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Sec. 6 DEEF (1)
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L= % L POH ¢ — %m%? ~U(9), L = %6@@5 Op® + %m2¢2 +U(9)

Sp =5 D0 (@2 + K7 4 m?) 6 ()6, ()

n,k

 [Doese = NT[VEGE + K )
n,k
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Sec. 6 DIEEF (2)

s R

S=TY glw)=Fiy Res glwo) (o, 9rnT r(2n + 1)T)

eiPwo 1

wo
s JTILEFY (RYVIZDOWTIXERIFREEL )
L=vy(iv"0, — M+ u" )+ Lo, Lg =DV + Lo
z /prapq) e—fd433LE _ /D(I) o~ Sett (BT 1)~ o= St (Peqs T, 1)

St = S5 4 Sp g = —logdet D + / d*2Lp o

(M =m+ go0, 1" = pp— Vo,vr = iv0, D = =i, 8, — ™" + M)

T
Qp = —Tlogdet D = — Z B Zlog((Ek — ) +w?)

k

= —TZlog[cosh((Ek; —w)/T)] IR

= — Z — — Z Tlog(1 4 e PE=1)) Z Tlog(1 4 e AUEkITR))
k k,Er>0 k,F; <0
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Spontaneous Chiral Symmetry Breaking
in NJL model




Chiral Symmetry in Quantum Chromodynamics

a QCD Lagrangian notation: Yagi, Hatsuda, Miake
. 1
L=q'D,—m)— 5 M

s Chiral symmetry: SU(Vgr x SUNpg
@ Left- and Right-handed quarks can rotate independently
qr = (1 =75)q/2,qr = (1 +75)q/2 = Voqr, VrRqr
Lq=qr(iv"Dyu)ar + qr(iv" Dy)gr —@Q_LC]R + qrqL)

invariant small (for u, d)
# Chiral transf. of hadrons

S S N o'\ [cosf —sinf\ (o
— 4T =4Vt g 7' )]  \sinf cosb T

@ ¢ (J™=0") and 7 (J™=0") mix via chiral transf. but have diff. masses.
— Spontaneous breaking of chiral symmetry.
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Nambu-Jona-Lasinio (NJL) model
s NJL Lagrangian

- ~,~
L= q(iv"0, —m)q- N2 (q9)” + (973757‘1)2}/@

# Integrating out gluons and hard quarks in QCD A-l
— Effective theory of quarks
with the same symmetry as QCD

Wigner

In Nuclei(?)
Nambu

S =qq, P = qiysTq
+ S?2 + P? —inv. under chiral transf. ¢

# Euclidean action

(z)p = (T=1it), (vu)E = (2 =17, 7)
L = q(=ivpOu +m)q = 55 [(90)° + (ir579)°)

Nambu, Jona-Lasinio ('61), Hatsuda, Kunihiro ('94)
) LTYITP S p
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Partition Function in NJL

# Bosonization (Hubbard-Stratonovich transt.)

G? N A? ~ .
—oAz (79)° + (qivsTq)?] = —(0° + 7°) + Gq(o + iysT - g

2
>
s Partition Function — —@—

ZNJL :/Dqu—eXp [_/d4x£NJL] G = GO T GOZG

2
:/Dqu‘DZ exp[— / d*r [q(—ma +m + GZ)C] -+ %(02 + 71'2)

D

:/DZ exp [—Sem (25 1')]
8 Effective Action

2

A
Set(3;T) = —logdet D + /d4x7 0% (z) + 7]
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THEORETICAL PHYSICS [ vITP kyoto 2321



Bosonization & Grassman Integml

# Bosonization (Hubbard-Stratonovich transf.)

C G252 A2 GS\2 G252
exp oAz | = do exp |—— Y] +2A2

_G2(P“)2 —/d i _A_2 a_GPa 2+G2(Pa)2
exp B A2 — T exp T Az oA

# Grassman number

/dx - 1 = anti-comm. const. = 0 ,/dx - Y = comm. const. =1

1
[ dni explean] = [ ddy (a0 =+ = det s

= exp |—(—logdet A)]

Bi-linear Fermion action leads to -log(det A) effective action
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Fermion Determinant in Mean Field Approximation

# Mean Field approx.+Fourier transt.— Diagonal Fermion matrix

Dpx = —iw,Y +7-k+m+ gyo, E* = Vk2 + M*2  M* = m—+ g,0
— det Dy je = [w? + B2

— det D = H(Wi + E2)¥%(d; = AN.N; = Fermion dof)
n,k
# Effective Potential

I A? 2 2\d s /2
eﬂc—Q/V——VlogZ—7a ——Zlogw + k“ + M=)%/

A2 d% [Ek 1 lqﬁ

=—0° —d
o f (27)3 3E eBr/T 41 Matsubara sum

2




Effective potential of NJL model
s Effective potential (Grand pot. density)

A? &’k [E, Kk 1
Fof =—=0° —d
=57 f/ (27)3 [ 2 i 3Ek eEk/T—I—J

Zero point energy + Thermal (particle) excitation + Aux. Fields

s Effective potential in vacuum (T=0, u=0) in the chiral limit (m=0)

A2 de Y Bk d 72
Fg=—02_ L E.= A | -2 = | (z= M/A
=57 "9 ] (3 * [ 2 (x)+2G2]($ /M)
AT (z)
_ — _ 1 p—
Ad T2 + 5 [G2 G§ﬂ+ O(x"logz)(GZ = 87*/dy)

‘ G>G_ — 2nd coef. < 0 —Spontaneous Chiral Sym. Breaking I

1 1+ 14 22 1 4
I(z) = 7575 [\/1+x2(2—|—x2)—x410g il x+x N—[1+x2+x—(1+410g£+0(x6>}

- 872 8 2
-m Y-TP *\?QS
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Spontaneous breaking of chiral symmetry

s o is chosen to minimize F _ (Gap equation)
eff

1 aFeff: dfd](x)_l_x —0
AY Ox 2 dx @ G?

For G>G_ — finite 6(~ q"*"q) solution gives min. energy state.

If the interaction is strong enough, c(~q*"q) condensates
and quark mass is generate.(Nambu, Jona-Lasinio ('61))

“ m>() x=Go/A
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Chiral phase transition at finite T and u
(Chiral Limit)
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NJL model with u

s NJL Lagrangian
2

G .
L=q(iy" oy = m+1"ma+ 15 [(@9)° + (3579)°]
GQ

Lr = q(=17u0u +m—Ym1)d = 535 (39)* + (qivsTq)?]

# Effective Action
2

A
Set = —logdet D + /d4zv7 0% (z) + w(x)]

D = —iy,0mu — yop + M(M =m + GY)

MF + Fourier - D = —y(iw+p) +v-k+ M(M =m + Go)
# Free energy density

A? T
Fe . R ] o — 1 2 k2 M2 ds/2
F= 50 — ; og((wp —ip)” + k* + M*)

A% &k [Ey k* 1 1 1
= —0° —dy + —= +-
2 2m)3 | 2 " 3E,R2 \eBx—m)/T 11 ' eBxtn)/T 4 1

o ey pas
B LTYITP # 13
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T, u and m dependence of thermal pressure

# Thermal pressure as a function of T, u, and m (Fermions)
Kapusta ('89), Kapusta, Gale (2006)

2 1 4
—_7 2 £

PFidy — 1
F =200 s 1872

Stefan-Boltzmann (m=0)

2 —_—
m- |7, .
— [ I'* 4+ p ‘] m? term — phase transition

1672 | 3

g [ (5) - Lo ) 0

m* term — critical point New

0

HY (v) = (;)QZ N _21)2 Py i(—l)“"l (;)ﬂ (2 - %) C(2k +1)

=1 k=1

‘ Mass reduces pressure (enh. Feff) — phase transition ? I
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Chiral Transition at Finite T

s Effective potential at finite 7 in NJL

F d 2 pr
L ) .
A4 2 2G2 A4
B d ¢ df7r27 T 4+:U2 1 1 1_7‘(‘_2 Z 2
1672 90 8 \ A 2 |G? G? 3 \A
Stefan-Boltzmann Correction from T
@ Chiral transition should A >
occur at T <32 A/n. F of f T Tc
T = Tc
c
T<n
Chiral Transition at finite T

is suggested by NJL !

-
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High-Temperature Expansion (1)

# Thermal pressure (Fermions)

PpF _ dp d3p p? 1 N 1
2 ) 273 3w | elw-m/T 41 " elwtm)/T 41
w=\/p? +m?

s High-Temperature Expansion = Expansion in m/T

@ Important to discuss chiral transition (m = Go)

@ Naive expansion does not work (non-analytic term in m)
# Kapusta method

@ Recursion formula: simpler integral — pressure

AT*d g m 7 dhy 11 Y
pF — h,F( - :_) nr = 2R,
2 s\ VT T7) dy n !
@ Replace integrand
1 L 1 1 - 1
2w eV 41 ewtV 41| 2w — w?+[7(20 - 1) — w]?
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High-Temperature Expansion (2)

s Following identity is obtained from contour integral.
1 1 1 1 = 1
— +

2w |ew vV +1  ewtV 41

T 2w w2 + [r(20 — 1) — )2

[=—oc

jg iz 1 1 jgdz: 1 1
CotCy 2T eiz—v 1] 22 4+ w2 e 2m eV 4+ 1 22 4 w?

poleatz=+iw poleatz=m(2/-1)-iv
A @CU
P —
» EICEIE @&t
C2< ®
QISISIO OISO C,
E C+C+C +C,=0

-
..
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High-Temperature Expansion (3)

# Recursion relation of h-functions

1 > e ldy 1 1
hE =
n(yv) 2(?’1—1)!/0 W {ew—y—kl_'_ewﬂ’—l—l}

dthrl
dy

Y
= —=hp_1
T

@ From hy(y, v) , h3(0, v), h5(0, v), we obtain hs(y, v) and pressure.

s Key function= hy(y, v)

2L OO
1 1
hF — |1 d — —
tlyv)=lim J o de {2&) 2 w2—|—[7r(25—1)—iy]2}

rrrrrrrrrrrrrr
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(Tri)Critical Point

# Do we expect the existence of (Tri)Critical Point in NJL ?

@ Yes, as first shown by Asakawa, Yazaki ('89)

@ TCP in the chiral limit — CP at finite bare quark mass

s Estimate from high-temperature expansion

@ TCP: ¢, =0 and ¢4 = 0 simultaneously.

@ ¢4 decreases as u/T increases.

@ Existence is probable,
Position is sensitive

to parameters and treatment.

2.5

T |

1.5

1 L

05 f

0

Y& 1- II::E{:TET.F A —

H'(WT) (ful]) -
HYQT) (LO.x) =

{:ﬁ
" :1

0
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Chiral Transition at Finite u

s Effective potential at finite p in NJL
Ly IT i | 3 el f 1

Fet (m; T, p) =Ferr(0;T, ) + —5—m® + =2~ m* + O(m°)
) |11I-' 3 3 e 7 3 3 |
co(T', u) = — AT |1l ——— |- T+ —p~
24 (= dp (s we ]
0)
@ 2nd order phase boundary 31250 MeV in Asym, g./g. 0.2
5 200 |Lat. T, HIC BH: Shen EOS, 40 M___
LRO4
2 2 2 . gramt e LT04 LRO2
T+ F/L =T:(n=0) o1 ﬂ;@p EPNJE LCO8
g = BES ‘b%@ '*"-._‘% T2+S 213 TE2=(:01151:
Roughly matches =1 N e R
chem. freeze-out line. Stat. ¢ e
50 1 CP(models) ©
CP(Lat) ©
CP(Asym.) =
0 ' JNR S E
0 300 600 900 1200
Up (MeV)
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Chiral Transition at Finite u

s Effective potential at finite # in NJL

(T, . (T,
Feg(m: T u) =Feg(0; T, u) + 4‘3['}_;1] m> + H[:HP] m® 4+ OQ(m")

di [ 3 g 3 .
o2, pu) = — Eil [rri‘f (1 - d;.-:'_':'-?) - (Ti‘ + ?—Ep.])]

Yy =T
calT, i) T‘;TQ[} 1 log (ﬂ) . H“m;r]]

n=0

@ Cy= 0 and Cy > 0 — 2nd order

negative at finite p

@Cy 2> 0 and ¢y < 0 — 1st order

@ ¢,=0and ¢, = 0 — tricritical point \/_/

eV
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Short Summary
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s NJL 53 (N=2) TIEEZEEIZEI T QCD(A R) Hisi &
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http://www2.yukawa.kyoto-u.ac.jp/~akira.ohnishi/Lec2019/HighTExp.pdf
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