
2019म࢜จ
Double Field Theory ʹ͓͚Δήʔδରশੑͱ
LieѥରʹΑΔ Vaismanѥͷߏ

ཬେֶେֶӃ ཧֶڀݚՊ

ࢠՊֶઐ߈ ࠲ߨཧֶࢠྔ

 ང

֓ཁ

Double Field Theory (DFT)ɼTରੑΛ໌നͳରশੑͱͯͭ࣋͠ॏྗཧͰ͋Γɼͦ

ͷഎܠʹഒԽزԿֶ (doubled geometry)ͷଘ͑ߟ͕ࡏΒΕ͍ͯΔɽ·ͨɼDFTͷήʔδ

ରশੑ Vaisman͓Αͼ Courant ѥ (algebroid) ʹΑͬͯهड़͞ΕΔɽຊम࢜จͰ

ɼLieͷ Drinfel’d doubleΛग़ൃͱͯ͠ɼVaismanѥ͕;ͨͭͷ Lieѥͷ

͔ΒಘΒΕΔ͜ͱΛࣔ͢ɽ͞ΒʹɼഒԽزԿֶͷ۩ݱԽͱͯ͠ύϥΤϧϛʔτଟ༷ମΛಋೖ

͠ɼ͜ͷଟ༷ମ্ʹ VaismanѥΛߏங͢Δɽ

Soryushiron Kenkyu 素粒子論研究 ･ 電子版 Vol. 32 (2020) No. 2



Soryushiron Kenkyu



3

࣍

ୈ 1ষ ͡Ίʹ 5

ୈ 2ষ Double Field Theory 9

2.1 DFT ԿֶزΕΔݱʹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 DFT ͷ࡞༻ͱ C ހׅ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 ཧత߆ଋ݅ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

ୈ 3ষ ѥ (Algebroid)ͷಋೖ 15

3.1 Lieʢʣͱ Drinfel’d double . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.2 Lie ѥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 Courant ѥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.4 Double ʹΑΔ Vaisman ѥͷߏ . . . . . . . . . . . . . . . . . . . . . . 23

ୈ 4ষ Vaisman algebroid͕ݱΕΔزԿֶ 31

4.1 ύϥෳૉߏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 ύϥΤϧϛʔτଟ༷ମ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.3 ύϥυϧϘʔίϗϞϩδʔ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.4 DFT ʹ͓͚Δ Vaisman ѥ . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.5 Derivaiton ݅ͷഁΕ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.6 ҰൠزԿֶͱͷؔ࿈ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

ୈ 5ষ ·ͱΊ 43

 A ϊʔτࢉܭ 46

A.1 C ͷހׅ Jacobiator ͷಋग़ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

A.2 C Β͔ހׅ Courant ͷހׅ reduction . . . . . . . . . . . . . . . . . . . . . 48

A.3 T (e1, e2, e3) ͷؔࣜ (3.36) ͷಋग़ . . . . . . . . . . . . . . . . . . . . . . . . 49

A.4 T (e1, e2, e3) ͷؔࣜ (3.37) ͷಋग़ . . . . . . . . . . . . . . . . . . . . . . . . 51

A.5 Axiom C1 ͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

A.6 (A.45) ࣜͷಋग़ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

A.7 (A.46) ࣜͷಋग़ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

A.8 Axiom C2 ͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

A.9 Axiom C3 ͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Soryushiron Kenkyu



4

A.10 Axiom C4 ͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

A.11 Axiom C5 ͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

A.12 NK = NP +NP̃ Ͱ͋Δ͜ͱͷ֬ೝ . . . . . . . . . . . . . . . . . . . . . . . . 63

ݙจߟࢀ 65

Soryushiron Kenkyu



5

ୈ 1ষ

͡Ίʹ

Λѻ͏ͨΊͷཧͱͯ͠༺࡞ޓ૬͍ڧཧɼϋυϩϯΛྨ͢Δ͜ͱΛతʹɼݭ 1960 

ʹੜ·ΕͨɽݭཧͰɼ࣭ͷࠜݯతͳ୯Ґͱ࣭ͯ͠ͷΘΓʹ 1 ݭͷݩ࣍ (string) Λ༻

͍ͯཧΛߏங͢ΔɽݭͷৼಈϞʔυͷҧ͍ʹΑͬͯɼҟͳΔछྨͷϋυϩϯΛ౷Ұͯ͠هड़Ͱ

͖Δɼͱ͍͏ͷͰ͋ͬͨɽ͕ͩɼ1970 ʹͳΔͱྔࢠ৭ྗֶ (quantum chromodynamics,

QCD) ͕։ൃ͞Εɼ͍ڧ૬࡞ޓ༻Λهड़͢Δཧͱͯ͠ਖ਼ͳͷ QCD Ͱ͋Δͱೝࣝ͞Εͨɽ

͔͠͠ɼดͨ͡ݭͷྭىঢ়ଶ͕ॏྗʹؔ͢Δ͜ͱ͕ࢦఠ͞Εɼݭཧɼࠓྔࢠॏྗཧ

ͷީิͱͯ͠࠶ͼͷΛΈΔ͜ͱͱͳͬͨɽॏྗΛهड़͢Δཧͱͯ͠ݭཧΛղऍ͢Δʹ

͋ͨΓɼҎԼͷΑ͏ͳΑ͍ಛ͕͋Δ͜ͱ͕Θ͔ͬͨɽ

• ॏྗࢠ (graviton) ͕ཧͷεϖΫτϧʹݱΕΔɽ

• ݭཧͰɼۭ࣌ͷ͕ݩ࣍ 10 ఆ·Δɽʹݩ࣍

• ͷுྗݭཧʹ͓͚Δਓҝతͳύϥϝʔλʔݭ T ͷΈͰ͋Δɽ

ۭ࣌ͷ͕ఆ·ΔҰํɼզʑ͕ೝࣝ͢Δݩ࣍ͷۭ࣌ 4 ͷॲཧݩ࣍Ͱ͋Δɽ͕ͨͬͯ͠ɼ༨ݩ࣍

Λ͑ߟͳͯ͘ͳΒͳ͍ɽ༨ݩ࣍ͷରॲ๏ͷͻͱͭɼΤωϧΪʔͰݕग़͞Εͳ͍Α͏

ʹɼۭؒΛίϯύΫτԽ͢Δ͜ͱͰ͋ΔɽίϯύΫτԽͷ֓೦ɼKaluza-Klein (KK) ཧ [1,2]

ͰߟҊ͞Εͨɽݭཧͷಛɼ૬࡞ޓ༻͕Ͱͳۭ࣌͘ͷ֦ுྖҬͰ͜ىΔ͜ͱͰ͋Δɽ

ͷྔࢠ (Quantum Field Theory, QFT) ͰɼॏྗͷઁಈࢉܭΛ͏ߦͱൃͯͬ͜͠ى͕ࢄ·͏ɽ

͜ΕɼQFT Ͱ࣭ͷ࠷খ୯ҐʹମੵΛͨ࣋ͳཻ͍ࢠΛ༻͍͍ͯΔͨΊʹൃੜ͢ΔͰɼ

Ε͍͑ݴॏྗཧͰ͋ΔɽݶۃཧͷΤωϧΪʔݭཧͰຊ࣭తʹճආͰ͖Δɽݭ

ɼݭཧطଘͷཧͱͯ͠ॏྗཧΛแ͢Δ [3]ɽ

ݟΘͨΔɽ͜ΕΒͷൃʹذͷͷͷੑ࣭ʹؔͯ͠ଟۭͦ࣌ɼݟཧ͕զʑʹͨΒͨ͠ൃݭ

ͷݩͱͳͬͨͷ ʮରੑʯͰ͋Δɽ࠷༗໊ͳରੑɼAdS/CFT ରԠͰ͋Ζ͏ [4]ɽ͜Ε

ɼʮD ͷυɾδολʔݩ࣍ (Anti-de Sitter, AdS) Ͱఆٛ͞Εͨॏྗཧ͕ɼDܠഎۭ࣌ − 1

ཧܗڞͷݩ࣍ (Conformal Field Theory, CFT) ͱରͰ͋Δʯͱ͍͏༧Ͱ͋Δɽ͜͜Ͱ

ʮରͰ͋Δʯͱɼʮ2 ͭͷҟͳΔཧ͕ಉ͡ཧΛද͢͜ͱʯΛҙຯ͢Δɽ͜ͷ༧ͷ༗༻ͳ

ɼҰํͷཧͷ݁߹͕͍ڧͱ͖ɼରͳ͏ยํͷཧͰ݁߹͕ऑ͍͜ͱʹ͋Γɼݭཧͷ

ඇઁಈతͳཧղΛਂΊΔ͜ͱͱͳͬͨɽݭཧʹݱΕΔରੑɼଞʹ S ରੑ [5]ɼU ର

ੑ [6]ɼͦͯ͠ຊम࢜จͷத৺ͱͳΔ T ରੑ [7] ͕͋ΔɽU ରੑɼT ରੑͱ S ରੑΛ
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ֻ͚߹ΘͤͨΑ͏ͳରশੑͰ͋ΔɽݭཧɼՁͳཧ͕ 5 ͭ͋Γɼ͜ΕΒͷରੑΛ௨͠

ͯҠΓ͋͏͜ͱ͕ΒΕ͍ͯΔɽಛʹ T ରੑɼݭͷ͞ʹ༝དྷ͢Δɼݭཧʹಛ༗ͳରੑ

Ͱ͋ΔɽT ରੑ͕ݱΕΔ࠷؆୯ͳྫɼ1 ͚ͩํݩ࣍ S1 ʹίϯύΫτԽۭͨ࣌͠Ͱ͋Δɽ

ݭ 1 ͷମͰ͋Δ͜ͱ͔ΒɼίϯύΫτԽ͞Εۭͨؒݩ࣍ S1 ͖ͷΤ͖ר͘ɽ͜ͷ͖רʹ

ωϧΪʔ S1 ͷܘΛ R ͱ͠ɼݭͷுྗΛઃఆ͢ΕࢉܭͰ͖Δɽ͜ͷ݁Ռݭͷ࣭ྔεϖΫ

τϧʹد༩͠ɼݭͷ࣭ྔεϖΫτϧ M2 ֓ͶҎԼͷΑ͏ʹॻ͘͜ͱ͕Ͱ͖Δɽ

M2 ∝
( n

R

)2
+

(
mR

α′

)2

, n,m ∈ Z. (1.1)

Ұ߲ݭͷӡಈྔʹɼೋ߲ݭͷுྗʹ༝དྷ͢ΔΤωϧΪʔΛද͢ɽͨͩ͠ɼα′ ݭͷுྗ

ΛܾΊΔύϥϝʔλͰ͋Δɽ͜ͷݭͷεϖΫτϧܘ R⇔ α′/R ͷೖΕସ͑ͷԼͰɼݭͷӡಈ

ྔ n ͱ͖ר͖ m ͷׂΛަ͢Δɽ͜ͷೖΕସ͑ͷԼͰཧ͕ෆมͱͳΔ͜ͱΛ T ରੑ

ͱ͍͏ɽT ରੑʹΑΓɼݭཧͰ͖͖ͭרͱ͍͏ྔ͕ݱΕɼ͕ݭཻࢠͱҟͳΔํ๏Ͱ

͍͓ͯʹཧݭड़͢Δ͜ͱ͕ಡΈऔΕΔɽ͔͠͠ɼهΛۭ࣌ T ରੑӅΕͨରশੑͰ͋ΔɽT

ରੑΛ໌നͳରশੑͱ͢Δཧ͑ߟΒΕͳ͍ͩΖ͏͔ʁ

Double Field Theory (DFT) ɼT ରੑΛཧͷରশੑͱ͢Δ৽͍͠ॏྗཧͰ͋Δ [8]ɽ

DFT ͷಛɼݭͷӡಈྔʹ Fourier ʹ͖͖ͭרͷݭඪͱ࠲ͳڞ Fourier ඪΛՁ࠲ͳڞ

ʹѻ͏͜ͱͰɼ࠲ۭ࣌ඪΛ double ʹ֦ு͠ɼΛ O(D,D) Μͩ͜ͱʹ͋Δɽ͜Εʹܗมͳڞ

ʹΑΓɼT ରੑΛ໌നͳରশੑͱ࣮ͯ͢͠ݱΔɽDFT ͕֦ு͞Εۭͨ࣌Ͱఆٛ͞ΕΔҰํͰɼ

ݭཧͰۭ࣌ͷ͕ݩ࣍ 10 ͱܾ·͍ͬͯΔɽDFTݩ࣍ ͕ཧతʹਖ਼͍ࣗ͠༝Λͪ࣋ɼཧ

ͱͯ͠ഁ͠ͳ͍Α͏ʹ͢ΔͨΊʹɼԿΒ͔ͷ߆ଋ݅Λ༩ۭ͑ͯ࣌ͷݩ࣍ͷΛ߹ΘͤΔඞ

ཁ͕͋Δɽ͜ͷ݅Λཧ section ݅ͱ͍͏ɽ͜ͷ݅ʹΑΓɼ֦ுۭ࣌ͷத͔Βཧతʹҙຯ

͕͋Δ෦ۭؒΛࢦఆ͢ΔɽDFT Ͱɼ2D ͷഒԽݩ࣍ (doubled) ۭؒͷத͔ΒɼD ͷ෦ݩ࣍

ۭؒΛબͿ͜ͱʹͳΔɽDFT Ͱ section ݅Λຬͨ͢ͻͱͭͷํ๏ɼഒԽۭؒʹఆٛ͞Εͨ͋

ΒΏΔύϥϝʔλ͔Βɼ࠲͖͖ͭרඪͷґଘੑΛऔΓআ͘͜ͱͰ͋Δɽ

͜ͷΑ͏ͳɼରੑʹ͍ͨͮجཧҰݟඒ͑͘͠ݟɼ͜Ε·Ͱѻ͑ͳ͔ͬͨߴΤωϧΪʔε

έʔϧͰͷۭ࣌ͷ༷ࢠΛهड़͍ͯ͠ΔΑ͏ʹ͑ࢥΔɽ͔͠͠ɼݭཧͷΤωϧΪʔεέʔϧݱ

͢ূݕՄͳϨϕϧΛ͑ͨͱ͜Ζʹ͋ΔͨΊɼཧ͕ਖ਼͔Ͳ͏͔ΛূݕͰݧͷٕज़Ͱ࣮ࡏ

Δ͜ͱ͍͠ɽͦ͜Ͱɼগͳ͘ͱߏஙͨ͠ཧʹഁ͕ͳ͍͜ͱΛɼֶͷྗΛआΓ͔ͯ֬

Ί͍ͨɽۭؒΛѻ͍ɼͦͷੑ࣭ΛௐΔֶͱ͍͑ɼزԿֶͰ͋Δɽ

Ұൠ૬ରੑཧ͕ Einstein ʹΑͬͯ͞Εͨͷɼ1915 ͷ͜ͱͰ͋Δ [10]ɽ͜ͷཧʹ

ΑΔ࠷ॏཁͳओுɼʮॏྗͱۭؒ࣌ͷΈͰ͋Δʯͱ͍͏͜ͱͰ͋Δɽ͕ͨͬͯ͠ɼҰൠ૬

ରੑཧΛఆࣜԽ͢Δʹɼ͕ͨͬۂ (࣌) ۭؒΛهड़͢ΔزԿֶ͕ඞཁෆՄܽͰ͋ͬͨɽ͜ͷͨ

Ίɼ(ٖ) ϦʔϚϯزԿֶॏྗΛهड़͢Δπʔϧͱͯ͠ɼҰൠ૬ରੑཧͷͱͱʹ࠶

͞ΕΔΑ͏ʹͳͬͨɽҰൠ૬ରੑཧͱϦʔϚϯزԿֶͷΈ߹ΘͤɼॏྗཧΛߏங͠ɼ࣌

ΔͩΖ͏ɽ͑ݴͱྫࣄͰ͋Δ͜ͱΛࣔͨ͠ثͳྗڧԿֶ͕زͯͬͨ͋ʹΛཧղ͢Δߏۭ

७ਮֶͱͯ͠ͷزԿֶɼݱൃలΛଓ͚͍ͯΔɽදతͳྫɼ2004 ʹ Hitchin Βʹ

ΑͬͯఏҊ͞ΕͨɼҰൠԽزԿֶ (generalized geometry) Ͱ͋Δ [11]ɽҰൠԽزԿֶͰɼଟ༷

ମͷଋ (tangent bundle) Λɼଋͱ༨ଋ (cotangent bundle) ͷʹ֦ு͢ΔɽҰൠԽزԿ

ֶ·ͨɼ͋ΔछͷॏྗཧΛهड़͢Δπʔϧͱͯ͠׆༂͢ΔɽҰൠ૬ରੑཧͷରশੑΛ
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ؚΊ֦ͨுͱͯ͠ɼॏྗཧ͕ଘ͢ࡏΔɽҰൠԽزԿֶɼݭཧ͔ΒಘΒΕΔॏྗཧ

ͷ͏ͪɼಛʹ NS-NS sector ʹରͯ͠ͷزԿֶతͳඳ૾Λ༩͑Δɽ

͜ΕΒͷલྫʹΑͬͯ͑ߟΔͱɼDFT ॏྗཧͷ T ରෆมͳఆࣜԽΛతͱͯ͠ߏங

͞ΕͨॏྗཧͰ͋Δ͔Βɼͦͷഎܠʹ͋ΔزԿֶతͳඳ૾ʹΑͬͯఆࣜԽ͞ΕΔͩΖ͏ɽDFT

ͷഎܠʹ͋ΔزԿֶͱͯ͠͞Ε͍ͯΔͷ͕ɼഒԽزԿֶ (doubled geometry) [12] Ͱ͋Δɽഒ

ԽزԿ্ֶ͕ड़ͷϦʔϚϯزԿֶҰൠԽزԿֶͱҟͳΔͷɼֶతʹਖ਼ʹߏங͖͠Ε͍ͯ

ͳ͍Ͱ͋Δɽ͜ͷҙຯͰɼഒԽزԿֶݱஈ֊Ͱ DFT ͬݴͷ૯শͱߏΕΔֶతͳݱʹ

ͯΑ͍ɽֶͱͯ͠ ഒԽزԿֶΛඋ͢Δ͜ͱͰɼDFT ͷཧߏΛཧղͰ͖Δͱظ͞Ε

Δɽ͜ΕɼT ରੑΛ௨ͯ͠ɼ͍ͯݟ͕ݭΔߴΤωϧΪʔۭ࣌ͷΈΛඥղ͘େ͖ͳख͕͔

ΓʹͳΔͩΖ͏ɽ

ຊम࢜จɼ2020  1 ݄ʹग़൛ͨ͠จ [13] ͷ༰ΛϕʔεʹɼDFT ͷزԿֶతͳඳ૾ʹ

ணͯ͠ҎԼͷΑ͏ʹߏͨ͠ͷͰ͋Δɽ

ୈ 2ষ ͜ͷষͰɼDFT ͱɼͦͷഎܠʹ͋Δ ഒԽزԿֶΛಋೖ͢ΔɽॳΊʹɼDFT Ͱ༻͍Δ

ഒԽ࠲ඪΛఏࣔ͢Δɽ࣍ʹɼҰൠԽ Lie ඍΛఆٛ͠ɼDFT ͷήʔδରশੑΛهड़͢Δ

C ଋ݅ͱԿ͔ʹ͍ͭͯड़߆͍ڧͷষͰٞͷओͱͳΔޙΛ༩͑Δɽͦͯ͠ɼހׅ

Δɽ

ୈ 3ষ લͷষͰड़ͨɼC ͔Βٞ͢ΔɽC؍ʹ͍ͭͯɼֶతͳߏఆ͢Δن͕ހׅ

ߏఆ͢Δن͕ހׅ Vaisman ѥ (algebroid) ͱݺΕΔɽLie  (algebra)

Λग़ൃͱ͠ɼߏΛঃʑʹҰൠԽ͍ͯ͘͜͠ͱͰ Vaisman ѥͷఆٛΛ༩͑Δɽ

·ͨɼֶͷͰΑ͘ΒΕ͍ͯΔ Lie ͷ Drinfel’d double ͱ͍͏ૢ࡞Λݩʹɼ

;ͨͭͷ Lie ѥ͔Β Vaisman ѥΛߏஙͰ͖Δ͜ͱΛূ໌͢Δɽ

ୈ 4ষ ୈ 3 ষͷ݁ՌΛɼDFT ԽύϥΤϧϛʔτݱ۩ԿֶͷֶతͳزΔɽഒԽ͢ݩؐʹ

(para-Hermitian) ଟ༷ମʹΑͬͯͳ͞ΕΔͱ͍͏ࢦఠ͕͋Δ [14,15]ɽ͜ͷ݁Ռʹ͍ͮج

ͯɼύϥΤϧϛʔτଟ༷ମ্ʹɼલͷষͰఆٛͨ͠ɼdouble ʹΑͬͯಘΒΕΔ Vaisman

ѥΛߏங͢Δɽ·ͨɼࢉܭͷ݁Ռ͔Βɼ߆͍ڧଋ݅ͷతͳݯىʹ͍ͭͯٞ

͢ΔɽՃ͑ͯɼഒԽزԿֶͱҰൠԽزԿֶͷؔʹ͍ͭͯٞ͢Δɽ

ୈ 5ষ Ҏ্ͷٞΛ·ͱΊΔɽ·ͨɼޙࠓͷ՝లʹ͍ͭͯड़Δɽ

ຊจதʹݱΕͨࣜূ໌ʹؔ͢ΔࢉܭͷৄࡉɼAppendix ʹճͨ͠ɽಛʹɼୈ 3 ষͰͨͬߦ

Vaisman ѥͷߏʹඞཁͳࢉܭશͯͨ͠ࡌهɽஅΓ͕ͳ͍ݶΓɼຊจதͷه߸ҎԼͷҙ

ຯͰ༻͍Δɽ༻ޠͷఆٛඞཁʹԠͯ͡ຊจதͰ༩͑Δɽ
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M ଟ༷ମ

M ഒԽۭؒ (·ͨύϥΤϧϛʔτଟ༷ମ)

g Lie algebra

E (L, L̃) Lie ѥ (·ͨ Lagrangian ෦ۭؒ, Dirac (ߏ

E∗ E ͷରۭؒɼ·ͨରଋ

ρ• : •→ TM Anchor map

C Courant ѥ

V Vaisman ѥ

[·, ·] TM ্ͷ Lie ހׅ

[·, ·]E,L,L̃ E, L, L̃ ্ͷ Lie ހׅ

[·, ·]S Schouten(-Nijenhuis) ހׅ

[·, ·]c C ্ͷ Courant ހׅ

[·, ·]V V ্ͷ Vaisman ހׅ

[·, ·]C C ހׅ

⟨·, ·⟩ ੵ

(·, ·) ઢࣜܗܕ
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ୈ 2ষ

Double Field Theory

͜ͷষͰɼDouble Field Theory ͷૅجతͳ෦ʹ͍ͭͯ͘͝؆୯ʹड़Δɽಛʹɼ3 ষҎ߱

ͰඞཁͱͳΔɼDFT ʹ͓͚Δήʔδʹ͍ͭͯৄ͍ͯ͘ݟʹࡉɽ·ͣɼDFT ΕΔഒԽݱʹ

ɼDFTʹ࣍ԿֶͷཁૉΛ༩͑Δɽز ʹ͓͚Δ࡞༻ͱήʔδมΛ༩͑ɼ͜ΕΛఆٛ͢Δׅੵހͱ

ͯ͠ɼC ଋ݅Λಋೖ͢Δɽ߆͍ڧͷ͕ด͡ΔΑ͏ʹɼΛಋೖ͢Δɽήʔδมހׅ

2.1 DFTʹݱΕΔزԿֶ

DFT ɼtype II ॏྗཧͷ NS-NS sector Λ໌നʹ T ରෆมఆࣜԽͨ͠ཧͰ͋Δ [8]ɽ

͜ͷཧɼmassless ͱͯ͠ྔܭ gµνɼKalb-Ramond  (B ) Bµνɼdilaton φ ΛؚΉɽT

ରੑͷԼͰɼྔܭͷҰൠ࠲ඪมͱɼB ͷ U(1) ήʔδม͕ࠞ߹͢Δɽ͜ΕΛزԿֶత

ʹද͢ݱΔ͜ͱɼ௨ৗͷۭؒ (ͷӡಈྔϞʔυݭ) ͱ༨ۭؒ (winding Ϟʔυ) ΛΈ߹Θ

ͤͨɼҰൠԽۭؒͷಋೖΛଅ͢ɽ

ҰൠԽଋ (generalized tangent bundle) E ɼଟ༷ମ M ͷଋ TM ͱ ༨ଋ T ∗M ͷ

ʹΑͬͯߏ͞ΕΔɽ

E = TM ⊕ T ∗M. (2.1)

ҰൠԽଋҰൠԽزԿֶͰऔΓѻΘΕΔɽҰൠԽزԿֶɼ2004 ʹ Hitchin [11] ͱ Gualtieri

[16] ʹΑͬͯఏҊ͞ΕͨɽϕΫτϧΛଋ TM ͷஅ Γ(TM) ͱ͢Δͱɼඍ 1 ༨ଋࣜܗ

T ∗M ͷஅ Γ(T ∗M) Ͱ͋Δɽ͕ͨͬͯ͠ɼΓ(E) ϕΫτϧͱඍ 1 తʹͨ͠ྔͱࣜܗΛࣜܗ

ͳΓɼ͜ ΕΛҰൠԽϕΫτϧͱ͍͏ɽҰൠԽزԿֶͰɼඍಉ૬ࣸ૾ (diffeomorphism) ͱήʔδ

มΛΈ߹ΘͤͯɼҰൠԽۭؒʹର͢ΔҰൠԽඍಉ૬ࣸ૾Λಋೖ͢Δɽͦͷ݁ՌɼCourant

ѥ [17] ͱ͍͏ɼରশੑΛهड़͢Δ্Ͱͷྗڧͳಓ۩Λఏ͢ڙΔɽจݙ [17] ͷ Courant ѥ

ɼҎԼͷׅੵހͰ༩͑ΒΕΔߏͷҰछͰ͋ΔɽXi ∈ Γ(TM), ξi ∈ Γ(T ∗M) ͱͨ͠ͱ

͖ɼҎԼͷ Courant ހׅ

[X1 + ξ1, X2 + ξ2]c = [X1, X2] + (LX1ξ2 − LX2ξ1) +
1

2
d0(ξ1(X2)− ξ2(X1)), (2.2)

ʹΑͬͯ༩͑ΒΕΔɽCourant ѥʹؔͯ͠ 3 ষͰΑΓৄࡉʹड़Δɽ

͞Βʹ, ͳมڞͱ͖͖ͭרͷݭ x̃ Λಋೖ͠ɼ௨ৗͷ࠲ۭ࣌ඪ x ͱಉʹѻ͏͜ͱͰɼඪ

తۭؒ (ଟ༷ମۭ࣌) ͷݩ࣍ 2 ഒʹͳΓɼഒԽزԿֶ (doubled geometry) ʹ౸ୡ͢ΔɽഒԽز

Soryushiron Kenkyu
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Կֶͷֶతͳ۩ମతߏ͍·ͩʹߦࢼஈ֊ʹ͋ΔɽۂͳͲͷزԿֶతͳྔΛఆٛ͠ɼֶ

తʹదͳഒԽزԿֶΛߏங͢ΔࢼΈ [18, 19] ͳͲͰߦΘΕ͍ͯΔɽ

ҎԼɼഒԽۭؒͷ࠲ඪΛ༩͑ɼDFT Ͱѻ͏ྔܭͷఆٛΛ༩͑ΔɽҎ߱ɼ௨ৗͷॏྗཧ

͕ఆٛ͞ΕΔۭ࣌ͷݩ࣍Λ D ͱ͠ɼDFTݩ࣍ ͷഒԽۭؒ 2D Ͱ͋Δͱ͢ΔɽҰൠʹɼݩ࣍

͕ۭ࣌ཧ͕ఆٛ͞ΕΔݭ 10 Ͱ͋Δ͜ͱ͔ΒɼഒԽۭؒݩ࣍ 20 ΒΕΔɽഒ͑ߟͰ͋Δͱݩ࣍

Խۭؒͷ࠲ඪ (ഒԽ࠲ඪ) xM ҎԼͷΑ͏ʹॻ͚Δͷͱ͢Δɽxµ ӡಈྔͱ Fourier ࠲ͳڞ

ඪɼx̃µ ͖͖ͭרͱ Fourier ඪͰ͋Δɽ࠲ͳڞ

xM =

(
x̃µ

xµ

)
, (M = 1, . . . , 2D; µ = 1, . . . , D). (2.3)

T ରΛͱΔ͜ͱɼxµ ͱ x̃µ ͷೖΕସ͑ʹରԠ͢Δɽ·ͨɼഒԽۭؒͰͷඍԋࢠࢉҎԼͷ

Α͏ʹද͢ɽ

∂M =
∂

∂xM
=

(
∂̃µ

∂µ

)
, ∂µ =

∂

∂xµ
, ∂̃µ =

∂

∂x̃µ
. (2.4)

ҰൠʹɼD ίϯύΫτۭؒʹ͓͚Δݩ࣍ T ରม܈ (T-duality (܈  O(D,D) Ͱ༩͑ΒΕΔɽ

ഒԽۭؒ O(D,D) ෆมͳߏ η Λͭ࣋ɽ্ड़ͷ xM ͷఆ͔ٛΒɼη ͱͦͷٯҎԼͷΑ͏ʹॻ

͚Δɽ

ηMN =

(
0 δµν

δµν 0

)
, ηMN =

(
0 δµν

δµν 0

)
. (2.5)

ഒԽ࠲ඪ্ͷҰൠԽςϯιϧͷͷ্͛Լ͛ɼͯ͢ η ʹΑͬͯߦΘΕΔɽ

؆୯ͳ࠷ DFT ɼtype II ॏྗཧͷ NS-NS sector ΛݩʹఆࣜԽ͞ΕΔɽ͜ͷཧʹݱ

ΕΔجຊతͳཁૉɼྔܭ gµνɼKalb-Ramond  Bµνɼdilaton φ ͷ 3 ͭͰ͋Δɽ͜ΕΒͷΛ

T ରੑ͕໌നͳཧͰѻ͏ʹɼO(D,D) มͱͳΔΑ͏ʹΈ͢ඞཁ͕͋Δɽ͜ΕΛҰൠڞ

Խྔܭ (generalized metric) HMN ͱ͍͏ɽ

HMN =

(
gµν −gµρBρν

Bµρgρν gµν −BµρgρσBσν

)
. (2.6)

·ͨɼHMN ҎԼͷؔΛຬͨ͢ɽ

HMN = ηMKηNLHKL. (2.7)

Ճ͑ͯɼdilaton ҰൠԽ͞ΕΔɽDFT dilaton (ҰൠԽ dilaton) d ҎԼͷΑ͏ʹͳΔɽ

e−2d =
√
−ge−2φ. (2.8)

ͨͩ͠ɼg ྔܭͷࣜྻߦͰ͋Δɽ͜ͷΈ͠ʹΑΓɼHMN  d  DFT ʹ͓͍ͯ O(D,D)

มΛड͚Δɽ·ͨɼഒԽۭؒͷؔ HMN (xM ), d(xM ) ͱͳΔɽ

Soryushiron Kenkyu
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2.2 DFTͷ࡞༻ͱ Cׅހ

લઅͰఏࣔͨ͠Λ༻͍ͯɼO(D,D) ෆมͳ DFT ͷ࡞༻ɼҰൠԽ Ricci εΧϥʔͱ͍͏ྔ

ʹΑͬͯҎԼͷΑ͏ʹ༩͑ΒΕΔ [18].

SDFT =

∫
d2Dx e−2dR(H, d), (2.9)

R =
1

8
HMN∂MHKL∂NHKL −

1

2
HMN∂MHKL∂KHNL

+ 4HMN∂M∂Nd− ∂M∂NHMN − 4HMN∂Md ∂Nd+ 4∂MHMN∂Nd. (2.10)

͜ͷ࡞༻͕ O(D,D) εΧϥʔ͔ͭҰൠԽήʔδεΧϥʔͰ͋Δ͜ͱɼ[18] ʹ͓͍ͯࣔ͞Εͨɽ

༺࡞ (2.9) ɼେҬతͳ O(D,D) ରশੑ

HMN → HLKM M
L M N

K , xM → xNM M
N (2.11)

ʹରͯ͠໌നʹෆมͰ͋ΔɽͰɼ͜ΕΛͱʹہॴରশੑͲͷΑ͏ʹنఆ͞ΕΔͩΖ͏͔ʁ

ҰൠԽϕΫτϧ V ʹର͢ΔҰൠԽඍಉ૬ࣸ૾ͷແݶখ൛ɼ͢ͳΘͪഒԽ࠲ඪͷແݶখมҎ

ԼͷΑ͏ʹఆٛ͞ΕΔ [8]ɽ

V M → V M + δΞV
M , xM → xM − ΞM . (2.12)

ͨͩ͠ɼδΞ ҎԼͷΑ͏ͳҰൠԽ Lie ඍͰ༩͑ΒΕΔɽॏΈ w(V ) Λͭ࣋ҰൠԽϕΫτϧ V M

ͷҰൠԽ Lie ඍҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

L̂ΞV
M = ΞK∂KV M + (∂MΞK − ∂KΞM )V K + w(V )V M∂KΞK . (2.13)

Ұ߲௨ৗͷ Lie ඍͱಉ͡ҠಈΛද߲͢ɼೋ߲ͷׅހͷதͷ߲ O(D,D) มΛද͢ɽH
ͷॏΈ w(H) = 0 Ͱ͋ΓɼҰൠԽ dilaton ͷॏΈ w(e−2d) = 1 Ͱ͋Δɽ·ͨɼҰൠԽ Lie ඍ

 O(D,D) ཱ͢Δɽ͕Λอͭɽ͢ͳΘͪɼҎԼͷؔߏ

L̂ΞηMN = L̂Ξη
MN = 0. (2.14)

ҰൠԽ Lie ඍɼDFT ʹ͓͚ΔήʔδରশੑͷߏΛఆٛ͢Δɽ͜ͷߏ C 

[L̂Ξ1 , L̂Ξ2 ] = L̂[Ξ1,Ξ2]C + F (Ξ1,Ξ2, ·) (2.15)

Λͳ͠ɼC ހׅ

[Ξ1,Ξ2]
M
C = 2ΞK

[1∂KΞM
2] − ηKLΞ

K
[1∂

MΞL
2]

= ΞK
1 ∂KΞM

2 − ΞK
2 ∂KΞM

1 −
1

2
ηKL(Ξ

K
1 ∂MΞL

2 − ΞK
2 ∂MΞL

1 ). (2.16)

ʹΑͬͯࢧ͞ΕΔɽͨͩ͠ɼΞ[1Ξ2] = (Ξ1Ξ2 − Ξ2Ξ1)/2 Ͱ͋Δɽ·ͨɼF ҎԼʹࣔ͢Α͏ͳ

༨ͳ߲Ͱ͋Δɽ

F (Ξ1,Ξ2, V )M =
1

2
ηKL(Ξ

K
1 ∂PΞL

2 − ΞK
2 ∂PΞL

1 )∂PV
M − (∂PΞM

1 ∂PΞ
K
2 − ∂PΞM

2 ∂PΞ
K
1 )VK .

(2.17)

F ͕ଘ͢ࡏΔ͜ͱ͔ΒɼҰൠԽ Lie ඍͷަੵࢠ C Ͱด͡ͳ͍ɽ·ͨɼCހׅ ހׅ Jacobi

Λຬͨ͞ͳ͍ɽF Λফ͠ڈɼC ଋ߆͍ڧઅͰઆ໌͢Δ࣍ఆ͢ΔΛด͡Δʹɼن͕ހׅ

݅ (strong constraint) Λ՝ͤेͰ͋Δɽ
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2.3 ཧత߆ଋ݅

ཧͷݭ level-matching ݅ʹ༝དྷͯ͠ɼDFT ଋ݅߆ΕΔɼҎԼͷऑ͍ݱʹ (weak

constraint) Λຬ͢Δඞཁ͕͋Δɽ͢ͳΘͪɼҙͷͱήʔδύϥϝʔλΛ Φ ʹର͠ɼ

∂µ∂̃
µΦ = 0 (2.18)

ͱ͍͏͕݅՝͞ΕΔɽҰൠʹɼͷੵ͜ͷ݅Λຬͨ͞ͳ͍͕ɼࣹӨԋࢠࢉΛಋೖ͢Δ͜ͱ

Ͱ͜ΕΛิਖ਼͢Δɽ࣮ࡍʹɼऑ͍߆ଋ݅ʹ͍ͨͮج DFT ɼओʹ [22] Ͱٞ͞Ε͍ͯΔɽ

ɼࣹӨԋࢠࢉΛ༻͍͕ͨ͋ࢉܭ·Γʹ͗͢ࡶΔ͜ͱͰ͋ͬͨɽ

ͷظॳ࠷ DFT ɼݭͷͷཧΛ༻͍ͯߏங͞Εͨ [8]ɽ͜Εɼmassless ͷΏΒ͗ͱ 2 ֊

·ͰͷඍΛؚΉɼͷ 3 ͷظॳ࠷ཧͰ͋Δɽͭ࣋ͰͷήʔδෆมੑΛ·࣍ DFT ΛɼΑΓߴ

ͱͳͬͨɽࠔΑΓʹࡏͷଘࢠࢉཧʹൃలͤ͞Δ͜ͱɼ্ड़ͷࣹӨԋͭ࣋ͷήʔδෆมੑΛ࣍

͜ͷঢ়گΛଧ։͢ΔʹɼDFT ͱήʔδύϥϝʔλͱʹՃ͑ͯɼͦΕΒͷҙͷੵʹର͢Δ

ੵΛ

∂µ∂̃
µ(ΦΨ) = 0 (2.19)

Ͱফ໓ͤ͞Δඞཁ͕͋Δɽ(ΦΨ) ͕ɼDFT ͱήʔδύϥϝʔλͷҙͷੵΛද͢ɽ(2.19) Λڧ

ଋ݅߆͍ (strong constraint) ͱ͍͏ɽ߆͍ڧଋ݅ɼ໊শͷ௨Γʹର੍͍ͯ͠ڧΛ༩͑

Δ͜ͱ͔ΒɼҎԼͷ͜ͱ͕ূ໌Ͱ͖Δ [23]ɽ߆͍ڧଋΛຬͨ͢ͷू߹͕༩͑ΒΕͨͳΒɼ

͕ x ඪ࠲ඪͷΈʹґଘ͢ΔΑ͏ͳഒԽ࠲ (x, x̃) ͷऔΓํ͕ඞͣଘ͢ࡏΔɽ͍͑ݴΔͱɼ߆͍ڧ

ଋ݅Λ՝ͨ͠ͱ͖ཧਅʹഒԽ͞Εͳ͍ɽ

ଋ݅Λ͋Θͤͯɼཧత߆ଋ݅ͱऑ͍߆͍ڧ section ݅ͱݺͿɽ͜ΕΒͷ݅Λղ͘࠷

؆୯ͳํ๏ɼ͕࠲ඪͷ͚ͩʹґଘ͢ΔΑ͏ʹ͢Δ͜ͱͰ͋Δɽಛʹɼ࠲ۭ࣌ඪ xµ ʹґଘ

͠ɼ࠲͖͖ͭרඪ x̃µ ʹґଘ͠ͳ͍ (∂̃µΦ = 0) ߹ɼDFT ҰൠԽزԿֶʹԊͬͨॏྗཧͷ

ఆࣜԽʹࢸΔɽxµ ͱ x̃µ ͷࠞࡏΛ͑ߟΔ͜ͱՄͰ͋Δ͕ɼηMN ͰੵΛܗ͢Δ࠲ඪͱͯ͠

Δͷɼxµ͢ݱ࣮ ·ͨ x̃µ ͷ͍ͣΕ͔Ұํʹґଘ͢Δ߹͚ͩͰ͋Δɽ

͜͜Ͱɼཧత section ݅ʹֶ͍ͭͯతͳଆ໘͔Βগ͠͏͓ͯ͜͠ߟɽͨͩ͠ɼഒԽز

Կֶͷֶతʹશͳ۩ݱԽ࣮͍ͯ͠ݱͳ͍͜ͱʹҙ͢Δɽ߆͍ڧଋ݅Λ՝͢͜ͱͰɼཧ

ͷֶతഎܠഒԽزԿֶ͔Β ҰൠԽزԿֶҠ͢ߦΔɽ͜ͷҙຯͰɼഒԽزԿֶ͕࣮͢ݱΔ

ͳΒɼͦΕطଘͷҰൠԽزԿֶΛแ͍ͯ͠Δ͖Ͱ͋Δɽ·ͨɼ2D ͷඪతۭؒݩ࣍ ࣌)

ۭଟ༷ମ)  η ੵʹରͯ͠࠷େํ (maximally isotropic) ͳೋͭͷ෦ۭؒʹׂ͞ΕΔɽ

ɼͲͪΒΛཧతۭ࣌ͱΈͳ͔͢ (xµ ଆͱΈͳ͔͢) Ͱ͋ΔɽO(D,D) ྔܭͷߏ η ʹ

Αͬͯ࡞ΒΕΔ෦ۭؒͱͯ͠ͷۭ࣌ͷಛఆɼ[24] Ͱ͕͋ٴݴΔɽഒԽزԿֶͷֶతͳඳ૾

ͱͯۙ͠͞Ε͍ͯΔͷ͕ɼύϥΤϧϛʔτزԿֶ (para-Hermitian geometry) [14, 15, 25]

ɼͦͷ֦ுͰ͋ΔϘϧϯزԿֶ (Born geometry) [26, 27] Ͱ͋Δɽ͜ΕΒͷزԿֶɼύϥෳ

ૉ (para-complex) ʹʹΑͬͯࣗવߏ 2D ͷఈۭؒݩ࣍ (ଟ༷ମۭ࣌) ͷۭؒͷׂΛ༩͑Δ

ͱ͍͏ɼഒԽزԿֶͷهड़ʹ͋ͨΓඇৗʹΑ͍ੑ࣭Λͭɽৄࡉ 4 ষͰٞ͢Δɽ

͍ͭͮͯɼήʔδʹؔͯ͠͏͓ͯ͜͠ٴݴɽऑ͍߆ଋ݅ɼO(D,D) ͰҎԼͷࣜܗ
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Α͏ʹද͞ΕΔɽΦ Λҙͷήʔδύϥϝʔλͱͯ͠

ηMN∂M∂NΦ = 0. (2.20)

ಉ༷ʹɼ߆͍ڧଋ݅ҎԼͷΑ͏ʹද͞ΕΔɽΦi Λҙͷήʔδύϥϝʔλͱͯ͠

ηMN∂MΦ1∂NΦ2 = 0. (2.21)

લઅͰड़ͨ௨Γɼ߆͍ڧଋ݅Λ՝͢͜ͱɼ(2.17) ͷ F Λফ͠ڈɼDFT ͷήʔδ͕ด

͡ΔͨΊͷे݅Ͱ͋Δɽ

ҙͷׅੵހ [·, ·] ͷ Jacobiator ɼҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

Jac(Ξ1,Ξ2,Ξ3) = [[Ξ1,Ξ2],Ξ3] + [[Ξ2,Ξ3],Ξ1] + [[Ξ3,Ξ1],Ξ2]. (2.22)

͜ͷఆٛʹͷͬͱΓ͢ࢉܭΔͱɼҰൠʹ C ͷހׅ Jacobiator JC ҎԼͷΑ͏ʹͳΔɽಋग़

Appendix A.1 Λࢀরͷ͜ͱɽ

JC(Ξ1,Ξ2,Ξ3) = ∂•NC(Ξ1,Ξ2,Ξ3) + SCC(Ξ1,Ξ2,Ξ3). (2.23)

ͨͩ͠ɼ∂• ɼηMN Ͱ্͕͕ͬͨඍԋࢠࢉͰ͋Δɽ·ͨɼNC  Ξi શରশͳͯؔ͠ʹ

ҎԼͷྔ

NC(Ξ1,Ξ2,Ξ3) =
1

3

(
ηMN [Ξ1,Ξ2]

M
C ΞN

3 + c.p.
)

(2.24)

Ͱ͋ΓɼSCC ߆͍ڧଋ݅Λ՝ͤফ͑Δ߲Ͱ͋Δɽ߆͍ڧଋ݅Λ՝ͨ͠ޙɼ(2.23) ͷӈล

Ұൠʹ 0 Ͱͳ͍ɽC ހׅ Jacobi Λຬͨͣ͞ɼগͳ͘ͱ DFT ͷήʔδ Lie 

Ͱͳ͍͜ͱ͕ͪʹΘ͔Δɽ·ͨɼ௨ৗͷ Lie ඍͷަੵࢠͷ֦ுͱͯ͠ɼҎԼͷΑ͏ʹ D

ހׅ [18] Λಋೖͯ͠ɼC ͕ಘΒΕΔɽߏͱಉ͡ހׅ

[Ξ1,Ξ2]
M
D = L̂Ξ1Ξ

M
2 . (2.25)

D ͱހׅ C Δɽؔ͢ʹҎԼͷΑ͏ހׅ

[Ξ1,Ξ2]
M
D = [Ξ1,Ξ2]

M
C +

1

2
ηMN∂N (ηKLΞ

K
1 ΞL

2 ). (2.26)

D ରশͰͳ͍͕ɼJacobiހׅ Λຬͨ͢ҰํɼC ରশͰހׅ Jacobi Λຬͨ͞ͳ͍ɽ

D ͱހׅ C จͰɼC࢜Δɽຊम͋ʹੑ࣭తʹදཪͷؔހׅ Δɽ͢༺࠾ΑΔఆٛΛʹހׅ

C ఆ͢Δήʔδɼྫنͷހׅ ͑ॳظͷจݙͰ [29,30] ͰѻΘΕ͍ͯΔ΄͔ɼ[19–21] ͳ

ͲͰٞ͞Ε͍ͯΔɽC ରͯ͠ʹހׅ ∂̃µΦ = 0 Λ՝͠ɼ߆͍ڧଋ݅Λࣗ໌ʹղ͘ͱɼC ހׅ

(2.2) ࣜͷ Courant ހׅ [17] ʹมԽ͢Δɽಉ༷ʹɼD ހׅ Dorfman bracket operator [33,34,53]

ʹมԽ͢ΔɽC Β͔ހׅ Courant ΛಘΔաఔɼAppendixހׅ A.2 ʹࣔͨ͠ɽ͜ͷΑ͏ʹಘΒ

ΕΔ Courant ހׅ Dorfman ɼ͍ހׅ ͣΕ Courant ѥͱݺΕΔߏΛఆٛ͢Δ [34]ɽ

ΑͬͯɼC ԿֶزҰൠԽހׅ [11, 31] ΕΔݱʹ Courant ހׅ [17] Λ O(D,D) มԽͨ͠ͷڞ

ͱ͍͑Δ [32]ɽ·ͨɼ(2.16) Ͱࣔͨ͠ C ɼ[35]ܗͷހׅ Ͱఆٛ͞Εͨ Courant తࣜܗͱހׅ

ʹಉ͡ܗͰ͋Δɽ͔͠͠ɼ[35] ͷ Courant ͷހׅ Jacobiator ͷ݁ࢉܭՌ (2.23) ͱҟͳΔ

ͨΊɼC ࣗހׅ Courant ѥΛఆٛ͠ͳ͍ɽۙɼഒԽۭؒΛύϥΤϧϛʔτزԿֶʹ
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Αֶͬͯతʹ࣮ͤ͞ݱΔࢼΈ͕͋ΓɼͦͷաఔͰ C ߏఆ͢Δن͕ހׅ metric ѥͰ͋

Δͱ͍͏ࢦఠ͕ͳ͞Εͨ [14, 15]ɽ·ͨɼmetric ѥͱຊ࣭తʹಉ͡ߏ͕ɼ[36] ʹ͓͍ͯ

pre-DFT ѥͱͯ͠༩͑ΒΕ͍ͯΔɽࠞཚΛආ͚ΔͨΊɼຊम࢜จͰ metric ѥͷ͜

ͱΛɼൃऀݟͷ໊Λͱͬͯ Vaisman ѥͱ͍͏ݺশͰ౷Ұ͢ΔɽVaisman ѥ Courant

ѥΛ͞ΒʹҰൠԽͨ֓͠೦Ͱ͋Δɽ࣍ষҎ߱ͰɼVaisman ѥ͕แ͢Δߏੑ࣭ʹͭ

͍ͯड़ɼ߆͍ڧଋ݅ͷֶతͳग़ࣗʹ͍͍ͭͯٞͯ͘͠ɽ
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15

ୈ 3ষ

ѥ (Algebroid)ͷಋೖ

͜ͷষͰɼछʑͷߏͱɼ(classical) Drinfel’d double ͱ͍͏ૢ࡞ʹ͍ͭͯհ͢Δɽ

Drinfel’d double ݩʑ Hopf ʹରͯ͠ߟҊ͞Εɼରͳ Hopf ͷʹΑͬͯɼ৽ͨͳ

Hopf ͕ಘΒΕΔ͜ͱΛ͢ࢦɽHopf ҰݴͰ͑ݴ Lie Λύϥϝʔλมͨ͠ܗͷ

Ͱɼύϥϝʔλʔʹରͯ͋͠ΔݶۃΛͱΔͱ Lie ͕ಘΒΕΔɽHopf ͔Β Lie ΛಘΔ

Λ࡞ૢ యݹ (classical) ΛͱΔͱ͍͏ɽHopfݶۃ ͷ Drinfel’d double ͷݹయݶۃͱͯ͠ɼLie

ͷ (classical) Drinfel’d double Λ͑ߟΒΕΔɽ͜Εʹ͍ͭͯɼจݙ [37, 38] ʹৄ͍͠ɽ͜

ͷૢ࡞ɼDFT ͷ߆͍ڧଋ݅ͷతͳݯىΛΔͨΊͷૅجͱͳΔɽLie ͷ Drinfel’d

double ͷ֦ுͱͯ͠ɼจݙ [35] ʹ͓͍ͯ Lie ѥ (algebroid) ͷ Drinfel’d double Ҋ͞Εߟ͕

ͨɽզʑɼͦͷ͞ΒʹҰൠԽͱͯ͠ C ͕نఆ͢Δ Vaisman ѥ͕ɼLie ѥʹରͯ͠

Drinfel’d double ͱͰಘΒΕΔ͜ͱΛࣔͨ͜͠͏ߦΛ࡞ૢͨ͠ࣅྨʹ [13]ɽ͜ͷૢ࡞ΛɼจதͰ

ͨͩ୯ʹ “double” ͱݺͿɽ

3.1 Lieʢʣͱ Drinfel’d double

ॳΊʹɼLie ΛҎԼͷΑ͏ʹఆٛ͢Δɽ

Lie  g✓ ✏
V Λ ମ K ্ͷϕΫτϧۭؒͱ͢ΔɽV ͷݩΛҾͱ͢Δରশ͔ͭઢܕͳೋ߲ԋࢉͱ͠

ͯɼLie ހׅ (bracket) [·, ·] : V × V → V ͕༩͑ΒΕΔͱ͖ɼV ͱ Lie ͷހׅ (V, [·, ·]) Λ

Lie ͱ͍͍ɼg ͱද͢هΔɽLie ހׅ  Jacobi Λຬͨ͢ɽ͢ͳΘͪɼx, y, z ∈ g Ͱ͋

Δͱ͖

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0. (3.1)✒ ✑
V ͷର (dual) ϕΫτϧۭؒ V ∗ ʹରͯ͠ɼಉ༷ʹ Lie ΛఆٛͰ͖ΔɽV ∗ ͱ V ∗ ͷݩ

ΛҾͱ͢Δ Lie ހׅ [·, ·]∗ : V ∗ × V ∗ → V ∗ ͷ (V ∗, [·, ·]∗) Λɼg ʹର͢Δରͳ Lie  g∗

ͱ͍͏ɽg ͱ g∗ ͷؒʹࣗવʹੵ ⟨·, ·⟩͕ఆٛ͞ΕΔɽ⟨·, ·⟩ K ্ͷΛͱΔɽ

ɼϕΫτϧۭؒʹ࣍ R ʹΑΔ Lie  g ͷදݱ ϱ Λ͑ߟΔɽx ∈ g,m ∈ R ͱ͢Δͱɼx Ұ

ൠʹɼ m ʹରͯ͠ ϱ(x) ·m ͱ࡞༻͢Δɽಛʹɼg ͕ g ࣗ࡞༻͢Δ߹Λ͑ߟΔ͜ͱͰɼg ͷ

ਵ (adjoint) දݱ ad : x ∈ g +→ adx ∈ End g ΛنఆͰ͖ΔɽਵදݱɼLie Λ༻͍Δͱހׅ
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ҎԼͷΑ͏ʹॻ͖ͤΔɽ

adx(y) = [x, y], x, y ∈ g. (3.2)

x ∈ g ҙͷςϯιϧੵ ⊗pg = g⊗ g⊗ · · ·⊗ g ɼҎԼͷΑ͏ʹ࡞༻͢Δɽ

ϱ(x) · (y1 ⊗ · · ·⊗ yp) = ad(p)x (y1 ⊗ · · ·⊗ yp)

= adx(y1)⊗ y2 ⊗ · · ·⊗ yp + y1 ⊗ adx(y2)⊗ · · ·⊗ yp + · · ·
· · ·+ y1 ⊗ · · ·⊗ adx(yp). (3.3)

͕ͨͬͯ͠ɼad  Leibniz ଇΛຬͨ͢ɽLie ͷੵހׅ Jacobi  (3.2) ɼad ͷ Leibniz ଇͱ͠

ͯղऍͰ͖Δɽ

adz([x, y]) = [adz(x), y] + [x, adz(y)]. (3.4)

ಉ༷ʹɼp ͷ֎ੵ࣍ ∧pg ͷ x ∈ g ͷ࡞༻Λ͑ߟΔɽશରশͳςϯιϧੵ ⊗pg ʹର͢Δ

ΕΑ͘ɼҎԼͷΑ͏ʹఆٛͰ͖Δɽ͑ߟΛ༺࡞

ϱ(x) · y1 ∧ y2 = [x, y1] ∧ y2 + y1 ∧ [x, y2]. (3.5)

͜ͷͱ͖ɼଟ༷ମͷ༨ଋ্ͷ֎ඍԋࢠࢉ d ͱಉ͡Α͏ʹ͑ߟΕɼԋࢠࢉ d : ∧pg∗ → ∧p+1g∗

ΛఆٛͰ͖Δɽd2 = 0 Ͱ͋Δɽಉ༷ͷखॱͰɼg∗ ͷදݱͱͦͷ࡞༻Λ͍ͯ͑͘͜ߟͱͰɼd ͱ

ରͳ֎ඍ࡞༻ૉ d∗ : ∧pg → ∧p+1g ఆٛͰ͖Δɽd2∗ = 0 Ͱ͋Δɽ͜ΕΒΛ༻͍Δ͜ͱͰɼg

ʹରͯ͠ɼLie ίϗϞϩδʔΛఆٛͰ͖Δ [39]ɽ

Lie ࣍ߴɼҾ͕ހׅ ∧pg ͷ߹ͱ֦ுͰ͖Δɽ͜ΕΛ Schouten-Nijenhuis ހׅ [·, ·]S ͱ

͍͏ [40]ɽ[·, ·]S ҎԼͷΑ͏ʹఆٛ͞ΕΔɽͨͩ͠ɼa ∈ ∧pg, b ∈ ∧qg, c ∈ ∧rg Ͱ͋Δɽ

(i) [a, b]S = −(−)(p−1)(q−1)[b, a]S.

(ii) [a, b ∧ c]S = [a, b]S ∧ c+ (−)(p−1)qb ∧ [a, c]S.

(iii) (−)(p−1)(r−1)[a, [b, c]S]S + (−)(q−1)(r−1)[b, [c, a]S]S + (−)(r−1)(q−1)[c, [a, b]S]S = 0.

(iv) [·, ·]S ͷҾͷɼগͳ͘ͱͲͪΒ͔Ұํ͕ ∧0g = K Ͱ͋Δͱ͖ɼͦͷ݁Ռ 0 ʹͳΔ.

Schouten-Nijenhuis ɼGerstenhaberހׅ Λ͢ [41]ɽ

ɼgʹ࣍ ͱ g∗ ͷؔΛௐΔɽҰൠʹ Lie ހׅ [·, ·] ɼg ͷ;ͨͭͷ͔ݩΒผͷ g ͷݩΛಘ

ΔͷͰɼઢ૾ࣸܗ (bilinear map) ͱΈͳͤΔɽLie ,·]ɼྀͯ͠ߟରশͳ͜ͱΛ͕ހׅ ·] Λ

µ : ∧2g→ g ͱ͢Δͱɼ͜ Εʹରͳ Lie ހׅ [·, ·]∗  µ∗ : ∧2g∗ → g∗ ͱॻ͚Δɽµ ͷ co-bracket

Λ δ : g→ ∧2g ͢Δɽx ∈ g, ξ ∈ ∧2g∗ ͱ͢Δͱɼµ∗ ͷਵ µ∗
∗ : g→ ∧2g ੵΛ௨ͯ͠

⟨x, µ∗(ξ)⟩ = ⟨µ∗
∗(x), ξ⟩ (3.6)

ͱ༩͑ΒΕΔ͜ͱ͔Βɼδ  µ∗
∗ ͰఆٛͰ͖Δɽରͳ Lie ހׅ µ∗ ͕ Jacobi Λຬͨ͢͜ͱ͔

Βɼδ  Jacobi Λຬͨ͢ɽ͍͑ݴΔͱɼରͳ Lie ހׅ µ∗ ɼδ∗ ʹΑͬͯఆٛͰ͖Δɽ͠

͕ͨͬͯɼLie  g = (V, [·, ·]) ͱɼ[·, ·] ͷ co-bracket δ Λఆ͓͚ٛͯ͠ɼରͳ Lie 

g∗ = (V ∗, [·, ·]∗) ੵʹΑͬͯࣗવʹ༠ಋͰ͖Δɽ
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Lie ✓ ✏
Lie  (V, [·, ·]) Λఆٛ͠ɼ[·, ·] ͷ co-bracket Λ δ ͱ͢Δɽಛʹɼco-bracket δ ͕ ͷ࣍

1-cocycle ݅Λຬͨ͢߹ɼ

δ([x, y]) = ad(2)x δ(y)− ad(2)y δ(x), x, y ∈ g, (3.7)

(g, µ, δ) ͷͷ͜ͱΛ Lie ͱ͍͏ɽ✒ ✑
(g, µ, δ) ͕ Lie ͳΒɼ(g∗, µ∗, δ∗) ಉ͡ Lie Λ༩͑ΔɽΑͬͯɼޙࠓ Lie 

ͷ͜ͱΛ (g, g∗) ͱද͢هΔɽ

ɼLieʹ࣍ ʹରͯ͠ Drinfel’d double Λ͏ߦɽLie  (g, g∗) Λߏ͍ͯ͠Δ g, g∗ ʹ

ରͯ͠ɼͦͷ d = g ⊕ g∗ Λ͑ߟΔͱɼd ্ʹඇୀԽ (non-degenerate) Ͱରশͳઢࣜܗܕ

(bilinear form) (·, ·) ΛҎԼͷΑ͏ʹఆٛͰ͖Δɽ

(x, y) = (ξ, η) = 0, (x, ξ) = ⟨ξ, x⟩, x, y ∈ g, ξ, η ∈ g∗. (3.8)

ଓ͍ͯɼ্ड़ͷઢࣜܗܕΛෆมʹอͭΑ͏ʹ d ੵހׅʹ্ [·, ·]d Λఆٛ͢Δɽ͜͜Ͱɼઢܕ

ɽ͢ࢦཱ͢Δ͜ͱΛ͕ΛෆมʹอͭͱҎԼͷؔࣜܗ

(y, [x, ξ]d) = ([y, x]d, ξ). (3.9)

·ͣɼg, g∗ ͕ͦΕͧΕ d ͷ෦ (subalgebra) Ͱ͋Δ͜ͱ͔Βɼ

[x, y]d = [x, y], [ξ, η]d = [ξ, η]∗, x, y ∈ g, ξ, η ∈ g∗. (3.10)

ͱ͢Δͷ͕ࣗવͰ͋Δɽ࣍ʹɼg ͱ g∗ ͕Ϋϩε͢Δ߹ [x, ξ]d Λ͑ߟΔɽ

(y, [x, ξ]d) = ([y, x]d, ξ)

= ([y, x], ξ) = ⟨ξ, [y, x]⟩ = ⟨ξ,−adx(y)⟩ = ⟨ad∗xξ, y⟩ = (y, ad∗xξ). (3.11)

͜͜Ͱɼ1 ஈͷ߸ׅੵހ [·, ·]d ͕ઢࣜܗܕΛෆมʹอͭͱ͍͏ཁ͔Βཱ͢Δɽ·ͨɼ

2 ஈͷ࠷ࠨͷ߸ g ͕ Lie ෦ͳͷͰɼ(3.10) ʹΑΓཱ͢Δɽ·ͨɼ2 ஈͷӈ͔Β

2 ൪ͷ߸ɼad ͷ co-adjoint Λ ad∗x = −(adx)∗ ͱఆٛͨ͜͠ͱʹΑΓཱ͢Δɽಉ༷ͷٞ

͔Βɼ(η, [x, ξ]d) = −(η, ad∗ξx) Ͱ͋Δ͜ͱಋ͚ΔɽΑͬͯɼ[x, ξ]d ҎԼͷΑ͏ʹॻ͚Δɽ

[x, ξ]d = −ad∗ξx+ ad∗xξ. (3.12)

ࣜ (3.7), (3.10), (3.12) ͔Βɼ[·, ·]d  Jacobi Λຬͨ͢͜ͱ͕Θ͔ΔɽΑͬͯɼg ͱ g∗ ͷؒʹ

1-cocycle ݅ (3.7) ཱ͕͍ͯͯ͠ɼ(g, g∗) ͕ Lie Λͳ͢ͱ͖ɼదʹ [·, ·]d ΛఆΊΕ

(d = g ⊕ g∗, [·, ·]d)  Lie ͱͳΔɽ͜ͷΑ͏ʹɼ৽ͨͳ Lie  d Λߏங͢Δૢ࡞ͷ͜ͱΛ

Lie ͷ (classical) Drinfel’d double ͱ͍͏ɽඇୀԽͳઢࣜܗܕͱɼͦΕΛෆมʹอͭ

Α͏ͳ Lie ΑΔʹހׅ Lie ͱͷΛɼಛʹ quadratic Lie ͱ͍͏ɽd ࣗવͱ quadratic

Lie ͱͳΔɽ

Drinfel’d double ͷٯΛ͑ߟΔ͜ͱͰ͖Δɽp Λ quadratic Lie ͱ͢Δɽa, b ͕ p ͷ෦

Ͱ͋Γɼ͔ͭ p ͷઢࣜܗܕʹରͯ͠ํత (isotropic) Ͱ͋Δ*1ͱ͖ɼ(p, a, b) ͷΛ

Manin triple ͱ͍͏ [42]ɽ্ड़ͷ (d, g, g∗) ͷɼવ Manin triple Ͱ͋Δɽ

*1 g ͕ (·, ·) ʹରͯ͠ํతͱɼҙͷ x, y ∈ g Ͱ (x, y) = 0 Ͱ͋Δ͜ͱΛ͍͏ɽ
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3.2 Lieѥ

͜͜ͰɼLie ͷҰൠԽͱͯ͠ଟ༷ମ্ͷϕΫτϧଋΛ༻͍ͨ Lie ѥͷఆٛ [43] Λ༩

͑ΔɽͦͷޙɼLie ͱͷେ·͔ͳҧ͍ʹ͍ͭͯड़Δɽ

Lie ѥ E✓ ✏
ҎԼͷߏͷ (E, [·, ·]E , ρ) ΛɼLie ѥͱ͍͏ɽ

• M ্ͷϕΫτϧଋ E
π−→M

• E ͷஅ (section) Γ(E) ΛҾͱ͢Δ Lie ހׅ [·, ·]E : Γ(E)× Γ(E)→ Γ(E)

• E ͔Βଋ TM ͷଋࣸ૾ (bundle map) ρ : E → TM .

ρ ͱ [·, ·]E ͷؒʹɼҎԼͷཱ͕ؔ͢Δ͜ͱΛཁ͢ٻΔɽ

ρ([X,Y ]E) = [ρ(X), ρ(Y )], X, Y ∈ Γ(E). (3.13)

ρ Λ anchor map ͱݺͿɽ

Lieׅހ [·, ·]E  JacobiΛຬͨ͢ɽ·ͨɼLeibnizଇΛຬͨ͢ɽ͢ͳΘͪɼؔ  f ∈ C∞(M)

ʹରͯ͠ɼ

[X, fY ]E = (ρ(X) · f)Y + f [X,Y ]E . (3.14)

(ρ(X) · f) ɼρ(X) ͕ f ͷඍͱͯ͠࡞༻͢Δ͜ͱΛҙຯ͢Δɽ✒ ✑
E ͷஅͰಘΒΕΔϕΫτϧ Γ(E) ɼM ͷ֤ͱϕΫτϧۭ͕ؒҰରҰͰରԠͨ͠ͷͱΈ

ͳͤΔɽҰํͰɼલઅͰड़ͨ௨ΓɼLie  ϕΫτϧۭؒʹରͯ͠ఆٛ͞ΕΔɽ͕ͨͬͯ͠

Lie ѥɼ M ͷ֤ͱ Γ(E) ্ͷ Lie ΛҰରҰͰରԠͤͯͨͬ͞࡞ɼ Lie ͷू߹Λ

ѻ͍ͬͯΔͱΈͳͤΔɽ͜ͷҙຯͰɼLie ѥ Lie ͷҰൠԽͰ͋ΔɽM ͕ҰͰ͋Γɼ

anchor ͕ ρ = 0 Ͱ͋Δͱ͖ Lie ѥ Lie ͱͳΔɽ

Lie  g ʹରͯ͠ɼରͳ Lie  g∗ ͕ఆٛͰ͖ͨΑ͏ʹɼE ʹରͳϕΫτϧଋ E∗ Λ༻

͍ͯɼಉ͡ଟ༷ମ্ʹରͳ Lie ѥ E∗ = (E∗, ρ∗, [·, ·]E∗) ΛఆٛͰ͖Δɽ[·, ·]E∗ : Γ(E∗)×
Γ(E∗) → Γ(E∗)  [·, ·]E ʹରͯ͠ରͳ Lie Ͱ͋Δɽ·ͨɼanchorހׅ map ρ∗ : E∗ → TM

Ͱ͋ΔɽE ͱ E∗ ͷؒʹɼࣗવʹੵ ⟨·, ·⟩͕ఆٛͰ͖Δɽ

Lie ͷ߹ɼLie Λހׅ Schouten-Nijenhuis ހׅ [·, ·]S ʹҰൠԽͰ͖ͨɽLie ͷހׅ

co-bracket ͕ [·, ·]S ΛؚΜͩ݅ࣜͰ͋Δ 1-cocycle ݅ (3.7) Λຬͨ͢ͷͰ͋Ε Lie 

͕ߏͰ͖ɼରͳ Lie Λ༠ಋͰ͖ͨɽͦͷྨਪͱͯ͠ɼLie ѥ͔Β Lie ѥ

(bialgebroid) ͕ಘΒΕΔ͜ͱΛ֬ೝ͢ΔɽͦͷͨΊʹɼLie ހׅ [·, ·]E ͷҰൠԽΛ͏ߦɽ·ͣɼ

ඞཁͱͳΔԋࢉΛઌʹఆ͓ٛͯ͘͠ɽ

Γ(TM)  Γ(T ∗M) ͔Β֎ੵΛߏங͢Δͷͱಉ͡Α͏ʹɼΓ(E)  Γ(E∗) ͔Β p-vector

Γ(∧pE)  p-form Γ(∧pE∗) Λఆٛ͢Δɽ·ͣɼΓ(∧pE)  Γ(∧pE∗) ʹରͯ͠ɼ௨ৗͷඍ p ܗ

ࣜͱಉ༷ʹ֎ඍԋࢠࢉ dɼd∗ ΛఆٛͰ͖Δɽͨͱ͑ɼd ɼξ ∈ Γ(∧pE∗) ʹରͯ࣍͠ͷΑ͏
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Δ͢༺࡞ʹ [44]ɽXi ∈ Γ(E) ͱͯ͠ɼ

dξ(X1, . . . , Xp+1) =
p+1∑

i=1

(−)i+1ρ(Xi) ·
(
ξ(X1, . . . , X̌i, . . . , Xp+1)

)

+
∑

i<j

(−)i+jξ([Xi, Xj ]E , X1, . . . , X̌i, . . . , X̌j , . . . , Xp+1). (3.15)

ͨͩ͠ɼX̌i  i ൪ͷ X Λফ͢ڈΔͱ͍͏ҙຯͰ͋Δɽ͜ͷఆ͔ٛΒɼd ҎԼͷΑ͏ͳੑ࣭

Λຬͨ͢ɽX,Y ∈ Γ(E), ξ, η ∈ Γ(E∗) ͱͨ͠ͱ͖ɼ

d(ξ ∧ η) = dξ ∧ η − ξ ∧ dη,

df(X) = ρ(X) · f,
dξ([X,Y ]E) = ρ(X) · (ξ(Y ))− ρ(Y ) · (ξ(X))− ξ([X,Y ]E).

(3.16)

ಉ༷ʹɼΓ(E) ʹର͢Δ෦ੵ ιX : Γ(∧pE∗)→ Γ(∧p−1E∗) ࣍ͷΑ͏ʹఆٛͰ͖Δɽ

ιX(ξ(Y1, . . . , Yp−1)) = ξ(X,Y1, . . . , Yp−1). (3.17)

͜ΕΒͷΈ߹Θ͔ͤΒɼΓ(E) ʹର͢Δ Lie ඍ LX : Γ(∧pE∗)→ Γ(∧pE∗) ҎԼͷΑ͏ʹఆ

ٛͰ͖Δɽ

LX(ξ)(Y1, . . . , Yp) = ρ(X) · (ξ(Y1, . . . , Yp))−
p∑

i=1

ξ (Y1, . . . , [X,Yi]E , . . . , Yp) . (3.18)

͜ΕΒͷԋࢠࢉɼҎԼͷΑ͏ͳؔࣜΛຬͨ͢ɽX,Y ∈ Γ(E), f ∈ C∞(M), ξ ∈ Γ(∧pE∗) ͱ

ͨ͠ͱ͖ɼ

L[X,Y ]E = LX · LY − LY · LX ,

ι[X,Y ]E = LX · ιY − ιY · LX ,

LX = d · ιX + ιX · d,
LfX(ξ) = fLX(ξ) + df ∧ ιX(ξ),

LX⟨ξ, Y ⟩ = ⟨LXξ, Y ⟩+ ⟨ξ,LXY ⟩,

(3.19)

ಉ༷ʹɼΓ(E∗) ʹର͢Δ෦ੵͱ Lie ඍఆٛͰ͖Δɽ͜ΕͰɼΓ(∧pE)  Γ(∧pE∗) Λऔ

Γѻ͑ΔΑ͏ʹͳͬͨɽ࣍ʹɼLie ΛҾ͕ހׅ Γ(∧pE) ͷ߹ͱ֦ு͢Δɽ[·, ·]E ͷҰ

ൠԽͱͯ͠ɼSchouten-Nijenhuis ހׅ [·, ·]S ҎԼͷؔࣜΛຬͨ͢ͷͱͯ͠ఆٛ͞ΕΔɽ

A ∈ Γ(∧pE), B ∈ Γ(∧qE) ͱͨ͠ͱ͖ɼ

(i) [A,B]S = −(−)(p−1)(q−1)[B,A]S.

(ii) ಛʹɼp = 1 ͷͱ͖ [A, f ]S = ρ(A) · f .
(iii) [X, · ]S ɼΓ(∧qE) ʹରͯ͠ɼp Δɽ͢༺࡞ͷඍͱͯ࣍͠
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Lie ѥ (E,E∗)✓ ✏
Lie ѥҎԼͷΑ͏ʹఆٛ͞ΕΔɽE Λ Lie ѥɼE∗ Λ E ͱରͳ Lie ѥͱ

͢ΔɽE ͷׅ͔ੵހΒߏͨ͠ Schouten-Nijenhuis ހׅ [·, ·]S ͱɼΓ(∧pE) ʹର͢Δ֎ඍ

ԋࢠࢉ d∗ ͷؒʹɼҎԼͷ derivation ݅

d∗[X,Y ]S = [d∗X,Y ]S + [X, d∗Y ]S (3.20)

ཱ͕͍ͯ͠Δ߹ɼE,E∗  Lie ѥ (E,E∗) Λͳ͢ [44]ɽ✒ ✑
Lie ѥɼLie ͷҰൠԽͰ͋Δɽ্ड़ͷఆٛͷΘΓʹɼE∗ Λݩʹ Schouten-

Nijenhuis ހׅ [·, ·]∗S Λߏ͠ɼΓ(∧pE∗) ʹର͢Δ֎ඍԋࢠࢉ d ͱͷؒʹ derivation ݅Λ

՝ͯ͠ɼಉ͡ Lie ѥ (E,E∗) ͕ಘΒΕΔɽderivation ݅ɼલઅͷ Lie ͷؒͷ

1-cocycle ݅ʹରԠ͢ΔɽM ͕ҰͰɼ֤ѥͷ anchor ͕ 0 ͷͱ͖ɼLie ѥ Lie 

ͱͳΔɽLie ͷ߹ͱಉ༷ʹɼLie ѥʹରͯ͠ Drinfel’d double Λ͑ߦΔ͕ɼ

ͦͷ݁ՌಘΒΕΔߏɼLie ѥͰͳ͘ɼ࣍અͰड़Δ Courant ѥͰ͋Δ [35]ɽ

3.3 Courantѥ

ֶʹ͓͍ͯɼ৽͍͠ڀݚର͕Α͘ΒΕͨ֓೦ͷ֦ுҰൠԽ͔ΒಘΒΕΔ͜ͱଟ͍ɽ

ઌड़ͷ Lie  Lie ѥྫ֎Ͱͳ͍ɽඍزԿֶͷͰٞ͞Ε͍ͯͨͷͻͱͭ

ɼʮϕΫτϧଋͷ֦ுʯͰ͋ΔɽϕΫτϧۭؒ V ͱ ରϕΫτϧۭؒ V ∗ ͷۭؒ V ⊕ V ∗

ʹɼLie Λ༩͑ͯހׅ Lie ΛఆٛͰ͖ͨɽͰɼϕΫτϧଋ E ͱରϕΫτϧଋ E∗ ͷ

 E ⊕ E∗ ʹରͯ͠ɼͲͷΑ͏ͳׅ͕ੵހ༩͑ΒΕɼͲͷΑ͏ͳߏ͕ಘΒΕΔͩΖ͏͔ɽಛ

ʹଟ༷ମ M ͷଋ TM ͱ༨ଋ T ∗M ͷ TM ⊕ T ∗M Λྫʹ͑ߟΔͱɼCourant ѥ

ͱ͍͏৽͍͠ߏ͕ݱΕΔ͜ͱ͕ 1990 ʹࣔ͞Εͨ [17]ɽจݙ [17] Ͱఏࣔ͞Εͨ Courant ހׅ

(2.2) ɼͷͪʹҰൠԽଋ͍ͯͮجʹ TM ⊕ T ∗M Λڀݚରͱ͢ΔɼҰൠԽزԿֶ (generalized

geometry) ͕։ൃ͞ΕΔ͜ͱͱͳΔ [11]ɽҰൠԽزԿֶͰɼఈۭؒ (ଟ༷ମۭ࣌) ഒԽͤͣɼ

ଋ͚͕ͩഒԽ͞ΕΔɽҰൠԽزԿֶʹ͍ͭͯɼݪจ [11] ͷஶऀͰ͋Δ Hitchin ʹΑΔٛߨ

ϊʔτ͕͋Δ [45] ΄͔ɼจݙ [16, 31, 46] ͳͲʹৄ͍͠ɽ͜ΕΒͷจݙͰɼۭؒͷܗঢ়Λنఆ

͢ΔྔͰ͋Δۂᎇʹ͍ͭͯٞ͞Ε͍ͯΔɽ·ͨɼҰൠԽزԿֶͷهड़ͱͯ͠ϙΞιϯ

(Poisson) ଟ༷ମ্Ͱͷهड़͑ߟΒΕ͍ͯΔ [47, 48]ɽཧతʹݭཧ͔ΒಘΒΕΔॏྗ

ཧͷ͏ͪɼNS-NS sector ʹରͯ͠ͷزԿֶతͳඳ૾Λ༩͑ΔɽCourant Αͬͯ༩͑ΒΕʹހׅ

Δͷɼඍಉ૬ࣸ૾ͱ B ʹΑΔήʔδมΛΈ߹ΘͤͨɼҰൠԽଋʹର͢ΔҰൠԽඍ

ಉ૬ࣸ૾Ͱ͋Δɽจݙ [49] Ͱɼ্ड़ͷϙΞιϯଟ༷ମ্ͷҰൠԽزԿֶΛ༻͍ͯɼβ ॏྗཧ

ʹ͍ͭͯٞ͞Ε͍ͯΔɽ

ΑΓҰൠʹɼE ⊕ E∗ ͷ߹ɼLie ѥͷ Drinfel’d double ʹΑͬͯ Courant ѥΛ

ஙͰ͖Δ͜ͱ͕ߏ 1997 ʹࣔ͞Εͨ [35]ɽจݙ [17] Ͱఏࣔ͞Εͨ Courant ݙͱɼจހׅ [35] Ͱ

ఏࣔ͞Εͨ Courant ݙঢ়ҟͳΔɽจܗͷހׅ [35] ͷ Courant తʹࣜܗɼހׅ DFT ͷ C

ހׅ (2.16) ͱಉ͕ͩ͡ܗɼJacobi Λ݁ͨ͠ࢉܭՌ͕ҟͳΔͷͰɼ C ߏఆ͢Δن͕ހׅ

 Courant ѥͰͳ͍ɽ

͜ͷઅͰɼॳΊʹҰൠతͳ Courant ѥͷఆٛΛ༩͑ΔɽCourant ͷఆٛํ๏ހׅ 2 ௨

Soryushiron Kenkyu



21

ΓͷՁͳํ๏͕͋Δ͜ͱΛհ͢Δɽͦͯ͠ɼจݙ [35] ͷϨϰϡʔΛ͏ߦɽ͜ͷจݙͰఏࣔ͞

Εͨ Courant Λհͨ͠ͷͪɼLieހׅ ѥͷ Drinfel’d double Λ͏ߦɽ

·ͣɼCourant ѥͷఆٛΛࣔ͢ɽ

Courant ѥ✓ ✏
ҎԼͷ 4 ͭͷߏͷ (C, [·, ·]c, ρc, (·, ·)) Λ͑ߟΔɽ

• M ্ͷϕΫτϧଋ C π−→M

• C ͷஅ Γ(C) ΛҾͱ͢Δରশͳ Courant ހׅ [·, ·]c : Γ(C)× Γ(C)→ Γ(C)
• C ͔Βଋ TM ͷ anchor map ρc : C → TM .

• ඇୀԽͰରশͳઢࣜܗܕ (·, ·)

͜ͷ (C, [·, ·]c, ρc, (·, ·)) ɼҎԼʹࣔ͢ 5 ͭͷެཧ Axiom C1-C5 Λຬͨ͢߹ɼCourant

ѥΛ͢ [35]ɽͨͩ͠ɼD  Γ(C) Ͱ͋ΔɽࢠࢉΔ֎ඍԋ͢༺࡞ʹ

Axiom C1. e1, e2, e3 ∈ Γ(C) ͱ͢ΔɽCourant ͷހׅ Jacobiator ҎԼͷΑ͏ʹͳΔɽ

[[e1, e2]c, e3]c + c.p. = DT (e1, e2, e3). (3.21)

ͨͩ͠ɼT (e1, e2, e3) =
1
3 (([e1, e2]c, e3) + c.p.) Ͱ͋Δɽc.p.  cyclic permutation Λҙຯ

͢ΔɽT (e1, e2, e3)  e ͷೖΕସ͑ʹؔͯ͠શରশͰ͋Δɽ

Axiom C2. e1, e2 ∈ Γ(C) ʹରͯ͠ɼ

ρc([e1, e2]c) = [ρc(e1), ρc(e2)]. (3.22)

ͨͩ͠ɼ[·, ·]  TM ্ͷ Lie .͢ࢦΛހׅ

Axiom C3. Courant ରͯ͠ɼमਖ਼͞Εͨʹހׅ Leibniz ଇཱ͕͢Δɽ͢ͳΘͪɼe1, e2 ∈
Γ(C), f ∈ C∞(M) ʹରͯ͠ɼ

[e1, fe2]c = f [e1, e2]c + (ρc(e1) · f)e2 − (e1, e2)Df. (3.23)

Axiom C4. ρc · D = 0 Ͱ͋Δɽ͍͑ݴΔͱɼf, g ∈ C∞(M) ʹରͯ͠ɼ

(Df,Dg) = 0. (3.24)

Axiom C5. (·, ·) ͱ ρc ཱ྆݅Λຬͨ͢ɽ͢ͳΘͪɼe1, e2, e3 ∈ Γ(C), ͱͨ͠ͱ͖

ρc(e1) · (e2, e3) = ([e1, e2]c +D(e1, e2), e3)+ (e2, [e1, e3]c +D(e1, e3)). (3.25)✒ ✑
จݙ [50] ʹΑΔͱɼ֤ެཧͷ͏ͪɼAxiom C5  Axiom C3 ͔Βಋग़Ͱ͖ɼAxiom C2 ͔Β

Axiom C4 Λಋग़Ͱ͖Δɽશʹಠཱ͍ͯ͠Δͷ Axiom C1 ͷΈͰ͋ΔɽҎԼͷٞͰɼ

Axiom C1-C5 શͯಠཱͳͷͱͯ͠ѻ͏ɽ

͜͜ͰɼCourant ѥͷͷఆٛʹ͍ͭͯίϝϯτ͢Δɽ্ड़ͷରশͳ Courant ހׅ [·, ·]c
ͷΘΓʹɼDorfman bracket operator ͱ͍͏ Γ(C) ʹର͢Δೋ߲ԋࢉ ◦Λ༻͍ͯఆٛ͢Δํ๏

͋Δ [34, 53]ɽ͜ͷ߹ɼ্ʹࣔͨ͠ Axiom C1-C5 ҎԼͷΑ͏ʹ Axiom C1′-C5′ ʹஔ͖
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ΘΔɽ͜ΕΒͷఆٛํ๏͕ՁͰ͋Δ͜ͱɼจݙ [34] Ͱূ໌͞Ε͍ͯΔɽAxiom C1′ ͔ΒΘ͔

ΔΑ͏ʹɼ◦ Jacobi ͷΘΓʹࠨɼ Leibniz Λຬͨ͢ɽରশͳׅੵހ [·, ·]c ʹΑΔఆ͔ٛ

ΒɼCourant ѥ strong homotopy Lie  (L∞ ) ͱͯ͠ղऍ͢Δ͜ͱ͕Ͱ͖Δ [51]ɽ

ҰํͰɼೋ߲ԋࢉ ◦ʹΑΔఆ͔ٛΒɼCourant ѥ Leibniz ѥͱͯ͠ղऍ͢Δ͜ͱͰ

͖Δɽ

e1 ◦ (e2 ◦ e3) = (e1 ◦ e2) ◦ e3 + e2 ◦ (e1 ◦ e3) (Axiom C1′)

ρc(e1 ◦ e2) = [ρc(e1), ρc(e2)] (Axiom C2′)

e1 ◦ (fe2) = f(e1 ◦ e2) + (ρc(e1)f)e2 (Axiom C3′)

e1 ◦ e1 = D(e1, e1) (Axiom C4′)

ρc(e3)(e1, e2) = (e3 ◦ e1, e2)+ (e1, e3 ◦ e2) (Axiom C5′)

ຊจͰɼରশͳׅੵހ [·, ·]c ʹΑΔఆٛʹΑͬͯٞΛ2*͏ߦɽ

ଓ͍ͯɼ[35] ʹͷͬͱΓ Lie ѥͷ Drinfel’d double ʹΑͬͯಘΒΕΔ Courant ѥʹ

͍ͭͯड़ΔɽલͷઅͰఆٛͨ͠௨Γɼରͳ;ͨͭͷ Lie ѥ E,E∗ Λಋೖ͢ΔɽE,E∗ ͷ

அͰಘΒΕΔϕΫτϧΛɼͦΕͧΕ Γ(E) = Xi, Γ(E∗) = ξi ͱ͢Δɽ࣍ʹɼE ͱ E∗ ͷʹ

ΑΓ৽ͨͳϕΫτϧଋ C = E ⊕ E∗ Λఆٛ͢Δɽei ∈ Γ(C)ɼ͢ͳΘͪ ei = Xi + ξi ͱͨ͠ͱ͖ɼ

Γ(C) ্ͷඇୀԽͳઢࣜܗܕ (·, ·)± Λ

(e1, e2)± =
1

2
(⟨ξ1, X2⟩± ⟨ξ2, X1⟩) (3.28)

ͷΑ͏ʹఆٛ͢Δɽ(e1, e2)+ ରশ, (e1, e2)− ରশͰ͋Δɽ·ͨɼρ ҎԼͷΑ͏ʹఆٛ

͢Δɽ
ρc(ei) = ρ(Xi) + ρ∗(ξi). (3.29)

Γ(C) ʹର͢Δඍԋࢠࢉ D : C∞(M)→ Γ(C) 

(Df, ei) =
1

2
ρc(ei)f (3.30)

ͷΑ͏ʹఆٛ͢Δɽ্ड़ͷ ρ ͷఆٛͱ߹ΘͤΔͱɼD = d + d∗ ͱද͢͜ͱ͕Ͱ͖Δɽͦͯ͠ɼ

Courant ހׅ [·, ·]c Λ۩ମతʹҎԼͷΑ͏ʹఆΊΔɽ

[e1, e2]c = [X1, X2]E + Lξ1X2 − Lξ2X1 − d∗(e1, e2)−

+ [ξ1, ξ2]E∗ + LX1ξ2 − LX2ξ1 + d(e1, e2)−. (3.31)

*2 Courant ɼDorfmanހׅ bracket operator ΛରশʹΉ͜ͱͰఆٛͰ͖Δɽ

[e1, e2]c =
1

2
((e1 ◦ e2)− (e2 ◦ e1)). (3.26)

ҰൠԽزԿֶͷจ຺ͰɼCourant ͱͷରൺͱͯ͠ހׅ Dorfman bracket ΛରশʹΉ͜ͱͰ “Dorfman

bracket”

[e1, e2]d =
1

2
((e1 ◦ e2) + (e2 ◦ e1)) (3.27)

Λఆٛ͢Δ߹͕͋ΔɽDFT ͷจ຺ͰɼD ଋ݅Λ՝͢ͱಘΒΕΔͷɼ“Dorfman߆͍ڧʹހׅ bracket” Ͱ
ͳ͘ Dorfman bracket operator Ͱ͋Δɽ
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͜ͷΑ͏ʹఆ͓ٛͯ͘͠ͱɼ(E ⊕E∗, [·, ·]C, (·, ·)+, ρc)  Courant ѥͱͳΔ͜ͱ͕จݙ [35]

Ͱূ໌͞Εͨɽ[e1, e2]c  DFT ͷ C Ͱ͋Δ*3ɽܗతʹಉࣜ͡ܗͱހׅ

จݙ [35] ͰɼDrinfel’d double ͷٯٞ͞Ε͍ͯΔɽ͋Δ Courant ѥΛఆٛ͢ΔϕΫ

τϧଋ C ʹண͢ΔɽC ɼઢࣜܗܕ (·, ·)+ ʹؔͯ͠ํతͳ෦ଋ (subbundle) E,E∗ ʹ

ׂͰ͖ɼͳ͓͔ͭ Courant ހׅ [·, ·]c ͕ Γ(C) Ͱด͍ͯ͡Δ߹ɼ(E,E∗) ࣗવʹ Lie ѥ

ͷߏΛͭ࣋͜ͱ͕ূ໌͞Ε͍ͯΔɽ͜͜ͰɼҎ߱ͷٞͰඞཁͱͳΔ Dirac Λಋೖ͢Δɽߏ

Definition 3.3.1. E,E∗ ͕ҎԼͷ;ͨͭͷ݅Λຬͨ͢ͱ͖ɼC ͷ Dirac Ͱ͋Δͱ͍͏ɽߏ

• େํతͰ͋Δɼ͢ͳΘͪ࠷ dimE = dimE∗ = 1
2 dim C Ͱ͋Δɽ

• E ্ʹดׅͨ͡ੵހ [·, ·] (Lie (ހׅ ΛఆٛͰ͖Δɽ͢ͳΘͪɼҙͷ X,Y ∈ Γ(E) ʹର

ͯ͠ɼ[X,Y ] ∈ Γ(E) Ͱ͋ΔΑ͏ͳ [·, ·] ͕ଘ͢ࡏΔɽ

E,E∗ ͕ C ͷ Dirac ,∗Ͱ͋Δͱ͖ɼ(E,Eߏ E ⊕ E∗) ͷѥߏʹΑΔ Manin triple

ͱ͑ݴΔɽͪΖΜɼશͯͷ Courant ѥ͕ Lie ѥͷ Drinfel’d double ʹΑͬͯಘΒΕΔ

Θ͚Ͱͳ͍ɽٯʹɼCourant ѥ͕ඞͣ Dirac Βͳ͍ɽݶʹΑׂͬͯͰ͖Δͱߏ

3.4 DoubleʹΑΔ Vaismanѥͷߏ

Vaisman ѥ࣍ͷΑ͏ʹఆٛ͞ΕΔɽ

Vaisman ѥ✓ ✏
ҎԼͷ 4 ͭͷߏͷ (V, [·, ·]V, ρV, (·, ·)) Λ͑ߟΔɽ

• M ্ͷϕΫτϧଋ V π−→M

• V ͷஅ Γ(V) ΛҾͱ͢Δ Vaisman ހׅ [·, ·]V : Γ(V)× Γ(V)→ Γ(V)
• V ͔Βଋ TM ͷ anchor map ρV : V → TM .

• ඇୀԽͰରশͳઢࣜܗܕ (·, ·)

͜ͷ (V, [·, ·]V, ρV, (·, ·)) ɼҎԼʹࣔ͢ 2 ͭͷఆٛࣜ Axiom V1, V2 Λຬͨ͢߹ɼ

Vaisman ѥΛ͢ɽͨͩ͠ɼD  Γ(V) Ͱ͋ΔɽࢠࢉΔ֎ඍԋ͢༺࡞ʹ

Axiom V1. [e1, fe2]V = f [e1, e2]V + (ρV(e1) · f)e2 − (e1, e2)Df .

Axiom V2. ρV(e1) · (e2, e3) = ([e1, e2]V +D(e1, e2), e3)+ (e2, [e1, e3]V +D(e1, e3)).✒ ✑
Courant ѥͷఆٛͱൺֱ͢ΔͱɼAxiom V1  Axiom C3 ͱɼAxiom V2  Axiom C5 ͱ

ରԠ͢Δɽ͕ͨͬͯ͠ɼVaisman ѥ Courant ѥΛߋʹҰൠԽͨ͠ߏͰ͋Δͱ͍͑

Δɽ·ͨɼAxiom C5 ͔Β Axiom C3 ͕ಋ͔ΕΔͱ͢Δจݙ [50] ͷٞͱໃ६͠ͳ͍ɽ

จݙ [35] ͷ Courant ѥʹؔ͢Δ݁Ռ͔ΒɼVaisman ѥԿΒ͔ͷߏͷ double Ͱಘ

ΒΕΔͷͱਪଌ͞ΕΔɽզʑɼAxiom V1, V2 Λຬͨ͢ Vaisman ѥ͕ɼCourant ѥ

ͱྨͨ͠ࣅ double Խͷखଓ͖ʹΑͬͯಘΒΕΔ͜ͱΛࣔͨ͠ [13]ɽݤͱͳΔͷɼLie ѥ

*3 ͱͯ͠ྻܥ࣌ [35] Ͱֶతʹൃ͞ݟΕͨͷ͕ઌͰ͋Δɽ
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ʹ͓͚Δ derivation ݅ (3.20) Ͱ͋ΔɽҎԼͰɼderivation ݅Λ՝ͣ͞ʹ;ͨͭͷ Lie ѥ

ͷ double ΛͱΔ͜ͱͰɼVaisman ѥ͕ಘΒΕΔ͜ͱΛࣔ͢ɽ·ͨɼdouble ʹΑͬͯߏ

ͨ͠ Vaisman ѥʹରͯ͠ɼ͔ޙΒ derivation ݅Λ՝͢ͱจݙ [35] ͷ Courant algeroid

͕ಘΒΕΔɽ

·ͣɼରͳ;ͨͭͷ Lie ѥ E = (E, [·, ·]E , ρ) ͱ E∗ = (E∗, [·, ·]E∗ , ρ∗) Λఆٛ͠ɼʹ

ΑͬͯϕΫτϧଋ V = E ⊕ E∗ Λ༩͑Δɽͨͩ͠ɼ(E,E∗)  Lie ѥΛͳ͞ͳ͍ͷͱԾ

ఆ͢Δɽ͢ͳΘͪɼׅੵހͱඍͷؒʹ derivation ݅ (3.20) ཱ͍ͯ͠ͳ͍ͱ͢ΔɽΓ(V)
্ͷඇୀԽͳઢࣜܗܕ (·, ·)± Λ

(e1, e2)± =
1

2
(⟨ξ1, X2⟩± ⟨ξ2, X1⟩) (3.32)

ͷΑ͏ʹఆٛ͢Δɽ·ͨɼanchor ρV ҎԼͷΑ͏ʹఆٛ͢Δɽ

ρV(ei) = ρ(Xi) + ρ∗(ξi). (3.33)

Γ(V) ʹର͢Δඍԋࢠࢉ D : C∞(M)→ Γ(V) 

(Df, ei) =
1

2
ρV(ei)f (3.34)

ͷΑ͏ʹఆٛ͢Δɽ·ͨɼD = d + d∗ ͱද͢͜ͱ͕Ͱ͖ΔɽVaisman ݙจހׅ [52] Λߟࢀʹ

ҎԼͷΑ͏ͳରশͳׅੵހͱͯ͠ఆٛ͢Δɽ

[e1, e2]V = [X1, X2]E + Lξ1X2 − Lξ2X1 − d∗(e1, e2)−

+ [ξ1, ξ2]E∗ + LX1ξ2 − LX2ξ1 + d(e1, e2)−. (3.35)

͜ΕɼDFT ͷ C Ͱ͋Δɽ·ͨɼ[35]ܗͱಉ͡ހׅ ͷ Courant Ͱ͋Δɽܗͱಉ͡ހׅ

͜ͷΑ͏ʹఆٛͨ͠ 4 ͭͷߏͷ (V, [·, ·]V, ρV, (·, ·)+) ͕ Courant ѥͰͳ͘ Vaisman

ѥΛఆٛ͢Δ͜ͱΛҎԼʹࣔ͢ɽԾఆ͔Βɼderivation ݅ (3.20) ཱ͕͍ͯ͠ͳ͍͜ͱʹ

ҙͯ͠ɼAxiom C1-C5 ཱ͕͍ͯ͠Δ͔Ͳ͏͔ΛͦΕͧΕ͔֬ΊΔɽຊจதʹɼ֤ࢉܭͷཁ

͚ͩΛͤࡌΔɽৄࡉͳࢉܭ Appendix A.5-A.11 Λࢀরͷ͜ͱɽAxiom C3, C5 ͷΈཱ͕

͠ɼଞͷ Axiom ͕ഁΕ͍ͯΕ (V, [·, ·]V, ρV, (·, ·)) ͕ Vaisman ѥͰ͋Δͱ͍͑Δɽ

ূ໌ͷաఔͰඞཁͱͳΔิॿతͳؔࣜɼҎԼͷ 2 ࣜͰ͋Δɽ

T (e1, e2, e3) ≡
1

3
(([e1, e2]c, e3)+ + c.p.)

=
1

2
{⟨ξ3, [X1, X2]E⟩+ ⟨X3, [ξ1, ξ2]E∗⟩

+ ρ(X3)(e1, e2)− − ρ∗(ξ3)(e1, e2)−}+ c.p., (3.36)

([e1, e2]V, e3)− + c.p. = T (e1, e2, e3)

+
[
{ρ(X3)(e1, e2)− + 2ρ∗(ξ3)(e1, e2)−

− ⟨[ξ1, ξ2]V, X3⟩}+ c.p.
]
. (3.37)

͜ΕΒͷؔࣜͷಋग़ɼূ໌ʹؔΘΔશࢉܭ Appendix A.5 ʹऩͨ͠ɽ
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Axiom C1ͷ֬ೝ

·ͣɼAxiom C1 Λ֬ೝ͢ΔͨΊʹɼVaisman ހׅ [·, ·]V ͷ Jacobiator Λ͢ࢉܭΔɽ(3.21) ࣜ

ͷࠨลΛల։͢ΔͱɼҎԼͷ݁Ռ͕ಘΒΕΔɽ

[[e1, e2]V, e3]V + c.p. = I1 + I2, (3.38)

I1 = [[ξ1, ξ2]E∗ , ξ3]E∗ + [LX1ξ2 − LX2ξ1, ξ3]E∗ + [d(e1, e2)−, ξ3]E∗

+ L[X1,X2]E+Lξ1X2−Lξ2X1−d∗(e1,e2)−ξ3

− LX3 [ξ1, ξ2]E∗ − LX3LX1ξ2 + LX3LX2ξ1

− LX3d(e1, e2)− + d([e1, e2]V, e3)− + c.p., (3.39)

I2 = [[X1, X2]E , X3]E + [Lξ1X2 − Lξ2X1, X3]E − [d∗(e1, e2)−, X3]E

+ L[ξ1,ξ2]E∗+Lξ1X2−Lξ2X1+d(e1,e2)−X3

− Lξ3 [X1, X2]E − Lξ3Lξ1X2 + Lξ3Lξ2X1

+ Lξ3d∗(e1, e2)−− d∗([e1, e2]V, e3)−+ c.p. (3.40)

ͨͩ͠ɼΓ(E∗) ʹଐ͢Δ߲ I1 ʹɼΓ(E) ʹଐ͢Δ߲ I2 ʹ·ͱΊͨɽҎ߱ͷࢉܭɼI1 ʹؔ

ͯ͠ͷΈ͏ߦɽX ͱ ξ ΛೖΕସ͑Δ͜ͱͰɼI2 ʹؔ͢Δࢉܭݱ࠶Ͱ͖Δɽ্هͷ I1 ʹɼLie

ͷހׅ Jacobi ʹΑͬͯফ͑Δؚ߲͕·Ε͓ͯΓɼͦΕΒΛཧ͢ΕҎԼͷܗͱͳΔɽ

I1 = [LX1ξ2 − LX2ξ1, ξ3]E∗ + [d(e1, e2)−, ξ3]E∗ + LLξ1X2−Lξ2X1ξ3 − Ld∗(e1,e2)−ξ3

− LX3 [ξ1, ξ2]E∗ − LX3d(e1, e2)− + d([e1, e2]V, e3)− + c.p. (3.41)

͜͜ͰɼI1 ҎԼͷެࣜΛద༻͢Δɽ͜ͷެࣜͷಋग़ Appendix A.7 ɽͨͤࡌʹ

LX3 [ξ1, ξ2]E∗ + c.p. = [LX1ξ2 − LX2ξ1, ξ3]E∗ + LLξ1X2−Lξ2X1ξ3

+ 2[d(e1, e2)−, ξ3]E∗ + 2d(ρ∗(ξ3) · (e1, e2)−)− d⟨[ξ1, ξ2]E∗ , X3⟩
+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1) + c.p. (3.42)

͢Δͱɼ࠷ऴతʹ I1 ҎԼͷΑ͏ʹ·ͱ·Δɽ

I1 = dT (e1, e2, e3)− {K1 +K2}+ c.p. (3.43)

ͨͩ͠ɼ

K1 = ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1),

K2 = Ld∗(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]E∗ . (3.44)

ಉ༷ʹɼI2 ΔͱɼҎԼͷ݁Ռ͕ಘΒΕΔɽ͢ࢉܭͯؔ͠ʹ

I2 = d∗T (e1, e2, e3)− {K3 +K4}+ c.p,

K3 = ιξ3(d∗[X1, X2]E − LX1d∗X2 + LX2d∗X1),

K4 = −
(
Ld(e1,e2)−X3 + [d∗(e1, e2)−, X3]E

)
. (3.45)

͕ͨͬͯ͠ɼVaisman ހׅ [·, ·]V ͷ Jacobiator ͷ݁ࢉܭՌ࣍ͷΑ͏ʹͳΔɽ

[[e1, e2]V, e3]V + c.p. = I1 + I2 = DT (e1, e2, e3)− (J1 + J2 + c.p.). (3.46)
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ͨͩ͠ɼJ1, J2 ҎԼͷΑ͏ͳ߲Ͱ͋Δɽ

J1 = K1 +K3

= ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1) + ιξ3(d∗[X1, X2]E − LX1d∗X2 + LX2d∗X1),

J2 = K2 +K4

= Ld(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]E∗ + Ld∗(e1,e2)−X3 + [d∗(e1, e2)−, X3]E . (3.47)

Ұൠʹɼҙͷ Xi, ξi, f ʹର͠ (J1 + J2 +c.p.)  0 Ͱͳ͍ɽΑͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ

͓͍ͯɼAxiom C1 ഁΕ͍ͯΔɽ

Axiom C2ͷ֬ೝ

ಉ༷ʹɼAxiom C2 Δɽ·ͣɼ(3.22)͢ࢉܭͯؔ͠ʹ ͷ֤ลΛ f ʹରͯ͠࡞༻ͤ͞ΔͱɼҎԼ

ͷ͕ࣜಘΒΕΔɽ
ρV([e1, e2]V) · f = [ρV(e1), ρV(e2)]f. (3.48)

ࣜ (3.48) ͷࠨล࣍ͷΑ͏ʹల։͞ΕΔɽ

ρV([e1, e2]V) · f

= [ρ(X1), ρ(X2)] · f + ρ(Lξ1X2) · f − ρ(Lξ2X1) · f −
1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩) · f

+ [ρ∗(ξ1), ρ∗(ξ2)] · f + ρ∗(LX1ξ2) · f − ρ∗(LX2ξ1) · f +
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩) · f,
(3.49)

ͨͩ͠ɼd∗ = ρ∗∗d0, d = ρ∗d0 Ͱ͋Γɼd0  Γ(T ∗M) ͷ֎ඍԋࢠࢉͰ͋Δɽ

ࣜ (3.48) ͷӈล࣍ͷΑ͏ʹల։͞ΕΔɽ

[ρV(e1), ρV(e2)]f

= [ρ(X1), ρ(X2)]f + [ρ∗(ξ1), ρ(X2)]f + [ρ(X1), ρ∗(ξ2)]f + [ρ∗(ξ1), ρ∗(ξ2)]f. (3.50)

ӈลͷ 2 ߲ɼ3 ߲ͷ X, ξ ͷ cross term ɼҎԼͷެࣜ

ρ∗(ξ)ρ(X) · f = −ρρ∗∗d0⟨ξ, X⟩ · f + ⟨ξ,LdfX⟩+ ⟨df,LξX⟩. (3.51)

Λ༻͍Δ͜ͱͰɼ

[ρ(X), ρ∗(ξ)]f = (ρ(X)ρ∗(ξ)− ρ∗(ξ)ρ(X)) · f
= ρ(X)ρ∗(ξ) · f + (ρρ∗∗d0⟨ξ, X⟩) · f − ⟨ξ,LdfX⟩ − ρ(LξX) · f (3.52)

ͱॻ͚Δɽ͕ͨͬͯ͠ɼ(3.48) ͷࠨลͱӈลͷࠩ࣍ͷΑ͏ʹͳΔɽ

ρV([e1, e2]V) · f − [ρV(e1), ρV(e2)]f

= −⟨ξ1,
(
LdfX2 − [X2, d∗f ]E

)
⟩+ ⟨ξ2,

(
LdfX1 − [X1, d∗f ]E

)
⟩

+
1

2

(
ρρ∗∗ + ρ∗ρ

∗
)
d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩) · f. (3.53)

Ұൠʹɼҙͷ Xi, ξi ʹର͠ӈล 0 ʹͳΒͳ͍ɽΑͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼ

Axiom C2 ഁΕ͍ͯΔɽ
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Axiom C3ͷ֬ೝ

(3.23) ࣜͷࠨลɼei = Xi + ξi ͔ΒɼҎԼͷΑ͏ʹׂͯ͠ॻ͚Δɽ

[e1, fe2]V = [X1, fX2]V + [X1, fξ2]V + [ξ1, fX2]V + [ξ1, fξ2]V. (3.54)

͜͜ͰɼVaisman ͷఆ͔ٛΒɼ(3.54)ހׅ ͷӈลҎԼͷΑ͏ʹల։͞ΕΔɽ

[X1, fX2]V = [X1, fX2]E ,

[X1, fξ2]V = f [X1, ξ2]V + (ρ(X1) · f)ξ2 −
1

2
Df⟨ξ2, X1⟩,

[ξ1, fX2]V = f [ξ1, X2]V + (ρ∗(ξ1) · f)X2 −
1

2
Df⟨ξ1, X2⟩,

[ξ1, fξ2]V = [ξ1, fξ2]E∗ . (3.55)

(3.55) ͷ 4 ͭͷࣜͷӈลΛશͯ͢ͱɼҎԼͷ݁Ռ͕ಘΒΕΔɽ

[e1, fe2]V = f [e1, e2]V + (ρV(e1)f)e2 −Df(e1, e2)+. (3.56)

Αͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼAxiom C3 ཱ͢Δɽ

Axiom C4ͷ֬ೝ

(3.24) ࣜͷࠨลҎԼͷΑ͏ʹల։͞ΕΔɽ

(Df,Dg)+ =
1

2
(ρ∗ρ

∗d0f + ρρ∗∗d0f)g. (3.57)

Ұൠʹ anchor ρ ରশͰͳ͍ɽ͢ͳΘͪ ρρ∗∗ = −ρ∗ρ∗ ཱ͠ͳ͍ɽΑͬͯɼ(3.57) ͷӈ

ล 0 ʹͳΒͣɼAxiom C4  (V, ρV, [·, ·]V, (·, ·)) ʹ͓͍ͯഁΕΔɽͨͩ͠ɼanchor ʹ͍͍ͯ

Δ্͖ͷ ∗ɼadjoint operator ͷҙຯͰ͋ΓɼੵΛ௨ͯ͠ݩͷԋࢠࢉͷసஔͰఆٛ͞ΕΔɽ

ρ : E → TM ρ∗ : T ∗M → E∗

ρ∗ : E∗ → TM ρ∗∗ : T ∗M → E (3.58)

͕ͨͬͯ͠ɼρρ∗∗ : T ∗M → TMɼρ∗ρ∗ : T ∗M → TM Ͱ͋Δɽ

Derivation ཱ͕͍݅ͯ͠Δ߹ඞͣ anchor ରশʹͳΔ͜ͱ͕ [44] ͷ Proposition

3.4 ͷ༰ΛݩʹࣔͤΔɽҰൠʹɼLie ѥͷੑ࣭͔ΒҎԼͷ͕ؔࣜಘΒΕΔɽ

(LdfX + [d∗f,X]E) ∧ Y

= −f
(
d∗[X,Y ]E + LY d∗X − LXd∗Y

)
+
(
d∗[X, fY ]E − LXd∗(fY ) + LfY d∗X

)
. (3.59)

Proposition 3.4 Ͱɼ(3.59) ͷӈล͕ derivation ݅Λ՝͢͜ͱͰ 0 ͱͳΔ͜ͱΛ͍ࣔͯ͠Δɽ

͢ͳΘͪɼderivation ͕݅ຬͨ͞Εͨ߹ɼਵͯ͠ҎԼͷཱ͕ؔࣜ͢Δ͜ͱ͕֬ೝͰ

͖Δɽ

LdfX + [d∗f,X]E = 0. (3.60)

(3.60) ͕ຬͨ͞Εͳ͍ݶΓɼρ ରশͱͳΒͳ͍͜ͱ͕ࣔ͞ΕΔɽৄࡉ Appendix A.10 রࢀ

ͤΑɽ͕ͨͬͯ͠ɼderivation ཱ͕݅͢ΔͳΒඞͣ ρ ରশͱͳΓɼAxiom C4 ཱ͕

͢Δɽٯʹɼderivation ݅Λ՝͞ͳ͍ͳΒɼanchor ͕ରশͰͳ͍߹ΛഉআͰ͖ͳ͍ɽ
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Axiom C5ͷ֬ೝ

ষͷ಄Ͱ༩͑ͨ T (e1, e2, e3) ͷؔࣜ (3.36) ͔ΒɼҎԼͷ;ͨͭͷཱ͕ࣜ͢Δɽ

([e, e1]V, e2)+ = T (e, e1, e2) +
1

2
ρV(e) · (e1, e2)+ −

1

2
ρV(e1) · (e, e2)+, (3.61)

(e1, [e, e2]V)+ = T (e, e2, e1) +
1

2
ρV(e) · (e2, e1)+ −

1

2
ρV(e2) · (e, e1)+. (3.62)

ҎԼͷΑ͏ʹɼࣜ (3.61)ɼ(3.62) ͷࠨลಉ࢜ɼӈลಉ࢜Λͯ͠߸อͨΕΔɽ

([e, e1]V, e2)+ + (e1, [e, e2]V)+

= T (e, e1, e2) +
1

2
ρV(e) · (e1, e2)+ −

1

2
ρV(e1) · (e, e2)+

+ T (e, e2, e1) +
1

2
ρV(e) · (e2, e1)+ −

1

2
ρV(e2) · (e, e1)+. (3.63)

ࣜ (3.63) ɼT ͷରশੑͳͲ͔ΒҎԼͷΑ͏ʹཧͰ͖Δɽ

ρV(e) · (e1, e2)+ = ([e, e1]V, e2)+ + (e1, [e, e2]V)+ +
1

2
ρV(e1) · (e, e2)+ +

1

2
ρV(e2) · (e, e1)+

([e, e1]V +D(e, e1)+, e2)+ + (e1, [e, e2]V +D(e, e2)+)+. (3.64)

Αͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼAxiom C5 ཱ͢Δɽ͜ΕΒͷࢉܭͷৄࡉ Appendix

A.9, A.11 ʹࣔͨ͠ɽ͜ΕͰɼରͳ 2 ͭͷ Lie ѥͷ double ʹΑͬͯɼVaisman ѥ͕

ಘΒΕΔ͜ͱ͕ࣔͤͨɽAxiom C5 ͱ Axiom C3 ཱ͕͢Δঢ়گɼจݙ [50] ͷٞͱໃ६͠

ͳ͍ɽ

Ͱɼٯʹ Vaisman ѥͷׂํ๏Λͯ͑ߟΈΑ͏ɽ[35] ͰߦΘΕ͍ͯΔ Courant ѥ

ͷ Dirac ෦ଋʹΑΔׂʹ͍ٞͯͮج͢ΔͨΊʹɼ·ͣ [35] ͷ֘෦ͷϨϰϡʔΛߦ

͏ɽCourant ѥ (C, [·, ·]c, ρc, (·, ·))  (·, ·) େํతͰ͋Γɼͳ͓͔ͭ࠷ͯؔ͠ʹ Courant ׅ

ހ [·, ·]c ͕ Γ(C) Ͱด͍ͯ͡Δ߹ɼDirac ෦ଋ L, L̃ ʹΑׂͬͯͰ͖Δɽ·ͨɼ(L, L̃) ࣗ

વʹ Lie ѥͱͳΔɽ͜ΕΛࣔͨ͢ΊʹඞཁͱͳͷɼҎԼʹఏࣔ͢Δ Proposition 2.3 ͱ

Lemma 5.2 Ͱ͋Δɽ

Proposition 2.3 in [35]. L ͕ɼCourant ѥ (C, [·, ·]c, ρc, (·, ·)+) ͷઢࣜܗܕ (·, ·)+ ʹͭ

͍ͯํతͳ෦ଋͰɼ͔ͭੵՄ*4ͳͱ͖, (L, [·, ·]c, ρc|L)  Lie ѥͱͳΔɽ

ͨͩ͠ɼʮ(·, ·) ʹ͍ͭͯํͳ෦ଋʯͱɼҙͷ X,Y ∈ Γ(L) ʹରͯ͠ɼ(X,Y ) = 0 ͕

ཱ͢ΔΑ͏ͳ෦ଋΛ͢ࢦɽρc|L ɼanchor ρc ͔Β L Δ෦͚ͩΛൈ͖ग़ͨ͠ͷͰ͢༺࡞ʹ

͋ΔɽProposition 2.3 ɼAxiom C1 ͷ (3.21) ࣜ

[[e1, e2]c, e3]c + c.p. = DT (e1, e2, e3) (3.21)

͔ΒɼL ʹ༝དྷ͢Δ෦ (X ͚ͩΛؚΉ߲) Λൈ͖ग़͢͜ͱͰ͙͢ʹ֬ೝͰ͖Δɽ(3.21) ࣜͷࠨล

ɼL ্ͷׅੵހ [·, ·]L ʹΑΔ Jacobiator ͱͳΔɽҰํɼӈล T ͷఆٛ

T (e1, e2, e3) =
1

3
([e1, e2]c, e3)+ c.p. (3.65)

*4 Մੵੑʹ͍ͭͯͷৄࡉ࣍ͷষͰ༩͑Δɽͻͱ͜ͱͰ͏ݴͱɼ෦ଋ L ্ͷ Lie ɽ͢ࢦด͍ͯ͡Δ͜ͱΛ͕ހׅ
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͔ΒɼL ͕ (·, ·) ʹؔͯ͠ํతͰ͋Δ͜ͱΛԾఆ͢Δͱඞͣ 0 ʹͳΔɽΑͬͯɼ[·, ·]L ͕ Jacobi

Λຬͨ͢͜ͱ͕͔֬ΊΒΕɼL  Lie ѥͱͳΔɽProposition 2.3 ͔ΒɼCourant ѥͷ

Dirac ߏ L, L̃ ͦΕͧΕ Lie ѥͱͳΔɽL ͷ anchor  ρc|L ͰɼL̃ ͷ anchor  ρc|L̃ Ͱ

ఆٛ͞ΕΔɽ

Proposition 2.3 Λཁ͓ͯ͘͠ͱɼL ͕ (·, ·) ʹؔͯ͠ํతͳ͜ͱΛ༻͍ͯ Axiom C5 ͷ

(3.25) ͔ࣜΒҎԼͷ͕ؔಋ͚ΔɽX ∈ Γ(L), ξ ∈ Γ(L̃) ͱͨ͠ͱ͖ɼ

[X, ξ]c = −LξX +
1

2
d∗⟨ξ, X⟩+ LXξ − 1

2
d⟨ξ, X⟩. (3.66)

Lemma 5.2 in [35]. L, L̃ ΛɼCourant ѥ C ʹରͯ͠ɼC = L⊕ L̃ ͱͳΔΑ͏ͳ Dirac ߏ

Ͱ͋Δͱ͢Δɽ͜ͷͱ͖ɼҎԼͷཱ͕ؔࣜ͢Δɽͨͩ͠ɼ

Ld∗fξ = −[df, ξ]L̃, LdfX = −[d∗f,X]L. (3.67)

͜͜Ͱɼd, d∗ ͦΕͧΕ Γ(∧pL̃),Γ(∧pL) Ͱ͋ΔɽࢠࢉΔ֎ඍԋ͢༺࡞ʹ

Lemma 5.2 ҎԼͷΑ͏ʹࣔͤΔɽ·ͣɼAxiom C4 ͔ΒɼҎԼͷཱ͕ؔ͢Δɽ

ρ∗ · d = −ρ · d∗. (3.68)

͜ΕΛɼAxiom C2 Ԡ༻͢Δ͜ͱͰɼҎԼͷ͕ؔΘ͔Δɽ

[ρ∗(ξ), ρ(X)] = ρc[ξ, X]c

= ρc(LξX −
1

2
d∗⟨ξ, X⟩ − LXξ +

1

2
d⟨ξ, X⟩)

= ρ(LξX)− ρ∗(LXξ) + ρ∗(d⟨ξ, X⟩). (3.69)

ͨͩ͠ɼࣜ (3.69) ͷ 1 ஈ͔Β 2 ஈͷมܗͰɼࣜ (3.66) Λ༻͍ͨɽҰํͰɼLie ѥͷੑ

࣭͔Βɼ

ρ∗(d⟨ξ, X⟩) · f = [ρ∗(ξ), ρ(X)]f − ρ(LξX) · f + ρ∗(LXξ) · f + ⟨Ld∗fξ + [df, ξ]L̃, X⟩. (3.70)

ࣜ (3.69) ͱ (3.70) ͷൺֱ͔ΒɼLd∗fξ = −[df, ξ]L̃ Ͱ͋Δɽࣜ (3.69) ͱ (3.70) ͷ ξ ͱ X Λೖ

Εସ͑ͯ͢ࢉܭ࠶ΕɼLdfX = −[d∗f,X]L ࣔͤΔɽ

Lemma 5.2 ͷؔࣜΛ೦಄ʹஔ͖ͭͭɼ͏Ұ Courant ͷހׅ Jacobiator ͷ݁ࢉܭՌʹ

͢Δɽ

[[e1, e2]c, e2]c + c.p. = DT (e1, e2, e3)− (J1 + J2 + c.p.), (3.71)

ͨͩ͠ɼJ1, J2  (3.47) Ͱࣔͨ͠ͷͱಉ͡ͷͰ͋Δ.

J1 = ιX3

(
d[ξ1, ξ2]V − Lξ1dξ2 + Lξ2dξ1

)
+ ιξ3

(
d∗[X1, X2]V − LX1d∗X2 + LX2d∗X1

)
,

J2 =
(
Ld∗(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]V

)
−
(
Ld(e1,e2)−X3 + [d∗(e1, e2)−, X3]V

)
. (3.47)

͍·ɼC = L ⊕ L̃  Axiom C1 Λຬͨ͢ͷͰɼඞવతʹ J1 + J2 + c.p. = 0 Ͱ͋ΔɽՃ͑ͯɼ

Lemma 5.2 ͔ΒɼJ2 = 0 Ͱ͋ΔɽΑͬͯ J1 + c.p. = 0 ͕ཁ͞ٻΕΔɽ͕ͨͬͯ͠ɼe1 = X1,

e2 = X2, e3 = ξ3 ͱஔ͘ͱɼҎԼͷ݅ΛಘΔɽ

d∗[X1, X2]L − LX1d∗X2 + LX2d∗X1 = 0. (3.72)
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͜ΕɼLie ѥͷ derivation ݅ (3.20) ͦͷͷͰ͋ΔɽΑͬͯɼ(L⊕ L̃)  Lie ѥ

ͱͳΔɽલઅͰड़ͨ௨ΓɼCourant ѥ C ͷ Dirac ߏ L, L̃ ɼશମͰ Manin triple

(C, L, L̃) Λߏ͢Δɽ

͜ͷ࣮ࣄΛͱʹɼVaisman ѥͷׂΛ͑ߟΔɽVaisman ѥͷ Dirac ɼCourantߏ

ѥͷ߹ͱಉ༷ʹɼΓ(V) ΛҾͱ͢Δઢࣜܗܕ (·, ·) ʹର͢Δɼ࠷େํͳ෦ଋͰఆٛ

Ͱ͖ΔɽL, L̃  V = L⊕ L̃ ͱͳΔΑ͏ͳ V ͷ Dirac Ͱ͋Δͱ͢Δɽͨͩ͠ɼVߏ  Vaisman

ѥͳͷͰɼAxiom C3, C5 ཱ͚͕ͩ͢Δɽ·ͣɼ[35] ͷ Proposition 2.3 ɼಋग़͢Δࡍʹ

Axiom C1 Λ༻͍ΔͷͰɼVaisman ѥΛલఏͱ͢Δͱཱ͠ͳ͍ɽΑͬͯɼL, L̃ ͷׅੵހ

Ұൠʹ Jacobi Λຬͨ͢ͱݶΒͣɼL, L̃  Lie ѥʹͳΒͳ͍߹͑ߟΒΕΔɽՃ͑ͯɼ

Ծʹ L, L̃ ͕ Lie ѥͰ͋ͬͨͱͯ͠ Axiom C2, C4 ͕ഁΕ͍ͯΔͨΊɼLemma 5.2 ཱ

͠ͳ͍ɽ͕ͨͬͯ͠ɼ(L, L̃) ͷؒʹ derivation ཱ݅ͤͣɼ(L, L̃) શମͰ Lie ѥΛͳ

͞ͳ͍ɽ͜ΕΛɼDFT ͷηοτΞοϓͰ۩ମతʹ݁ͨ͠ࢉܭՌ Ͱࣔ͢ɽରͳޙষͷ࣍

Lie ѥͷ L ͱ L∗ ͕ Lie ѥʹͳΔͷɼ(L,L∗) ͕શମͰ differential Gerstenhaber

Λͳ͢ͱ͖ͷΈͰ͋Δ [54]ɽ͜Εɼ֎ඍԋࢠࢉ d (·ͨ d∗) ͕ Schouten-Nijenhuis ׅ

ͱཱ྆͢Δͱ͖Ͱ͋Δɽހ
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ୈ 4ষ

Vaisman algebroid͕ݱΕΔزԿֶ

ύϥΤϧϛʔτ (para-Hermitian) ଟ༷ମʹɼDFT ͷഒԽۭ͕ؒࣗવʹݱΕΔ͜ͱ͕ [14,15,

26–28] ͳͲͰٞ͞Ε͍ͯΔɽ͜ͷষͰɼύϥΤϧϛʔτଟ༷ମ্ʹલઅͰࣔͨ͠ Vaisman ѥ

Λ͠ݱ࠶ɼͦͷ Dirac ɼDFT͍ͯͮجʹߏ ͷήʔδରশੑʹ͍ͭͯٞ͢Δɽ

͜ͷষͷલͰɼѥͷهड़ʹඞཁͳֶతߏͷఆٛΛ༩͑Δɽ·ͣɼύϥΤϧϛʔτଟ

༷ମ M Λ༩͑ɼଋ TM ͷׂ͕ύϥෳૉ (para-complex) ͔ΒࣗવʹಋೖͰ͖Δ͜ͱΛߏ

֬ೝ͢ΔɽͦΕʹਵ͢Δ༿ߏ (foliation) ߏ [56] Λಋೖ͢ΔɽՃ͑ͯɼDFT ্ͷύϥυ

ϧϘʔίϗϞϩδʔ (para-Dolbeault cohomology) ʹ͍ͭͯٞ͠ɼѥߏͷݱ࠶ʹඞཁͳ

ԋࢠࢉΛཧ͢ΔɽষͷޙͰɼ্ड़ͷఆٛΛ༻͍࣮ͯࡍʹࢉܭΛ͍ߦɼύϥΤϧϛʔτଟ

༷ମ্ʹ Vaisman ѥΛߏங͢Δɽͦͯ͠ɼલͷষͰࣔͨ͠छʑͷѥߏ͕ɼDFT Ͱ

ͲͷΑ͏ʹݱΕΔ͔ΛௐΔɽಛʹɼdeivation ݅ͱ DFT ͷ߆͍ڧଋ݅ͷؔΛ͢ߟΔɽ

4.1 ύϥෳૉߏ

DFT ͷഒԽۭؒ M ͷ࠲ඪܥ xM = (xµ, x̃µ) ɼKK Ϟʔυʹ Fourier ඪ࠲ͳڞ xµ ͱ

winding Ϟʔυʹ Fourier ඪ࠲ͳڞ x̃µ ΛΈ߹ΘͤΔ͜ͱͰಋೖ͞ΕΔɽจݙ [14,15] ʹ͓͍

ͯɼ͜ͷΑ͏ͳߏͷ࠲ඪɼύϥΤϧϛʔτଟ༷ମʹࣗવʹΈࠐ·Ε͍ͯΔͱ͍͏ࢦఠ͕ͳ

͞ΕͨɽύϥΤϧϛʔτଟ༷ମ M Λఆٛ͢Δʹɼύϥෳૉߏ͕ඞཁͱͳΔɽ·ͣɼ֓ύϥෳ

ૉଟ༷ମҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

Definition 4.1.1. ֓ (almost) ύϥෳૉଟ༷ମͱɼҎԼͷ֓ύϥෳૉߏ K ͕ఆٛ͞Εͨଟ

༷ମ M ͷ͜ͱͰ͋ΔɽK ɼK2 = 1 Λຬͨ͢Α͏ͳ TM ্ͷࣗݾಉ૾ࣸܕͰ͋Δɽ

௨ৗͷෳૉߏ J2 = −1 Ͱ Nijenhuis ςϯιϧ͕ 0 ʹͳΔͱ J ʹ͍ͭͯੵՄͱͳ

Δ [57]ɽͦΕͱಉ༷ʹɼҎԼͷྔ

NK(X,Y ) =
1

4
([K(X),K(Y )] + [X,Y ]−K([K(X), Y ] + [X,K(Y )]) (4.1)

͕ 0 ʹͳΔͱ͖ɼ֓ύϥෳૉߏ K ͕ՄੵͰ͋Δͱ͍͏ɽՄੵͳ֓ύϥෳૉߏύϥෳૉ

Ͱ͋ΔɽKߏ ͕Մੵͳͱ͖ (K,M) Λύϥෳૉଟ༷ମͱ͍͏ɽ

֓ύϥෳૉߏ K ͷݻ༗ ±1 ʹԠͯ͡ɼM ͷଋ TM Λ K ͷݻ༗෦ଋ L, L̃ ʹׂͰ

͖ΔɽTM ͷׂɼҎԼͷࣹӨԋࢠࢉ P, P̃ ʹΑͬͯߦΘΕΔɽP, P̃ ɼTM ͔Β L, L̃ Λબ
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ͿΑ͏ͳࣸ૾Ͱ͋ΓɼҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

P =
1

2
(1 +K), P̃ =

1

2
(1−K). (4.2)

P, P̃ ʹΑͬͯಘΒΕΔ෦ଋ L, L̃ ɼdistribution Ͱ͋Δɽ

Definition 4.1.2. Distribution ɼҎԼͷΑ͏ʹఆٛ͞ΕΔɽҰൠʹɼM Λ m ͷݩ࣍ C∞ ڃ

ଟ༷ମͱ͢ΔɽM ্ͷҙͷ x ͷۭؒ TxM ʹରͯ͠ɼx Β͔ͳͯؔ͠ʹ n ݩ࣍ (n ≤ m)

ͷ෦ۭؒ ∆x Λ͑ߟΔɽ∆ Λ M ্ͷશͯͷʹର͢Δ෦ۭؒ ∆x ͷू߹ͱ͢Δͱɼ∆  n

ͷݩ࣍ distribution ͱͳΔɽͨͩ͠ɼx Β͔ͱɼ∆xͯؔ͠ʹ ʹଐ͢ΔϕΫτϧ͔Βɼx ۙ

ͷશͯͷʹରͯ͠ n ΕΔɼͱ͍͏ҙຯͰ͋Δɽ࡞ͷϕΫτϧΛݩ࣍

Distribution ͷ࠷؆୯ͳྫɼn = 1 ͷ߹Ͱ͋ΔɽM ʹର͢Δ 1 ͷ࣍ distribution ɼ

TM ͷஅʹΑΔϕΫτϧ Γ(TM) ͷيͱͳΔɽҙͷ X,Y ∈ Γ(L) ʹରͯ͠ɼLie ʹހׅ

ΑΔੵ [X,Y ]L ͕ඞͣ L ʹଐ͢Δͱ͖ɼdistribution L  involutive Ͱ͋Δͱ͍͏ɽԾʹɼL, L̃

͕ involutive Ͱ͋ΕɼҎԼͷྔ͕ 0 ͱͳΔɽ

NP (X,Y ) = P̃ [P (X), P (Y )], NP̃ (X,Y ) = P [P̃ (X), P̃ (Y )]. (4.3)

͢ΔͱɼҎԼͷ Frobenius ͷఆཧ͔Βɼ(4.3) ࣜʹΑͬͯ L, L̃ ͷՄੵੑ͕ධՁͰ͖Δɽ

Theorem 4.1.3. ͋Δ distribution L ͕ՄੵͱͳΔͷ L ͕ involutive ͷͱ͖͚ͩͰ͋Δɽ

·ͨɼٯཱ͢Δɽ

ࣜ (4.3) Ͱఏࣔ͞Εͨ NP ͱ NP̃ Λ͢ͱɼࣜ (4.1) ͕ಘΒΕΔɽಋग़ Appendix A.12 ʹࣔ

ͨ͠ɽͭ·ΓɼL ʹରͯ͠ͷՄੵ݅ͱ L̃ ʹରͯ͠ͷՄੵ݅ಠཱ͓ͯ͠ΓɼL, L̃ ͷ͏ͪ

L ͚͕ͩՄੵʹͳΔ߹ (NP (X,Y ) = 0) ɼL̃ ͚͕ͩՄੵʹͳΔ߹ (NP̃ = 0) Λ͑ߟΔ

͜ͱ͕Ͱ͖Δɽ͜ͷ͕ɼύϥෳૉߏͱ௨ৗͷෳૉߏͱͷେ͖ͳҧ͍Ͱ͋Δɽ͜ͷ͔࣮ࣄΒɼ

ҎԼͷΑ͏ͳଟ༷ମΛఆٛͰ͖Δ [26, 27]ɽ

Definition 4.1.4. (M,K) Λ֓ύϥෳૉଟ༷ମͱ͢ΔɽಛʹɼL ͚͕ͩ K ʹ͍ͭͯՄੵͳͱ

͖ɼ͜ΕΛ L-ύϥෳૉ (L-para-complex) ଟ༷ମͱ͍͏ɽL̃ ʹؔͯ͠ಉ༷Ͱ͋ΔɽಛʹɼL ͱ

L̃ ͕྆ํՄੵͰ͋ΕɼTM શମ͕ K ʹؔͯ͠Մੵ (NK = 0) ͱͳΓɼ(M,K) ύϥෳ

ૉଟ༷ମʹͳΔɽ

4.2 ύϥΤϧϛʔτଟ༷ମ

ɼ֓ύϥΤϧϛʔτଟ༷ମΛఆٛ͠Α͏ɽʹ࣍

Definition 4.2.1. (M,K) Λύϥෳૉଟ༷ମͱ͢Δɽ(M,K) ͕ neutral ͳྔܭ η : TM ×
TM→ R Λͭͱ͖ɼ(M, η,K) Λ֓ύϥΤϧϛʔτଟ༷ମͱ͍͏ɽη ΛύϥΤϧϛʔτྔܭͱ

͍͍ɼη ͱ K ͷؒʹཱ྆݅ η(K·,K·) = −η(·, ·) ཱ͕͢Δɽ

ఆ͔ٛΒɼX,Y ∈ Γ(L) ͱͨ͠ͱ͖ɼη(X,Y ) = 0 Ͱ͋ΔɽՃ͑ͯɼη ͕ neutral ͳͷͰɼL, L̃

ͷ rank  1
2 dimM ͱͳΔɽΑͬͯɼL, L̃ ύϥΤϧϛʔτྔܭ η େํతͰ͋Δɽ࠷ͯؔ͠ʹ
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dω ̸= 0 dω = 0

NK ̸= 0
֓ύϥΤϧϛʔτ

(֓γϯϓϨΫςΟοΫ)

֓ύϥέʔϥʔ (almost para-Kähler)

(γϯϓϨΫςΟοΫ)

NK = 0
ύϥΤϧϛʔτ

(֓γϯϓϨΫςΟοΫ)

ύϥέʔϥʔ

(γϯϓϨΫςΟοΫ)

ද 4.1 Մੵ݅ͱ ω ͷؔ.

֓ύϥΤϧϛʔτଟ༷ମ্ʹɼK ͱ η ͔ΒɼඇୀԽͳඍ 2 ࣜܗ ω = ηK ΛఆٛͰ͖Δɽω

ҰൠʹดࣜܗͱݶΒͳ͍ɽω ΛɼҎԼʹఆٛ͢ΔΑ͏ͳɼ֓γϯϓϨΫςΟοΫଟ༷ମͷγ

ϯϓϨΫςΟοΫ 2 ͱΈͳ͢͜ͱ͕Ͱ͖Δɽࣜܗ

Definition 4.2.2. ֓γϯϓϨΫςΟοΫ (almost symplectic) ଟ༷ମͱɼ࣮ 2n ଟ༷ମݩ࣍

M ͱɼM ্ͷඍ 2 ࣜܗ ω ͷͷ͜ͱΛ͍͏ɽω Λ֓γϯϓϨΫςΟοΫࣜܗͱ͍͏ɽಛʹɼ

ω ͕ดࣜܗ (dω = 0) Ͱ͋Δ߹ɼγϯϓϨΫςΟοΫଟ༷ମͱͳΔɽ͜ͷͱ͖ɼdω = 0 Λ

ʮ֓γϯϓϨΫςΟοΫࣜܗʹର͢ΔՄੵ݅ʯͱ͍͏ɽ

Αͬͯɼ֓ύϥΤϧϛʔτଟ༷ମ (M, η,K) ֓γϯϓϨΫςΟοΫଟ༷ମͰ͋ΓɼK ʹؔ

͢ΔՄੵ݅ͱ ω ʹؔ͢ΔՄੵ݅Λผݸʹѻ͑Δɽ͜ΕΛ༻͍ͯɼද 4.1 ͷΑ͏ʹෳͷ

ଟ༷ମΛఆٛͰ͖Δɽಛʹɼޙࠓͷٞͷத৺ͱͳΔύϥΤϧϛʔτଟ༷ମͷఆٛΛվΊͯఏࣔ

͓ͯ͘͠ɽ

Definition 4.2.3. M ͱɼύϥΤϧϛʔτྔܭ η : TM × TM → Rɼύϥෳૉߏ K ͷΛ

ΔɽK͑ߟ ͚͕ͩՄੵͰɼω ͕ՄੵͰͳ͍ͱ͖ɼ(M,K, η) ύϥΤϧϛʔτଟ༷ମͰ͋Δɽ

·ͨɼK ʹର͢ΔՄੵ͕݅ L, L̃ ʹରͯ͠ಠཱʹ՝ͤΔ͜ͱ͔ΒɼҎԼͷΑ͏ͳଟ༷ମఆ

ٛՄͰ͋Δɽ

Definition 4.2.4. (M,K) Λ L-ύϥෳૉଟ༷ମͱ͢Δɽ͜ΕʹɼύϥΤϧϛʔτྔܭΛՃ͑ͨ

(M, η,K) Λ L-ύϥΤϧϛʔτଟ༷ମͱ͍͏ɽL̃ ʹؔͯ͠ಉ༷ͰɼL̃-ύϥΤϧϛʔτଟ༷ମΛ

ఆٛͰ͖Δɽ

ʹͷΑ͏ه্ L, L̃ ͷ͍ͣΕ͔͚͕ͩՄੵͱͳΔΑ͏ʹଟ༷ମΛఆٛ͢Δ͜ͱͰ͖Δ͕ɼͦ

Ε͕ഒԽۭؒΛهड़͢Δʹ͋ͨͬͯͲͷΑ͏ʹӨ͢ڹΔͷ͔͋·Γٞ͞Ε͍ͯͳ͍ɽͨͩ͠ɼ

L-ύϥΤϧϛʔτଟ༷ମͷηοτΞοϓΛ༻͍ͯɼϦʔϚϯزԿͰڞมඍΛಋೖ͢Δͷͱྨࣅ

ͨ͠ྲྀΕͰ M ্ͷඍΛิਖ਼͠ɼDFT ͷ D ྔܭΛހׅ η ͕͍ͯ͠ۂΔ߹֦ுͰ͖Δͱ

ఠ͕͋Γࢦ͏͍ [26]ɼยଆ͚ͩՄੵͱ͍͏ঢ়ޙࠓ͕گ༗༻ͱͳΔՄੑे͋Γ͏Δɽຊ

จͰҎޙɼL, L̃ ͷ྆ํ͕Մੵɼ͢ͳΘͪύϥΤϧϛʔτଟ༷ମΛ༻͍ͨഒԽۭؒͷهड़Λٞ

͢Δɽ

ύϥΤϧϛʔτଟ༷ମ M ্ͷ distribution L, L̃  η େํతɼ͢ͳΘͪ࠷ͯؔ͠ʹ dimL =

dim L̃ = 1
2 dimM Ͱ͋Δɽ͔ͭɼK ͕ՄੵͰ͋Δ͜ͱ͔Β (4.1) ͕ࣜ 0 ͱͳΓɼ(4.3) Ͱ༩͑

ͨ NP , NP̃ ͕ 0 ͱͳΔɽ͕ͨͬͯ͠ɼL, L̃ ʹ involutiveɼͭ·ΓͦΕͧΕʹดͨ͡ަੵࢠΛఆ
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ٛͰ͖Δɽ3 ষͷ 3.3.1 અͷఆٛΛࢀর͢ΔͱɼL, L̃  TM ͷ Dirac ,Ͱ͋Δɽ·ͨɼLߏ L̃ 

Frobenius ͷఆཧ͔ΒɼՄੵͰ͋Δɽ

M ʹΑͬͯഒԽۭؒΛֶతʹهड़͢Δʹ͋ͨΓɼL, L̃ ͕ՄੵͰ͋Δ͜ͱͷ༗༻ੑɼҎԼ

ʹࣔ͢ Frobenius ͷఆཧͷผͷදݱΛద༻͢ΔͱΘ͔Δɽ

Theorem 4.2.5. ͋Δ෦ଋ E ⊂ TM ͕ՄੵͱͳΔͷɼM ্ʹ༿ߏ F ͕ఆٛͰ͖Δ

߹ʹݶΒΕΔɽٯʹɼM ্ʹ༿ߏ F ͕ఆٛͰ͖ΔͳΒɼՄੵͳ෦ଋ E ΛɼM ͷ

༿ߏ F ʹର͢Δଋͱͯ͠ඞͣ༩͑ΒΕΔɽ

͍·ɼL, L̃ ՄੵͰ͋ΔɽFrobenius ͷఆཧ͔ΒɼL, L̃ ͕ଋͰ͋ΔΑ͏ͳ༿ߏ F , F̃
ΛఆٛͰ͖Δɽ

L = TF and L̃ = T F̃ . (4.4)

Mp  F ͷ༿Ͱ͋ΓɼM ্ͷ p Λ௨ΔΑ͏ͳɼF ͷ෦ۭؒͰ͋ΔɽF ༿ Mp ͷू߹
∐

[p] M[p] Ͱ͋ΔɽL̃ ʹؔͯ͠ಉ༷Ͱɼہॴ࠲ඪ xµ ɼMp ʹԊͬͯ༩͑ΒΕΔɽ͜ͷͱ͖ɼ

x̃µ  Mp ্Ͱɼ͋ΔఆΛͱΔɽ͜ͷྲྀΕɼਤ 4.1 ͷΑ͏ͳֆΛඳ͘ͱ૾͍͢͠ɽ͍·ɼ

M  F (͍ઢͷํ) ͱɼF̃ ํ͍ͨͮجʹ (੨͍ઢͷํ) ͷ 2 ௨ΓʹઍΓͰ͖Δɽਤ 4.1

Ͱࣔͨ͠ ͍ઢ͕ F ͷ༿ɼ੨͍ઢ͕ F̃ ͷ༿Ͱ͋Δɽ͍ઢͱ੨͍ઢͷҐஔؔΛܾΊΔͷ͕ɼ

ඪ࠲ xµ, x̃µ Ͱ͋Δɽxµ ͍ઢ (F ͷ༿) ʹԊͬͯɼx̃µ ੨͍ઢ (F̃ ͷ༿) ʹԊͬͯ༩͑ΒΕ

Δɽ͕ͨͬͯ͠ɼF ͔Β༿ΛҰຕબͿͱ x̃µ ఆΛͱΔɽ

F F̃

p

M

ਤ 4.1 M ߏΕΔ༿ݱʹ F  F̃ɽ༿ͷҰ෦ΛઢͰࣔͨ͠ɽ

͜ͷઅͰ͔֬ΊΒΕͨ͜ͱΛ؆୯ʹ·ͱΊΔɽύϥΤϧϛʔτଟ༷ମ M ͷ࠷େͷಛɼ

ଋ TM Λ L, L̃ ʹׂͨ͠ͱ͖ʹɼL ͷՄੵ݅ͱ L̃ ͷՄੵ͕݅શʹಠཱ͢Δ͜ͱͩͬ

ͨɽ͜ͷಛ͔ΒɼFrobenius ͷఆཧΛ༻͍ͯ M ্ʹ ೋछྨͷ༿ߏ F ͱ F̃ ΛఆٛͰ͖ͨɽ

M ͷഒԽ࠲ඪ (xµ, x̃µ) ͔Βɼͷ xµ ඪΛൈ͖ग़͢͜ͱɼM࠲ ্ͷ༿ߏ F ͔Β༿ΛҰ

ຕબͿ͜ͱͱͯ͠આ໌Ͱ͖ͨɽ͜Ε͕ɼύϥΤϧϛʔτଟ༷ମ M ͕ഒԽۭؒͷֶతͳهड़ͱ

ͯ͠༗ྗ͞ࢹΕΔཧ༝Ͱ͋Δɽ

ɼL̃ʹޙ࠷ ͱ L ͷରଋͰ͋Δ L∗ ͷؔʹ͍ͭͯίϝϯτ͓ͯ͘͠ɽύϥΤϧϛʔτྔܭ η

ɼTM = L⊕ L̃ ͔Β T ∗M = L∗ ⊕ L̃∗ ͷࣸ૾ͱΈͳͤΔɽΑͬͯɼη ҎԼͷ;ͨͭͷಉܕ

Soryushiron Kenkyu



35

ࣸ૾Λఆٛ͢Δɽ

φ+ : L̃→ L∗ and φ− : L→ L̃∗. (4.5)

͜ΕΒͷࣸ૾ɼL̃ ্ͷϕΫτϧ͕ɼL∗ ͷࣜܗͱಉҰࢹͰ͖Δ͜ͱΛҙຯ͢ΔɽL ্ͷϕΫτ

ϧͱɼL̃∗ ্ͷࣜܗʹؔͯ͠ಉ༷Ͱ͋ΔɽΑͬͯɼҎԼͷࣸ૾͕༩͑ΒΕΔɽ

Φ+ : TM→ L⊕ L∗ and Φ− : TM→ L̃⊕ L̃∗. (4.6)

ಛʹɼΦ+ ɼnatural isomorphism ͱ͍͍ɼഒԽزԿֶͱҰൠԽزԿֶΛ݁ͼ͚ͭΔͷʹར༻͞

ΕΔɽNatural isomorphism ͕ࣗવʹ༩͑ΒΕΔ͜ͱɼύϥΤϧϛʔτଟ༷ମ͕ഒԽزԿֶͷ

ֶతͳهड़ͱͯ͠༗ྗͳཧ༝Ͱ͋Δɽ

4.3 ύϥυϧϘʔίϗϞϩδʔ

લઅͰɼύϥΤϧϛʔτଟ༷ମ M ͕ഒԽۭؒͷֶతͳهड़ͱͯ͠༗༻ͳ͜ͱ͕֬ೝͰ͖ͨɽ

͔͠͠ɼM ্Ͱ Vaisman ѥΛ࣮ߏʹࡍங͢Δʹɼ֎ඍ෦ੵͳͲͷԋࢠࢉΛఆٛ͠ɼ

ࢉܭͰ͖ΔΑ͏ʹॻ͖Լ͢ඞཁ͕͋Δɽ͜ͷઅͰ M ্ͷԋࢠࢉʹ͍ͭͯड़ɼ۩ମࢉܭ

ͷͨΊʹඞཁͳ४උΛ͏ߦɽ

͜ͷઅͰɼલઅͰఆٛͨ͠ M ͷ distribution L, L̃ ʹରͯ͠ɼύϥυϧϘʔίϗϞϩδʔ

Λఆٛ͢Δɽ͡ΊʹɼM ͷۭؒ TM ʹରͯ͠ɼ௨ৗͷ֎ੵΛఆٛ͢Δɽk શͷ࣍

ରশςϯιϧੵͷஅ Γ(∧kTM) ΛɼÂk(M) ͱ͢Δɽ͢ΔͱɼTM = L⊕ L̃ Ͱ͋Δ͜ͱ͔Βɼ

Γ(L) ͱ Γ(L̃) ্ʹ֎ੵΛఆٛͰ͖ΔɽAr,s(M) Λ Γ((∧rL) ∧ (∧sL̃)) ͱ͢ΔͱɼÂk(M) 

ҎԼͷΑ͏ʹׂͰ͖Δɽ

Âk(M) =
⊕

k=r+s

Ar,s(M). (4.7)

·ͨɼ͜ͷׂΛ͢͜ىΑ͏ͳਖ਼४ࣹӨԋࢠࢉͱͯ͠

πr,s : Âr+s(M)→ Ar,s(M) (4.8)

Λఆٛ͢Δɽπr,s ɼP, P̃ ʹΑͬͯ༠ಋ͞ΕΔɽ۩ମతͳදࣜҎԼͷΑ͏ʹ༩͑ΒΕΔɽ·ͣɼ

TM ͷׂΛͨΒࣹ͢ӨԋࢠࢉΛɼҎԼͷΑ͏ʹఆΊΔɽ

P =

(
0 0
0 1

)
, P̃ =

(
1 0
0 0

)
. (4.9)

͔͜͜Βɼྫͱͯ͠ r = 2, s = 0 ͷ߹Λ͑ߟΔɽT ∈ Â2(M) ɼදࣔͰҎԼͷΑ͏

ʹॻ͚Δɽ

TMN =

(
tµν t ν

µ

tµν tµν

)
. (4.10)

ྫ͑ɼπ2,0  P ʹΑͬͯҎԼͷΑ͏ʹఆٛ͞ΕΔɽ

PM
KPN

LT
KL =

(
0 0
0 1

)(
tµν t ν

µ

tµν tµν

)(
0 0
0 1

)

=

(
0 0
0 tµν

)
. (4.11)
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tµν  Â2,0(M) ͷͰ͋Δɽ͜ΕʹΑΓɼπ2,0(TMN ) = tµν ͕༠ಋ͞ΕΔɽಉ༷ʹɼπ1,1,π0,2

ఆٛՄͰ͋Δɽ

ɼLʹ࣍ ͱ L̃ ΛҎԼͷΑ͏ʹ༩͑ΔɽࢠࢉΔ֎ඍԋ͢༺࡞ʹ

d̃ : Ar,s(M)→ Ar+1,s(M),

d : Ar,s(M)→ Ar,s+1(M). (4.12)

͜ΕΒͷ֎ඍ࡞༻ૉɼύϥυϧϘʔ࡞༻ૉͱݺΕɼ௨ৗͷෳૉଟ༷ମ্ͷυϧϘʔ࡞༻ૉ

ͱಉ͘͡ɼҎԼͷੑ࣭Λͭ࣋ɽ

d2 = 0, dd̃ + d̃d = 0, d̃2 = 0. (4.13)

͜ͷΑ͏ͳύϥυϧϘʔ࡞༻ૉͷϕΩྵੑ͔ΒɼύϥυϧϘʔίϗϞϩδʔΛఆٛͰ͖ΔɽՃ͑

ͯɼA ∈ Γ(L) ͱ α ∈ Γ(L̃) ʹରͯͦ͠ΕͧΕ෦ੵΛఆٛͰ͖Δɽ

ιA : Ar,s(M)→ Ar−1,s(M),

ι̃α : Ar,s(M)→ Ar,s−1(M). (4.14)

ΑͬͯɼҎԼͷΑ͏ʹೋछྨͷ Lie ඍΛఆٛͰ͖Δɽξ ∈ Ar,s(M) ʹରͯ͠ɼ

LAξ = (dιA + ιAd)ξ, L̃αξ = (d̃ι̃α + ι̃αd̃)ξ. (4.15)

͜ΕͰɼM ্Ͱ Vaisman ѥΛ͢ݱ࠶Δʹ͋ͨͬͯඞཁͳԋࢠࢉΛͯ͢ఆٛͰ͖ͨɽ

ྔܭΔɽύϥΤϧϛʔτ͑ߟඪදࣔͰॻ͖Լ͢ํ๏Λ࠲Λࢉɼ͜ΕΒͷԋʹ࣍ η ʹΑͬͯɼ

A1,0(M) ×A0,1(M) ͷ C∞(M,R)-ઢ͕૾ࣸܕଘ͢ࡏΔɽ⟨⟨α, A⟩⟩ΛରশରΛͱΔɼͱ͍͏ૢ

ͱͯ͠ఆٛ͢ΔɽϕΫτϧͱ࡞ 1 ͷੵࣜܗ ⟨·, ·⟩ͱ͍ͯࣅΔ͕ɼL ͱ L̃ ͕ରͰͳ͘ͱɼର

শରΛͭ͘Δ͜ͱ͕Ͱ͖Δɽಛʹɼα ∈ A0,s(M), A1, . . . , As ∈ A1,0(M) ͱ͢Δͱɼ

⟨⟨α, A1 ∧ · · · ∧As⟩⟩ = α(A1, . . . , As). (4.16)

ಉ༷ʹɼA ∈ Ar,0(M),α1, . . . ,αr ∈ A0,1(M) ͱ͢Δͱɼ

⟨⟨α1 ∧ · · · ∧ αs, A⟩⟩ = A(α1, . . . ,αr). (4.17)

͕ͨͬͯ͠ɼα ∈ A0,s(M) ͷͱ͖ɼιAα  A0,s−1(M) ʹؚ·ΕΔɽ͜ΕͰɼpairing ⟨⟨α, A⟩⟩ʹ

ɼΓ(∧rL̃)͍ͯͮج ͔Β Γ(∧r−1L̃) ΛಘΔૢ࡞ɼΓ(∧sL) ͔Β Γ(∧s−1L) ΛಘΔૢ࡞ΛنఆͰ͖

ͨɽ͜Εɼ্ड़ͷ෦ੵͷఆٛͦͷͷͰ͋Δɽ෦ੵɼpairing Λͯͬ۩ମతʹҎԼͷΑ

͏ʹॻ͖ԼͤΔɽ

ιAα(A1 ∧ · · · ∧As−1) = α(A,A1, . . . , As−1). (4.18)

ಉ༷ʹɼA ∈ Ar,0(M) ͷͱ͖ɼιαA  Ar−1,0(M) ʹؚ·ΕΔɽΑͬͯɼ

ι̃αA(α1 ∧ · · · ∧ αr−1) = A(α,α1, . . . ,αs−1). (4.19)

·ͨɼα ∈ A0,s(M),β ∈ A0,•(M), A ∈ Ar,0(M), B ∈ A•,0(M) ͱͨ͠ͱ͖ɼιA, ι̃α ͦΕͧΕ

ҎԼͷΑ͏ʹ࡞༻͢Δɽ

ιA(α ∧ β) = (ιAα) ∧ β + (−1)sα ∧ ιAβ, (4.20)

ι̃α(A ∧B) = (ι̃αA) ∧B + (−1)rA ∧ ι̃αB. (4.21)
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4.4 DFTʹ͓͚Δ Vaismanѥ

͜ͷઅͰɼલઅ·Ͱͷ༰Λ༻͍ͯɼC ʹ͍ͭͯٞ͢ΔɽॳΊߏఆٛ͢Δѥ͕ހׅ

ʹɼഒԽۭؒΛύϥΤϧϛʔτଟ༷ମ M ʹΑͬͯہॴ࠲ඪܥΛ༻͍ͨܗͰ۩ମతʹنఆ͢Δɽͦ

ͯ͠ɼલઅͰ L, L̃ ΛಘΔͷʹ༻͍ࣹͨӨ P, P̃ ͳͲΛྻߦͰදࣔ͢Δɽ·ͨɼL, L̃ ͕ Lie ѥ

Ͱ͋Δ͜ͱΛ֬ೝ্ͨ͠Ͱɼ3 ষͰ༩͑ͨ ֎ඍԋࢠࢉͳͲͯ͢දࣔ͢Δɽͦͯ͠ɼ

L ͱ L̃ ͷؒʹ derivation ཱ͕͍݅ͯ͠ͳ͍͜ͱΛ֬ೝ͠ɼ߆͍ڧଋ݅ͱ derivation ݅

ͷؔΛௐΔɽ

DFT ΕΔഒԽۭؒͱͯ͠ɼ2Dݱʹ ͷฏୱͳύϥΤϧϛʔτଟ༷ମݩ࣍ M Λ࠾༻͢Δ [26]ɽ

M ্ͷہॴ࠲ඪܥΛ xM (M = 1, . . . , 2D) ͱ͢Δͱɼۭؒ TM  ∂M ʹΑͬͯுΒΕΔɽલ

ͷઅͰड़ͨ௨ΓɼTM ࣹӨԋࢠࢉ P, P̃ ʹΑͬͯ L, L̃ ʹׂ͞ΕΔɽͦΕʹԠͯ͡ೋछྨͷ

༿ߏ F ͱ F̃ ΛఆٛͰ͖ͨ͜ͱ͔ΒɼM ͷ࠲ඪ xM ɼF ͷ༿ʹԊͬͨ࠲ඪ xµ ͱ F̃ ͷ༿

ʹԊͬͨ࠲ඪ x̃µ ʹׂ͢Δ͜ͱ͕Ͱ͖ͨɽ͜ΕʹΑΓɼഒԽϕΫτϧ Ξ = ΞM∂M ∈ Γ(TM) 

ҎԼͷΑ͏ʹɼL ଆͷͱ L̃ ଆͷʹׂͯ͠ॻ͚ΔɽA ∈ Γ(L),α ∈ Γ(L̃) ͱ͢Δͱɼ

ΞM∂M = Aµ(x, x̃)∂µ + αµ(x, x̃)∂̃µ. (4.22)

·ͨɼύϥΤϧϛʔτଟ༷ମʹɼఆ͔ٛΒඞͣ neutral ྔܭ η ͕ଘ͢ࡏΔɽ

ηMN =

(
0 1
1 0

)
. (4.23)

Neutral ɽη͢ࢦΛྔܭ༗ͷූ߸͕ਖ਼ʹͳΔͱෛʹͳΔ͕ಉͳݻɼͦͷྔܭ ɼ

DFT ʹ͓͚Δ O(D,D) ෆมͳߏ (2.5) ʹରԠ͢Δɽ·ͨɼη ʹΑΓࣸ૾ L → L̃ ͕༠ಋ͞

ΕɼഒԽϕΫτϧͷͷ্Լ ηMNAN = AM Λنఆ͢Δɽͷ্ԼΛ͑ߟΔͱɼL̃ ͱ L ͷର

ଋ L∗ ͱͷؒʹಉ૾ࣸܕ (4.6) ͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δɽη ʹΑͬͯɼഒԽϕΫτϧͷؒͷੵ

η(·, ·) = (·, ·)+ ΛఆٛͰ͖Δɽͨͩ͠ɼX,Y ∈ Γ(L) ʹରͯ͠ɼ⟨X,Y ⟩ = 0 Ͱ͋ΔɽL̃ ʹ͍ͭͯ

ಉ༷Ͱ͋Δɽ͕ͨͬͯ͠ɼL, L̃ ͦΕͧΕ TM ͷ࠷େํͳ෦ଋͰ͋Δɽ

ύϥΤϧϛʔτଟ༷ମ M ͰɼL, L̃  involutive ͳͷͰɼͦ ΕͧΕดͨ͡ަੵࢠͱͯ͠ Lie

ΛఆٛͰ͖Δɽ·ͣɼLހׅ ্ͷ Lie ΛҎԼͷΑ͏ʹఆٛ͢ΔɽA,Bހׅ ∈ Γ(L) ͱͨ͠ͱ͖ɼ

[A,B]L = [A,B]µL∂µ = (Aν∂νB
µ −Bν∂νA

µ)∂µ. (4.24)

[·, ·]L  Jacobi Λຬͨ͠ɼ͔ͭ Leibniz ଇΛຬͨ͢ɽ͞Βʹɼanchor ͱͯࣗ͠໌ͳଋࣸ૾

ρL = idL Λ࠾༻͢ΔͱɼL  Lie ѥͱͳΔɽL̃ ʹಉ༷ʹɼLie ѥΛఆٛͰ͖Δɽ͜Ε

ͰɼM ΕΔݱʹ্ Lie ѥ L, L̃ Λ۩ମతʹ༩͑ΒΕͨɽ

ɼ2ʹ࣍ ষͰ multi vector Λಋೖ͠ɼLie Λހׅ Schouten-Nijenhuis ҰൠԽͨ͠Α͏ʹɼʹހׅ

[·, ·]L ͍ͯͮجʹ Schouten-Nijenhuis ΛදࣔͰ༩͑Δɽ·ͣɼkހׅ ͷ࣍ multi vector ͱ

ͯ͠ɼA ∈ Γ(∧kL) ΛҎԼͷΑ͏ʹ༩͑Δɽ

A =
1

k!
Aµ1···µk∂µ1 ∧ · · · ∧ ∂µk . (4.25)
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“odd ”ඪ࠲ ͱͯ͠ɼζµ = ∂µ Λಋೖ͢Δɽζ άϥεϚϯͱͯ͠ѻ͏͜ͱ͕Ͱ͖ɼ∂/∂ζ ӈඍ

ͱͳΔɽ͢ͳΘͪɼ

∂

∂ζµn

(ζµ1 · · · ζµn · · · ζµk) = (ζµ1 · · · ζµn · · · ζµk)

←−
∂

∂ζµn

= (−1)k−nζµ1 · · · ζ̌µn · · · ζµk . (4.26)

ͨͩ͠ɼζ̌µn  ζµn Λফ͢ڈΔɼͱ͍͏ҙຯͰ༻͍ͨɽζ Λ༻͍Δͱɼk-vector A ҎԼͷΑ͏

ʹॻ͚Δɽ

A =
1

k!
Aµ1···µkζµ1 · · · ζµk . (4.27)

͢ΔͱɼSchouten-Nijenhuis ҎԼͷΑ͏ʹॻ͚ΔɽAހׅ ∈ Γ(∧pL), B ∈ Γ(∧qL) ͱͨ͠ͱ͖ɼ

[A,B]S =

(
∂

∂ζµ
A

)
∂µB − (−1)(p−1)(q−1)

(
∂

∂ζµ
B

)
∂µA. (4.28)

ಉ༷ͷखॱͰɼ[·, ·]L̃ Λ֦ுͯ͠ɼΓ(∧kL̃) ΛҾͱ͢Δ Schouten-Nijenhuis ހׅ [·, ·]∗S ఆٛ

Ͱ͖ΔɽҰൠʹɼଟ༷ମ্ͷ multi vector ɼSchouten-Nijenhuis Αͬͯʹހׅ Gerstenhaber

Λͳ͢ [58]. ·ͨɼϕΫτϧଋ V ্ͷ Lie ѥ V →M ͱɼmulti vector Γ(∧pV ) ʹΑΔ

Gerstenhaber ՁͰ͋Δ [59]ɽ

k-vector Λ (k+1)-vector ʹࣸ͢ͷɼલઅͰఆٛͨ͠ ύϥυϧϘʔ࡞༻ૉ d̃ : ∧kL→ ∧k+1L

Ͱ͋Δɽd̃ ҎԼͷΑ͏ʹఆٛ͞ΕΔɽX ∈ Γ(∧kL),α ∈ Γ(L̃) ͱ͢Δͱɼ

d̃X(α1, . . . ,αk+1) =
k+1∑

i=1

(−1)i+1ρL̃(αi)(X(α1, . . . , α̌i, . . . ,αk+1))

+
∑

i<j

(−1)i+jX([αi,αj ]
∗
S,α1, . . . , α̌i, . . . , α̌j , . . . ,αk+1). (4.29)

ͨͩ͠ α̌i  i ൪ͷ α Λফ͢ڈΔͱ͍͏ҙຯͰ͋Δɽಛʹɼہॴ࠲ඪΛ༻͍Δͱɼd̃  k-vector

X ʹରͯ͠ҎԼͷΑ͏ʹ࡞༻͢Δɽ

d̃X =
1

k!
∂̃µXν1···νk(x, x̃)∂µ ∧ ∂ν1 ∧ · · · ∧ ∂νk . (4.30)

͜͜Ͱɼಛʹ k = 1 ͷ߹Λ͢ࢉܭΔ͜ͱͰɼd̃ ͱ [·, ·]∗S ཱ͕྆͢Δ͜ͱΛ֬ೝ͢Δɽd̃ ͷఆٛ

(4.29) ͔Βɼk = 1 ͷͱ͖

d̃A(α1,α2) = (−1)2ρL̃(α1)(A(α2)) + (−1)3ρL̃(α2)(A(α1)) + (−1)3A([α1,α2]
∗
S)

= ρL̃(α1)(A(α2))− ρL̃(α2)(A(α1))−A([α1,α2]
∗
S).

ͨͩ͠ɼA ∈ Γ(L),α1,α2 ∈ Γ(L̃) Ͱ͋ΔɽΑͬͯɼຊઅͷલͰ༩͑ͨύϥΤϧϛʔτଟ༷ମ্

ͷہॴ࠲ඪදࣔΛ༻͍Δͱɼಛʹ ρ∗(α1) = α1µ∂̃µ ͱॻ͚Δ͜ͱʹҙ͢Ε

A([α1,α2]
∗
S) = ρL̃(α1)(A(α2))− ρL̃(α2)(A(α1))− d̃A(α1,α2)

= α1µ∂̃
µ(Aνα2ν)− α2ν ∂̃

ν(Aµα1µ)− (∂̃µAν − ∂̃νAµ)α1µα2ν

= Aµ(α1ν ∂̃
να2µ − α2ν ∂̃

να1µ).
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͕ͨͬͯ͠ɼd̃ ͱ [·, ·]∗S ཱ྆͢Δ͜ͱ͕Θ͔Δɽಉ༷ͷखॱͰɼd ͱ [·, ·]S ཱ྆͢Δ͜ͱ͕֬

͔ΊΒΕΔɽ

ɼLieʹ࣍ ඍΛہॴ࠲ඪදࣔ͢Δɽ෦ੵ࣍ͷΑ͏ʹ࡞༻͢ΔɽA,B ∈ A1,0(M),α,β ∈
A0,1(M) ͱ͢Δͱɼ

ιAβ = Aµβµ, ιAdβ = (Aν∂νβµ −Aν∂µβν)∂̃
µ,

ι̃αB = αµB
µ, ι̃αd̃B = (αν ∂̃

νBµ − αν ∂̃
µBν)∂µ. (4.31)

͢Δͱɼ(4.15) Ͱఆٛͨ͠ Lie ඍҎԼͷΑ͏ʹॻ͚Δɽ

LAβ = (dιA + ιAd)β

= d(ιAβ) + ιA(dβ)

= d(Aνβν) + ιA(∂µβν ∂̃
µ ∧ ∂̃ν)

= [(∂µA
ν)βν +Aν∂µβν ]∂̃

µ +Aµ∂µβν ∂̃
ν −Aν∂µβν ∂̃

µ

= (Aν∂νβµ + βν∂µA
ν)∂̃µ. (4.32)

L̃αB = (d̃ι̃α + ι̃αd̃)B

= d̃(ανB
ν) + ι̃α(∂̃

µBν∂µ ∧ ∂ν)

= [(∂̃µαν)B
ν + αν ∂̃

µBν ]∂µ + αµ∂̃
µBν∂ν − αν ∂̃

µBν∂µ

= (αν ∂̃
νBµ +Bν ∂̃µαν)∂µ. (4.33)

4.5 Derivaiton݅ͷഁΕ

͜Ε·Ͱͷ͔ٞΒɼύϥΤϧϛʔτଟ༷ମ M ্ʹରͳ;ͨͭͷ Lie ѥ (L, [·, ·]L, ρL, d)
ͱ (L∗, [·, ·]L∗ , ρL∗ , d∗) Λہॴ࠲ඪදࣔͰಘΔ͜ͱ͕Ͱ͖ͨɽ͜ΕΒͷѥΛ༻͍ͯɼલͷষͰ

ఏࣔͨ͠ double Խ͢Δૢ࡞ʹΑͬͯಘΒΕΔߏ (L, L̃) Λ͍ٞͨ͠ɽલͷষͰड़ͨ௨Γɼ

Lie ѥ Lie ѥ (L, [·, ·]L, ρL, d) ͱɼL ͱରͳ Lie ѥ (L∗, [·, ·]∗L, ρL, d∗) ͷؒʹ

derivation ཱ͕݅͢Δͱ͖ʹఆٛͰ͖Δɽderivation ݅ҎԼͷΑ͏ͳ݅Ͱ͋Δɽ

d∗[X,Y ]S = [d∗X,Y ]S + [X, d∗Y ]S, X, Y ∈ Γ(∧•L). (4.34)

લઅͷ (4.28) ͰɼSchouten-Nijenhuis ඪ࠲ʹΛදࣔͨ͠ͷͰɼύϥΤϧϛʔτଟ༷ମ্ހׅ

Λ͋ΒΘʹͯ͠༩͑ͨ Lie ѥ L, L̃ ʹରͯ͠ɼderivation ཱ͕͍݅ͯ͠Δ͔Ͳ͏͔͔֬Ί

ΒΕΔΑ͏ʹͳͬͨɽ࣮ࡍʹ (4.34) ͷࠨลΛ͢ࢉܭΔͱɼ࣍ͷ݁Ռ͕ಘΒΕΔɽ

d̃[A,B]S = ∂̃µ[A,B]νS∂µ ∧ ∂ν

= ∂̃µ(Aρ∂ρB
ν −Bρ∂ρA

ν)∂µ ∧ ∂ν

= (∂̃µAρ∂ρB
ν +Aρ∂ρ∂̃

µBν − ∂̃µBρ∂ρA
ν −Bρ∂ρ∂̃

µAν)∂µ ∧ ∂ν . (4.35)
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ଓ͍ͯɼ(4.34) ͷӈลΛ͢ࢉܭΔͱҎԼͷ݁Ռ͕ಘΒΕΔɽ

[d̃A,B]S =

(
∂

∂ζρ
d̃A

)
∂ρB − (−1)0

(
∂

∂ζρ
B

)
∂ρd̃A

= (∂̃µAρζµ − ∂̃ρAµζµ)∂ρB
νζν −Bρ∂ρ∂̃

µAνζµζν

= (∂̃µAρ∂ρB
ν − ∂̃ρAµ∂ρB

ν −Bρ∂ρ∂̃
µAν)∂µ ∧ ∂ν ,

[A, d̃B]S = −[d̃B,A]S

= −(∂̃µBρ∂ρA
ν − ∂̃ρBµ∂ρA

ν −Aρ∂ρ∂̃
µBν)∂µ ∧ ∂ν . (4.36)

͕ͨͬͯ͠ɼderivation ݅࣍ͷΑ͏ʹഁΕ͍ͯΔɽ

d̃[A,B]S = [d̃A,B]S + [A, d̃B]S + (∂̃ρAµ∂ρB
ν + ∂̃ρBν∂ρA

µ)∂µ ∧ ∂ν . (4.37)

ӈล߲ࡾͷଘ͔ࡏΒɼύϥΤϧϛʔτଟ༷ମ্ʹݱΕΔ;ͨͭͷ Lie ѥ L ͱ L̃(≃ L∗) ͷ

ؒʹɼderivation ཱ݅͠ͳ͍͜ͱ͕Θ͔Δɽ͕ͨͬͯ͠ɼ(L, L̃)  Lie ѥΛͳ͞ͳ

͍ɽՃ͑ͯɼ 3 ষͰࣔͨ͠௨ΓɼL ͱ L̃ ͷ double L⊕ L̃ ʹΑͬͯಘΒΕΔߏ Vaisman ѥ

Ͱ͋Δɽ͜ͷ Vaisman ѥͷ anchor  ρ = ρL + ρL̃ɼඍԋࢠࢉ D = d+ d̃ Ͱఆٛ͞Ε

Δɽ·ͨɼඇୀԽͳઢࣜܗܕɼରশରΛ༻͍ͯҎԼͷΑ͏ʹఆٛ͞ΕΔɽΞi ∈ Γ(TM) ͱ͠

ͨͱ͖ɼ

(Ξ1,Ξ2) = (A+ α, B + β) =
1

2

{
⟨⟨α, B⟩⟩+ ⟨⟨β, A⟩⟩

}
. (4.38)

·ͨɼVaisman ఆٛ͢Δɽ͜ΕɼDFTʹܗҎԼͷހׅ ͷ C Ͱ͋Δɽܗͱશ͘ಉ͡ހׅ

[Ξ1,Ξ2]V = [A+ α, B + β]V = [A,B]L + LAβ − LBα−
1

2
d(ιAβ − ιBα)

+ [α,β]L̃ + L̃αB − L̃βA+
1

2
d̃(ιAβ − ιBα). (4.39)

(L⊕ L̃, [·, ·]C, ρV, (·, ·)) ͷɼVaisman ѥͱͳΔɽ

͜͜Ͱɼ(4.37) ͷӈล 3 ߲ʹண͢Δɽ͜ͷ߲ɼderivation ݅ͷഁΕΛ͍ͯ͠ݱΔ߲Ͱ

͋Γɼ

∂̃ρAµ∂ρB
ν + ∂̃ρBν∂ρA

µ = ηKL∂KAµ∂LB
ν . (4.40)

ͱॻ͖͢͜ͱ͕Ͱ͖Δɽ͜Εɼ·͞ʹ߆͍ڧଋ݅ (2.21) Λ՝͢͜ͱͰফ͑Δܗͷ߲Ͱ͋Δɽ

ͭ·Γɼ߆͍ڧଋ݅Λ՝͢͜ͱͰɼL ͱ L̃ ͷؒʹ derivation ཱ͕݅͢ΔΑ͏ʹͳΔɽΑͬ

ͯɼ͜ΕΒͷϖΞ (L, L̃)  Lie ѥΛఆٛ͢Δɽ·ͨɼ3 ষͰͷ͔ٞΒɼ্هͷ L ⊕ L̃

ʹରͯ͠ derivation ݅Λ՝͢ͱจݙ [35] ͷ Courant ѥͱͳΔɽΑͬͯɼDFTʹ͓͚Δ

ɼLݯىଋ݅ͷతͳ߆͍ڧ ͱ L̃ ͷؒͷ derivation ݅Ͱ͋Δͱ͑ݴΔɽ͜Εɼจ

ݙ [36] ʹ͓͚Δɼpre-DFT ѥʹରͯ͠߆͍ڧଋ݅Λ՝͢ͱ Courant ѥ͕ಘΒΕΔͱ

ఠͱ߹க͢Δɽࢦ͏͍

ҰํͰɼC ଋ݅Λ՝͢ͱɼ(2.2)߆͍ڧରͯ͠ʹހׅ ࣜͰࣔͨ͠ [17] ͷ Courant ಘΒ͕ހׅ

ΕΔͷɼ2 ষͷޙ࠷Ͱड़ͨ௨ΓͰ͋Δɽจݙ [35] ͷ Courant Β͔ހׅ (2.2) ࣜͷ Courant ׅ

ଋ݅ͱ߆͍ڧඞཁͰ͋Δɽ͕ߟΛಘΔʹɼ͏গ͠ހ derivation ݅ͷؒͷؔਤ 4.2

ʹࣔͨ͠΄͔ɼ࣍ͷઅͰҾ͖ଓ͖ٞΛ͏ߦɽ
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4.6 ҰൠزԿֶͱͷؔ࿈

͜ͷઅͰɼલઅ·Ͱٞͨ͠ L, L̃ ʹΑΔήʔδͱɼҰൠԽزԿֶͱͷؔΛٞ͢Δɽ

DFT ͷήʔδରশੑΛنఆ͢Δ C Կֶʹ͓͚ΔزɼύϥΤϧϛʔτހׅ Vaisman ͱҰހׅ

க͢Δ͜ͱɼ[15, 25] Ͱࢦఠ͞Ε͍ͯΔɽC ͷඍಉ૬ࣸ૾ͱɼBඪม࠲ɼҰൠހׅ ͷ

U(1) ήʔδมΛಉ࣌ʹѻ͍ɼO(D,D) มͱͳΔΑ͏ʹΜͩͷͰ͋ΔɽVaismanڞ Λހׅ

ύϥΤϧϛʔτଟ༷ମ্Ͱ͢ݱ࠶Δʹ͋ͨͬͯɼ߆͍ڧଋ݅Λཁ͢ٻΔඞཁͳ͍ɽΑͬͯɼ

Vaisman ଋ݅Λ՝͞ͳ͍ঢ়ଶͰͷ߆͍ڧހׅ DFT ͷήʔδରশੑɼ͢ͳΘͪ “off-shell” Ͱ

ͷήʔδରশੑΛهड़͢ΔɽزԿֶతʹɼഒԽۭؒΛهड़͢ΔͨΊʹύϥෳૉߏΛಋೖͯ͠

͍ΔͨΊɼଋ TM  L ⊕ L̃ ͷܗʹׂͰ͖ɼL ͱ L̃ ͦΕͧΕ Lie ѥͱͳΔɽL, L̃ 

ଞʹΑ͍ੑ࣭Λͭ࣋ɽL, L̃  distribution Ͱ͋ΓɼDirac ,Ͱ͋ΔɽLߏ L̃ ্ͷׅੵހ

involutive Ͱ͋ΓɼFrobenius ͷఆཧ͔ΒੵՄͰ͋Δɽ͕ͨͬͯ͠ɼL, L̃ ͦΕͧΕ M ্ͷ

༿ߏ F , F̃ ͷଋͱͳΔɽxµ Ͱಛ͚ΒΕΔཧతۭ࣌ɼ༿ߏ͔Β༿ΛҰຕબͿ͜

ͱͰఆΊΒΕΔ (༿ΛબͿ͜ͱͰɼx̃µ ఆʹͳΔ)ɽ·ͨɼύϥΤϧϛʔτྔܭ η ʹΑͬͯఆٛ

͞ΕΔಉ͔૾ࣸܕΒɼL̃ = TF ≃ L∗ = T ∗F ͳͷͰɼL̃ ͷϕΫτϧɼL∗ ͷ 1 ͰࢹͱಉҰࣜܗ

͖Δɽ͕ͨͬͯ͠ɼL ଆͷ Lie ϕΫτϧଆͷήʔδύϥϝʔλހׅ ξµi ʹΑͬͯҰൠ࠲ඪมΛ

͠ɼL̃ࢧ ଆͷ Lie ހׅ 1 ଆͷήʔδύϥϝʔλࣜܗ ξ̃i,µ ʹΑͬͯ B ͷήʔδมΛࢧ

͢ΔɽҰൠʹɼ1 ଆͷࣜܗ Lie ހׅ 0 ʹͳΒͳ͍͜ͱ͔ΒɼO(D,D) มͳڞ B ͷήʔδม

ɼඇՄͳ “off-shell” ରশੑͱ֦ு͞ΕΔɽ

C-bracket

strong constraint ∂̃ = 0

c-bracket

Vaisman bracket

derivation condition (14)

Courant bracket in (21)

[·, ·]∗ = 0

c-bracket

ਤ 4.2 Λࣔͨ͠ɽͱ݅ͷؔހׅ֤

Ͱɼ߆͍ڧଋ݅Λ՝ͨ͠ޙͷ͜ͱΛͯ͑ߟΈΑ͏ɽ͜ͷͱ͖ɼDFT ͷήʔδ C ހׅ

Ͱด͡Δɽ͕ͨͬͯ͠ɼC ଋ݅߆͍ڧड़͢Δʹɼهఆ͞ΕΔ͕ରশੑΛنΑͬͯʹހׅ

͕ඞͣຬͨ͞ΕΔඞཁ͕͋Δɽ߆͍ڧଋ݅Λղ͘࠷؆୯ͳํ๏ɼwinding ඪʹ͔͔Δඍ࠲

Λ 0 ʹ͢Δ (∂̃∗ = 0) ͜ͱͰ͋Δɽ͜ͷͱ͖ɼ1 ଆͷࣜܗ Lie ހׅ 0 ͱͳΓɼC ހׅ (2.2)

ࣜͷ c ހׅ [·, ·]c ʹม͢ܗΔ (ਤ 4.2)ɽ͜ΕɼDFT ήʔδύϥϝʔλʹରͯ͠ ଋ߆͍ڧ

݅Λ՝͠ɼ“on-shell”ɼ͢ͳΘͪཧతͳ෦ۭؒΛఆٛ͢Δ͜ͱʹΑΓɼ“off-shell” ͰඇՄ

ͩͬͨ B ͷήʔδରশੑ͕ “on-shell” ͰՄʹͳΔ͜ͱΛҙຯ͢Δɽ͜ͷҙຯͰɼC ހׅ

ͷ “on-shell” ൛ͱͯ͠ରԠ͢Δͷ͕ c ͱ͍͑Δɽֶతʹɼcހׅ ͷखॱͰಘΒΕΔɽ࣍ހׅ
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·ͣɼVaisman ରͯ͠ɼderivationʹހׅ ݅ (3.20) Λ՝͢ɽͦͯ͠ɼL̃ ଆͷ Lie Λހׅ zero

bracket ([·, ·]L̃ = 0) ͱ͢ΕΑ͍ɽࢉܭʹΑͬͯ໌ࣔతʹࣔͨ͠Α͏ʹɼC ఆ͢Δن͕ހׅ

Vaisman ѥʹରͯ͠ derivation ݅Λ՝͢ͱɼͦͷߏจݙ [35] ͷ Courant ѥͱͳ

Δɽ·ͨɼ (L, L̃) શମͰ Lie ѥΛ͢ɽ͞Βʹɼ[·, ·]L̃ = 0 ͱ͢Ε C ހׅ (2.2) ࣜ

ͷ c มԽ͢Δɽ͜ͷʹހׅ c ΕΔݱʹԿֶزɼҰൠԽހׅ Courant ͳΒͳ͍͔΄ʹހׅ [11]ɽ

ύϥυϧϘʔίϗϞϩδʔΛنఆͨ͜͠ͱͰɼ߆͍ڧଋ݅Λຬͨ͢Α͏ͳɼ“on-shell” ͷ

DFT ήʔδύϥϝʔλɼύϥυϧϘʔ࡞༻ૉΛ࡞༻ͤ͞Δͱ 0ɼ͢ͳΘͪύϥਖ਼ଇ

(para-holomorphic) ͳྔͱͳΔಛ͕͋Δɽ

para-holomorphic : d̃Φ = 0. (4.41)

Φ ɼഒԽۭؒͷҙͷήʔδύϥϝʔλͰ͋Δɽ͜ΕɼΦ ͕ F ͷ༿ʹ੍͞ݶΕ͍ͯΔͷ

ʹ͍͕͠ɼύϥυϧϘʔ࡞༻ૉ͕ d, d̃ ͷೋछྨ͋Δ͜ͱ͔Βɼ߆͍ڧଋ݅ͷղͱͯ͠ҰҙͰ

ͳ͍ɽ߆͍ڧଋ݅ͷ͏ҰͭͷղɼΦ ͕ύϥਖ਼ଇ (anti-para-holomorphic) ͳྔͱͳΔ

߹Ͱ͋Δɽ

anti-para-holomorphic : dΦ = 0. (4.42)

ύϥਖ਼ଇͳྔɼF̃ ͷ༿ʹ੍͞ݶΕΔɽͭ·Γɼxµ Λఆʹ͢Δ͜ͱͰఆٛͰ͖Δ winding

ۭؒʹଘ͢ࡏΔɽDFT ʹ͓͚Δӡಈํఔࣜͷղͱͯ͠ɼwinding ۭؒʹґଘ͢Δۭ࣌ݱΕ

Δ [60–64]ɽ
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ୈ 5ষ

·ͱΊ

ຊम࢜จͰɼݭཧʹ͓͚Δ T ରੑΛ໌നʹؚΜͩॏྗཧͰ͋Δ Double Field Theory

ʹɼಛ͍ͯͮجʹ DFT ͷۭ࣌ͷزԿֶతͳඳ૾ɼήʔδରশੑʹݱΕΔߏͳͲͷֶత

ͳଆ໘ʹ͍ͭͯٞͨ͠ɽ

ୈ 2 ষͰɼDFT ʹ͍ͭͯɼඞཁ࠷ݶͳ෦͚ͩΛ͘͝؆୯ʹ·ͱΊͨɽ·ͣഒԽ࠲ඪΛ

ఏࣔ͠ɼྔܭɼجຊͱͳΔ DFT ͳͲΛհͨ͠ɽͦͯ͠ɼҰൠԽ Lie ඍͷ͔ࢉܭΒɼಛ

ʹ DFT Λੜ͢ΔߏΕΔήʔδݱʹ C ड़ɼຊจͷओͰ͋Δʹࡉৄ͍ͯͭʹހׅ

Vaisman ѥͱ͍͏৽͍͠ߏ͕ఏࣔ͞ΕΔ͜ͱΛհͨ͠ɽ·ͨɼཧత section ݅ʹͭ

͍ͯड़ɼ߆͍ڧଋ݅Λ՝͢લޙͰͷ C ͷ;Δ·͍ͷมԽɼDFTހׅ ͷزԿֶతͳΈͷ

ҧ͍ʹ͍ͭͯͨ͠ٴݴɽ

ୈ 3 ষͰɼࠓֶతͳ؍͔Βɼ࠷ૅجతͳߏͰ͋Δ Lie Λग़ൃͱ͠ɼ

ঃʑʹߏΛҰൠԽ͍ͯ͘͜͠ͱͰ Vaisman ѥͷີݫͳఆٛΛ༩͑ͨɽ·ͨɼDrinfel’d

double ͱ͍͏ૢ࡞ʹண͠ɼVaisman ѥɼશମͰ Lie ѥΛͳ͞ͳ͍Α͏ͳ Lie ѥ

ͷϖΞ (E,E∗) ͷ double ʹΑͬͯߏͰ͖Δ͜ͱΛࣔͨ͠ɽՃ͑ͯɼ[35] ͷ Courant ѥ

ʹؔ͢Δٞʹ͍ͯͮج Vaisman ѥͷ Dirac ΕݱΈͨɽׂʹΑͬͯࢼʹΑΔׂΛߏ

Δ;ͨͭͷ Dirac ߏ L, L̃ ≃ L∗ ͷؒʹ derivation ཱ݅ͤͣɼL, L̃ ≃ L∗ ͷશମͰ

Lie ѥΛͳ͞ͳ͍͜ͱ͕͔֬ΊΒΕͨɽ

ୈ 4 ষͰɼୈ 3 ষͰ໌Β͔ʹͨ͠ Vaisman ѥͷ double Λ༻͍ͯɼୈߏ 2 ষͰհ͠

ͨ DFT ͷήʔδߏʹ͍ͭͯͨ͠ߟɽ·ͣɼഒԽۭؒͷֶతͳඳ૾ͱͯ͠ɼ2D ͷݩ࣍

ύϥΤϧϛʔτଟ༷ମ M Λಋೖͨ͠ɽM ɼύϥෳૉߏ K Λͭ࣋͜ͱ͔Βɼଋ TM Λ࠷

େํతͳ෦ଋ L, L̃ ͱࣗવʹׂ͢Δ (TM = L⊕ L̃)ɽ͜Εʹ͍ɼTM ͷஅ໘Ͱ༩͑Β

ΕΔഒԽϕΫτϧ Ξ = ΞM∂M ΛɼΞ = Aµ∂µ +αµ∂̃µ ʹׂͨ͠ɽ͜͜ͰɼA ∈ Γ(L),α ∈ Γ(L̃)

Ͱ͋Δɽͦͯ͠ɼL, L̃ ͦΕͧΕ Lie ѥͰ͋Δ͜ͱΛ͔֬ΊͨɽL, L̃ ʹର͢Δ֎ੵΛ

ΒɼL͔ࢉܭͳࡉஙͨ͠ɽৄߏఆ͠ɼύϥυϧϘʔίϗϞϩδʔΛن ଆʹ࡞༻͢Δ֎ඍԋ

ࢠࢉ d̃ ͕ɼLie ހׅ [·, ·]L ʹରͯ͠ derivation ݅Λຬͨ͞ͳ͍͜ͱΛ֬ೝ͠ɼL, L̃ Ұൠʹશ

ମͰ Lie ѥΛͳ͞ͳ͍͜ͱΛࣔͨ͠ɽୈ 2 ষͰͷ͔ٞΒɼC ߏఆ͢Δن͕ހׅ

 Vaisman ѥͰ͋Δ͜ͱΛվΊͯࣔͨ͠ɽ·ͨɼDFTͷ߆͍ڧଋ݅ͷతͳ͕ݯىɼ

derivation݅Ͱ͋Δ͜ͱΛࣔͨ͠ɽ

ຊम࢜จʹ͓͍ͯಘΒΕͨ৽ͨͳ݁Ռɼओʹֶతͳ؍͔ΒɼVaisman ѥ͕;ͨͭ

Soryushiron Kenkyu



44

ͷ Lie ѥͷ double ͰಘΒΕΔͱࣔͨ͜͠ͱͱɼͦͷཧతͳԠ༻ͱͯ͠ɼ߆͍ڧଋ݅ͷ

తͳ͕ݯى derivation ݅Ͱ͋Δͱ໌Β͔ʹͨ͜͠ͱͷ;ͨͭͰ͋Δɽ͜ͷ݁Ռɼ[13] ʹ͓

͍ͯग़൛ࡁΈͰ͋Δɽ

ɹ

ͷలޙࠓ

ഒԽزԿֶΛ௨ͯ͠ DFT ͷཧߏΛཧղ͠ɼT ରੑ͕ۭ࣌ʹ༩͑ΔӨڹΛΓ͍ͨͱ

͍͏͜ͱ͕ɼڀݚͷతͰ͋Δɽޙ࠷ʹɼDFT  ഒԽزԿֶʹؔ͢ΔຊจʹऔΓ্͛ͨҎ

֎ͷɼ͜ͷతʹԊͬͯޙࠓऔΓΈ͍ͨΛ͍͔ͭ͘հ͍ͨ͠ɽ͢Ͱʹड़ͨ௨

ΓɼDFT ʹ͓͍ͯ C Ε͍͑ݴಛ͚ͨͷɼͦͷήʔδରশੑͰ͋Γɼ͕ހׅ ແݶখͷ

(infinitesimal) ήʔδมͰ͋Δɽ͜Εʹର͠ɼ༗ݶͷ (finite) ήʔδมʹ͕ؔͯٞ͠ߦΘ

Ε͍ͯΔɽදతͳจ [19, 65–71] Ͱ͋Δɽಛʹֶతͳ؍͔Β͏ݴͱɼLie ͕܈ Lie 

͔ΒߏͰ͖Δͱ͍͏͔࣮ࣄΒྨਪ͢ΔʹɼDFT ͷ༗ݶήʔδมɼVaisman ѥͷ “ੵ

 (integration)” ΒΕΔɽগͳ͘ͱɼLie͑ߟΑͬͯಘΒΕΔͱʹ࡞ૢ ѥͷੵʹΑͬͯ

Poisson-Lie ಘΒΕΔ͕܈ [72] ͜ͱɼͦͷҰൠԽͰ Lie () ѥͷੵʹΑͬͯ (Poisson-)

Lie ѥ܈ (groupoid) ͕ಘΒΕΔ͜ͱ [43,44] ͢ͰʹΒΕ͍ͯΔɽ·ͨɼ͋Δछͷ Courant ѥ

ͷੵʹΑͬͯѥݱ1͕*܈ΕΔͩΖ͏ɼͱ͍͏༧ଌ͕͋Δ [74,75]ɽ͜ͷΑ͏ͳɼʮੵʹΑͬ

ͯɼ͋ Δ (·ͨѥ) ͔Β܈ (·ͨѥ܈) ΛಘΔʯͱ͍͏ɼ“coquecigrue problem”

*2ͱݺΕΔɽ͠ɼVaisman ѥʹର͢Δ coquecigrue problem ͕ղܾ͢ΕɼͦΕֶ

తʹڵຯਂ͍݁ՌͰ͋Δ͚ͩͰͳ͘ɼDFT ͷήʔδରশੑͷزԿֶతͳݯىΛ༩͑ΔͩΖ͏ɽ

·ͨɼ߆͍ڧଋ݅Λ՝͢͜ͱɼDFT ͷดͨ͡ήʔδΛಘΔͨΊͷे݅Ͱ͋Γɼඞ

ཁ݅Ͱͳ͍ɽΑΓҰൠతʹɼ߆͍ڧଋ݅Λඞཁͱ͠ͳ͍ DFT ηοτΞοϓ͑ߟΒΕ

͍ͯΔ [76]ɽ͜ͷΑ͏ͳঢ়گͰɼຊम࢜จͰѻͬͨ Vaisman ѥΑΓॏཁͳҙຯ߹͍Λ

Ζ͏ɽͩͭ࣋

ഒԽۭؒΛֶతʹهड़͢Δʹ͋ͨͬͯɼݱஈ֊Ͱ༷ʑͳํ๏͕͑ߟΒΕ͍ͯΔɽ͜ޙࠓΕ

Βͷํ๏͕ͨͩͻͱͭͷਖ਼ͳهड़ʹߜΓࠐ·Ε͍ͯ͘ͷ͔ɼ͋Δ͍ෳͷՁͳهड़͕ͭݟ

͔Δͷ͔ఆ͔Ͱͳ͍͕ɼ͍ͣΕʹͤΑঃʑʹͦΕͧΕͷํ๏ͷؔੑཧ͞Ε͍ͯͩ͘

Ζ͏ɽຊम࢜จͰɼഒԽۭؒͷݱ࠶ͱͯ͠ύϥΤϧϛʔτଟ༷ମΛ࠾༻ͨ͠ɽ͜Εͱಠཱ͠

ͨΞϓϩʔνͱͯ͠ graded ԿֶΛ༻͍Δํ๏͋Δز [21, 77, 78]ɽ͜ΕΒͷ;ͨͭͷํ๏ɼ

Courant ѥͱ QP ଟ༷ମ͕ՁͰ͋Δ͜ͱ [79] ʹ༝དྷͯ͠ಉͳͷͰ͋ΔɽC ߏͷހׅ

ͱ derived ੵހׅ [21, 80] ͷؔΛௐΔͱɼgraded ͕ԿֶͷؔزԿֶͱύϥΤϧϛʔτز

ཧ͞ΕΔͣͰ͋Δɽ·ͨɼύϥΤϧϛʔτزԿֶͷ֦ுͱͯ͠ɼϘϧϯزԿֶ͕ߟҊ͞Ε͍ͯ

Δ [26, 27]ɽϘϧϯزԿֶͰɼᎇۂͱ͍ۭͬͨؒͷੑ࣭Λهड़͢ΔزԿֶྔΛఆٛ͢Δࢼ

Έ͕ߦΘΕ͓ͯΓɼଞͷํ๏ͱൺͯ։ൃ͕ҰาਐΜͰ͍ΔɽϘϧϯزԿֶͰఆٛͨ͠ྔ͕ DFT

ʹͲͷΑ͏ʹݱΕΔ͔νΣοΫͰ͖ΕɼഒԽۭؒͷֶతͳهड़ͱͯ͠ϘϧϯزԿֶͷ৴ጪੑ

*1 ѥ܈ɼతʹ͍͏ͱ୯Ґݩʹ͋ͨΔݩΛෳͭΑ͏ͳɼ܈Λ֦ுͨ͠ߏͰ͋Δɽৄࡉɼ[73] ͳͲʹৄ͍͠ɽ
ѥ܈ (groupoid) ʹؔͯ͠ɼจதͰ͜ΕҎ্ৄࡉʹ͠ٴݴͳ͍ɽ

*2 coquecigrue ɼ16 ͷϑϥϯεจֶͰ͋ΔʮΨϧΨϯνϡΞلੈ (Gargantua) ޠʯ,ʮύϯλάϦϡΤϧ
(Pantagruel)ʯʹݱΕΔ্ۭͷੜΛ͢ࢦɽ
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૿ͩ͢Ζ͏ɽ

T ରੑͷ֦ுͰ͋Δ Poisson-Lie T-duality [81, 82] ͱͷؔٞ͞Ε͍ͯΔɽtype II 

ॏྗཧΛϕʔεʹ܈ଟ༷ମ্Ͱ DFT Λߏங͢ΔͱɼPoisson-Lie T-duality ͕ཧͷ໌നͳର

শੑͱͳΔɽຊम࢜จͰड़ͨ double ʹΑΔ Vaisman ѥͷߏஙఈۭؒͷछྨΛΘ

߹ʹͲͷΑ͏ͳ݁Ռ͕ಘΒΕΔ͔͔֬Ί͍ͨɽগͳ͘ͱͨ͠ݱ࠶ଟ༷ମ্Ͱ܈ΔͷͰɼ͑ߦͣ

ɼ[35] ͷ Drinfel’d double ʹΑΔ Courant ѥ͕ݭཧʹ͓͍ͯ Poisson-Lie T-duality Λ

ཧղ͢ΔͨΊͷݤͱͳΔ [83–86]ɽ

ɼDFTʹޙ࠷ ࣗମͷૉͳ֦ுͱͯ͠ɼରশੑΛ T ରੑ͔Β U ରੑʹ্֨͛͢Δ͜ͱ

ΒΕΔɽDFT͑ߟ͕ ΛϕʔεʹɼU ରੑΛ໌നͳରশੑͱ͢Δཧͱͯ͠ Exceptional Field

Theory (EFT) Ҋ͞Εͨߟ͕ [87]ɽEFT ͷήʔδରশੑ [88] ͳͲͰٞ͞Ε͍ͯΔ͕ɼDFT

Ҏ্ʹزԿֶతͳඳ૾͕ෆ໌ྎͰ͋Δɽૉʹ͑ߟΕɼEFT  DFT ͷ֦ுͰ͋Δ͔ΒɼEFT

ͷزԿֶతඳ૾ ഒԽزԿֶΛแ͍ͯ͠ΔͣͰ͋ΔɽԾʹഒԽزԿֶࣗମֶ͕తʹهड़Ͱ

͖ͨͱͯ͠ɼ͞ΒʹͦΕ͕֦ு͞ΕΔՄੑे͍ͯͬΔɽٞޙࠓ͍ͨ͠ڵຯਂ͍

ੵࢁΈͰ͋Δɽ

ँࣙ

ֶ෦͔ΒҾ͖ଓ͖ஸೡʹࢦಋͯͩͬͨ͘͠͞ࢣߨͷࠤʑ৳ઌੜʹਂ͘ँײਃ্͛͠·͢ɽࢲ

ςʔϚͱग़ձͬͨͷɼΔ͜ͱڀݚͷࠓ͕ 3 લʹʮҰൠԽزԿֶͱ͍͏໘നͦ͏ͳ͕͋ࡐ

ΔͷͰɼ͠ྑ͔ͬͨΒଔڀݚۀͰͬͯΈͳ͍͔ʯͱհΛड͚ͨ͜ͱ͕͖͔͚ͬͰͨ͠ɽ͋

ͷΓऔΓ͕ͳ͚Εࠓͷࢲଘ͠ࡏ·ͤΜɽڞಉऀڀݚͰ͋Γɼଚ͢ܟ͖ઌഐͰ͋Δത࢜

ೋͷԘ݈ଠ͞Μʹँײਃ্͛͠·͢ɽӃʹਐֶͨ࣌͠ɼ·͔͞म࢜ऴྃ·Ͱʹ͓ೋਓ

ͱڞಉ͕ڀݚͰ͖ͯจ͕ग़Δͱເʹ͍ͯͬࢥͳ͔ͬͨͰ͢ɽ͜Ε·ͰͷਓੜͰҰ൪͍͠خ

ग़དྷࣄͰͨ͠ɽվΊͯਂ͘ྱޚਃ্͛͠·͢ɽՃ͑ͯɼੈ͓ࠒʹͳ͍ͬͯΔཬେֶ͓Αͼ

ଞେֶͷॾઌഐํɼಉڃੜɼޙഐͨͪʹ͠ँײ·͢ɽޙ࠷ʹɼओࠪΛΊ͍͖ͯͨͩ·ͨ͠େ

ਃ্͛͠·͢ɽँײʹतڭେֶͷංོࢠঁ࠺

͓͔͛͞·Ͱɼਐֶͨ͠ॳ૾͠ͳ͔ͬͨΑ͏ͳɼඇৗʹೱີͳ म࢜ 2 ؒΛա͢͜͝

ͱ͕Ͱ͖·ͨ͠ɽͱָͯ͘͠ॆ࣮ͨؒ࣌͠Ͱͨ͠ɽΘͨ͠ʹͱͬͯҰੜͷๅͰ͢ɽ͜ͷΑ͏ʹ

ॻ͘ͱɼ·ΔͰେֶӃੜ͕׆ऴΘΔ͔ͷΑ͏ͳ֮ࡨΛ֮͑·͕͢ɼ͏Կ͔ಉ͡ॴͰ͓ੈ

ʹͳΓ·͢ɽ͔ޙΒࣗͰɼ͜Ε͕ྑ͍அͩͬͨͱ͑ࢥΔΑ͏ʹؤுΓ·͢ɽվΊͯΑΖ͘͠

ɽ͢·͍͍ͨ͠ئ͓

Soryushiron Kenkyu



46

 A

ϊʔτࢉܭ

A.1 Cׅހͷ Jacobiatorͷಋग़

C ͷހׅ Jacobiator (2.23) ͷಋग़Λ͏ߦɽC ͱހׅ D ༺Δ͜ͱΛؔ͢ʹҎԼͷΑ͏͕ހׅ

͍Δɽ

[Ξ1,Ξ2]
M
D = [Ξ1,Ξ2]

M
C +

1

2
ηMN∂N (ηKLΞ

K
1 ΞL

2 ) (A.1)

·ͨɼC ހׅ D ΑͬͯҎԼͷΑ͏ʹఆٛͰ͖Δɽʹހׅ

[Ξ1,Ξ2]
M
C =

1

2
([Ξ1,Ξ2]

M
D − [Ξ2,Ξ1]

M
D ) (A.2)

Ҏ্ͷ͔࣮ࣄΒɼ·ͣ D ɼͦͷ݁ՌΛ͠ࢉܭͯؔ͠ʹހׅ C Ԡ༻͢ΔɽDʹހׅ ҎԼͷހׅ

Α͏ʹॻ͚Δɽ

[Ξ1,Ξ2]
M
D = [Ξ1,Ξ2]

M + ΞK
2 ∂MΞ1K (A.3)

ͨͩ͠ɼ[·, ·] ͨͩͷަੵࢠͰ͋ΔɽҰൠʹɼLeibniz ͕ҎԼͷΑ͏ʹ༩͑ΒΕΔ͜ͱʹͮج

͍ͯɼD Δɽ͢ࢉܭͷ߹Λހׅ

[Ξ1, [Ξ2,Ξ3]] = [[Ξ1,Ξ2],Ξ3] + [Ξ2, [Ξ1,Ξ3]] (A.4)

(A.3) ͷࠨลɼҎԼͷΑ͏ʹࢉܭͰ͖Δɽ

[Ξ1, [Ξ2,Ξ3]D]
M
D

= [Ξ1, [Ξ2,Ξ3]D]
M + ηKL[Ξ2,Ξ3]

K
D ∂MΞL

1

= [Ξ1, [Ξ2,Ξ3]]
M + (ΞN

1 ∂N (ηKLΞ
K
3 ∂MΞL

2 )− (ηKLΞ
K
3 ∂NΞL

2 )∂NΞM
1 )

+ ηKL[Ξ2,Ξ3]
K∂MΞL

1 + ηKL(ηIJΞ
I
3∂

KΞJ
2 )∂

MΞL
1 . (A.5)

ҰํͰɼ(A.3) ͷҰ߲ҎԼͷΑ͏ʹࢉܭͰ͖Δɽ

[[Ξ1,Ξ2]D,Ξ3]
M
D

= [[Ξ1,Ξ2]D,Ξ3]
M + ηKLΞ

K
3 ∂M [Ξ1,Ξ2]

L
D

= [[Ξ1,Ξ2],Ξ3]
M + ((ηKLΞ

K
2 ∂NΞL

1 )∂NΞM
3 − ΞN

3 ∂N (ηKLΞ
K
2 ∂MΞL

1 ))

+ ηKLΞ
K
3 ∂M [Ξ1,Ξ2]

L + ηKLΞ
K
3 ∂M (ηIJΞ

I
2∂

LΞJ
1 ). (A.6)
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͕ͨͬͯ͠ɼ(A.3) ͷӈลશମ࣍ͷΑ͏ʹॻ͚Δɽ

[[Ξ1,Ξ2]D,Ξ3]
M
D + [Ξ2, [Ξ1,Ξ3]D]

M
D

= [Ξ1, [Ξ2,Ξ3]]
M + ηKL([Ξ2,Ξ3]

K∂MΞL
1 + (ηIJΞ

I
3∂

KΞJ
2 )∂

MΞL
1 + ΞN

1 ∂N (ΞK
3 ∂MΞL

2 ))

+ ηKL(Ξ
K
2 ∂NΞL

1 ∂NΞM
3 − ΞK

3 ∂NΞL
1 ∂NΞM

2 ). (A.7)

(A.5) Λ͏Ұ༻͍ͯཧ͢ΔͱɼD ಘΒΕΔɽ͕ҎԼͷؔͯؔ͠ʹހׅ

[Ξ1, [Ξ2,Ξ3]D]
M
D = [[Ξ1,Ξ2]D,Ξ3]

M
D + [Ξ2, [Ξ1,Ξ3]D]

M
D + SCD(Ξ1,Ξ2,Ξ3)

M , (A.8)

SCD(Ξ1,Ξ2,Ξ3)
M = ηKL(Ξ

K
3 ∂NΞL

1 ∂NΞM
2 − ΞK

2 ∂NΞL
1 ∂NΞM

3 − ΞK
3 ∂NΞL

2 ∂NΞM
1 ). (A.9)

SCD ɼ߆͍ڧଋ݅Λ՝͢ͱফ͑Δ߲Ͱ͋Δɽ

͜ͷ݁ՌΛ༻͍ͯɼC ͷހׅ Jacobiator ͷࢉܭʹҠΔɽ(A.2) ͔ΒɼҎԼͷ͕ؔಘΒΕΔɽ

[[Ξ1,Ξ2]C,Ξ3]C =
1

2
([[Ξ1,Ξ2]C,Ξ3]D − [Ξ3, [Ξ1,Ξ2]C]D)

=
1

4
([[Ξ1,Ξ2]D,Ξ3]D − [[Ξ2,Ξ1]D,Ξ3]D − [Ξ3, [Ξ1,Ξ2]D]D + [Ξ3, [Ξ2,Ξ1]D]D).

(A.10)

(A.8) ͱ (A.10) ͔Βɼ

[[Ξ1,Ξ2]C,Ξ3]C =
1

4
([Ξ1, [Ξ2,Ξ3]D]D − [Ξ2, [Ξ1,Ξ3]D]D − SCD(Ξ1,Ξ2,Ξ3)

− [Ξ2, [Ξ1,Ξ3]D]D + [Ξ1, [Ξ2,Ξ3]D]D + SCD(Ξ2,Ξ1,Ξ3)

− [Ξ3, [Ξ1,Ξ2]D]D + [Ξ3, [Ξ2,Ξ1]D]D). (A.11)

(A.11) ͷ cyclic ෦Λ·ͱΊͳ͓͢ͱɼҎԼͷΑ͏ʹͳΔɽ

[[Ξ1,Ξ2]C,Ξ3]C + c.p.

=
1

4
([Ξ1, [Ξ2,Ξ3]D]D − [Ξ2, [Ξ1,Ξ3]D]D − SCD(Ξ1,Ξ2,Ξ3) + SCD(Ξ2,Ξ1,Ξ3) + c.p.). (A.12)

ӈลΛɼD ͷހׅ Leibnitz  (A.8) ͷ݁ՌΛ༻͍ͯஔ͖͑Δͱɼ࣍ͷΑ͏ʹͳΔɽ

[[Ξ1,Ξ2]C,Ξ3]C + c.p. =
1

4
([[Ξ1,Ξ2]D,Ξ3]D − SCD(Ξ2,Ξ1,Ξ3) + c.p.). (A.13)

͜͜ͰɼC ͱހׅ D ͷؔހׅ (A.1) ͔Βɼ

[[Ξ1,Ξ2]C,Ξ3]C = [[Ξ1,Ξ2]C,Ξ3]D − ∂•([Ξ1,Ξ2]C,Ξ3)+

= [[Ξ1,Ξ2]D,Ξ3]D − [∂•(Ξ1,Ξ2)+,Ξ3]D − ∂•([Ξ1,Ξ2]C,Ξ3)+. (A.14)

͜͜Ͱɼ∂• ɼηMN Ͱ্͕͕ͬͨඍԋࢉͰ͋Δɽ·ͨɼ(Ξ1,Ξ2)+ = (ηMNΞM
1 ΞN

2 )/2 Λҙ

ຯ͢Δɽ(A.14) ͷӈลೋ߲ҎԼͷΑ͏ʹࢉܭͰ͖Δɽ

[∂•(Ξ1,Ξ2)+,Ξ3]
M
D =

1

2

(
∂N (ΞK

1 Ξ2,K)∂NΞM
3 + (∂M∂N (ΞK

1 Ξ2,K)− ∂N∂M (ΞK
1 Ξ2,K))ΞN

3

)

=
1

2
∂N (ΞK

1 Ξ2,K)∂NΞM
3 . (A.15)
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͜͜Ͱɼ(A.14) Λ͏ͱɼC Ͱ͖ΔɽࢉܭʹͷΑ͏࣍ހׅ

NC(Ξ1,Ξ2,Ξ3) =
1

3

(
([Ξ1,Ξ2]C,Ξ3)+ + c.p.

)
, (A.16)

SCC(Ξ1,Ξ2,Ξ3) =
1

3

(
[∂•(Ξ1,Ξ2)+,Ξ3]D − SCD(Ξ2,Ξ1,Ξ3) + c.p.

)
. (A.17)

ͨͩ͠ɼ

NC(Ξ1,Ξ2,Ξ3) =
1

3

(
([Ξ1,Ξ2]C,Ξ3)+ + c.p.

)
, (A.18)

SCC(Ξ1,Ξ2,Ξ3) =
1

3

(
[∂•(Ξ1,Ξ2)+,Ξ3]D − SCD(Ξ2,Ξ1,Ξ3) + c.p.

)
. (A.19)

͕ͨͬͯ͠ɼ

JC(Ξ1,Ξ2,Ξ3) = ∂•NC(Ξ1,Ξ2,Ξ3) + SCC(Ξ1,Ξ2,Ξ3). (A.20)

͜ΕͰɼC ͷހׅ Jacobiator Ͱ͖ͨɽͨͩ͠ɼNCࢉܭ͕  Nijenhuis ςϯιϧͰ͋ΓɼSCC 

ଋ݅Ͱফ͑Δ߲Ͱ͋Δɽ߆͍ڧ

A.2 Cׅ͔ހΒ Courantׅހͷ reduction

C ଋ݅ͷͱͰ߆͍ڧɼ͜Ε͠هΛͰදހׅ [17] Ͱఏࣔ͞Εͨ Courant ހׅ

[X1 + ξ1, X2 + ξ2]c = [X1, X2] + (LX1ξ2 − LX2ξ1) +
1

2
d0(ξ1(X2)− ξ2(X1)) (A.21)

มԽ͢Δ͜ͱΛࣔ͢ɽͨͩ͠ Xi  xµ ଆɼξi  x̃µ ଆͷͰ͋Δɽ·ͣɼgauge ύϥϝʔλ

Ξ1,Ξ2 ΛҎԼͷΑ͏ʹͰղ͢Δɽ

ΞM
1 =

(
αµ

Aµ

)
, ΞM

2 =

(
βµ

Bµ

)
. (A.22)

͜ͷදࣔʹΑͬͯɼC ΒΕΔɽ͑ҎԼͷΑ͏ʹॻ͖ހׅ

[Ξ1,Ξ2]
M
C = ΞK

1 ∂KΞM
2 − ΞK

2 ∂KΞM
1 −

1

2
ηKL(Ξ

K
1 ∂MΞL

2 − ΞK
2 ∂MΞL

1 )

= αν ∂̃
νΞM

2 +Aν∂νΞ
M
2 − βν ∂̃

νΞM
1 −Bν∂νΞ

M
1

− 1

2
(αν∂

MBν +Aν∂Mβν − βν∂
MAν −Bν∂Mαν). (A.23)

͜͜Ͱɼdoubled ఈͱͯ͠ج ∂M = (∂µ, ∂̃µ) Λಋೖ͢ΔͱɼC ͞ΒʹҎԼͷΑ͏ʹॻ͚Δɽހׅ

[Ξ1,Ξ2]C = [Ξ1,Ξ2]
M
C ηMN∂N = αν ∂̃

νβµ∂̃
µ +Aν∂νβµ∂̃

µ − βν ∂̃
ναµ∂̃

µ −Bν∂ναµ∂̃
µ

+ αν ∂̃
νBµ∂µ +Aν∂νB

µ∂µ − βν ∂̃
νAµ∂µ −Bν∂νA

µ∂µ

− 1

2
(αν ∂̃

µBν +Aν ∂̃µβν − βν ∂̃
µAν −Bν ∂̃µαν)∂µ

− 1

2
(αν∂µB

ν +Aν∂µβν − βν∂µA
ν −Bν∂µαν)∂̃

µ. (A.24)
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͜͜Ͱɼ֤෦ҎԼͷΑ͏ʹ Lie ͳͲͰ·ͱΊͤΔɽހׅ

[A,B]L = [A,B]µL∂µ = (Aν∂νB
µ −Bν∂νA

µ)∂µ,

[α,β]L̃ =
(
[α,β]L̃

)
µ
∂̃µ = (αν ∂̃

νβµ − βν ∂̃
ναµ)∂̃

µ,

dιAβ = d(Aνβν) = ∂µ(A
νβν)∂̃

µ = (βν∂µA
ν +Aν∂µβν)∂̃

µ,

d̃ιAβ = d̃(Aνβν) = ∂̃µ(Aνβν)∂µ = (βν ∂̃
µAν +Aν ∂̃µβν)∂µ,

L̃αB = (αν ∂̃
νBµ +Bν ∂̃µαν)∂µ,

LAβ = (Aν∂νβµ + βν∂µA
ν)∂̃µ. (A.25)

͜͜ͰɼL ௨ৗͷϕΫτϧʹؔ͢Δ Lie ඍͰ͋ΔɽҰํɼL̃  winding ඪ্ͷϕΫτϧ࠲

ʹؔ͢Δ Lie ඍͰ͋Δɽಉ༷ʹɼ[·, ·]L ௨ৗͷ Lie ,·]ɼ͕ͩހׅ ·]L̃  winding ඪ্ͷϕ࠲

Ϋτϧʹؔ͢Δ Lie Ͱ͋Δɽ͕ͨͬͯ͠ɼCހׅ ʹҎԼͷΑ͏ހׅ ∂µ ଆͱ ∂̃µ ଆʹׂͯ͠

·ͱΊΒΕΔɽ

[Ξ1,Ξ2]
M
C ∂M = ([α,β]L̃)µ∂̃

µ +Aν∂νβµ∂̃
µ −Bν∂ναµ∂̃

µ + [A,B]µL∂µ + αν ∂̃
νBµ∂µ − βν ∂̃

νAµ∂µ

− 1

2
(2Aν ∂̃µβν − (d̃ιAβ)

µ + (d̃ιBα)
µ − 2Bν ∂̃µαν)∂µ

− 1

2
((dιAβ)µ − 2βν∂µA

ν − (dιBα)µ + 2αν∂µB
ν)∂̃µ

=

(
[A,B]µL + L̃αB

µ − L̃βA
µ +

1

2
(d̃(ιAβ − ιBα))

µ

)
∂µ

+

(
([α,β]L̃)µ + LAβµ − LBαµ −

1

2
(d(ιAβ − ιBα))µ

)
∂̃µ. (A.26)

͜ͷܗɼCourant Δ͑ݟʹΛ;ͨͭ͠߹ΘͤͨΑ͏ހׅ [9]ɽ

[Ξ1,Ξ2]C = [A+ α, B + β]C = [A,B]L + LAβ − LBα−
1

2
d(ιAβ − ιBα)

+ [α,β]L̃ + L̃αB − L̃βA+
1

2
d̃(ιAβ − ιBα). (A.27)

(A.27) ʹରͯ͠߆͍ڧଋ݅Λ՝͢ (∂̃∗ = 0) ͱɼӈลͷೋஈ͚͕ͩফ໓͠ɼC ހׅ Courant

͕ఏࣔͨ͠ݩͷ Courant ܗͷހׅ [17] ʹมԽ͢Δɽ

A.3 T (e1, e2, e3)ͷؔࣜ (3.36)ͷಋग़

ҎԼͷࣜΛಋग़͢Δɽ

T (e1, e2, e3) ≡
1

3
(([e1, e2]V, e3)+ + c.p.)

=
1

2
⟨ξ3, [X1, X2]E⟩+ ⟨[ξ1, ξ2]E∗ , X3 + ρ(X3)(e1, e2)− − ρ∗(ξ3)(e1, e2)−⟩ (3.36)

͜Εɼจݙ [35] ͷ Lemma 3.2 ʹ͋ͨΔؔࣜͰ͋ΓɼT (e1, e2, e3) ΛఆٛʹԊͬͯ͢ࢉܭΔ͜

ͱͰࣔ͢͜ͱ͕Ͱ͖Δɽׅੵހͷ͕ܗಉ͡ͳͷͰɼຊจதͰఆٛͨ͠ Vaisman ހׅ [·, ·]V Ͱࢉܭ

ͯ͠ɼจݙ [35] ͷ Courant ހׅ [·, ·]c Ͱͯ͠ࢉܭಉ͕ؔࣜ͡ಘΒΕΔɽ
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·ͣɼ([e1, e2]V, e3)+ ʹ͢Δͱɼ[·, ·]V, (·, ·)+ ͷఆٛΑΓ

([e1, e2]V, e3)+ =
1

2
{⟨ξ3, [X1, X2]E⟩+ ⟨ξ3,Lξ1X2⟩ − ⟨ξ3,Lξ2X1⟩ − ρ∗(ξ3)(e1, e2)−

⟨[ξ1, ξ2]E∗ , X3⟩+ ⟨LX1ξ2, X3⟩ − ⟨LX2ξ1, X3⟩+ ρ(X3)(e1, e2)− (A.28)

͜͜ͰɼLie ඍͷ߲ʹண͢ΔͱɼLie ඍͷଇ͔ΒҎԼͷ͕ؔ͑ࣜΔɽ

⟨ξ3,Lξ1X2⟩ = Lξ1⟨ξ3, X2⟩ − ⟨[ξ1, ξ3]E∗ , X2⟩
⟨LX1ξ2, X3⟩ = LX1⟨ξ2, X3⟩ − ⟨ξ2, [X1, X3]E⟩

·ͨɼจݙ [44] Ͱͷ d ͷఆ͔ٛΒɼ

LX1⟨ξ2, X3⟩ = ιX1d⟨ξ2, X3⟩ = ρ(X1)⟨ξ2, X3⟩. (A.29)

ಉ༷ʹɼ
Lξ1⟨ξ3, X2⟩ = ρ∗(ξ1)⟨ξ3, X2⟩. (A.30)

Αͬͯɼ([e1, e2]V, e3)+ ɼ(A.28) ͔ΒߋʹҎԼͷΑ͏ʹॻ͖͑ΒΕΔɽ

([e1, e2]V, e3)+ =
1

2
{⟨ξ3, [X1, X2]E⟩+ ⟨[ξ1, ξ2]E∗ , X3⟩+ c.p.}

+
1

2
{ρ∗(ξ1)⟨ξ3, X2⟩ − ρ∗(ξ2)⟨ξ3, X1⟩ − ρ∗(ξ3)(e1, e2)−

+ ρ(X1)⟨ξ2, X3⟩ − ρ(X2)⟨ξ1, X3⟩+ ρ(X3)(e1, e2)−} (A.31)

͜Εʹɼρ(X1)(e2, e3)−, ρ(X2)(e3, e1)− ͱ ρ∗(ξ1)(e2, e3), ρ∗(ξ2)(e3, e1)− ΛͦΕͧΕͯ͠Ҿ

͖ɼ८ճ͢Δ߲Λཧ͢Δͱɼρ ͷఆ͔ٛΒ ([e1, e2]V, e3)+ ࠷ऴతʹҎԼͷܗʹ·ͱ·Δɽ

([e1, e2]V, e3)+ =
1

2
{⟨ξ3, [X1, X2]E⟩+ ⟨X3, [ξ1, ξ2]E∗⟩+ ρ(X3)(e1, e2)− − ρ∗(ξ3)(e1, e2)−c.p.}

+
1

2
ρ(e1)(e2, e3)+ −

1

2
ρ(e2)(e3, e1)+ (A.32)

͋ͱɼ([e1, e2]V, e3)+ ͷΛ८ճͤͯ͞ΛऔΕɼ(3.36) ͷӈลͱͳΔɽ

T (e1, e2, e3) ≡
1

3
(([e1, e2]V, e3)+ + c.p.)

=
1

2
{⟨[X1, X2]E , ξ3⟩+ ⟨[ξ1, ξ2]E∗ , X3⟩+ ρ(X3)(e1, e2)− − ρ∗(ξ3)(e1, e2)−c.p.}

+
1

2
{ρ(e1)(e2, e3)+ − ρ(e2)(e3, e1)+ + ρ(e2)(e3, e1)+

− ρ(e3)(e1, e2)+ + ρ(e3)(e1, e2)+ − ρ(e1)(e2, e3)+}

=
1

2
{⟨ξ3, [X1, X2]E⟩+ ⟨[ξ1, ξ2]E∗ , X3⟩

+ ρ(X3)(e1, e2)− − ρ∗(ξ3)(e1, e2)− + c.p.} (A.33)

Αͬͯɼ(3.36) ͕ࣔͤͨɽ
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A.4 T (e1, e2, e3)ͷؔࣜ (3.37)ͷಋग़

ҎԼͷࣜΛࣔ͢ɽ

([e1, e2]V, e3)− + c.p. = T (e1, e2, e3)

+ [{ρ(X3)(e1, e2)− + 2ρ∗(ξ3)(e1, e2)− − ⟨[ξ1, ξ2]E∗ , X3⟩}+ c.p.]
(3.37)

͜Ε [35] ͷ Lemma 3.4 ʹ͋ͨΔؔࣜͰ͋Γɼ(·, ·)± ͷఆ͔ٛΒࣔͤΔɽ

(·, ·)± ͷఆ͔ٛΒɼҎԼͷ͕ؔಘΒΕΔɽ

([e1, e2]V, e3)− + ([e1, e2]V, e3)+ = ⟨[ξ1, ξ2]E∗ , X3⟩+ ⟨LX1ξ2, X3⟩
− ⟨LX2ξ1, X3⟩+ ⟨d(e1, e2)−, X3⟩. (A.34)

͞Βʹɼ(A.29), (A.30) ΛͯͬӈลΛཧ͢Δͱɼ

([e1, e2]V, e3)− + ([e1, e2]V, e3)+ = ⟨[ξ1, ξ2]E∗ , X3⟩+ ρ(X1)⟨ξ2, X3⟩ − ⟨ξ2, [X1, X3]E⟩
− ρ(X2)⟨ξ1, X3⟩+ ⟨ξ1, [X2, X3]E⟩+ ρ(X3)(e1, e2)−.

(A.35)

(A.35) ͷΛ८ճͤͯ͞ΛͱΔͱɼҎԼͷΑ͏ʹͳΔɽ్தɼ(3.36) Λ༻͍ͨɽ

{([e1, e2]V, e3)− + ([e1, e2]V, e3)+}+ c.p.

= {([e1, e2]V, e3)− + c.p.}+ 3T (e1, e2, e3)

= {⟨[ξ1, ξ2]E∗ , X3⟩+ ρ(X1)⟨ξ2, X3⟩ − ⟨ξ2, [X1, X3]E⟩
− ρ(X2)⟨ξ1, X3⟩+ ⟨ξ1, [X2, X3]E⟩+ ρ(X3)(e1, e2)−}+ c.p. (A.36)

Ұ୴ɼc.p. ͷ෦શͯ։͚ͯ͢ࢉܭΔͱɼҎԼͷΑ͏ʹ·ͱ·Δɽ

{([e1, e2]V, e3)− + c.p.}+ 3T (e1, e2, e3)

= {⟨[ξ1, ξ2]E∗ , X3⟩+ 2⟨ξ3, [X1, X2]E⟩+ 3ρ(X3)(e1, e2)−}+ c.p.

= 4T (e1, e2, e3) + [{ρ(X3)(e1, e2)− + 2ρ∗(ξ3)(e1, e2)− − ⟨[ξ1, ξ2]E∗ , X3⟩}+ c.p.] (A.37)

ɼ(3.37)ܗͷมߦͷޙ࠷ ʹண͢ΔͨΊʹແཧΓ 4T (e1, e2, e3) Λ͚ͭͬͨͩ͘Ͱ͋Δɽ

(A.37) ΛҠͯ͠ߦཧ͢Εɼ(3.37) ͱͳΔɽ
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A.5 Axiom C1ͷ֬ೝ

Axiom C1 ͷࠨล [[e1, e2]V, e3]V + c.p Λ͢ࢉܭΔɽ[·, ·]V ͷఆ͔ٛΒɼ

[[e1, e2]V, e3]V + c.p. = I1 + I2, (A.38)

I1 = [[ξ1, ξ2]E∗ , ξ3]E∗ + [LX1ξ2 − LX2ξ1, ξ3]E∗ + [d(e1, e2)−, ξ3]E∗

+ L[X1,X2]E+Lξ1X2−Lξ2X1−d∗(e1,e2)−ξ3

− LX3 [ξ1, ξ2]E∗ − LX3LX1ξ2 + LX3LX2ξ1

− LX3d(e1, e2)− + d([e1, e2]V, e3)− + c.p., (A.39)

I2 = [[X1, X2]E , X3]E + [Lξ1X2 − Lξ2X1, X3]E − [d∗(e1, e2)−, X3]E

+ L[ξ1,ξ2]E∗+Lξ1X2−Lξ2X1+d(e1,e2)−X3

− Lξ3 [X1, X2]E − Lξ3Lξ1X2 + Lξ3Lξ2X1

+ Lξ3d∗(e1, e2)−− d∗([e1, e2]V, e3)−+ c.p. (A.40)

Γ(E∗) Λ I1ɼΓ(E) Λ I2 ͱ͓͘ɽI1 ͱ I2 ΄΅ಉ͡ࢉܭͱͳΔͷͰɼI1 ͚ͩऔΓग़͠

Δɽ͢ࢉܭͯ

L[X1,X2]E = [LX1 ,LX2 ]E (A.41)

Λ༻͍Δͱɼ

L[X1,X2]Eξ3 − LX3LX1ξ2 + LX3LX2ξ1 + c.p. = 0 (A.42)

ͳͷͰɼI1 ҎԼͷΑ͏ʹॻ͚Δɽ

I1 = {[[ξ1, ξ2]E∗ , ξ3]E∗ + [LX1ξ2 − LX2ξ1, ξ3]E∗ − [d∗(e1, e2)−, ξ3]E∗

+ L[X1,X2]E+Lξ1X2−Lξ2X1−d∗(e1,e2)−ξ3

− LX3 [ξ1, ξ2]E∗ − LX3LX1ξ2 + LX3LX2ξ1 − Ld(e1,e2)− + d([e1, e2]V, e3)−}+ c.p.

= {[LX1ξ2 − LX2ξ1, ξ3]E∗ − [d∗(e1, e2)−, ξ3]E∗

+ LLξ1X2−Lξ2X1−d∗(e1,e2)−ξ3

− LX3 [ξ1, ξ2]E∗ − Ld(e1,e2)− + d([e1, e2]V, e3)−}+ c.p. (A.43)

͜͜ͰɼLX3 [ξ1, ξ2]E∗ + c.p. ͷ߲ʹ͢Δɽ

LX3 [ξ1, ξ2]E∗ = (dιX3 + ιX3d)[ξ1, ξ2]E∗

= d⟨X3, [ξ1, ξ2]E∗⟩+ iX3d[ξ1, ξ2]E∗

+ (ιX3Lξ1dξ2 − ιX3Lξ1dξ2) + (ιX3Lξ2dξ1 − ιX3Lξ2dξ1)

= d⟨X3, [ξ1, ξ2]E∗⟩+ ιX3Lξ1dξ2 − ιX3Lξ2dξ1

+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1). (A.44)

͞ΒʹɼX ∈ Γ(E), ξ, η ∈ Γ(E∗) ͱͨ͠ͱ͖ɼҰൠʹ LX3 [ξ1, ξ2]E∗ ʹରͯ͠

ιXLξdη = [ξ,LXη]E∗ − LLξXη + [d⟨η, X⟩, ξ]E∗ + d(ρ∗(ξ)⟨η, X⟩)− d⟨[ξ, η]E∗ , X⟩ (A.45)
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ཱ͕͢Δɽ(A.45) ͷಋग़࣍ͷઅͰ͏ߦɽ͜ΕΛ iX3Lξ1dξ2 ͱ iX3Lξ2dξ1 ద༻͢Δͱɼ

LX3 [ξ1, ξ2]E∗ + c.p. ҎԼͷܗʹͳΔɽ

LX3 [ξ1, ξ2]E∗ + c.p = {[LX1ξ2 − LX2ξ1, ξ3]E∗ + LLξ1X2−Lξ2X1ξ3

+ 2[d(e1, e2)−, ξ3]E∗ + 2d(ρ∗(ξ3)(e1, e2)−)− d⟨[ξ1, ξ2]E∗ , X3⟩
+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1)}+ c.p. (A.46)

(A.46) ͷಋग़࣍ͷ࣍ͷઅͰ͏ߦɽ

(A.46) Λ (A.43) ೖ͢ΔͱɼI1 ͞ΒʹཧͰ͖ͯɼ

I1 = {d{([e1, e2]V, e3)− − ρ(X3)(e1, e2)− − 2ρ∗(ξ3)(e1, e2)− + ⟨[ξ1, ξ2]E∗ , X3⟩ −K1 −K2}+ c.p.,

K1 = ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1),

K2 = Ld(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]E∗ . (A.47)

·ͨɼ(3.37) ͔Βɼ

([e1, e2]V, e3)− + c.p. = T (e1, e2, e3)

+ [{ρ(X3)(e1, e2)− + 2ρ∗(ξ3)(e1, e2)− − ⟨[ξ1, ξ2]E∗ , X3⟩+ c.p.}]
(3.37)

Λೖ͢ΔͱɼI1 ҎԼͷΑ͏ͳܗʹͳΔɽ

I1 = dT (e1, e2, e3)− {K1 +K2}+ c.p., (A.48)

ͨͩ͠ɼ

K1 = ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1),

K2 = Ld∗(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]E∗ . (A.49)

I2 ʹؔͯ͠ಉ༷Ͱ͋Δɽ

I2 = d∗T (e1, e2, e3)− {K3 +K4}+ c.p.,

K3 = ιξ3(d∗[X1, X2]E − LX1d∗X2 + LX2d∗X1),

K4 = Ld∗(e1,e2)−X3 + [d∗(e1, e2)−, X3]E . (A.50)

Αͬͯɼ࠷ऴతʹ [[e1, e2]V, e3]V + c.p ͷ݁ࢉܭՌҎԼͷΑ͏ʹಘΒΕΔɽ

[[e1, e2]V, e3]V + c.p = I1 + I2

= DT (e1, e2, e3)− (J1 + J2 + c.p.). (A.51)

ͨͩ͠ɼ

J1 = K1 +K3

= ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1) + ιξ3(d∗[X1, X2]E − LX1d∗X2 + LX2d∗X1),

J2 = K2 +K4

= Ld(e1,e2)−ξ3 + [d(e1, e2)−, ξ3]E∗ + Ld∗(e1,e2)−X3 + [d∗(e1, e2)−, X3]E . (A.52)

Ұൠʹɼҙͷ Xi, ξi, f ʹର͠ (J1 + J2 +c.p.)  0 Ͱͳ͍ɽΑͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ

͓͍ͯɼAxiom C1 ഁΕ͍ͯΔɽ
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A.6 (A.45)ࣜͷಋग़

ιXLξdη = [ξ,LXη]E∗ − LLξXη + [d⟨η, X⟩, ξ]E∗ + d(ρ∗(ξ)⟨η, X⟩)− d⟨[ξ, η]E∗ , X⟩ ((A.45))

Λಋग़͢ΔɽࠨลΛ͢ࢉܭΔͷ͍͠ͷͰɼ⟨ιXLξdη, Y ⟩Λ͠ࢉܭɼҎԼͷΑ͏ʹӈลͱ

Y ͰੵΛͱͬͨܗʹͳΔ͜ͱΛ͔֬ΊΔɽ

⟨ιXLξdη, Y ⟩ = ⟨[ξ,LXη]E∗ , Y ⟩ − ⟨LLξXη, Y ⟩ − ⟨[ξ, d⟨η, X⟩]E∗ , Y ⟩
+ ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]E∗ , X⟩, Y ⟩ (A.53)

·ͣɼLie ඍͷଇ͔Βɼ

⟨ιXLξdη, Y ⟩ = Lξ(dη(X,Y ))− dη(LξX,Y )− dη(X,LξY ). (A.54)

ӈลͷ 1 ߲ɼ(A.30) Λ͜͏ͱͰ ρ∗(ξ)dη(X,Y ) ʹஔ͖͑Δ͜ͱ͕Ͱ͖Δɽ·ͨɼ֎ඍ

ૉͷఆ͔ٛΒɼ༺࡞

dξ(X,Y ) = ρ(X)⟨ξ, Y ⟩ − ρ(Y )⟨ξ, X⟩ − ⟨ξ, [X,Y ]E⟩. (A.55)

ཱ͕͍ͯ͠ΔͷͰɼ͜ΕΛ֤߲ʹͯΊΔͱɼ(A.54) ҎԼͷΑ͏ʹมܗͰ͖Δɽ

⟨ιXLξdη, Y ⟩ = ρ∗(ξ)ρ(X)⟨ξ, Y ⟩ − ρ∗(ξ)ρ(Y )⟨η, X⟩ − ρ∗(ξ)⟨η, [X,Y ]E⟩
− ρ(LξX)⟨η, Y ⟩+ ρ(Y )⟨η,LξX⟩+ ⟨η, [LξX,Y ]E⟩
+ ρ(LξY )⟨η, X⟩ − ρ(X)⟨η,LξY ⟩ − ⟨η, [LξY,X]E⟩. (A.56)

͞Βʹɼ(A.29),(A.30) ͱ (3.19) Λ͏ͱɼ(A.56) ͷ֤ߦͷઌ಄ͷ߲ҎԼͷΑ͏ʹղͰ͖Δɽ

ρ∗(ξ)ρ(X)⟨ξ, Y ⟩ = ρ∗(ξ)⟨LXη, Y ⟩+ ρ∗(ξ)⟨η, [X,Y ]E⟩ (A.57)

ρ(LξX)⟨η, Y ⟩ = ⟨LLξXη, Y ⟩+ ⟨η, [LξX,Y ]E⟩ (A.58)

ρ(LξY )⟨η, X⟩ = ⟨LLξY η, X⟩+ ⟨η, [LξY,X]E⟩ (A.59)

͜ΕΛೖͯ͠ཧ͢Δͱɼ͍͔ͭ͘ͷ߲͕ଧͪফ͋ͬͯ͠ҎԼͷΑ͏ʹ·ͱ·Δɽ

⟨ιXLξdη, Y ⟩ = ρ∗(ξ)⟨LXη, Y ⟩ − ρ∗(ξ)ρ(Y )⟨η, X⟩ − ⟨LLξXη, Y ⟩
+ ρ(Y )⟨η,LξX⟩ − ρ(X)⟨η,LξY ⟩+ ⟨LLξY η, X⟩. (A.60)

͜ͷ݁ՌΛɼanchor ΛΘͣʹ Y ͱͷੵͷܗͰද͢Α͏ʹॻ͖͑Δɽ·ͣɼρ(Y )⟨η,LξX⟩
ʹ͢Δɽ͜ͷ߲ɼ(A.29),(A.30) ͔Β

ρ(Y )⟨η,LξX⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩ − ⟨d⟨[ξ, η]V, X⟩, Y ⟩ɽ (A.61)

ͱදͤΔɽ͜ΕΛೖͯ͠

⟨ιXLξdη, Y ⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]V, X⟩, Y ⟩ − ⟨LLξXη, Y ⟩
+ ρ∗(ξ)⟨LXη, Y ⟩ − ρ∗(ξ)ρ(Y )⟨η, X⟩ − ρ(X)⟨η,LξY ⟩+ ⟨LLξY η, X⟩. (A.62)
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ಉ༷ʹɼ(A.29),(A.30) Λͯͬ (A.62) ͷ 2 ஈΛཧ͢ΔͱɼҎԼͷΑ͏ʹͳΔɽ

⟨ιXLξdη, Y ⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]V, X⟩, Y ⟩ − ⟨LLξXη, Y ⟩
+ ⟨[ξ,LXη]V, Y ⟩ − Lξ⟨LY η, X⟩ − Lξ⟨η,LY X⟩ − ⟨η,LXLξY ⟩+ ⟨LLξY η, X⟩.

(A.63)

͜͜Ͱɼ

−⟨η,LXLξY ⟩+ ⟨LLξY η, X⟩ = ⟨LLξY η, X⟩+ ⟨LLξY η, X⟩
= ⟨d⟨η, X⟩,LξY ⟩ (A.64)

ͳͷͰɼ

⟨ιXLξdη, Y ⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]V, X⟩, Y ⟩ − ⟨LLξXη, Y ⟩
+ ⟨[ξ,LXη]V, Y ⟩ − Lξ⟨LY η, X⟩ − Lξ⟨η,LY X⟩+ ⟨d⟨η, X⟩,LξY ⟩. (A.65)

Lie ඍͷଇ͔Βɼ

⟨d⟨η, X⟩,LξY ⟩ = Lξ⟨d⟨η, X⟩, Y ⟩ − ⟨[ξ, d⟨η, X⟩]V, Y ⟩ (A.66)

ͳͷͰɼ

⟨ιXLξdη, Y ⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]E∗ , X⟩, Y ⟩ − ⟨LLξXη, Y ⟩
+ ⟨[ξ,LXη]E∗ , Y ⟩ − ⟨[ξ, d⟨η, X⟩]E∗ , Y ⟩
− Lξ⟨LY η, X⟩ − Lξ⟨η,LY X⟩+ Lξ⟨d⟨η, X⟩, Y ⟩. (A.67)

͜͜ͰɼҎԼͷ͔ࢉܭΒࡾஈଧͪফ͋͠͏ɽ

Lξ⟨d⟨η, X⟩, Y ⟩ = LξLY ⟨η, X⟩
= Lξ⟨LY η, X⟩+ Lξ⟨η,LY X⟩. (A.68)

Αͬͯɼ

⟨ιXLξdη, Y ⟩ = ⟨d(ρ∗(ξ)⟨η, X⟩), Y ⟩+ ⟨d⟨[ξ, η]E∗ , X⟩, Y ⟩ − ⟨LLξXη, Y ⟩
+ ⟨[ξ,LXη]E∗ , Y ⟩ − ⟨[ξ, d⟨η, X⟩]E∗ , Y ⟩ (A.69)

A.7 (A.46)ࣜͷಋग़

લઅͷࢉܭͰ༻͍ͨɼ

LX3 [ξ1, ξ2]E∗ + c.p. = [LX1ξ2 − LX2ξ1, ξ3]V + LLξ1X2−Lξ2X1ξ3

+ 2[d(e1, e2)−, ξ3]E∗ + 2d(ρ∗(ξ3) · (e1, e2)−)− d⟨[ξ1, ξ2]E∗ , X3⟩
+ iX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1) + c.p. (A.46)

ͷಋग़Λ͏ߦɽ·ͣɼࠨลͷ LX3 [ξ1, ξ2]E∗ Λ͋ͨ͠ࢉܭͱͰɼͦͷ८ճΛͱͬͯӈลʹͳΔ͜

ͱΛ֬ೝ͢ΔɽLX3 [ξ1, ξ2]E∗ ɼLie ඍͷఆٛʹ͕ͨͬͯ͠ҎԼͷΑ͏ʹల։Ͱ͖Δɽͨͩ͠ɼ
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2 ͭͷ߸ҎԼɼιX3Lξ2dξ1 ͷ߲ͱɼLξ2dξ1 ͷ߲ΛͦΕͧΕΘ͟ͱ͔ͯ͠ΒҾ͍͍ͯΔɽ

͜ͷૢ࡞ʹΑͬͯɼderivation ͕݅Ө͢ڹΔ߲Λ໌ࣔ͢Δ͜ͱ͕Ͱ͖Δɽ

LX3 [ξ1, ξ2]E∗ = (dιX3 + ιX3d)[ξ1, ξ2]E∗

= d⟨[ξ1, ξ2]E∗ , X3⟩+ ιX3Lξ1dξ2 − ιX3Lξ2dξ1

+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1). (A.70)

Ҏ߱ͷࢉܭɼ1 ஈͷ ιX3Lξ1dξ2 − ιX3Lξ2dξ1 ͷ߲ʹ͢Δͱ؆୯ʹͳΔɽલઅͷ͔ࢉܭ

ΒɼҰൠʹ

ιXLξdη = [ξ,LXη]E∗ − LLξXη + [d⟨η, X⟩, ξ]E∗ + d(ρ∗(ξ)⟨η, X⟩)− d⟨[ξ, η]E∗ , X⟩. (A.45)

ͱ͍͏ཱ͕͍ؔͯ͠Δɽ(A.45) Λ (A.70) ʹೖͯ͠ɼଧͪফ͋͠͏߲Λཧ͢ΔͱɼҎԼͷ

ಘΒΕΔɽ͕ܗ

LX3 [ξ1, ξ2]E∗ = −d⟨[ξ1, ξ2]E∗ , X3⟩
+ [ξ1,LX3ξ2]E∗ − LLξ1X3ξ2 + [d⟨ξ2, X3⟩, ξ1]E∗ + d(ρ∗(ξ1)⟨ξ2, X3⟩)
− [ξ2,LX3ξ1]E∗ + LLξ2X3ξ1 − [d⟨ξ1, X3⟩, ξ2]E∗ − d(ρ∗(ξ2)⟨ξ1, X3⟩)
+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1). (A.71)

ଓ͍ͯɼ(A.71) ͷ८ճ LX3 [ξ1, ξ2]V + c.p. Λ͢ࢉܭΔɽ(A.71) ͷ 2 ஈͱ 3 ஈʹ͋ͨΔ

߲ͦΕͧΕҎԼͷΑ͏ʹ·ͱ·Δɽ

[ξ1,LX3ξ2]E∗ − [ξ2,LX3ξ1]E∗ + c.p. = [LX1ξ2 − LX2ξ1, ξ3]E∗ + c.p., (A.72)

− LLξ1X3ξ2 + LLξ2X3ξ1 + c.p. = LLξ1X2−Lξ2X1ξ3 + c.p., (A.73)

[d⟨ξ2, X3⟩, ξ1]E∗ − [d⟨ξ1, X3⟩, ξ2]E∗ + c.p. = +2[d(e1, e2)−, ξ3]E∗ + c.p., (A.74)

d(ρ∗(ξ1)⟨ξ2, X3⟩)− d(ρ∗(ξ2)⟨ξ1, X3⟩) + c.p. = 2d(ρ∗(ξ3) · (e1, e2)−) + c.p. (A.75)

͕ͨͬͯ͠ɼ

LX3 [ξ1, ξ2]E∗ + c.p. = −d⟨[ξ1, ξ2]E∗ , X3 + [LX1ξ2 − LX2ξ1, ξ3]E∗ + LLξ1X2−Lξ2X1ξ3

+ 2[d(e1, e2)−, ξ3]E∗ + 2d(ρ∗(ξ3) · (e1, e2)−)
+ ιX3(d[ξ1, ξ2]E∗ − Lξ1dξ2 + Lξ2dξ1) + c.p. (A.76)

ͱ͍͏݁Ռ͕ಘΒΕΔɽ͜Εɼ(A.46) ͷӈลͦͷͷͰ͋Δɽ

A.8 Axiom C2ͷ֬ೝ

ࢉܭͰ͖ͳ͍ͷͰɼ(3.22) ͷ྆ลΛͦΕͧΕҙͷ f ∈ C∞(M) ࡞༻ͤͯ͞ɼ

ρV([e1, e2]V)f = [ρV(e1), ρV(e2)]f (3.22’)

ཱ͕͍ͯ͠Δ͔Ͳ͏͔Λ֬ೝ͢Δɽ
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ลΛల։͍ͯ͘͠ͱɼρࠨ ͱ [·, ·]V ͷఆ͔ٛΒҎԼͷΑ͏ͳܗͱͳΔɽ

ρV([e1, e2]V)f = ρV([X1 + ξ1, X2 + ξ2]V)f

= ρ{[X1, X2]E + Lξ1X2 − Lξ2X1 − d∗(e1, e2)−}f
+ ρ∗{[ξ1, ξ2]E∗ + LX1ξ2 − LX2ξ1 + d(e1, e2)−}f

= ρ([X1, X2]E)f + ρ(Lξ1X2)f − ρ(Lξ2X1)f

− 1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

+ ρ∗([ξ1, ξ2]E∗)f + ρ∗(LX1ξ2)f − ρ∗(LX2ξ1)f

+
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f (A.77)

్தɼd∗ = ρ∗∗d0, d = ρ∗d0 Ͱ͋Δ͜ͱΛ༻͍ͨɽ͜͜Ͱɼ[ρ(X1), ρ(X2)] ͱ [ρ∗(ξ1), ρ∗(ξ2)] ɼ

ρ, ρ∗ ͷఆ͔ٛΒ

[ρ(X1), ρ(X2)] = ρ([X1, X2]E)

[ρ∗(ξ1), ρ∗(ξ2)] = ρ∗([ξ1, ξ2]E∗)

ཱ͕͢ΔͷͰɼ(A.77) ҎԼͷΑ͏ʹॻ͖ͳ͓ͤΔɽͨͩ͠ɼ[·, ·]  TM ্ͷ Lie Ͱ͋Δɽހׅ

ρV([e1, e2]V)f = [ρ(X1), ρ(X2)]f + ρ(Lξ1X2)f − ρ(Lξ2X1)f

− 1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

+ [ρ∗(ξ1), ρ∗(ξ2)]f + ρ∗(LX1ξ2)f − ρ∗(LX2ξ1)f

+
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f (A.78)

·ͨɼ

[ρ(X), ρ∗(ξ)]f = −ρ(LξX)f + ρ∗(LXξ)f + (ρρ∗∗d0⟨ξ, X⟩)f
− ⟨ξ,LdfX⟩+ ρ(X)ρ∗(ξ)f − ρ∗(LXξ)f (A.79)

Ͱ͋Δ͜ͱΛ༻͍Δͱɼ(A.78) ͞Βʹཧ͢Δ͜ͱ͕Ͱ͖ͯɼ

ρV([e1, e2]V)f = [ρ(X1), ρ(X2)]f + {ρ(Lξ1X2)− ρ∗(LX2ξ1)}f

− 1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

+ [ρ∗(ξ1), ρ∗(ξ2)]f − {ρ(Lξ2X1)− ρ∗(LX1ξ2)}f

+
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

= [ρ(X1), ρ(X2)]f + {ρ(Lξ1X2)− ρ∗(LX2ξ1)− ρρ∗∗d0⟨ξ1, X2⟩}f

+
1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

+ [ρ∗(ξ1), ρ∗(ξ2)]f − {ρ(Lξ2X1)− ρ∗(LX1ξ2)− ρρ∗∗d0⟨ξ2, X1⟩}f

+
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f (A.80)

͔͜͜Βɼ[ρ(X), ρ∗(ξ)]f Λ·ͱΊΔɽෆ͍ͯ͠Δ߲ͯ͠Ҿ͖ɼா৲Λ߹ΘͤΔͱҎԼͷΑ
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͏ʹͳΔɽ

ρV([e1, e2]V)f = [ρ(X1), ρ(X2)]f − [ρ(X2), ρ∗(ξ1)]f

− ⟨ξ1,LdfX2⟩+ ρ(X2)ρ∗(ξ1)f − ρ∗(LX2)ξ1f

+
1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

+ [ρ∗(ξ1), ρ∗(ξ2)]f + [ρ(X1), ρ∗(ξ2)]f

+ ⟨ξ2,LdfX1⟩ − ρ(X1)ρ∗(ξ2)f + ρ∗(LX1ξ2)f

+
1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f

= [ρ(X1), ρ(X2)]f + [ρ∗(ξ1), ρ(X2)]f + [ρ∗(ξ1), ρ∗(ξ2)]f + [ρ(X1), ρ∗(ξ2)]f

− ⟨ξ1,LdfX2 − [X2, d∗f ]E⟩+ ⟨ξ2,LdfX1 − [X1, d∗f ]E⟩ (A.81)

͞Βʹɼρ ͷఆ͔ٛΒ (A.81) ্ஈͷ 4 ߲·ͱΊΔ͜ͱ͕Ͱ͖ͯɼ

ρV([e1, e2]V)f = [ρV(e1), ρV(e2)]− ⟨ξ1,LdfX2 − [X2, d∗f ]E⟩+ ⟨ξ2,LdfX1 − [X1, d∗f ]E⟩

+
1

2
ρρ∗∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f +

1

2
ρ∗ρ

∗d0(⟨ξ1, X2⟩ − ⟨ξ2, X1⟩)f (A.82)

Ұൠʹɼҙͷ Xi, ξ1 ʹର͠ӈล 0 ʹͳΒͳ͍ɽΑͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼ

Axiom C2 ഁΕ͍ͯΔɽ

A.9 Axiom C3ͷ֬ೝ

ลࠨɼʹࡍ࣮ [e1, fe2]V Λల։͠ɼӈลʹ͖ߦண͘͜ͱΛࣔ͢ɽρ ͷఆ͔ٛΒɼ

[e1, fe2]V = [X1 + fξ1, X2,+fξ2]V

= [X1, fX2]V + [X1, fξ2]V + [ξ1, fX2]V + [ξ1, fξ2]V. (A.83)

͜͜Ͱɼ[·, ·]V ͷఆ͔ٛΒɼ

[X1, fξ2]V = −Lfξ2X1 +
1

2
d∗(f⟨ξ2, X1⟩) + LX1(fξ2)−

1

2
d(f⟨ξ2, X1⟩)

= −fLξ2X1 − (d∗f)⟨ξ2, X1⟩+
1

2
(d∗f)⟨ξ2, X1⟩+

1

2
fd∗⟨ξ2, X1⟩

+ fd⟨ξ2, X1⟩+ ιXdfξ2 + f ιXdξ2 −
1

2
(df)⟨ξ2, X1⟩ −

1

2
fd⟨ξ2, X1⟩

= f [X1, ξ2]V + (ρ(X1)f)ξ2 −
1

2
Df⟨ξ2, X1⟩. (A.84)

[ξ1, fX2]V ಉ༷ʹɼ[·, ·]V ͷఆ͔ٛΒɼ

[ξ1, fX2]V = f [ξ1, X2]V + (ρ∗(ξ1)f)X2 −
1

2
Df⟨ξ1, X2⟩. (A.85)

·ͨɼL ͱ L∗ ͕ͦΕͧΕ Lie ѥͰ͋Δ͜ͱ͔Βɼ

[X1, fX2]V = [X1, fX2]E = f [X1, X2]V + (ρ(X1)f)X2, (A.86)

[ξ1, fξ2]V = [ξ1, fξ2]E∗ = f [ξ1, ξ2]V + (ρ∗(ξ1)f)ξ2. (A.87)
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Αͬͯɼ

[e1, fe2]V = (A.83)

= (A.86) + (A.84) + (A.85) + (A.87)

= f [X1, X2]V + (ρ(X1)f)X2

+ f [X1, ξ2]V + (ρ(X1)f)ξ2 −
1

2
Dg⟨ξ2, X1⟩

+ f [ξ1, X2]V + (ρ∗(ξ1)f)X2 −
1

2
Df⟨ξ1, X2⟩

+ f [ξ1, ξ2]V + (ρ∗(ξ1)f)ξ2

= f [e1, e2]V + (ρV(e1)f)e2 −Df(e1, e2)−. (A.88)

Αͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼAxiom C3 ཱ͢Δɽ

A.10 Axiom C4ͷ֬ೝ

D ͷఆٛΛ͏ͱɼ(3.24) ͷࠨลҎԼͷΑ͏ʹมܗͰ͖Δɽͨͩ͠ɼΓ(T ∗M) ্ͷ֎ඍԋ

Λࢠࢉ d0 ͱͨ͠ɽ

(Df,Dg)+ = (df + d∗f, dg + d∗g)+

=
1

2
(⟨df, d∗g⟩+ ⟨dg, d∗f⟩)

=
1

2
(ρ∗(df)g + ρ(d∗f)g)

=
1

2
(ρ∗ρ

∗d0f + ρρ∗∗d0f)g. (A.89)

͕ͨͬͯ͠ɼ(A.89) ͕ 0 ʹͳΓɼ(3.24) ཱ͕͢Δʹ ρ∗ρ∗ = −ρρ∗∗ ͕Γཱ͍ͬͯΕΑ͍ɽ

ॳΊʹɼderivation ݅Λ՝ͤඞͣ anchor ρ ͕ରশ ρρ∗∗ = −ρ∗ρ∗ ʹͳΔ͜ͱΛࣔ͢ɽͨ

ͩ͠ɼຊจதͰड़ͨ௨Γ anchor ʹ͍͍ͯΔ্͖ͷ ∗ ɼadjoint operator ͷҙຯͰ͋

ΓɼੵΛ௨ͯ͠ݩͷԋࢠࢉͷసஔͰఆٛ͞ΕΔɽ

ρ : E → TM ρ∗ : T ∗M → E∗

ρ∗ : E∗ → TM ρ∗∗ : T ∗M → E (A.90)

͕ͨͬͯ͠ɼρρ∗∗ : T ∗M → TMɼρ∗ρ∗ : T ∗M → TM Ͱ͋Δɽɽ

Ұൠʹɼʮ͋Δԋࢠࢉ OɿT ∗M → TM ͕ରশͰ͋Δʯͱ͖ɼҎԼͷཱ͕ࣜ͢Δɽશͯͷ

x ∈ Γ(T ∗M) ʹରͯ͠ɼ
⟨Ox, x⟩ = 0. (A.91)

ԋࢠࢉ O Λ ρρ∗∗ɼx Λ d0f ∈ Γ(TM) ʹஔ͖͑Δ͜ͱͰҎԼͷ͕ؔಘΒΕΔɽͨͩ͠ɼ

f ∈ Γ(TM), d0  T ∗M ্ͷ֎ඍ࡞༻ૉͰ͋Δɽ

⟨ρρ∗∗(d0f), d0f⟩ = ρρ∗∗(d0f) · f = 0. (A.92)

Αͬͯɼ(A.92) ཱ͕͢ΔͳΒ ρ∗ρ∗ = −ρρ∗∗ ཱ͕͢Δɽ

ԾʹɼҎԼͷ͕ࣜΓཱͭͷͱ͠Α͏ɽ

LdfX + [d∗f,X]E = 0 (3.60)
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͜ͷࣜɼจݙ [44] ͷ Proposition 3.4 ͔Βɼdarivation ཱ͕͍݅ͯ͠Εਵͯ͠Γཱ

ͭࣜͰ͋ΔɽX Λ d∗f Ͱஔ͖͑ΔͱɼҎԼͷཱ͕ؔ͢Δɽ

d∗
(
ρρ∗∗(d0f) · f

)
= 0. (A.93)

f Λ f2 ʹஔ͖͑Εɼ

d∗
(
ρρ∗∗(d0f

2) · f2
)
= 0. (A.94)

ҰํͰɼ

ρρ∗∗(d0f
2) · f2 = ⟨d0f2, ρρ∗∗d0f

2⟩ = ⟨df2, d∗f
2⟩ = 4f2⟨df, d∗f⟩, (A.95)

ͳͷͰɼ
(
ρρ∗∗(d0f) · f

)
d∗f

2 = d∗
{(

ρρ∗∗(d0f) · f
)
f2

}
− d∗

(
ρρ∗∗(d0f) · f

)
f2

=
1

4
d∗

(
ρρ∗∗(d0f

2) · f2
)
− d∗

(
ρρ∗∗(d0f) · f

)
f2. (A.96)

͜͜Ͱɼӈลʹ (A.93), (A.94) ͔Βফ͑Δ߲͕͋ΔͷͰɼ
(
ρρ∗∗(d0f) · f

)
ρ∗∗d0f

2 = 0. (A.97)

͞Βʹɼ͜Ε d0f ͱͷੵͩͱ͏ࢥͱ

2f
(
ρρ∗∗(d0f) · f

)2
= 0. (A.98)

ͱͳΔɽ͕ͨͬͯ͠ɼderivation ͕݅՝͞ΕΕ 0 = ρρ∗∗(d0f) · f = ⟨ρρ∗∗(d0f) ͱͳΔɽρρ∗∗

͕ରশͰ͋Δʹɼderivation ݅Λ՝͢ඞཁ͕͋Δɽ

ҎԼͷࢉܭ্هͷ݁ՌͷิͰ͋Δɽderivation ݅Λ՝͞ͳ͍Ұൠͷ߹ɼρ∗ρ∗ = −ρρ∗∗
ཱ͕͠ͳ͍߹ΛഉআͰ͖ͳ͍͜ͱΛࣔ͢ɽ۩ମతʹɼ(V, [·, ·]V, ρV, (·, ·)+) ɼؔࣜ

(3.24) ຬͨ͞ͳ͍͜ͱΛ֬ೝ͢Δɽ۩ମతʹɼ(A.92) ͷࠨลΛผͷํ๏Ͱಋग़͠ɼҰൠʹ 0 ʹ

ͳΒͳ͍͜ͱΛࣔ͢ɽ

[·, ·]E ͷੑ࣭͔ΒɼX,Y ∈ Γ(E) ͱ͢Δͱ

d∗[X, fY ]E = d∗(f [X,Y ]E + (ρ(X) · f)Y )

= d∗(f [X,Y ]E) + d∗((ρ(X) · f)Y )

= d∗f ∧ [X,Y ]E + f [X,Y ]E + d∗ρ(X) · f ∧ Y + ρ(X) · fd∗Y (A.99)

Ͱ͋Δ͜ͱ͔ΒɼҎԼͷཱ͕ؔࣜ͢Δɽ

[X, d∗f ]E ∧ Y = LdfX ∧ Y − d∗[X, fY ]E + fd∗[X,Y ]E

+ d∗f ∧ LXY + LXd∗f ∧ Y + (ρ(X) · f)d∗Y + fLY d∗X − fLfY d∗X
(A.100)

X Λ d∗f ʹஔ͖ͯ͑ཧ͢ΔͱɼҎԼͷ͕ؔࣜಘΒΕΔɽ

[d∗f, d∗f ]E ∧ Y = Ldfd∗f ∧ Y − d∗[d∗f, fY ]E + fd∗[d∗f, Y ]E

+ d∗f ∧ Ld∗fY + (ρ(d∗f) · f)d∗Y
= 0 (A.101)
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ΑͬͯɼҎԼͷཱ͕ࣜ͢Δɽ

Ldfd∗f ∧ Y = d∗[d∗f, fY ]E − fd∗[d∗f, Y ]E − d∗f ∧ Ld∗fY − (ρ(d∗f) · f)d∗Y (A.102)

·ͨɼ(A.102) ɼf Λ f2 ʹஔཱ͖ͯ͑͢Δɽ

Ldf2d∗f
2∧Y = d∗[d∗f

2, f2Y ]E−f2d∗[d∗f
2, Y ]E−d∗f2∧Ld∗f2Y−(ρ(d∗f2)·f2)d∗Y (A.102′)

͞Βʹɼ(A.92) ͔Βల։͍ͯ͘͠ͱɼ

ρρ∗∗(d0f
2) · f2 = ⟨ρρ∗∗(d0f2), d0f

2⟩
= ⟨d∗f2, df2⟩
= 4⟨fd∗f, fdf⟩
= 4f2⟨d∗f, df⟩
= 4(ρρ∗∗(d0f) · f)f2 (A.103)

ͳͷͰɼ͜ΕΛ྆ล d∗ Ͱୟ͘ͱ

d∗(ρρ
∗
∗(d0f

2) · f2) = 4d∗((ρρ
∗
∗(d0f) · f)f2)

= 4f2d∗(ρρ
∗
∗(d0f) · f) + 4(ρρ∗∗(d0f) · f)d∗f2 (A.104)

Ͱ͋Δ͜ͱ͔Βɼ(A.100) ࣜ࣍ͷΑ͏ʹॻ͖͑Δ͜ͱ͕Ͱ͖Δɽ

4f2d∗(ρρ
∗
∗(d0f) · f) ∧ Y + 4(ρρ∗∗(d0f) · f)d∗f2 ∧ Y

= d∗[d∗f
2, f2Y ]E +

(
−(d∗f2) ∧ Ld∗f2Y − fLd∗f2d∗Y − ρ(d∗f

2)[f2]d∗Y
)
. (A.102”)

ʹลࠨ (A.102) Λೖ͢ΔͱɼҎԼͷΑ͏ʹͳΔɽ

4f2d∗[d∗f, fY ]E − 4f2(d∗f) ∧ Ld∗fY − 4f2Ld∗fd∗Y − 4f2(ρ(d∗f) · f)d∗Y + 4(ρρ∗∗(d0f) · f)d∗f2 ∧ Y

= d∗[d∗f
2, f2Y ]E − (d∗f

2) ∧ Ld∗f2Y − fLd∗f2d∗Y − (ρ(d∗f
2) · f2)d∗Y.

͜ΕΛ ρρ∗∗(d0f) · fd∗f2 ͷ͋Δ߲Ͱ·ͱΊΔͱɼ

4ρρ∗∗(d0f) · fd∗f2 ∧ Y = −4f2d∗[d∗f, fY ]E + 4f2(d∗f) ∧ Ld∗fY

+ 4f2Ld∗fd∗Y + 4f2ρ(d∗f) · fd∗Y
+ d∗[d∗f

2, f2Y ]E − (d∗f
2) ∧ Ld∗f2Y

− fLd∗f2d∗Y − (ρ(d∗f
2) · f2)d∗Y. (A.105)

(A.105) ͷ྆ลʹ ρ Λ࡞༻ͤ͞Δͱɼࠨล

ρ((ρρ∗∗(d0f) · f)(d∗f2)) = (ρρ∗∗(d0f) · f)ρ(d∗f2)

= (ρρ∗∗(d0f) · f)ρρ∗∗(d0f2)

= 2f((ρρ∗∗(d0f) · f)ρρ∗∗d0f)

Ͱ͋Δ͜ͱ͔Βɼ

4ρρ∗∗(d0f) · fd∗f2 ∧ Y = 8f((ρρ∗∗(d0f) · f)ρρ∗∗d0f) ∧ Y (A.106)
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ͱͳΓɼ(A.105)  (ρ(X ∧ Y ) = ρ(X) ∧ ρ(Y ) Ͱ͋ΔͳΒ) ҎԼͷΑ͏ʹॻ͘͜ͱ͕Ͱ͖Δɽ

8f(ρρ∗∗(d0f) · fρρ∗∗d0f) ∧ ρ(Y ) = −4f2ρ(d∗[d∗f, fY ]E) + 4f2ρ(d∗f) ∧ ρ(Ld∗fY )

+ 4f2ρ(Ld∗fd∗Y ) + 4f2ρ(d∗f) · fρ(d∗Y )

+ ρ(d∗[d∗f
2, f2Y ]E)− ρ((d∗f

2)) ∧ ρ(Ld∗f2Y )

− fρ(Ld∗f2d∗Y )− (ρ(d∗f
2) · f2)ρ(d∗Y ). (A.107)

͞Βʹɼ྆ลͰ d0f ͱੵΛͱΔͱɼࠨล

8f ιd0f (((ρρ
∗
∗(d0f) · f), ρρ∗∗d0f) ∧ ρ(Y ))

= 8f ιd0f ((ρρ
∗
∗(d0f) · f), ρρ∗∗d0f) ∧ ρ(Y )− 8f((ρρ∗∗(d0f) · f), ρρ∗∗d0f) ∧ ιd0fρ(Y )

= 8f(ρρ∗∗(d0f) · f)2 ∧ Y − 8f((ρρ∗∗(d0f) · f), ρρ∗∗d0f) ∧ ιd0fρ(Y ) (A.108)

ͱͳΔ͜ͱ͔Βɼ

8f(ρρ∗∗(d0f) · f)2 ∧ Y

= 8f((ρρ∗∗(d0f) · f)ρρ∗∗d0f) ∧ id0fρ(Y )

− 4f2ρ(d∗[d∗f, fY ]E) + 4f2ρ(d∗f) ∧ ρ(Ld∗fY )

+ 4f2ρ(Ld∗fd∗Y ) + 4f2ρ(d∗f) · fρ(d∗Y )

+ ρ(d∗[d∗f
2, f2Y ]E)− ρ((d∗f

2)) ∧ ρ(Ld∗f2Y )

− fρ(Ld∗f2d∗Y )− (ρ(d∗f
2) · f2)ρ(d∗Y ). (A.109)

ลࠨఔͷζϨ͋Δ͕ɼ (A.92) ࣜͷதԝͷ߲͕ݱΕ͍ͯΔɽҰൠʹҙͷ f, Y ʹର͠

ͯӈล໌Β͔ʹ 0 Ͱͳ͍ͷͰɼρρ∗∗(d0f) · f ͕ 0 ʹͳΒͳ͍ՄੑΛഉআͰ͖ͳ͍ɽ

A.11 Axiom C5ͷ֬ೝ

ρ(e)(e1, e2) = ([e, e1]V +D(e, e1), e2) + (e1, [e, e2]V +D(e, e2)) (3.25)

ཱ͕͍ͯ͠Δ͔Ͳ͏͔Λ͔֬ΊΔɽ͜Εɼ(A.32) Λ͜͏ͱͰͪʹࣔͤΔɽ(A.32) ͔Βɼ

([e, e1]V, e2)+ = T (e, e1, e2) +
1

2
ρV(e)(e1, e2)+ −

1

2
ρV(e1)(e, e2)+

(e1, [e, e2]V)+ = T (e, e2, e1) +
1

2
ρV(e)(e2, e1)+ −

1

2
ρV(e2)(e, e1)+

͜ͷ 2 ࣜΛ͢ͱɼҎԼͷ͕ؔࣜಘΒΕΔɽT (e, e2, e1) શରশͳͷͰଧͪফ͋͠͏ɽ

([e, e1]V, e2)+ + (e1, [e, e2]V)+

= T (e, e1, e2) + T (e, e2, e1) + ρV(e)(e1, e2)+ −
1

2
ρ(e1)(e, e2)+ −

1

2
ρ(e2)(e, e1)+

= ρV(e)(e1, e2)+ −
1

2
ρ(e1)(e, e2)+ −

1

2
ρ(e2)(e, e1)+ (A.110)

(A.110) Λ ρ(e)(e1, e2)+ ʹ͍ͭͯղ͘ͱɼҎԼͷΑ͏ʹͳΔɽ

ρ(e)(e1, e2)+ = ([e, e1]V, e2)++ (e1, [e, e2]V)++
1

2
ρV(e1)(e, e2)++

1

2
ρV(e2)(e, e1)+ (A.111)
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͜͜Ͱɼρ ͱ D ͷఆ͔ٛΒɼei = Xi + ξi ͳͷͰɼ

1

2
ρV(e1)(e, e2)+ =

1

2
ρ(X1)(e, e2)+ +

1

2
ρ∗(ξ1)(e, e2)+

=
1

2
(⟨X1, d(e, e2)+⟩+ ⟨ξ1, d∗(e, e2)+⟩)

= (d(e, e2)+ + d∗(e, e2)+, X1 + ξ1)+

= (D(e, e2)+, e1)+ (A.112)

ಉ༷ʹɼ
1

2
ρV(e2)(e, e1)+ = (D(e, e1)+, e2)+ (A.113)

͜ΕΒΛ (A.111) ʹೖͯ͠ɼ

ρV(e)(e1, e2)+ = ([e, e1]V, e2)+ + (e1, [e, e2]V)+ + (D(e, e2)+, e1)+ + (D(e, e1)+, e2)+

= ([e, e1]V +D(e, e1), e2) + (e1, [e, e2]V +D(e, e2)) (A.114)

(A.114) ·͞ʹ (3.25) ͦͷͷͰ͋ΔɽΑͬͯɼ(V, [·, ·]V, ρV, (·, ·)+) ʹ͓͍ͯɼAxiom C5 

ཱ͢Δɽ

A.12 NK = NP +NP̃ Ͱ͋Δ͜ͱͷ֬ೝ

NK ɼ(4.1) Ͱ༩͑ͨɼ֓ύϥෳૉߏͷՄੵੑΛධՁ͢ΔͨΊͷྔͰ͋ΔɽNP (X,Y ),

NP̃ (X,Y ) Λ

NP (X,Y ) = P̃ [P (X), P (Y )], NP̃ (X,Y ) = P [P̃ (X), P̃ (Y )] (A.115)

ͱͨ͠ͱ͖ɼNK(X,Y ) = NP (X,Y ) +NP̃ (X,Y ) Ͱ͋Δ͜ͱΛ͔֬ΊΔɽ

͜͜Ͱɼ(4.2) ࣜͷ P, P̃ ͷఆ͔ٛΒɼNP (X,Y ), NP̃ (X,Y ) Λ K ͕͋ΒΘʹͳΔΑ͏ʹॻ͖Լ

͢ͱɼҎԼͷΑ͏ʹͳΔɽ

NP (X,Y ) = P̃ [P (X), P (Y )]

=
1

2
(1−K)

[
1

2
(1 +K)X,

1

2
(1 +K)Y

]

=
1

2
(1−K)

1

4
[X +K(X), Y +K(Y )]

=
1

2
(1−K)

1

4

(
XY +XK(Y ) +K(X)Y +K(X)K(Y )

− Y X − Y K(X)−K(Y )X −K(Y )K(X)
)

=
1

2
(1−K)

1

4
([X,Y ] + [X,K(Y )] + [K(X), Y ] + [K(X),K(Y )])

=
1

8
([X,Y ] + [X,K(Y )] + [K(X), Y ] + [K(X),K(Y )])

+
1

8
(−K[X,Y ]−K[X,K(Y )]−K[K(X), Y ]−K[K(X),K(Y )])
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ಉ༷ʹɼ

NP̃ (X,Y ) = P [P̃ (X), P̃ (Y )]

=
1

2
(1 +K)

[
1

2
(1−K)X,

1

2
(1−K)Y

]

=
1

2
(1 +K)

1

4
[X −K(X), Y −K(Y )]

=
1

2
(1 +K)

1

4

(
XY −XK(Y )−K(X)Y +K(X)K(Y )

− Y X + Y K(X) +K(Y )X −K(Y )K(X)
)

=
1

2
(1 +K)

1

4
([X,Y ]− [X,K(Y )]− [K(X), Y ] + [K(X),K(Y )])

=
1

8
([X,Y ]− [X,K(Y )]− [K(X), Y ] + [K(X),K(Y )])

+
1

8
(K[X,Y ]−K[X,K(Y )]−K[K(X), Y ] +K[K(X),K(Y )])

͕ͨͬͯ͠ɼ

NP (X,Y ) +NP̃ (X,Y ) =
1

8
([X,Y ] + [X,K(Y )] + [K(X), Y ] + [K(X),K(Y )])

+
1

8
(−K[X,Y ]−K[X,K(Y )]−K[K(X), Y ]−K[K(X),K(Y )])

+
1

8
([X,Y ]− [X,K(Y )]− [K(X), Y ] + [K(X),K(Y )])

+
1

8
(K[X,Y ]−K[X,K(Y )]−K[K(X), Y ] +K[K(X),K(Y )])

=
1

4
([X,Y ]−K[X,K(Y )]−K[K(X), Y ] + [K(X),K(Y )])

= NK(X,Y ) (A.116)

ΑͬͯɼNP (X,Y ), NP̃ (X,Y ) Λ

NP (X,Y ) = P̃ [P (X), P (Y )], NP̃ (X,Y ) = P [P̃ (X), P̃ (Y )]. (A.117)

ͱͨ͠ͱ͖ɼNK = NP +NP̃ ཱ͕͢Δɽ
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Indag. Math. 2 (1940) 449, “On the differential operators of the first order in tensor

calculus,” In Cremonese. Convegno Int. Geom. Diff. Italia. (1953) 1,

A. Nijenhuis, “Jacobi-type identities for bilinear differential concomitants of certain ten-

sor fields I,” Indagationes Math. 17 (1955) 390.

[41] M. Gerstenhaber, “The Cohomology Structure of an Associative Ring,” Ann. of Math.

78 (1963) 267.

[42] V. G. Drinfel’d, “Quantum groups,” Proc. Internat. Congr. Math. (1986) 789.
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Physique théorique 53 (1990) 35.

[56] ాଜ Ұ, “༿ͷτϙϩδʔ,” ॻళؠ (1976)

[57] A. Newlander and L. Nirenberg, “Complex Analytic Coordinates in Almost Complex

Manifolds,” Ann. of Math. 65 (1957) 391.

[58] W. M. Tulczyjew, “The graded Lie algebra of multivector fields and the generalized Lie

derivative of forms,” Bull. Acad. Pol. Sci., Sér. Sci. Math. Astr. Phys. 22 (1974) 937.

[59] A. Vaintrob, “Lie algebroids and homological vector fields,” Uspekhi Mat. Nauk 52

no.2(314) (1997) 161 translation in Russian Math. Surveys 52 no.2 (1997) 428.

[60] T. Kimura and S. Sasaki, “Gauged Linear Sigma Model for Exotic Five-brane,” Nucl.

Phys. B 876 (2013) 493 [arXiv:1304.4061 [hep-th]].

[61] J. Berkeley, D. S. Berman and F. J. Rudolph, “Strings and Branes are Waves,” JHEP

1406 (2014) 006 [arXiv:1403.7198 [hep-th]].

[62] D. S. Berman and F. J. Rudolph, “Branes are Waves and Monopoles,” JHEP 1505

(2015) 015 [arXiv:1409.6314 [hep-th]].

[63] I. Bakhmatov, A. Kleinschmidt and E. T. Musaev, “Non-geometric branes are DFT

monopoles,” JHEP 1610 (2016) 076 [arXiv:1607.05450 [hep-th]].

[64] T. Kimura, S. Sasaki and K. Shiozawa, “Worldsheet Instanton Corrections to Five-branes

and Waves in Double Field Theory,” JHEP 1807 (2018) 001 [arXiv:1803.11087 [hep-th]].

[65] O. Hohm and B. Zwiebach, “Large Gauge Transformations in Double Field Theory,”

JHEP 1302 (2013) 075 [arXiv:1207.4198 [hep-th]].

[66] J. H. Park, “Comments on double field theory and diffeomorphisms,” JHEP 1306 (2013)

098 [arXiv:1304.5946 [hep-th]].

[67] D. S. Berman, M. Cederwall and M. J. Perry, “Global aspects of double geometry,”

JHEP 1409 (2014) 066 [arXiv:1401.1311 [hep-th]].

[68] M. Cederwall, “The geometry behind double geometry,” JHEP 1409 (2014) 070

[arXiv:1402.2513 [hep-th]].

[69] C. M. Hull, “Finite Gauge Transformations and Geometry in Double Field Theory,”

JHEP 1504 (2015) 109 [arXiv:1406.7794 [hep-th]].

[70] U. Naseer, “A note on large gauge transformations in double field theory,” JHEP 1506

(2015) 002 [arXiv:1504.05913 [hep-th]].

[71] S. J. Rey and Y. Sakatani, “Finite Transformations in Doubled and Exceptional Space,”

arXiv:1510.06735 [hep-th].

[72] V. G. Drinfel’d, “Hamiltonian structures on Lie groups, Lie bialgebras and the geometric

meaning of classical Yang-Baxter equations,” Dokl. Akad. Nauk SSSR 268(2) (1983) 285.

Soryushiron Kenkyu



69

[73] R. Loja Fernandes and M. Crainic, “Lectures on Integrability of Lie Brackets,”

math/0611259.
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