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Introduction & Summary

The day before yesterday, I mainly talked about the behind-the-scene
story concerning my personal relation to the a-theorem.

I don’t have time to talk about a today; the method to calculate a of
an N = 2 SCFT is a talk in itself.

Instead I'd like to talk in detail about the structure of the low energy
limit of N' = 2 SU(IV) with Ny = 2n flavors.

* I guess it’s not so bad to recall the Seiberg-Witten theory:.
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N=2 SUSY SU(N)
with N flavors

|
®®®



It’s a strange structure, but not that strange.

* Consider SU(2) with a number of doublets and a number of
triplets.

Doublets, taken alone, comprise a free CFT with SU(2) ¢

Triplets, taken alone, comprise a free CFT with SU(2) ¢

* So the theory is: CFT; and CFT2 coupled via SU(2) gauge bosons

The only difference here is that both CFT; and CFT3 are non-free.

You can call them unparticle sectors if you like.
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* We habitually think of field theory as gauge groups + matter fields ...

* but matter fields might not be free.

* In this case we had a conventional UV description which was a SUSY

QCD,
* but there’s no guarantee there is a conventional UV description either.

* Just studying conventional field theories might not be
enough.
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* I’'m very sorry I didn’t have time to put figures into the slides.

e I'll use the small whiteboard there to draw them.
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1. N = 2 Basics
2. SU(N) without quarks

3. SU(N) with quarks
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/N,
\.”

vector multiplet
adjoint of G

traceless N X IN matrix

/\
\/

Yo

hypermultiplet
some rep of G

N-dim column vector
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* (Q) = (Q) = 0 for simplicity.
* V(¢) = tr[g, $T]?
ax
az

¢ Classically, ¢ = as — V() =0

anN

(n.b. Zai = 0)

* (N — 1)-dimensional moduli space of vacua.
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aj
a2

anN

Classically,
* Masses of W-bosons : |a; — a;|
L D [Au, (#)][A*, (#)]

» U(1)V ! remains unbroken and massless

* Masses of the quarks : |a; 4+ m|
N

W =Q($)Q +mQQ =) (a;i +m)Q'Q;

i=1
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aj
az

an
Classically,

* Masses of W-bosons : |a; — a;]

o (tr¢F) = Z a¥, or equivalently

o (det(x — @) = &N + usx™N 2 fuzaN 3+ fuy
where U, = ai1az - - - ap + permutations.

Quantum effect modifies this relation. But how?
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Quantum mechanically,

Writing ¢ = diag(ai,...,an) doesn’t make much sense
because they are gauge dependent.

W-boson masses are physical. —»
Define a; so that W-boson masses are |a; — a;|.

* Vevs of operators are physical. —
Define ug so that
(det(a: — d))> = .’L'N —+ u2:1:N_2 —+ u3mN_3 + oo Fun

* up = aiaz- - - ai + permutations + quantum corrections

What are these quantum corrections?
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ANSWER: Take
Ny

¥ :y? = P(x)? — A2N-Ns H (x + myg)
k=1

where
and the differential on it

P
A = i'dlog m
2mi P(x)—y

a; :/ A.
A;

(n.b. X needs slight modification when Ny = 2IN)

Then

This is exact.
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SU(2) by [Seiberg-Witten} 1994
SU(N) by [Argyres-Shaperel, [Hanany-Oz} 1995

done by combining
correct guesses at a few singular points + holomorphy

(Re)derived by performing the path integral by [Nekrasov] 2003.
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Another interpretation [ Wittenl 1997, [Gaiotto} 2009:

On a single M35 lives a 6d theory.
M2s ending on the M5 give strings on it.

Put the theory on 2d 3. Gives a 4d theory.

* The string tension is position-dependent, |A| .

* A string wrapped on C' has the mass

fowz| [
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It’s not just that a; = / A Eg.
A;

* Choice of C' —> W-bosons, quarks, monopoles, dyons ...
* Which choice of C really gives rise to particles

* Whether that particle is a vector or a hyper or one with higher-spin ...

{Shapere-Vafal 1999, {Gaiotto-Moore-Neitzke} 2008~
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When an electric particle goes around a magnetic particle, it gets the
phase

exp[27riqeq1’n]

If the first particle has the charge (ge, gm ) and the second (g’, q),,)
then

exp[27ri(qeq;n — (I;Qm)]

The number geq),, — ¢..gm : Dirac quantization pairing

If the first particle comes from C; and the second Cs,

geqd), — q.qm = #(C1 N Cs)
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1. N = 2 Basics
2. SU(N) without quarks

3. SU(N) with quarks



¥ : [Klemm-Lerche-Yankielowicz-Theisenl, [Argyres-Faraggil, 1994)

y2 :P($)2 _A2N
:(:cN—|—u2a:N_2—|—---—|—uN—|—AN)><
(:I:N+uzasN_2—|—---+uN—AN)

Let
2V +ueN 2 4 fuy = (@ —ay) (@ — ay) - (@ — ay)

A = 0: Doubles zeros at x = a; —

Small A : Cuts between ¢ = g;t =a; + O(AY)
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The differential was

A =zdlog(P +y)/(P —y)

Close to ¢ = @, it is

A~ adr/x
Therefore
1
a; = Py A, Ar~oa;
1 2N
o - A~ %(Qi —a;)log A
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W-bosons:
A; —Aj: a; — a;

SU(2) 't Hooft-Polyakov monopoles embedded using the (%, j)-th entry
2N
B;; : (a; — aj)— log A.
2me

Classically, the mass of the monopole is

47 0
T(a; — aj) where T=— 4+ —
g2 27

0 2N

—_ A—1=—

oA 27

This correctly reproduces one-loop running from the vector multiplet,

bo = 2N.
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What happens when A is very big?

y? = (@ +u2x™ 2+ un + AV)X
(a:N—I-uza:N_z—l----—l-uN—AN)

Set
U2 = € U2,

— N-15

UN-1 UN-1,

UN = AN + EN’llN

— 3?2 ~ 2AN2"N 4 small deformation.

Electric & magnetic particles are both light.

[Argyres-Douglas} 1995, [Eguchi-Hori-Ito-Yang} 1996
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y? ~ 2AN 2N + small deformation.

* The differentialis A ~ xdy whenx ~ 0.

e Cutsareatx ~ € —>yNeN/2 _>/AN€1+N/2.

2
. / A determines the physical mass. —> [€] = .
N + 2
2k
¢ The scaling dimension is then [i] = .
N+ 2

Originally, ug, ~ tr ¢* and [ug] ~ k.

|
N+4+2°

* Dimensions got reduced by
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1. N/ = 2 Basics
2. SU(N) without quarks

3. SU(N) with quarks



> :y? = P(x)? — A2N-Ns H(a: — my)
k

where
P(z) = (det(z — ¢))
=aN f+uge™V 2+ fuy
=(x—ay)(x—ayz) - (z—an)
with the differential p
A = zdlog ty
P—y

A has poles at € = m,; with residue m;.
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> :y? = P(x)? — A2N-Ns H(a: — my)
k

where

P(z) = (x —ay)(x —az) -+ (z — an)
When A <K a; K my , there are two regions of the curve

e around x ~ m

e around x ~ a —> almost the same as the pure case with

A’2N _ A2N-N; H .

k
There are cycles Cj with
1
— A=a;+mg : hypers
27 Jcy,
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What happens when A is very big? Let Ny = 2n, set m = 0.

y2 — P(w)2 _ A2N—2nw2n
=@N 4+t un—pz" + -+ un + AV T2 X

@V + - Fun_nz™ + -+ uny — AN ™)

Set
UN_n = AN, ur, = 0 otherwise.

— y2 — (iBN + 2AN—nwn)wN

* You can proceed as in Ny = 0...
[Argyres-Plesser-Seiberg-Witten} 1994 [Eguchi-Hori-Ito-Yangl 1996

* But extra care is necessary when Ny > 4. (Ny = 2 is OK).
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* So, let’s study the easiest case with Ny = 4,
ie. SU(2) with Ny = 4.

* Some aspects can be easily generalized to SU(IV) with Ny = 2N.

* Note that the one-loop beta function vanishes. Known to be
vanishing even non-perturbatively. T is exactly marginal.

2N
y? = (@ +uxV 2+t un)? — £(7) [[ (= — g(m)p — i)
k=1

* f(7) =1 — g(7)? is a certain function of T.

* The mass of the 2-th hyperis m; = p + p;; Z w; = 0.
* f ~ 0 when the theory is weakly-coupled.

* f ~ 1 when the theory is very, very strongly-coupled.
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So, let’s study what happens when f = 1 — g? ~ 1

2N
y? = (@N +uxN 2+ fun)? — f(7) H(m—g(T)u—m)

k=1

2N
= @Y + Ngua" '+ +an)? — f(r) [[ (@ — i)
k=1
92
~ (?sz + NgpuaN =1 4 2N "2 4 ... +an) X

2N
(&N + Ngua™V ' + .-+ an) + Y Mz *
k=2

* Two zeros around x ~ 1/g > 0
* 2N — 2 zeros around z ~ O(1)
* A ~ dx/z in the middle.
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Let A ~ adx/z in the middle tube.

Middle tubular region
* particles of mass £2a —> W-boson of “magnetic” SU(2)

Regionatx ~ 1/g
* particles of mass a = N
— a doublet hyper charged with magnetic SU(2) with mass IV p.

Region at x ~ O(1)
o 2?7
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If we originally have SU(2) with Ny = 4, it can be better understood.

Middle tubular region
* particles of mass £2a —> W-boson of “magnetic” SU(2)

Regionatx ~ 1/g

* particles of mass a = N
— a doublet hyper charged with magnetic SU(2) with mass IV p.

Region at x ~ O(1)
* particles of mass £a + p; — p;
* p; was in the 4-dim. rep of SU(4)

* p; — pj are for the anti-sym. rep of SU(4)F,
i.e. the vector of SO(6)F.
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Originally:

SU(2) with four doublets,
transforming as 41 @ 4_1 under U(1) x SU(4)

Strong-coupling limit:

SU(2) with one doublets + three doublets,
transforming as 142 @ 1_2 @ 69 under SO(2) x SO(6)

{Seiberg-Wittenl, 1994

December 2010 34/45



Originally:

SU(2) with four doublets,
transforming as 8y under SO(8)

Strong-coupling limit:

SU(2) with four doublets
transforming as 8 under SO(8)

{Seiberg-Wittenl, 1994
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SU(IN) with 2N flavors in the strongly-coupled limit.

Middle tubular region
* particles of mass £2a — W-boson of “magnetic” SU(2)

Regionatx ~ 1/g
* particles of mass a = N
— a doublet hyper charged with magnetic SU(2) with mass IV p.

Region at x ~ O(1)
* Some strange theory with SU(2) X SU(2IN) symmetry. Call it R .
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Originally:

SU(N) with 2N doublets,
transforming as 2N @ 2N_; under U(1) x SU(2N)

Strong-coupling limit:

SU(2) with one doublets of charge IN under U(1), plus the strange
theory R with SU(2) x SU(2NN) symmetry.

[Argyres-Seiberg} 2007 did N = 3
[Gaiottol 2009  gave the general direction
[Distler-Chacaltana}l 2010  did this particular case
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* R is just three doublets. Has SU(2) x SO(6) ~ SU(2) x SU(4)
symmetry.

* Rj3 is the Eg theory of [Minahan-Nemeschanskyl, 1996.
Note that Eg D SU(2) x SU(6).

* Ry for N > 4is, well, Rn.
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Originally:

SU(NN) with 2N doublets,
transforming as 2N ;1 @ 2N_; under U(1) x SU(2N)

Strong-coupling limit:
SU(2) with one doublets of charge IN under U(1), plus the strange
theory Ry with SU(2) x SU(2N) symmetry.
The dual is also conformal.
bp =4 — 1 — Rp’s contribution = 0

— Ry’s contribution to bg = 3.
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Let’s come back to SU(/NV) with Ny = 2n < 2N.
(This is the new thing; everything so far was a review!)

k

2n
— (iN_'_,ala*'}N—l +°"+ﬂ/N)2 _AZN—Z'n,{U-N _ ZMkmk
k=2
=@+ -+ an_pnz" + -+ an) X
2n
@Y+ + AT fan_p)T™ + i) — Y My
k=2

A = ydZ/Z" when & < A. Let § = y/Z" ! so that A = §di/&.

For simplicity I'll drop all the hats and the tildes.
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y° = [GUN_”+2 4+t UN—p 1T+ UN—nt2

UN_n u
LUV L Y T
£

mn72

[N AN T )

2n
UN—n+1 UnN Mk . dx
+7+--.+—n] -5 % with A=y—.
T T T T
k=2
We choose to scale as
UQ OX €, Uy OX €2,++ - y UN—n42 X eN—nt2
and
62 63 5" M,  §F
UN-—n+2 X O yUN—n+3 X st UN X ) k X .

Therefore eV "2 = 52, and § < e
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Around x ~ 9, the curve is

UN—-n+3 unN
Y = [unonsz + o e
2n
UN—n+2 un M, . _ dex
2+ T ] 2 s vk A=

k=2
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Around x ~ §, the curve is
. i,
E
dx

2 [ us
Y =it e T
- - 2n
Ug Unp My, . _
2+ - 2 e Ml A=y
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Around x ~ §, the curve is
Up
E

L .
xr xr

iz in] o~ My

[2+w2+---+xn}—k§xk_2

with A =y—.
x

Depends only on n.
Can be understood with SU(n) with 2n flavors...
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Around x ~ §, the curve is
Up
E
dx

2 fa, 4 284 ...
Y =it e T
- 2n
un} Z M,
—| = with A =y—
k—2
" s T T

P+$+m+

Depends only on n.
Can be understood with SU(n) with 2n flavors...
In fact this is the Ry,. [0] = 1.
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Around « ~ ¢, the curve is

. dx
y? =N "2 L b uN 1T+ UN—py2 with A= Yy

Depends only N — n.
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Around « ~ ¢, the curve is

) dx
y? =N g UN-—pnt1T + UN-—pnt2 With A= y;

Depends only N — n.
In fact, it’s just SU(IN — n + 1) with Ny = 2 flavors
studied by Eguchi-Hori-Ito-Yang.

(Note that N’ = N — n 4+ 1,n’ = 1 and therefore N’ —n' = N —n))
2

Callit SN_paq. €V "2 =62 [l = ————.
HON—n+1- € L] N—-—n+2
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And there is the tube in § K€ = <K e

W-boson with mass 2a

Monopole with mass ——alog —
27i 0

Recall €Y ~"12 = §2. Then

1 € 1 N —n
——alog - = -a
0 27t N —n+2

27
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from SU(2) vector : 44

from R,, : —3

from SN—n+1

I explained how you get —3 from R,,.
The last one was known in {Shapere-YT], 2007.
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Summary

N = 2 SU(N) Ny = 2n flavors at a very special choice of (tr ¢*):

—

* SU(2) coupled to
* R,: apart of the strong coupling dual of SU(2n) with 2n flavors
* SN—n+1 : the low energy limit of SU(IN — n + 1) with 2 flavors

Exercises:
* SU(N) with 2n + 1 flavors ???
* SO(N)? Sp(N)?

¢ I believe the structure is very generic
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