Ec Eq te;te; (1<ij<5b), 6
L(ter £+ -+ e5 + V/3eg) even# of +
FE; B¢ E; +eite;, £v2e; (1<i#7<6), 7
L(ker £+ £ eg £ V2e7) even# of +
Fi Eg Ex te,te; (1<isj<8), 8
s(er £+ £es) even# of +
Fy Fg Fy teite;, £2; (1<i#j<A4), 4
te - fey
Gy G5 Go e;—ej, t(ei+e—2e) (1<i#j#k<3)| 2

Thanks to the well known discussion of the seisimple linear Lie algebra, we know that the Dynkin
diagrams, which can be obtained by calculating the Cartan matrices which we will explain later, asso-
ciated with the corresponding Lie algebras, classify the set of simple roots Ay = {1, ,a,}, (n=

dimb*) as follows.

Type A, : o . e . .
aq e) Q-1 Ay

Type B, : . o——e
a1 Q2 Qn—1  Qp

Type C,, : o o o——6e
aq Q2 Qp—1 Qg

[ J
Type D,, : o . oﬂ"_l

" 631 Qg an—Q\.

O
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1 a3 Qy Q5 Qg Q7
® (o
Type Eg: ® ° ° . ° ° °
aq Qa3 Qyq Q5 Qg Q7 ag
[ Yo%)
Type Fy: o o——e o
(05} (6] Qa3 )y

Type Gy : e===e
a1 (6)

Here note that A; = B; = C1,Cs = By, D3 = Az,and Dy = Ay + A;. The Dynkin diagram has
necessary and sufficient information to reconstruct the original semisimple Lie algebra g. That is to
say, in order to to get comprehensive knowledge of a semisimple Lie algebra, one should consult with
its Dynkin diagram.

Now let us define the coroot of a corresponding root in the following way. Recall that the Killing
form K of a semisimple Lie algebra g is nondegenerate, then it allows us to choose a isomorphism
h : b* — b such that

K(h(v), H) =~(H), ve€bh* Heb. (A.13)

The restriction of ¢ to the root system A defines the coroot oV of a root a by

oY = Qh(a)
 (a,0)

where we defined a inner product (, ):Hh x h — R by

a €A, (A.14)

(o, ) = K(h(c), h(B)) = a(t(B))- (A.15)
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Then it is possible to calculate a product < , >:h x h* - R as

< Oé,ﬁv >—= 20&(t<ﬂ)) — 2(0575) (A16)

(a, @) (8, 6)

We write this simply a(8Y) =< a, Y >.
The set AV of coroots is called the dual root system. It is known that the dual root system of

a semisimple Lie algebra g is also the root system of a certain semisimple Lie algebra g'.

Lemma A.2.1.

The map A — AV preserves the type A,, D,, and exchanges the type B,, and C,,.

Proof . This reason is simple. First of all, the Cartan matrix C' = (¢;;) is defined by

2(ay, o)

(aj, )

€L, a;,0;€ A, (A.17)

cij =

Note that
2(af, o) _ 2(cv, a;j)
(az\‘/>&y> (ajaaj) .

(A.18)

So, exchanging the root system and the dual root system means that ¢;; goes to cj;. Recall that the
Cartan matrices of A,, and D,, are both symmetric, and the transported Cartan matrix of B, is that

of C,. O

To construct the Langlands dual groups *G of G, we need one more step, because there is an
ambiguity in choosing a group which has the same Lie algebra. In other words, for a given Lie group
G with Lie albegra g, quotients of a universal covering Lie group G by a discrete normal subgroup
I' have the same g; this is essentially Lie’s second and third theorem. What we are missing here is
information of weight.

To go further we review the idea of weight, which is generalization of the idea of root. Let (g, p)

be a representation p : g — gl,,(C). A weight X of (g, p) is a linear map A : h — C such that
p(H)(X)=AH)X 0£ X cg"Hch. (A.19)

We denote by A(p) the set of weights of representation p. Since p(H) (H € b) is simultaneous diago-
nalizable, for a given weight A the associated eigenspace V\ = {v € C™: p(H)(v) = A(H)v, YH € b}
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is determined uniquely, and then we obtain the form of

cr= ) W (A.20)
AEA(p)

One may have noticed that a root a is a weight of adjoint representation. In contrast to an eigenspace
of a root, whose dimension is one, the dimension of an eigenspace of a weight is not necessarily one.
With respect to a set of simple roots Ay = {ay, -+ ,a,} and that of dual AY = {«af, -+ ,,},
we consider the root lattice Ly, which is generated by the elements of A, and the root lattice
Ly, which is generated by the elements of AY. Then we define the weight lattice L; spanned by

fundamental weight vectors w; and coweight lattice Ly spanned by fundamental coweight

vectors w,’ as follows:

L1 = {m1w1 + -+ muwy (wi,ozj) = (Sij,ml- € Z, 1 Sv Z,j < Tl} <A21>

LY = {mw) + -+ muw) : (W, a)) = 6;5,m; € Z,1 <" i,j < n}. (A.22)

By the definition of the Cartan matrix, we have

2 iy g
Cij = 20,05) =< aj,a; > (A.23)
(aj, @) !
Hence

n

a; = Z CijWj (A24>
J

o) = Z%‘W;/- (A.25)

J

Thus, there are the following relations between those lattices

Ly C Ly, L CLy, (A.26)
The meanings of the last relations become clear in the next subsection.

Lemma A.2.2.
The lattice generated by all weights of a faithful representation on C™ forms a lattice Ly between

L(] and L1 .
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Proof . For any nonzero root o € A, there exists 0 # v € V) for some weight A with e,v € Vy,,.
Therefore A + a is a weight of C™, and then o« = (A + ) — A € Ly. This shows Lo C Ly. Ly C Ly

is held since L, is the lattice generated by the all weights of all representations. [J

In particular, the lattice Lo corresponds to the adjoint representation, and the lattice L; corre-

sponds to the natural representation.

Remark A.2.3. X*(T') ~ Ly, and X, (T') ~ Ly,. With respect to the set of weights A = (Ay,--- , \,) €
Z", we identify A € Ly with a homeomorphism y, € Hom(T,U(1)) =: X*(T) by

() =86, (A.28)

where we denoted coordinates on T~ T4m0 by t = (¢;,--- ,t,) = (e1,--- ) (dimbh = n, 6; € R).
Moreover, since \ is written as

A=t At (A.29)

where weight vectors ' is normalized as p'(H;) = 0% with basis H; of Ly, then for all H € b
Xa(exp H) = e} (A.30)

is to be satisfied.

A.2.3 Chevalley groups

In the beginning of this section we mentioned the Cartan decomposition of a given Lie algebra g,
and we saw that there is a generator e, (o« € A) of an one dimensional eigenspace g,. Given a

representation (g, p), we define a exponential map of the form

zo(T) :=exp(Tp(ey)), 7€ C. (A.31)
Our main object is the group G generated by all of o and z,(7), namely

G={z.(1): 7T C,a € A}. (A.32)

We call it a Chevalley group.
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Example A.2.4. Type A,
Below we construct the type A,, Chevalley groups on general field k. Let I be the n x n unit matrix,
and e;; be a (n + 1) x (n + 1) matrix whose (4, j) component is 1 and the others are 0. Since the

type A, Lie algebra is the set of (n+ 1) x (n + 1) matrices whose diagonal sum is 0, its basis By, is
Ba, ={€i — eirriv1, €5 (0 #5)} (A.33)

We call the basis like B4, a Chevalley basis. Then the Chevalley group by the fundamental

representation is generated by
fﬂa(T) = 1n+1 + teij (Oé =€ — €, T € k) (A34)

Theorem A.2.5.
The type A, Chevalley group by the fundamental representation is isomorphic to SL,1(k).

To show this theorem, we need some preparations. Let V' be a n 4+ 1 dimensional vector space

and H be a hyperplane, n dimensional sub space of V.

Definition A.2.6. 1 # 7 € GL(V) is transvection on H if 7 satisfies the following:
1. "weV, 7(v) —v € H.
2. "u € H, 7(u) = u.

Let V* be the dual space of V. Then there exists 1 € V* such that kerpy = H. For a given a € H,
we define a map 7(u, a) as

T(p,a) 1 v = v+ p(v)a. (A.35)
If a # 0, 7(p, a) turns out to be a transvection on H.

Proposition A.2.7.

Any transvection on H can be written in the form 7(u,a). Moreover, 7(u,a) € SL(V)

Proof . Let 7 be a transvection on H. We choose v € V so as to u(v) = 1 and put a = 7(v) — v,

then a € H follows by the definition. Since v ¢ H, any x € V' can be decomposed into

z=M+u (NEk, ueH). (A.36)
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Then

() = Au(v) + pu) = Au(v) = A, (A.37)
and
T(x) = At(v) +7(u) = AMa+v) +u= A a+z=2x+ pu(ra, (A.38)
namely we obtained 7 = 7(u, a).
When we choose {a,vs, - ,v,41} as a basis of H, and {v,a,vs, -+ ,v,,1} as a basis of H, then

the matrix representation of 7(u, a) is

(U +a,a,vs,--- avn-i—l) = (Ua a, Vg, - avn-i-l)T(;ua a’) (A39)
1 0 0
1 1 0 -
> (v,a,v3,- -, Uny1) | . . = (v,a,v3," ,Upy1)7T(p, @), (A.40)
0 0 1

which shows 7(u,a) € SL(V). O

Proposition A.2.8.
The subgroup G of GL(V') generated by the set T' of all transvections coincides with SL(V).

Proof . Write G = (T') and assume G # SL(V). We have seen G C SL(V') above. So we choose
o € SL(V) such that 0 ¢ G and I(0) = {v € V : o(v) = v} is maximal in V. We write a additive
group generated by I(o) and v € V as U(v) = (I(0),v)

We show o(v) € V for all v € V. We assume that o(z) ¢ U(x) for an element x € V and put
o(z) —z=a. If x € U(a), then o(z) =z +a € U(a) = U(z), which contradicts our assumption. So
x ¢ U(x). Therefore there exists u € V* such that p(x) = 1 and u(y) = 0 ("y € U(a)). This u is
obtained as follows. Let {uy, -+ ,uy,} (m < n) be a basis of I(c) and u,,+; = x. Moreover we choose
U2, 5 Upyq SO as to {uy, -+, u,s1} become a basis of V. Let {f1, -+, fur1} be the standard dual

basis of {uy, -+ ,u,+1} and we define p as g = f,,,41. Then this p satisfies the properties

1) = fn1(2) = fni1(tme1) = 1. (A.41)
#(Y) = fura(y) =07y € I(0). (A.42)
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Now we use a transvection 7 = 7(u,a) (A.35), then

T(z) =2+ p(x)a =2+ a=o0(z), (A.43)

T(y) =y + uy)a=y=o(y). (A.44)

Therefore I(77'0) D U(z) 2 I(0). However this contradicts I(o) is maximal in V. Hence o(v) € V
for all v € V, equivalently o(U(v)) = U(v).
Next, we show that I (o) is a hyperplane in V. Since o # 1, I(0) C V. So we choose a hyperplane

H in V which contains I(c). It is sufficient to show that any transvection 7 on H satisfies
() —x € I(o) ("zeV). (A.45)

If z € H, then 7(z) = x, which satisfy the above relation. Assume x ¢ H and note that U(x) =
To(U(z)) = 7(U(x)) since 70 ¢ G and 7o leaves each element of I(o) invariant. With respect to
7(x) € U(z), we obtain the relation 7(z) — x € U(z) N H = I(0). By the proposition (A.2.7), The
group of transvections on H with identity map is isomorphic to an additive group H generated by
7(z) — x. Therefore U = H follows, namely (o) is a hyperplane in V.

Note that ¢ induces a linear map  on V/I(o). Recall we have shown that o is identity map
on I(0), then detd = deto = 1. Furthermore o(v) —v € I(o) for all v € V since V/I(o) is 1
dimensional space. This means o is a transvection on /(o ), which contradicts our assumption o ¢ G.

Thus G = SL(V). O

Proof . (Theorem A.4) Now we are ready to prove the theorem A.4. Let G’ be the group generated
by z.(7) (A.34). We claim G' = SL,,1(k). Since SL,41(k) naturally acts on a n 4+ 1 dimensional
vector space V' with a basis {uy, -+ ,u,11}, to complete the proof, it is sufficient to show that G’
contains all of transvections of the elements in V. Let Hy be the hyperplane spanned by ug, - -+, Uy, 1.

Since any transvection on Hj is given by
I+ Zozieﬂ = H(I + ozieil) (A46)

is contained in G'.
Next we show G’ freely acts on the set of all hyperplanes in V. To do so, we introduce the

dual space V* of V. Choose {fi, -, fot1} as a natural basis (f;(u;) = 0;;) of V*, then action of
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M € SLi (k) on V* is given by the transpose matrix M of M, which implies G’ acts on V* — 0
freely. For any given hyperplane H in V', there exists 0 # p € V* such that H = ker pu. Therefore if
we choose o € G’ such that o(u) = f1, then o(Hy) = H follows. Thus G’ freely acts on the set of all

hyperplanes in V.

Lastly, we show that any transvection 7 on H is an element of G’. With respect to the o, o~ 70

is a transvection on Hy. That is to say o0~ '70 € G’ then 7 € G’, which completes our proof. []

Theorem A.2.9.

The type A, Chevalley group by the adjoint representation is isomorphic to PSL, 1 (k).

Proof . If Yay;e;; € SL,11(k) commute with each element of the type A, Lie algebra,
(Z@ijez’j)ekl = ekl(zaijeij> (A-47>

should be satisfied for all k,1 (k # ). Then ay; =0 (I # j) and ay = agg = A with A" =1 follow.
Thus the center Z of SL,.1(k), which is the kernel of the adjoint representation, is

Z={A,1: A€k A"t =1} (A.48)
and SLy1(k)/Z = PSLy,41(k) follows by the homomorphism theorem. This proves our claim. [

The following theorem gives us a method to construct the Langlands dual group G of G. We
admit this theorem without proof. For its detail see [45].

Theorem A.2.10.

Let Gy be a Chevalley group associated with a lattice Ly and Gy be a different one with Ly.. Here
we assume both of GGy, and Gy are constructed from the same Lie algebra g and field C. If Ly, C Ly,
then there exists a homomorphism ¢ : Gy, — Gy such that for all «, ¢, and ker ¢ C Z(Gy). If

Ly = Ly, then ¢ is an isomorhism.

From this theorem, for a Chevalley group Gy, we have homomorphisms ¢, ¢/ such that ¢ : G; —
Gy, and ¢ : Gy — Gy with ker v = Z(Gy) = Ly /Lg. Therefore by the isomorphism theorem we

obtain Gy /Z(Gy) = Gy. Furthermore, since there is a short exact sequence

1 - m(Gy) = Gy — Gy — 1, (A.49)

96



we obtain G1/m(Gy) = Gy. This isomorphic allows us to identify kerp = m(Gy). We call Gy
adjoint group, (G; universal covering group.

Here are some examples of the center Z(G) = {g € G : gh = hg," h € G}:

Z(SL,(C)) = {al, : a € C,a" = 1} ~ Z,, (A.50)
(1,1 (n: odd)

Z(S0x(C)) = € SO,(C) (n=2) , (A.51)
| £1 (n>4: even)

Z(Spa(C)) = {£1,} ~ Zy. (A.52)

The following table is a list of Chevalley groups for semisimple connected complex linear Lie

groups and some data.

Type | Li/Lg Go Gy G
Av | Zop PSLpi(C) SLpii(C)
B, Zy | PSOyu1(C) = 50241(C) Spingns1(C)
Ch Ly PSp,(C) Spa(C)
Doni1 | 74 PSO442(C) SO04n42(C) | Spingps2(C)
Dan | Zo x 7y PS0.,(C) SOum(C) | Sping,(C)
Eg Zs
Er Lo
Fy A Go = G
F Z Go — G,
Gy A Go = e

A.2.4 Langlands dual groups

Now we are ready to construct the Langlands dual group “Gy for a given semisimple connected Lie

group Gy. Let g be the Lie algebra with a root data (Ly, A,, LY,, AY), and g be its Langlands dual

Lie algebra with the root data (Ly,, AY, Ly, Ay). There are two steps
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1. Choose the natural representation for Zg, and obtain the universal group (*G);, whose center

is Z (“G),) = LY/Ly.
2. Then LGV = (LG)l/ﬂ'l(LGv), where 7T1(LGv) = Z(Gv)* = L&/L(\)/

Proposition A.2.11.
The Langlands dual of G and Gy are (¢G)y and (“G)y, respectively.

Proof .

1. Since mi(*G1) = LY/Ly = Z ((*G)1), then *Gy = (*G)1/Z ((*G)1) = (*G)o.

2. Since 7T1(LG0> = LE)//L(\)/ = 1, then LGO = (LG)l.

Therefore we obtain the following table.

G Lg
SLpi1(C) | PSLpi(C)
502041(C) | Spa(C)

Spa(C) 502,,41(C)
Sping,(C) | PSO,,(C)
S0O,,(C) S0, (C)
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Appendix B

Mirror symmetry and Category

B.1 Complex manifolds and Kahler manifolds

B.1.1 Basic concepts on complex manifolds

Since we mainly work on complex manifolds, here we give some fundamental concepts about complex

manifolds.

Definition B.1.1. A m-dimensional complex manifold M is a Hausdorff space with open coverings

{U;} and maps ¢; : U; — C" which satisfy the followings:
1. each U; is homeomorphic to ¢;(U;);

2. if U, NUg # ), then ¢po0 ¢,

-} is holomorphic.

Example B.1.2. Complex torus 7' = C™/T", where I' C C™ is a lattice generated by vectors
V1, , Uy, which are linearly independent over R. 7' = C™/I' is a compact complex manifold
homeomorphic to (S*)™. A structure of T as a complex manifold depends on I'. The case m = 1,
homomorphic map z; is z; = 2z;(2;, %) = z;(2;). A real 2-dim closed manifold ¥ is a complex manifold

if and only if ¥ is orientable, this X is a Riemann surface.

Theorem B.1.3. Any orientable 2-dimensional Riemannian manifold ¥ is a complex manifold.
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Proof . Fix a point p € ¥ and choose a neighborhood U, C ¥. In 2-dimensions, it is always possible

to choose coordinates (x,y) in U, in such a way that the metric tensor is of the form
ds® =1z, y)*(da’ + dy®),
where 7 is a real function. In a complex coordinate z = x + iy, this correspond to
ds* = n(z, 2)*dzdz.
Let V,, C ¥ be another neighborhood of p with a complex coordinate w = u + ¢v such that
ds* = &(w, w)*dwdw.

where ¢ is a real function. On U, NV, # ), consider coordinate transformations

0z 0z

0z 0z
dz = %dw + %dw.
Then
0205 _
owow

is required. That is to say, z is holomorphic or anti-holomorphic. If z is anti-holomorphic,

we obtain

dxr 0Oy 81:_@

du v du

from the Cauchy-Riemann equations. As a consequence, the Jacobi matrix is

0z O
J = ou ov :

oz _ e

ov ou

which gives det J < 0, and so X is not orientable. This contradicts our assumption. [J

(B.1)

(B.2)

(B.6)

o)
=0,

]

(B.7)

(B.8)

However, in a higher dimension, there is an orientable manifold M which is not complex manifold.

Example B.1.4. S* cannot be a complex manifold.
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B.1.2 Kahler manifolds

Definition B.1.5. A 2n real dimensional Riemannian manifold (M,g) is an almost complex
manifold if there exists an endmorphism Jy; : TM — TM such that J? = —1. This Jy; is called

an almost complex structure on M.

Example B.1.6. It would be surprised to know that S? and S are the only spheres which admit

almost complex structures.

The torsion of Jy; is the type (1,2)-tensor N, called Nijenhuis tensor, defined by
N(u,v) = [Ju, Jv] — [u,v] — J[u, Jv] — J[Ju,v], (B.9)
where u and v are vector fields on M.

Definition B.1.7. An almost complex structure Jy, : TM — TM is integrable if J,; is torsion
free N = 0.

Example B.1.8. The possible existence of an integrable almost complex structure on S had been

an open question for over 60 years, and Atiyah has recently denied the existence in 2016 [1].

If a real 2n-dimensional Riemannian manifold M with local coordinates (z7,47);—1 .., can be

identified with a complex manifold with local coordinates 2/ = x/ 4 iy/, then an almost complex

0 0 0 0
T (a—xj) =y M (a—yj) = oy, (B.10)

is indeed integrable. So the following theorem guarantees equivalence that a Rienannian manifold

structure Jy; defined by

M becomes a complex manifold and that the M has an integrable almost complex structure. In this

case, we call Jy; a complex structure on M.

Theorem B.1.9. (Newlander-Nirenberg)
Any almost complex manifold (M, Jy,) with integrable Jj; has a holomorphic coordinate system

{(¢4,U;)} whose associated almost complex structure corresponds to Jy;.

Definition B.1.10. Let g a Riemannian metric on an almost complex manifold (M, Jys).
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1. ¢ is an Hermitian metric if g satisfies g(Jpyv, Jyw) = g(v,w) for all v,w € T, M (x € M).

2. A fundamental 2-form w is defined by w(v,w) = g(Jyv,w) for all v,w € T,M (x € M),

where ¢ is an Hermitian metric.
The fundamental 2-form w is 2-form since
w(v,w) = g(Jyv,w) = g(JyuJuv, Jyw) = —g(v, Jyw) = —g(Jyw,v) = —w(w,v). (B.11)

Definition B.1.11. An almost complex manifold (M, Jy;) with an Hermitian metric g is a Kéhler

manifold if dw = 0. The w is a Kahler form on M.

The first Chern class of M, ¢,(M) := ¢1(T"M) = [¢1(R)], is the cohomology class of holomorphic
tangent vector bundle 7" M, which is a sub tangent bundle of T¢M = TM ® C such that

T°M =T'M & T"M, (B.12)

where T'M and T" M are eigenspaces associated with eigenvalues i and —i respectively of the almost

complex structure Jy; : TCM — TCM, J? = —1.

B.1.3 Hodge numbers and Betti numbers

Let M be a Kéhler manifold of complex dimension m = dim¢ M. We denote by Q™*(M) the set of

(r, s)-differential forms on M.

O QS (M) — QHs(M) (B.13)
9 Q" 5(M) — Q5T (M) (B.14)
We consider the following Dolbeaut complex:
(M) S () S - L arm(), (B.15)
Then (r, s)-degree d-cohomology group HZ*(M) is defined by
H* (M) = Z0°(M) /B2 (M), (B.16)

7]
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where

Z5 (M) = {w e Q"*(M) : dw = 0}, (B.17)
By (M) = {w € Q"*(M) 7 n € Q"1 (M) s.t. On = w}. (B.18)
The complex dimension

B (M) = dime H* (M) (B.19)

is called the (r, s)-Hodge number
With respect to d = 9 + 9, the de Rham cohomology groups H*(X,C) (k =0,---,2m) are also

defined in a similar way. We use the notation
b, = dim¢ H? (M, C), (B.20)
the p-th Betti number of M.

Theorem B.1.12. The hodge numbers of a Kahler manifold M with dim¢ X = m satisfy following

properties:
1. A" = ho",
2. hT’,S — hm—r,m—s_

Theorem B.1.13. On a Kéhler manifold M with dim¢c M = m and without boundary, there exist

the following relations between the Hodge numbers and the Betti numbers:
Loby =Yy, b7 (1< p < 2m),
2. byp_1 are even (1 < p <m),
3. by, > 1 (1 <p<m).
Example B.1.14. Compact Riemann surface M = 3
Any 2-form is closed since dim¢ M = 1. Then M is a Kéheler manifold, and

1,0

HY(M)=H" + H™ H (M) =H"(M). (B.21)
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Hence we obtain
bo=h"" =1, by = 2h"" = 2% by = KM = 1. (B.22)
h'? is called genus of M.

Example B.1.15. Complex projective space M = CP™

bgp = 1, b2p+1 = 0, P = O, 1, R (B23)

Since h™* > 1 on any Kahler manifold,

RS = 6, (B.24)

is held.
Example B.1.16. Complex torus M = C™/T"

C™/T is identified as (S')™. Then b, = (2;”) follows. Let us introduce coordinates z',--- 2" of

C". A (r,s)-form « on M is written uniquely as
a=apdz! Ndz7, #1 = s,#J = s. (B.25)

The dimension of vector space generated by a whose ay; are constant is (T) X (T) Then (m) X (m) >

p q
h"™*, and

b= <y (T) X <”§> (B.26)

r+s=p r+s=p

Now comparing coefficients of z in (1 + x)?*™ = (1 + z)™(1 + z)™, we find

()= (%) o

r+s=p

Since b, = (2;'"‘), we arrive at the formula

B = (T) x (T) (B.28)
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B.1.4 Calabi-Yau manifold and Mirror symmetry

Definition B.1.17. A compact Kéhler manifold with ¢;(M) = 0 (or equivalently with a Ricci flat
Kéhler metric) is called an Calabi-Yau manifold
On a Kéahler manifold, the (1,1)-form ¢;(R) is written by Ricci tensor R, as
)

er(R) = o-tr(R) = iRkl—dzk Adz. (B.29)

By the famous theorem of Yau, if ¢;(M) = 0, then there is a unique Kéhler metric on M such that

the Ricci tensor Ry = 0 throughout M.

Example B.1.18. Torus C™/I" and K3 surface are Calabi-Yau manifolds.

Definition B.1.19. m-dimensional Calabi-Yau manifolds M and N are mirror symmetric if
WY (M) = R BY(N), BB (M) = hYH(N). (B.30)

Example B.1.20. T-duality is mirror symmetry.

B.1.5 Hyper Kahler manifolds

Definition B.1.21. A real 4n-dimensional Riemannian manifold (M, ¢g) with three independent
almost complex structures I, J, K is a Hyper Kahler manifold if (M, g) satisfies the following

properties:
1. g(Iv, Iw) = g(Jv, Jw) = g(Kv, Kw) = g(v,w), “x € M, Yv,we T,M
2. ’=J=K*=1JK = —1
3. VI=VJ=VK =0, V isthe Levi-Civita connection of g, Vg = 0.

A hyper Kahler manifold M is a complex manifold with respect to each of I, J, K, and g becomes
a Kahler metric. We denote Kahler forms associated with I, .J, K by w;,ws, wk respectively. Then
wy = wy + g is a holomorphic 2-form with respect to the complex structure / and non-degenerate
almost everywhere on M. We call w, like 2-form holomorphic symplectic form or symplectic

form simply. w_ = w; — iwg is an anti-holomorphic 2-form.
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Moment maps

We introduce the Poisson structure {—, —}p : C°(M) x C*®(M) — C>*°(M) on M.
Definition B.1.22. Let f, g, h be smooth functions on M.

L Af,9tp=—{9, f}r

2. {f.ghtp ={f,gtph+ g{f, h}pr

3. {fAg.htrtr +{g.{h. f}rtr + {h,{f g9}r}r =0

We call a manifold M with a Poisson structure (M, {—, —}p) a Poisson manifold.

Let M be a Poisson manifold and H € C*°(M) be a smooth function on M. A Hamiltonian
vector field on M generated by H is defined by

Xy = {H,—}p. (B.31)

Proposition B.1.23.
[Xf>Xg] = X{f,g}P vf’g € COO(M) (B'32>

Proof . The proof is straightforward since the following equations hold for any h € C*°(M).

(X7, Xgh = X Xgh — X, X th— (B.33)
={fAg.htrtr —{g.{f.h}r}r (B.34)
={fAg. htrir+ {9, {h flr}r (B.35)
= —{h.{f,9}r}r (B.36)
={/f.g}p. )P (B.37)
= Xpph O (B.38)

Theorem B.1.24. Noether
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Let M be a symplectic manifold, G be a Lie group acting on M and g the Lie algebra of G.

Consider a g* valued C'**° function on M

w: M —g". (B.39)
We define
py =(p,Y) Y eg (B.40)
Then this function u satisfies
X{HYvNZ}P = [X,LL}HXuz] (B41)
=Y, Z] (B.42)
= Xyg- (B.43)

However {py, fiz}p = pv,z) is not always true.

Definition B.1.25. Let (M, w) be a symplectic manifold and G be a connected Lie group acting on

M. Action of G is Hamiltonian action if there exists u : M — g* such that
l. jw=w "geq
2. 1y =d{u,Y)
3. {uy, pztp = Uy, z]

In particular we call this ¢ a moment map.

Example B.1.26. Let A be a connection 1-form and F4 be the curvature Fy = dA+ AN A. Let
€ generate an infinitesimal gauge transformation and V' (€) be the corresponding vector field on W,
which acts by 64 = —dae and wqy =1 [ AN GA.

We make a small transformation A — A + § A, then
Faisa=Fa+ Fsa+0ANOA, (B.44)

where Fs4 = d(6A) + ANSA+ 0A N A. We define the moment map p4 by

A = /TreF. (B.45)
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A small change in p4 is

(S,U,A:/TI'EF(;A

= /Tre(d(5A) +ANGA+IANA)

= /Tl"EdA5A
= —/TrdAe/\(SA.
Hence we obtain the formula
Llyws = (5,uA.

Hyper Kaher Quotients

(B.46)
(B.47)
(B.48)

(B.49)

(B.50)

Definition B.1.27. Action of G on a hyper-Kéhler manifold (M, I, J, K) is hyper Hamiltonian

action when G is a hyper Hamiltonian action with respect to all of the three Kaher forms w;, w;, wg

respectively. In this case, we have three moment maps puy, iy, . We write these as a single map

w:M— g"®H,
which we call a hyper Kaher moment map.

Theorem B.1.28. (Hitchin et al.)
The quotient metric on p~!(0)/G is hyper Kéhlerian.

(B.51)

Proof . We first focus on a complex structure I with Kéhler form w;. To complete the proof, repeat

the following argument with respect to the remaining complex structures J, K.

Consider the complex function
pg o= pg +ipg M — g" @ C.
Then we obtain

dpsy (X)) =ws (Y, X) +iwg (Y, X) = g(JY, X) + ig(KY, X),

iy (IX) = g(JY, IX) +ig(KY,IX) = —g(KY, X) +1ig(JY, X).
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Thus
dpyy (X) = idpgy (1X) (B.55)

for all vector field Y.
Let a%a be a complex vector field arising from a local coordinate system {2}, holomorphic with

respect to [ on M. Then

0 0
I = —— B.
(aw) oz’ (B-56)
therefore
Opyy 9\ Ouy
I = dpyy I (83“) =~ (B.57)
then
Oy _ (B.58)
0z” ’

which means 4y is a holomorphic function. Thus N = p73(0) = p5'(0) N pi'(0) is a complex sub

manifold of M with respect to the complex structure I, and so its induced metric Kaherian. [J

B.1.6 Symplectic geometry

Definition B.1.29. A symplectic form w on a 2n dimensional smooth manifold M is a closed
two-form (dw = 0) on M and non degenerate (w" = w A --- Aw # 0). Such a pair (M, w) is called a
symplectic manifold. Assigning a symplectic form w to a manifold M is referred to as giving M

a symplectic structure.

Definition B.1.30. Let (V,w) be a symplectic vector space, namely V is a vector space endowed
with a non degenerate skew-symmetric bilinear form w, and W C V' be a linear subspace. We define

the symplectic perpendicular by
Wt ={veV]www) =0"weW}. (B.59)
W is called
. isotropic if W Cc W+

. coisotropic if Wt c W
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- Lagrangian if W = W+
- symplectic if W NW+ = 0.

Note that if W is isotropic, then dim W < %dimV, on the other hand if it is coisotropic, then
dim W > %dim V. Lagrangian subspaces are always middle-dimensional.

Let (M, w) be a symplectic manifold and N C M be a submanifold. N is called isotropic (resp.
coisotropic, Lagrangian and symplectic) if for every p € N, T,N C T,M is isotropic (resp.

coisotropic, Lagrangian and symplectic).

B.2 Categories

B.2.1 Definition of a category and a functor

Definition B.2.1. A categoly C consists of a collection of objects Ob(C) and a collection of
morphisms Hom¢(A, B) for any two objects A, B € Ob(C) satisfying the following conditions:

1. (composition law) For each A, B,C € Ob¢, a composition

o : Home (A, B) X Home (B, C') — Home (A, C) (B.60)
(9. f) = fog (B.61)

satisfies
(fog)oh= fo(goh). (B.62)

2. (identity morphism) For any A € Ob(C) there exists an identity morphism id4 € Hom¢ (A, A)
such that
idgof=foidy (B.63)

for any f € Home(A, B).

The idea of category is important and useful for modern science. For example, the category of

sets is the category whose objects are sets and morphisms are maps between any two sets. Another
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important example is the category of commutative rings' whose objects are commutative rings and
morphisms are homomorphisms between any two commutative rings. Moreover for a commutative
ring R, the category of the R-module mod(R) is the category whose objects are R-modules and
morphisms are R-module morphisms. If R = Z, we denote by Ab Z-mod and call it Abelian

category.

Definition B.2.2. For categories C; and Cy, F' : C; — Cs is a functor (or covariant functor) if
F(FE) € Ob(Cy) for any E € Ob(Cy) and F(f) € Home,(F(A), F(B)) for any f € Home, (A, B), and

satisfies the following conditions:

L. F(fog)=F(f)oF(g)
2. F(ida) = idpa).

If f— F(f) is a bijection, F is called fully faithful.

For a category C, the opposite category C of C is a category such that Ob(C°?) = Ob(C) and
Homgor (A, B) = Home(A, B). A covariant functor form C* to C, is called the opposite functor
from C; to Cs.

B.2.2 Definition of a sheaf

Sheaves are kind of generalization of functions on topological spaces. Before we state a sheaf, we

define a presheaf as follow.

Definition B.2.3. Let X be a topological space. A presheaf F on X is defined in such a way
that F associates an abelian group F(U) to every open set U C X and there is a homomorphism

puv : F(U) — F(V), called restriction, for each pair of open sets V' C U which satisfies

L pyv =1

2. puw = pvw © puyv for a triad of open sets W C V C U

'We assume any ring in this article has an identity element.
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An trivial example of a presheaf F is that F associate F(U) = Z for every open set U C X and a
homomorphism is defied pyy = 1 everywhere. In this sense, an abelian group F(U) = Z is identified
with the set of constant functions from U to Z

Gluing presheaves in a natural way gives a sheaf.

Definition B.2.4. A presheaf F on X is called a sheaf if F satisfies the following conditions for

any open subset U of X and its open covering {U };c;:
1. If pyy,(a) =0 for a € F(U), then a = 0.

2. If a; € F(U,), i € I satisty
puuinu; (ai) = pu,unu; (@) (B.64)

then there exists a € F(U) such that
a; = puy;(a). (B.65)

We call elements of F(U) sections on U. Especially a section on X is called a global section
and denoted by I'(X, F). Moreover a stalk at each point x € X is defined by
Fyp = lim F(U), (B.66)
zelU
where U is all open subset of X containing z.

A fundamental example of a sheaf is a vector bundle over a manifold.

Example B.2.5. Let M be a smooth manifold and 7 : £ — M be a vector bundle. For each open
subset U C X, let F(U) be the set of smooth sections of the vector bundle over U. Then F becomes
a sheaf on M. It is also possible to have a sheaf of "™ functions. In any case, the restrictions are

obvious.

Let O be a sheaf of commutative rings on a topological space X, namely O(U) are rings for each
open subset U C X. The sheaf U — F(U) in Example B.2.5 is an standard example. The pair
(X,Ox) is called a ringed space. If the stalks Oy, at each point x € X are local rings, then
(X, Ox) is called a local ringed space.
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B.2.3 Definition of a scheme

Let SpecR be the set of all prime ideals of a commutative ring R. Then SpecR has the Zariski
topology, where open sets are defined by

Ur={peSpecR: f¢p}, feR. (B.67)

From now we regard X =SpecR as a topological space with the Zariski topology. With respect to
sheaf of the ring Oy, the pair (X, Ox) is called an affine scheme, and Oy is called a structure
sheaf. Moreover we call a point p € X a point of the affine scheme (X, Ox), and X base space.
For a point p of an affine scheme (X, Ox), the stalk at p, written as Ox,, is defined by the left hand
side of the equation

lim D(U, Ox) = R,. (B.68)
peU

Assume a ring homomorphism ¢ : S — R is given, then we obtain a continuous map
f : SpecR — SpecS
pr o (p). (B.69)

Moreover the ring homomorphism ¢ induces sheaf homomorphism Ogpecs — f«Ogspecr. And the pair

(f,¢) is a morphism between the affine schemes. Therefore we obtain the opposite functor

”Category of commutative rings” — ” Category of affine schemes”

R~ (SpecR, OSpecR) (B?O)

There is an inverse functor (X, Ox) — I'(X, Ox), and then the above two categories are equivalent.

Likewise a algebraic variety, glueing affine schemes forms a scheme.

Definition B.2.6. A local ringed space (X, Ox) is called a scheme, if there exists an open covering
{Ui}ier of X such that (U;, Oyp,) are isomorphic as a local ringed space to an affine scheme. In this

case, we call the topological space X base space of the scheme and Oy its structure sheaf.

By definition, a scheme has affine schemes for its covering. We often consider an algebraic

scheme of finite type over C (algebraic scheme in short), which looks like

X = UﬁilUi, Uz = SpecRZ», (B71>
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where R; are finitely generated C-algebras. The definition of an algebraic scheme is close to that of

an algebraic variety. For a commutative R, we define the nilradical of R by
VO={feR:ff=0,70<kez} (B.72)

Then a ring R’ = R/+/0 has the same maximal ideals, SpmR’ =SpmR. Let X be an algebraic variety

and {U, }ier be its finite covering,
X =Ul,U;, U; = SpmR;. (B.73)

For each R;/+/0, let U/ = SpecR}/+/0 be affine schemes. Then gluing U; naturally induces gluing U
and it gives the scheme defined by

X' =Ul,U!, Ul = SpecR;/V0. (B.74)

This correspondence X — X' is indeed an fully faithful functor from the category of algebraic
varieties to the category of algebraic schemes. In this sense we regard algebraic varieties as algebraic

schemes.

B.2.4 Coherent sheaves
Definition and examples

Let F be a sheaf on a scheme X. F is called a sheaf of Ox-module if F(U) are Ox(U)-modules for
any open subset U C X and they satisfy the natural consistency. A coherent sheaf F on a scheme
X is defined for the case F is a sheaf of Ox-module. Rather than giving the original definition of a
coherent sheaf, we introduce coherent sheaves in a different, but equivalent and more useful way.

Let X be an algebraic scheme with coordinates (B.71). We assume U;,..;, = U;, N---NU;, to be
affine schemes for all ¢y, --- 4, and we write R;,..;, for the associated commutative rings, namely
Ui, ..., = SpecR;,...i, .

The following theorem is crucial for us.

Theorem B.2.7. The category Coh(X) of coherent sheaves on algebraic scheme X is equivalent to

the category which consists of the following data: let {R;};c; be a set of commutative rings. For
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M; € mod(R;), we define M|y, :== M ®p, Ry;.

M = (Ml,Qb”) M € HlOd( ) ¢U M = M Uijs (B75)
where ¢;; are isomorphisms of R;;-modules which satisfy ¢;; = 1 and the cocycle conditions
Pij © ik © Pri = 1. (B.76)
Given another data N = (V;, ¢;), we define a morphism Hom(M, N) by
N
Hom(M, N) = {f — (fu-+  fw) € [[ Homg,(Mi, N) s iy 0 f; = fio %} . (B.77)
i=1
Moreover with respect to f = (f;)¥,, we define Ker(f) and Coker(f) by
Ker(f) = (Ker(f:), ¢4;), (B.78)
Coker(f) = (Ker(f;), 4iy). (B.79)

To uncover geometrical structure of an algebraic scheme X, making a survey on global sections
of coherent sheaves on X is effective. We identify M € Coh(X) with M of (B.75) by theorem B.2.7.

Then there is a isomorphism

X, M) = {(31,~~- ,SN) € HM Si = Oij s])} (B.80)

Example B.2.8. One of important examples of coherent sheaves is algebraic vector bundles.
Let X be an algebraic scheme. M = (M;, ¢;;) € Coh(X) is called a locally free sheaf of rank r
if M; decomposes into M; = RY" by choosing the affine covering sufficiently small if necessary. In
this case, ¢;; € GL,(R;;) follows. We consider an vector bundle whose fiber is C". To obtain an

appropriate gluing rule for fibers, we define an equivalence relation between (z;,v;) € U; x C" and

(xj,v5) € U; x C" by
(ZL’Z',’UZ') ~ (.ij,’Uj) T =T; € U, N Uj and v; = ¢ij(vj), (B81)

and then an algebraic scheme is defined by

M= (H(Ui X ccn) )~ (B.82)
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The natural projections U; x C" — U; induce a morphism of the affine scheme 7 : M — X, which is
analogous to a vector bundle over a manifold and called an algebraic vector bundle on X. The
algebraic vector bundles and the locally free sheaves can be identified since once given an algebraic
vector bundle on X defined by (B.82), one can construct a locally free sheaf (RY", ¢;;) on X. If
r = 1, we call them line bundle and write Pic(X) for the set of all equivalent classes of line bundles

on X.

Example B.2.9. Another important example of coherent sheaves is a sheaf of the module of
differentials. Let X be an algebraic scheme (B.71). We define modules of differentials Qg, ¢ for
each 7 and ¢;; to be natural isomorphisms. Then we obtain the sheaf of the module of differentials
Qx € Coh(X). If X is smooth, Qx is called a cotangent bundle, which is a locally free sheaf whose
rank is dim X, and its dual Q¥ is called a tangent bundle. The exterior product of cotangent bundles

OF = APQyx becomes a line bundle if p = dimX, which is called a canonical line bundle.
The following statement distinguishes the categories of coherent sheaves as abelian categories.

Lemma B.2.10. Let X and Y be smooth projective algebraic varieties. Suppose thier categories
Coh(X) and Coh(Y) of the coherent sheaves are equivalent as abelian categories. Then X and Y

are isomorphic as algebraic varieties.

Sheaf cohomology

As mentioned, global sections of a line bundle L have much information to investigate the base
algebraic variety X. One of strong instruments to know the existence of global sections is the sheaf
cohomology.

Let X be an algebraic variety and L = (Oy,, ¢;;) be a line bundle on X. We restrict L to a
subvariety Y C X and write it as L|y. Our strategy is that we consider whether a global section
s € I'(Y, L|y) of L|y become a global section of L, that is to say we consider whether there exist
an obstruction. If the sheaf cohomology is nontrivial, then it means that the global section of L|y
cannot become a global section of L. The cohomologies of an algebraic scheme X is defined via the

functors in the following theorem.
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Theorem B.2.11. Let X be a algebraic scheme. There exist functors
H'(X,—): Coh(X) — ”Category of complex vector space” (B.83)
for each 0 <7 € Z such that
1. HY(X,—)=T(X,-)
2. with respect to a exact sequence of coherent sheaves 0 — M; — My — M3z — 0, there is a

homomorphisms ¢ : H'(X, M3) — H"" (X, M), which give the following long exact sequence

0 — HO(X, M) — HO(X, My) — H°(X, M) 5 HY(X, M) — ---
e HI(X, M) — H(X, M) — HY(X, M) S5 HYY(X, M) — - (B.84)

Example B.2.12. The sheaf cohomologies of the line bundle Op. (k) on P™ are

(

Vi 1=0

Vv ;
\kafnfl 1=n

where Vi, C Clyo, -+, y»] is the vector space consisting of all homogeneous polynomials of degree k.

We put Vi, =0 for & < 0.

Since the above method to consider a line bundle on algebraic schemes is almost parallel with the
discussions about a line bundle on complex manifold, it would be natural to ask their connections.
To relate the sheaf cohomology of an algebraic scheme X with the Check cohomology, we write X"
for a algebraic variety X with standard Euclidean topology. Note that if X is a smooth algebraic
variety over C, then X" is a complex manifold. The following theorem is paramount of importance

to connect the Check cohomologies H"(X", C) of X" and the sheaf cohomologies.

Theorem B.2.13. Let X be a smooth projective algebraic variety, and put HP? = H(X, Q%).
Then there are isomorphisms

H" (X", C) = @y gen HP(X). (B.86)

The dimensions of H”4(X) are the Hodge numbers h”?(X) as defined in (B.19).
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B.2.5 Derived categories of abelian sheaves

We first give the generic definition of the derived category D(.A) of an abelian category A. Let C'(A)

be the category whose objects are complexes of objects of A, namely objects are of the form

di72 . di71 . di . di+1
A= Lt D fp &y it 0,

: (B.87)

where A € Ob(A) and d"~ ! od' = 0 for all ¢, and a morphism f € Home(4)(A, B) is a collection of

maps f*: A® — B* which satisfy the following commutative diagram

Sy s KN LN/ L KRS

lfil lfz lfz!kl

‘ 42 Bz‘—ld'Fl Bi d' \Bi—l-l J'i+1 o

(B.88)

We say two morphisms f,g € Home(a)(A, B) are homotopy equivalent (f ~ g) if there exist
ht € Homy4(A?, B'™1) for every i such that
AT o bt — bt od = i — ¢ (B.89)
The category of homotopy K (A) of C(A) is the category which has the same object with C'(A)
and whose morphisms are the morphisms of C'(A) modulo the homotopy equivalence relation, namely
HOHIK(A)(A, B) = HOHIC(A) (A, B)/ ~.
The cohomologies
H'(A) = Kerd' /Tmd" ™" (B.90)
of the complexes {A’};c; do not depend on homotopy classes. A morphism f € Homg (A, B) is

called a quasi isomorphism when induced maps
H'(f) = H'(A) - H(B) (B.91)
are isomorphisms for all 7.

Definition B.2.14. The derived category D(A) of the abelian category A is the category whose
objects are complexes (B.87) of objects of A and morphisms Homp(4)(A, B) are given by the equiv-

A/
SN
A B,

alence class of the following diagram

(B.92)
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where g, h are morphisms in K (.A), and g is a quasi isomorphism. The equivalence relation is defined
by identifying the above diagram (B.93) with the following diagram for all quasi isomorphisms
g A= A

A" (B.93)

Giving some constraints on the degrees of the cohomologies, we obtain several fully faithful sub-
categories D*(A) C D(A) (x = 4, —,b), which are defined as follows: D" (A) consists of complexes
(B.87) whose cohomologies H(A) vanish for all sufficiently small i < 0. Similarly D~(A) con-
sists of complexes (B.87) whose cohomologies H*(A) vanish for all sufficiently large i > 0. We put
DY(A) = DT (A)N D~ (A).

Remark B.2.15. Generally a derived category of an abelian category is not abelian category, which

is distinguished as a triangulated category.

B.2.6 Derived categories of coherent sheaves

Let X be an algebraic variety, then the category Coh(X) of the coherent sheaf on X is an abelian
category, which allows us to construct the derived categories D*Coh(X) of the coherent sheaf. The

most important case for us is D*Coh(X).

B.2.7 Fourier-Mukai transformations

A notable feature of a derived category of a coherent sheaf is that, since D?Coh(X) is not an abelian
category, there is the possibility that there exists an algebraic variety Y such that D°Coh(X) =2
D*Coh(Y). This is in marked contrast to the case of Coh(X) as given in the lemma B.2.10. S. Mukai
firstly considered those dualities in [38] for abelian varieties and there are indeed such dualities.
Generally if D’Coh(X) = D?Coh(Y') satisfied for two smooth projective algebraic varieties X and
Y, then X and Y are called Fourier-Mukai partners and the transformation to obtain Y form
X is called the Fourier-Mukai transformation. This section is devoted to briefly recall the

transformation [38].
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To explain the reason for the ”Fourier” appearing in the name of transformation, we recall the
usual Fourier transformation. A typical example is X = R/Z = S! and Y = Z, which we have

already discussed in (2.72). A function f € L?(R/Z) corresponds to its Fourier transformation f by
LA(R)Z) — L2(Z

)
&) =" f(n)er™ s f(n) = /O f(t)e2mint, (B.94)

which gives the isometry of the Hilbert spaces of square-integrable function on R/Z and Z, namely

isometry

L*(R/z) = L[*Z)
ff. (B.95)
Note that Hom(R/Z,C*) = Z by the map t — ™™ for a given n € Z. That is to say, Y = Z
is the moduli space of homomorphisms from X = R/Z to C*. In this sense f is a function on the

moduli space.

Now we explain the Fourier-Mukai transformations. The following theorem is based on [40].

Theorem B.2.16. Let X and Y be smooth projective algebraic varieties, and
® : D°Coh(X) — D"Coh(Y) (B.96)

be a fully faithful functor. Then there exists an object £ € Ob(DPCoh(X x Y')), unique up to

isomorphism, such that & is isomorphic to the functor

%y : D’Coh(X) — D°Coh(Y) (B.97)

L
z — Rpy (€ ® pk(x)), (B.98)
where px and py are projections from X x Y to X and Y respectively.

@&,y is called the Fourier-Mukai transformation if ®% ., gives equivalences of the derived
categories. The object £ corresponds to the kernel function €2 in the above example. The
procedure of the Fourier transformation of f to f is extended to the Fourier-Mukai transformation
in such a way that p% pull backs the complexes of D’Coh(X) to those of D*Coh(X x Y') and Rpy.

push forwards the complexes of D?Coh(X x Y) to those of D®Coh(Y).
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Example B.2.17. Let A be an abelian variety, which is a projective algebraic variety and can be
written as

A=V/T, (B.99)

where V' is a n-dimensional vector space and I' C C" is a free abelian group of rank 2n. If dim A =1,

then A is an elliptic curve. We define the dual abelian variety Aof A by
A=vV"T", (B.100)
where V" is the dual of the complex conjugate of V' and T is given by
T’ = {f e V" 2Ref(I) C Z} (B.101)
More precisely, when we denote by Pic(A) the moduli space of line bundles on A, then A is defined
by the connected component of the identity Pic’(A). If dim A = 1, then A = A, however, in higher

dimensions A and A are not isomorphic as algebraic varieties. Nevertheless, the derived categories

of coherent sheaves are equivalent:

[a)

RS = ®% . : D"Coh(A) = DCoh(A), (B.102)

where RS is the Fourier-Mukai functor defined by (B.97). In our case the object £ is the Pincaré
line bundle P € PicO(A X A), whose restriction P|ax; on each point & € A is a line bundle on
A. We normalize P so that both P|,. 4 and P|,, 4 are trivial. For & € A, P; denotes P|axs- Note
that to any coherent sheaf F' on A, we can associate the sheaf p; (P ® p}(F')) on A, and so this

correspondence gives the functor

S : Coh(A) — Coh(A). (B.103)

Definition B.2.18. Let F be a coherent sheaf and RIS(F) be the cohomologies of the derived
complex RS(F). We say that F satisfies W.L'T. (weak index theorem) with index i if

R'S(F)=0 (B.104)

for all j # i. We denote by i(F) such one i. We write I for the sheaf R'F)S(F) and call it the
Fourier-Mukai transform of F.

And we say that F' satisfies I.T. (index theorem) with index i if H(X,F ® P) = 0 for all
P € Pic’(X) and all but one i.
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Proposition B.2.19. If F obeys W.L.T., then F' also does, and

A

i(F) =dim A —i(F). (B.105)
Moreover [ is isomorphic to (—14)*F, where (—1,4) is the isomorphism 2 — —z of A.

Example B.2.20. Let k£ be an algebraically closed field and k(%) be the one dimensional skyscraper
sheaf supported at & € A. Then one has Hi(A, k(&)®P) = 0 for each i > 0 and P € Pic’(X). Hence
k(x) obeys I.T. condition i(k(z)) = 0 and the Fourier-Mukai transformation of k(%) is k/(\:%) = P;.
On the other hand, E =~ k(—x) follows by the proposition B.2.19. Note that P; obeys W.I.T. but
does not satisfies the 1.T. condition.

In summary, the following is held:

Skyscraper sheaf 2% Line bundle. (B.106)

Recall the delta function 6(z) defined over R and 1 are transformed into each other under the Fourier

transformation, the above correspondence is a natural extension.

B.3 Mirror symmetry

B.3.1 A-brane and B-brane

Let X be a three-dimensional Calabi-Yau manifold, B € H?(X,R/Z) be a B-field and w be a Kahler
form on X.

The category of B-branes is defined by the derived category of the coherent sheaves D*Coh(X).
On the other hand the category of A-branes is known as the Fukaya category Fuk(X, w) (see [14] for
its definition). Objects of Fuk(X, w) are a collection of Lagrange submanifolds of X and morphisms
between two Lagrange submaifolds Lg and L; are given by the Floer homology H F(Lg, L;). We
denote by D’Fuk(X,w) the derived category of the Fukaya category.

The categorical mirror symmetry conjecture is proposed by Kontsevich[28].

Conjecture B.3.1. When (X1, B; + v/ —1w;) and (X5, By +1/—1wy) are mirror symmetry, then the

two categories are equivalent:

D'Fuk(X;, By + v —1w;) = D"Coh(X>). (B.107)
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Appendix C

Spin representations for SO(D) and
SO(D —t,1)

C.1 Spin representations for SO(D)

C.1.1 Representations of gamma matrices in D dimensions

We consider a set of gamma matrices {I'*},_¢.. p_1, which satisfy the Clifford algebra C'L with
l K K
{TH TV} = 26", (C.1)

where 0" = diag{+1,+1,--- ,+1}. We first work with the Euclidian signature, and we move on to

more general Lorentzian signature later.

B Even dimension D = 2k + 2

We prefer to use convenient choices of combinations

1
D = S (T2 ), (C.2)
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namely they are k + 1 sets of raising and lowering operators which satisfy
{0 ) = o, (C.3)
{T#H T} = {T*, TV} = 0. (C.4)
In particular, (I**)? = (I'*~)? = 0 which implies there is a spinor ¢ annihilated by all the T'*~,
r“¢=0. (C.5)
A general state () is created by operating I'**s to ¢
¢ = (Dk=)stl/2. . (DO yso+L/2¢ (C.6)

where s, = +1/2. Then there are 2F+1 states which form the Dirac representation, spin rep-
resentation, of the gamma matrices. What we want to find next is matrix representations of the
gamma matrices.

D=2
For the case D = 2, we have two states ¢ and I'°T(. By using the form I'° = I'* + '~ a matrix

representation of I'’ is obtained as

170+ 1o+ 0 1
rof ¢ )= S (T - <. (.7)
[0+¢ [0-T0+(¢ ¢ 1 of \Iree¢
A matrix representation of I'! is calculable by the same way. In summary
I° — . It = . (C.8)

D=2k+2
We first consider pu = 2k, 2k + 1 which are almost same as the D = 2 case. We assume a spinor (j_;
and gamma matrices 7y, (4 =0,---,2k —1) is given in D = 2k + 1 dimension. Then the D = 2k + 2

dimensional spinor consists of (;_; and I'**(;_;. By using the form I'*! = I'**+ 4 T'F—

(G-l _ Fk+(k:—1>_ 0 1 ( Ch—1 )
g (Fk+Ck—1> _( Cr1 - 10 ThG ) (C.9)
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and since ['*#F1 = —j(I'*+ — T+,

F2k+1( Ck—l ) _ (—iFk+Ck_1) _ 0 —i ( Ck—l ) (C 10)
IRy iCe—1 i 0] \ "G
Thus
0 1 0 1
I = [, ® - >, (C.11)
1 0 1ok 0
0 — 0 —ilgk
P2 = [ @ - ", (C.12)
1 0 119k 0
where 1o is the 2% x 2% unit matrix. For =0, --- ,2k — 1, we simply chose
1 0 o 0
0o -1 0 —yH
Then the spinors with u = 0,...,2k — 1 transform likewise in the D = 2k dimensional case. Equiv-

alently our gamma matrices are written in the form

=0®038038 Q0303 (C.14)
MNM=0,R03003®  ®03R 03 (C.15)
MP=1LR0R0® Q03 0; (C.16)
P=1LRMmRo® Q0303 (C.17)

P2 =LRLE - ®1LE1LEo (C.18)
P T=1,01L0 01810 (C.19)
Here we used
0 1 0 —1 1 0
o1 = 09 — O3 = (C20)
1 0 i 0 0 —1

Generators of SO(D) are given by

l

o g— R T (C.21)
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which satisfies

[SHY, 7] = HPEVT 4 §UIRHP — GRTEVP — §UOSH, (C.22)

Then
(22l 2] (C.23)

which imply Y242#*t1 are simultaneous diagonalizable and they are part of Cartan sub algebra. So

we introduce

' 1
S, = DL —%r%r%l =TT - (C.24)
And each of S, acts on ¢ as
1
S, ¢ =509 s, = o (C.25)

Now we define I' := (—4)*TOT! ... T2**1 which satisfies the following properties:
1. I'? =1.
2. {T, T"} = 0.
3. [, [T+, T¥]] = 0.

Using the equation (C.24), we rewrite I as

I =2f18,8, - Sy, (C.26)
so I' takes eigenvalues £1 and
1
['¢® = 4¢® «— even # of Su = =5 (C.27)
1
¢ = ¢ <= odd # of 5, = —5 (C.28)

Therefore we are allowed to classify the set A of states () in such a way that

A=ATDA, (C.29)
AT ={¢¥T¢W = 4¢3, (C.30)
A ={¢®.T¢® = ¢, (C.31)
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Each of A* is 2% dimensional irreducible representation of SO(D), called a Weyl representation.

Irreducibility follows from
[‘EHVC(S) — Z’“’FC(S)
=2 (C.32)

for () € AT,
We call a spinor in At Weyl spinor. The Weyl spinors exist only in even dimensions by

definition.

B Odd dimension D = 2k + 3

We add a matrix I' = (—4¢)*7TOT! ... T?*1 to the gamma matrices {T"},—o... o¢+1 in 2k + 2 dimen-
sion. The properties 1. and 2. of I" show that I is compatible with I'*, so the 27! dimensional Dirac

representation of the gamma matrices in D = 2k + 3 dimension is formed by I'Y,--. , I'P~1 T". This

Dirac representation is now irreducible because of the property 3..

C.1.2 Majorana spinor

B Even dimension D = 2k + 2

In order to consider Majorana spinors, we introduce so called B-matrices B; (i =1, 2)

By =T'T*...7%+ (C.33)
B, =T'B;. (C.34)
Those 281 x 2841 matrices satisfy
BIB; = 1,040, (C.35)
BiT"B] = (—1)F+irw, (C.36)
B,T"Bl = (=1)F2m, (C.37)
B;Y>" Bl = —i[rﬂ*, ] = —ymr, (C.38)
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where ['** are complex conjugate of I'*. To prove the above relations one should notice that non zero
matrix elements of each of I'®, I --.  I'%*! are pure complex.

We define the charge conjugation (f of ¢ by
G = B¢ (C.39)

Then (f is also a Dirac spinor since (f transformed in the same way of ¢, namely

3¢ = iw,, X" ¢ (C.40)
— 0C* = —iw, DT = iy, BYM B¢ (C.AL)
_— 5Czc — Z'wwjzu'/cic' (0.42)

We call ( a Majorana spinor if { satisfies
G =¢ (&= ¢ =B). (C.43)

This condition gives a constraints on B; as B B; = 1 since ( = B;(* = B} B;(. On one hand

BiBy = (—=1)Firs ... p2RHIpIps L 2kt (C.44)
= (=1)H+D(E+2)/2 (C.45)

here (—1)* comes out because I', T'®, ...  T?**! are pure complex, and on the other hand
BB, =1"B{I'B; (C.46)
= (-)* I T BB, (C.47)
= (~)*V BB, (C.48)
— (_1)(k+1)(k+4)/2‘ (C49)

Hence the Majorana spinor conditions result in

({=C<= k=2, 3mod4 (D=0, 6 mod38), (C.50)
GG=C<=k=0,3mod4 (D=0, 2mod8). (C.51)
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In short a Majorana spinor exists in D = 2, 6, 8, 10 as for even dimensions. Next we force the Weyl

condition I'( = ¢ on a Majorana spinor.

B.I'B! = B,I'B} (C.52)
= (=1)*'T. (C.53)

The first equation follows by the definition of B, and the fast one follows since I' is diagonal and real

matrix. Operating BiFB;r to ¢* by use of the formula
¢=@Q)r =I"¢" =I¢, (C.54)

we observe the Majorana-Weyl conditions lead to

BTBI(C* = (—1)F'1¢* (C.55)
2 BI¢ = (-1 (C.56)
M g = (—1)ktie (C.57)
Majorana ,, _ (—1)k+1<* (C58)
Hence a Majorana-Wely spinor exists only for £ =3 mod 4 (D = 0 mod 8).
B Odd dimension D = 2k + 3
Recall that gamma matrices in odd dimension consist of 'Y, -+, I'?>*~1 T and they satisfy the rela-
tions
BiT"B = (—1)F+ir#, (C.59)
ByT" Bl = (=1)k+2pm, (C.60)
BiTB! = B,I'B] = (—1)F'1™. (C.61)

In this case I'* and I' should transform in the same way under a Lorentz transformation, the
consistent Majorana condition is given by B;. Therefore we can find a Majorana spinor only in
k=2 3mod4 (D=7, 9mod 8). Note that there are no Majorana-Weyl spinors since Weyl spinors

live in even dimensions.
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Here is a table for SO(D) spinor. Each number in the box shows the degrees of freedom of spinors

(we count 1 for a Majorana spinor in D=2) and empty boxes show there are no spinors.

D 213141567 81]9 |10

Dirac 2121414881616 |32

Majorana 1 4141 8| 8|16

Weyl 1 2 4 8 16
Majorana-Weyl 4

C.2 Spin representations for SO(D —t,t)

C.2.1 Majorana spinors in general

In this subsection we consider spinor representations for a more general Lorentz group SO(D —t,t),

where we denote space and time dimensions by D — ¢ and ¢ respectively. We extend our Clifford

algebra to
(M, TV} = 29V, (C.62)
where
t D—t
——
™Y = diag{—1,---,-1,1,--- , 1}. (C.63)

We first consider even space-time dimension D = 2k + 2. We work with convenient choices of
combinations as we did in (C.2) with replacing I'* to i[**for the time directions pu:

(1) t = 2n (even)

1
D = ST T (=0, 0= 1), (C.64)

1
P = (i) (o= 20, k), (C.65)
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(2) t=2n+1 (odd)

1

Fui - E(ZFQM + F2M+1) (” = 07 e, N 1)a (066)
1

et = 5(@'1“2” 402, (C.67)
1

ret = E(an +il%**Y) (a=2n,--- k), (C.68)

where p indicates the time directions and a the space directions. Then they satisfy

{rM*, TN} = 6MY, (C.69)

the others = 0. (C.70)
Let T be representations of Euclidian Clifford algebra, namely

{Ty g =" (C.71)
Then our gamma matrices I'™ are in relations with '} in such a way that

I =il (C.72)
re =19, (C.73)

Indeed, for ¢ = 2 we introduce the spinor ¢ which is to be annihilated by any '~ and use the

formula T° = —(T%" —T'%7) and T' =T% —T'°F then

¢\ [ —iT¢ N\ /=Tt [0 i ¢
FO(FO%)‘(—WGFW)‘( —ig )_ o (PO%)’ (©H)

C B _FOJrC B _FO+C B 0 -1 C
P = (i) = )= 3 ) e

So we obtain the matrix representations

and

0
= = —IY%, I'= = —il'L. (C.76)
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To find B; (i = 1,2), we review that 2™ consist of real components and

2M+1
FE

consist of pure

complex components. Therefore in our case, I'** are complex and I'**™! are real, and I'** are real

and I'**™! are complex. So we should deal with two cases (1) ¢ is even and (2) ¢ is odd.

(1) t=2n
We define B; and B, by

31I

BQZ

where I' = (—i)*ITO0T ... 20 H1

n k—n-+1
N\ 7\

7 N
_ 10712 2n—2 2n+1172n+3 2k+1
—1°r2...17 r2tip S

=T'B,,

Then I'* =T and for ¢ = 1,2

B; — (—1)k+1Bi,
tBi — (_1)—n+(k+1)(k+2)/23i’
Bi2 — (_1)n+k(k+1)/2’
BJBz _ (_1)(k+1)(k+2) =1,
BiB = (-1
BBy = (—1)*1B!B, = (—1)" 5+

(2)t=2n+1
We define B; and B, by

n+1 k—n—+1
7\ 7\

By :=T°T%...1>" T2ntlpents F2k+f7

B2 L= FBI
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where ' = (—)* 21T ... T2**1 Then I'™* = T" and

B = (-1)*?B,, (C.87)
B, = (1) kD2 p (C.88)
B2 = (—1)n ik (k+2)/2 (C.89)
BIB; = (—1)+D0+2) — 1 (C.90)
BB, = (—1)n i+ (C.o1)
BB, = (1) BB, = (—1)mH+ (C.92)

B Odd dimension D =2k + 3

Next we consider odd space-time dimension D = 2k + 3. The B-matrices for this case are the same
we used in D = 2k + 2.

(3)t=2n

We define By and B, by

n k—n+1
By :=Tr2... r%—?'r?"“r%j- LT (C.93)
B, :=TB,, (C.94)
where ' = (—i)* 10T ... [2k+2,
4)t=2n+1
We define By and B; by
n+1 k—n+1
By :=TOr2...p2n2ntip2nts 2T (C.95)
B, :=TDB,. (C.96)

where ' = (—)*200T2 ... 2k,
Here is the complete table for pairs (D, t) compatible with the Majorana spinor conditions B} By =
1. For instance xo in a box means that there is at least one Majorana spinor defined by Bj, but

there are no Majorana spinors defined by B,. A Majorana-Weyl spinor exists if and only if oo is
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indicated in a box. Note that especially in odd D dimensions the Majorana spinors are given by only

By likewise SO(D).

ND | 2 3 4 5 6 7 8 9 10 | 11 12
0 OoX | XX | XX | XX | Xo | Xo | oo | Xo | oX | XX | XX
1 00 XO | OX | XX | XX | XX | Xo X0 00 X0 | oX
2 X0 | Xo | 00 | X0 | oX | XX | XX | XX | Xo | Xo | oo
3 XX | Xo | Xo | oo | Xo | ox | XX | XX | xx | xo
4 XX | XX | Xo | Xo | oo X0 | oX | XX | XX
5 XX | XX | XX | Xo | Xo | oo | xXo | oX
6 OX | XX | XX | XX | Xo | xXo | oo
7 X0 | oX | XX | XX | XX | Xo
8 00 Xo | oX XX | XX
9 Xo | oo X0 | ox
10 Xo | xo | oo
11 XX | Xo
12 X X

C.2.2 Charge conjugation matrix

In this subsection we refer to the charge conjugation matrix C. Let ¥ be a Majorana spinor of

SO(D — t,t), where D is 2k + 2 or 2k + 3. We define ¢ by
=0 (C.97)

The charge conjugation (¢ of ( is given by (¢ = B¢ (C.39) in SO(D) case, and here we also define
it in the same way, namely 1* = By = By and o' = (By°¢) ='4!'B ='1eB. € in the last equality

comes from the facts we derived before

. (_1)—n+(k+1)(k+2)/23i (t —_ 271)

(—1) kD)2 B, (t=2n+1).
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The charge conjugation matrix C'is defined as
C=eB IV -T"!
— TIPIF?) . F2k+1
(_1)(k+1)(k+2)/2 (t — 2n)

77 =
(_1)1+k(k+l)/2 (t — o + 1)

Therefore 1) is written in the form
¥ ="C.

The gamma matrices are transformed under C' as

CF2m _ (_1)k+1r2mc _ (_1)k+1 tFQmC,

CFQm-‘rl — (_1)kr2m+10 — (_1)k+1 tl—\2m+10.

(C.99)
(C.100)

(C.101)

(C.102)

(C.103)
(C.104)

Hence CTMC~! = (=1)*1T'™ . Moreover the transpose of C' is written in terms of C' as follows:

tC — ntrl ot F2/€+1
— n(_l)(kz-i-l)rl . F2k+1
— n(_1)(k+1)+k(k+1)/2r2k+1 . Pl.
_ (_1)(k+1)(k+2)/20_

Thus we obtain the following transformation rule of I'M under C

OFM — (_1)k‘+1 tFMO
(_1>k+1(_1)(k+1)(k+2)/2 tFM ter

— (_1)k(k+l)/2 t(CFM),

which shows

oM symmetric k =0,3 mod 4

anti-symmetric k£ = 1,2 mod 4.
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We introduce ['?(07(D)~o(m) which are antisymmetric products of any combination of 7 7o) ... To(m),

For instance

1

r? = 5(P1r2 — T =12, (C.113)
!

2 — g(PlFQF?’ + I°T'T? + 0PI — IP0'T° — T°rPrt — I'rer?) (C.114)

_ripers (C.115)

In general, T7(07()o(m) gatisfies the following properties:

[o©o()-o(m) _ it 3,5 o(i) = o(j), (C.116)

[e@o)-olm) — o) . polm) 3¢ Y 5y, 4 ;. (C.117)

Therefore ['7©eM)o(m) yndergoes the transformation under charge conjugation C' as follows:

Cc1o0e)-o(m) — ~e0) .. polm) (C.118)
= creOc-tereWe-t...creme-to (C.119)
— (_1)(m+1)(k+1) tFo'(O) . tro(m)c (0120)
_ (_1)(m+1)(k+1)+m(m+1)/2+(k+1)(k+2)/2 tl—\a(m) L. tFU(D) tC. (C121)
Hence for the Majorana spinors ¢, ¢, we obtain the transfromation relation
Ero(o)a(l)wa(m)(p :twopa(O)a(l)ma(m)(p (C.122)
_t (t¢cr0(0)0(1)'”0(m)¢) (0123)
_ (_1)(m+1)(k+1)+m(m+1)/2+(k+1)(k+2)/2+1¢1—\a(0)0(1)---O'(m)w, (0124)
where the minus signs in the last second equalities come from exchanging two spinors v, .
For examples, in D = 10 (k = 4) we have the following formulas:
EFU(O)O‘(l)---U(m)SO — (_1)(m+1)(m+2)/2¢FU(O)U(1)---J(m)w’ (0125)
PIMa =0, (C.126)
PIMNqy = 0. (C.127)
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