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On a New Quantum Algorithm for Searching

S.Iriyama and M.Ohya
Tokyo University of Science

Abstract
In this paper, we introduce the new quantum algorithm for searching
which computational complexity is polynomial of input size. Using this
algorithm, we can avoid the crucial points in Shor’s quantum algorithm.

1 Search Problem

A search problem is to find = such that f (z) = y for a given f and y. One of the
special problems is to find an inverse function of f. Originally a search problem
has been discussed by Levin[1, 2], and Solomonoff[3] described an algorithm of it.
A quantum algorithm of search problem was proposed by Grover in 1996[5]. His
algorithm contains an Oracle, a black box, and the computational complexity
is a square root of the length of searching area.

When the above f is a discrete function, the relation between x and y are
represented by a binary relation. More generally, instead of the above function
f, the relation between x and y are represented by a binary relation R. If
x € X and y € Y are related by R, then we denote this R (z,y) or xRy. A
search problem is defined by the following.

Problem 1 Fora given R andy €Y, findx € X such that R (x,y). Otherwise,
reject.

Without loss of generality for discrete cases, we take X =Y = {0,1,--- ,2" — 1}.
Let Mg, x,y be a Turing machine calculating R (x,y) forz € X and y € Y. It
outputs 1 when R (z,y), 0 otherwise. To solve the problem, one can construct
a Turing machine My running as the following.

Stepl Set a counter i = 0.

Step2 If i > 2" — 1, reject, else call Mg x,y with inputs =4 and a given y,
then obtain the result.
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Step3 If the result of Step 2 is 1, then outputs x.

Step4 If the result is 0, then go back to Step2 with the counter i + 1.

In the worst case, we must call Mg x y for all z to check R (z,y). Let T (M)
be a computational complexity of a Turing machine M. The computational
complexity of searching algorithm is the cardinal number of Y.

In the paper[8], we developed a new quantum algorithm for search problem,
and showed that the computational complexity of it is polynomial of n. More-
over, we applied this quantum algorithm into prime factorization[9]. For the
problem, it is well known that Shor’s quantum algorithm is effective to solve[4].
However, in the paper[8] we pointed out that it is not clear to achieve the Shor
reduction which can reduce the steps because of dust qubit problem and con-
structing unitary operator problem. Using our searching quantum algorithm,
one can avoid these problems.

2  Quantum Search Algorithm

From this section, we use a discrete function f instead of general R (z,y). Let
n be a positive number, and f a function from X = {0,1,--- ,2" —1} to Y =
{0,1} where exist at least one z € {0,1,---,2™ — 1} holding f (z) = 1 or 0. We
consider the following problem.

Problem 2 Find x such that f (z) = 1.

In classical algorithm, the computational complexity is 2" at worst because
the possibility of x is 2".

We propose a quantum algorithm to solve the problem in a polynomial time.
First we start the following problem:

Problem 3 Is the 1st bit of z 07

To solve this problem, we have to compute f (z) for any « whose 1st bit is
0 denoted by a binary expression

n—1
T = g 2k5k;

k=0

where €1, ,e,-1 € {0,1} and €9 = 0, denoted by & = Oy ---e. If the 1st
bit is 0, then there exist at least one © = Oey - - - €5 such that f (z) = 1. If the
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1st bit is not 0, then one considers two cases: the 1st bit is 1, or there does not
exist any z such that f (x) =0.
We go to the next problem with the result of the above problem:

Problem 4 Is the 2nd bit 07

Using the result of the problem 3, we compute f (x) for all z whose 1st bit
are decided by the same way of problem 3, and the 2nd bit are 0, so that = are
written by 00es---&,_1 or 10es---£,_1. After the computation, we know the
2nd bit.

In generally, we check the ¢-th bit by the same method as the above using
the information of bits from 1st to i — 1-th. We run the algorithm from 1st to
n-th bit, and get one = holding f () = 1, or no. In the case that the result of
the algorithm is z = 1---1, we calculate f(1---1) again. If it becomes 1, then
x =1---11is a solution of search problem, else there does not exist x such that
flo)=1.

Let m be a positive number, and we assume that m is written by a polynomial
of n. Let H = (C2)®n+m+1 be a Hilbert space. m qubits are used for the
computation of f, so that the dust qubits are produced by the computation.
We will show that this algorithm can be done in a polynomial time.

vl = lmelom@|o) e
H be an initial vector. Here (1) means that the quantum algorithm checks the
1st bit. The final qubit of ’wl(i)> is for the result.

Stepl: Apply Hadamard gates from 2nd qubit to n-th qubit.

We construct the following algorithm M7, and let

on—l_1
W) =e=ve | X k| e0mai
= |v{™)

Step2: Apply the unitary gate Uy to compute f for the superposition made
in Stepl, and store the result in n 4+ m + 1-th qubit.

I ® U§n71 ® Im+1

on—l_1

1
\/2T1|0>® ;;) lex) © |2k) @ [f (0, ex))

-|#)

Uy ’¢§1)> =



Soryushiron Kenkyu

where z; is dust qubits depending on i.
Step3: Take a partial trace except of n + m + 1-th qubit.

1 e = (1= p)[0) 0] 4 p 1) {1
p=[0”) (s

where p = card {z|f (v) = 1} /2"~ L.
Step4: If p is too small to observe, apply the Chaos Amplifier to check
whether n + m + 1-th qubit is 0 or 1. The detail was given by [6, 7].
o0 ) =

Steph: If p = 0 in step 4, repeat this algorithm with an initial vector

Unor ® [&n—1Hm+l M})> =|L0" ) @[0m) @10).

After this algorithm, we know that the 1st bit denoted by x; is 0 (resp. 1)
if the n +m + 1-th qubit is 1 (resp. 0). We call this x; is the result and write
as My (0") = x;.

Next we repeat this algorithm with the 2nd vector
|0™) ® |0) with a modified Stepl and Step5 as

Stepl: Apply Hadamard gates from 3rd qubit to n-th qubit.
Steph: If we could not find that the qubit 1, repeat this algorithm with an

6n) = [8UNor®I® 2+t [y — |21,1,072)|0™) 9 0).
So forth we obtain the 2nd bit x5, and write as M (:vl, 0”_1) =
M2<M1 (On) ,On_l) = X3.
In generally, we write the algorithm M; (z1, 22, -+ ,x;—1,0" ") for an ini-
wz(fl)> = |@1, 22, @1, 0" ) ®[0™) @ |0) as the following:
Stepl: Apply Hadamard gates from i + 1-th to n-th qubits.

62 = e 0ty

initial vector

tial vector

2n—i]
: . ; 1
ot ® U}(_S}nfz ® Im-i—l wz(;)> — : |l‘1, L. ’xi71> ® Z |€k> ® |0m> ® |0>
,/277/72 kzo
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Step2: Apply the unitary gate to compute f for the superposition made in
Stepl, and store the result in n + m + 1-th qubit.

on—1l_q

1
\/W |xla T 7xi—1> ® Z |ek> ® |Zk> ® |f (1'1, e axi—laek»
k=0

= [v6")

Step3: Take a partial trace except of n +m + 1-th qubit.

Uy ‘¢§1)> =

B0 nemp = (1= p)[0) (0] + p[1) (1]
p=[v8") (vl

Step4: Apply the Chaos Amplifier to find that n 4+ m + 1-th qubit is 1.

Steph: If we did not find that the qubit is 1, repeat this algorithm with an
initial vector W:m> = 1971 @ Uyor @ I®"=HmTL |y, ).

After this algorithm M, (ml, To, ,Ti_1, O"_H'l), we know the i-th bit such
that f (z) = 1. Each M;, i > 2 use the result of M;_; as an initial vector.

3 Computational Complexity of the Quantum
Search Algorithm

The computational complexity is the number of the total unitary gates and am-
plification channels in our search algorithm. In the above section, the quantum
algorithm for searching is given by the products of unitary gates denoted by U;

below. Let ’%(;)> be an initial vector for the algorithm M, as

P = for oz, 0 @ 07 @ [0),
and it goes to the final vector
on—log

i 1
= L >l @l @ 1f @,

-J4)

Ui
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where f(z1,---,2;_1,ex) is the result of the objective function for searching.
The above unitary gates U; for the algorithm M; is defined by

Ui=Us Ua)*" " ] Unor(k)
{zk|ee=1}
where Uyor (k) is to apply a NOT gate for the k-th qubit only when the result
of stage kis 1, (k=1,2,---i—1) .
The computational complexity T' of the quantum algorithm for searching
is given by the total number of unitary gates and quantum channels for the
amplification. We obtain the following theorem.

Theorem 5 We have

13, 9
ngn onJrnT(Uf)

where T (Uy) is a given complexity associated to the function f.

Proof. For the algorithm M;, one should have the following gates: i — 1 NOT
gates, n — ¢ Hadamard gates and Uy, so that the computational complexity T;
for the algorithm M; is given by

Tizn—i—i—i—l-i-T(Uf)
zn—l-l-T(Uf)

The total number of stages is n, then the computational complexity is

n

ZTi =n(n—1)+nT (Uy)

i=1

For the amplification process, the number of amplification channels needed
for n qubits was shown in the paper[6, 7] as

5
Z("*U

In the algorithm M;, we have to apply g(n — 1) times amplification channels
for (n — i) qubits at worst. Then the number of total quantum channels is
calculated as

(210 0) = Bt
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Therefore the computational complexity 7" becomes

T:ZT(Ui)+gn(n—2)
:n(n—1)+nT(Uf)+gn(n—2)
1B,

9
L +nT (Uy)
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Some Mathematical Aspects of
Quantum Zeno Effect

i Bl (ALmE R AR A AT e AE )
A (AGHRER AR B P BB RK)

M=

BRICEBWT, B ZEENIC T L RDOIRENSWIPIRED £ FHELCL X H 854
DH 5. AETIEZOMR-—BFX /) VIR —DOBAWIIHICOWTHNTS. 7, &
TX ) VIR OEE R ERSEERRA L, BT VRIERDSIEZ S R 0iGEIc oW T H A
BRIT S, RIC, BX 7 VIR 3 56 O RS O B0 B $ 2 WiE 258 i o T
AR Z . I, MR AR BN X T, REEXR 7 bV &2 IRREZE_E o fiFR ICEE TR H)
IHDLTEPHRLE I EEARS.

1 LI

BT ROREE L, IREEEF EITIETNAEZE LRV PR H D0 THEVWILTEIN Y
P RREZE M Lo A EEHE LRI NS, DI, H OWEEZ () TERL, NE>» 5
EEFLHARL VL% ||| TRTIEICT 3.

EREDOIRIE & € FHO\{0} IR LT, #722 M {a®|a € C} ~NDHHEHER T2 Py LT 5.
WE, Py FPHETH L EREL L. dimH > 2% 51F,

()'(.Pq)):0'1,,(P<1>):{0,1}7 P@CD:CI)

THDD6, Py ld, IREEV O TH 20:E0 2RO 2YHETH 5 LMNT 2DIFHATDH
5. JREEU € H\{0} I2B VT Py DBLHIEDS 1 TH 2HERIT, KL OMERBATE AR 7
FIVEBIC KD, RATEZ 615,

|Ep, ({1DO)> 1 ,
T2 E /{Ovl}AdIIEPq,({l})\MI (1.1)
1PV |2
[N2E (1.2)
@) P
R (1.3)
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EoT U, oD EHICHMNRI ML THLLET L BTFRIMIRETV Th 2 L & IRAE
D3O TH B0 EPZRET B2 T, BUERIIREED O ITER T AR, | (2, T) |2
THZoNAZ DL 5.

— 7, RFRORBOWRIFEIRIE, b= L(h 1377 7ER) 1 L8Rz
5L EPTRICNT 2B ZITORVGIRYD ROV =TV H D 65E F %5 1
NIRXA=F2=F ) {7}, p ITX>TRIAINS.

Lo C, BT ROPMIRENHEMR Y F)L U TRIND EE, Rt IcBLTR
BBV THL0E»Z2Rd 2B ZTV, RED U BT MR (EZERER) 1T
(U, e ™) 2 THZoNS. 20X BBHZERVIELIT) ZL2ER5.

ROt > 012 LT, A ZIXH [0, ] DIEEDODHEIT,

A10:t0<t1<"'<t1\1_1<t]\[:t (14)

VC%Z)%)@&’. L, ]{le,,Nc:_)ﬁ‘LT, Ak 2:tk—tk_1,|A| ::maxlngNAk }.io)< Z
DEZE,

N
Pa(U,t) = [ [ 1 (T, e D) 2 (1.5)
k=1
DEDE) BEICE20%2EZ 5. EOICE D, PA(V, 1) 13, ADITR (t,---,tn) I
B TRESWHNREE U TdH 2 0GB DB Z HIZATV, W o BT L IREEDSHIHIR
BV IERT 2R TH 5.
|A| ZFERNC T2 L PA(U, 1) 23112725, D F b B Z Wi 4 < 75T % LIRED W)

HIRED £ FHFE I E, LW ) DR TE /) VRIRTH % (B.Misra and E.C.G.Sudarshan
7). AR TREE VIIEROARZRD L ) ICERT 5.
EE 1.1

‘ilfilo PA(U,t) =1 (1.6)

DEE, WIHHREB U ITNT 5, K]t DBFE/VBIRVEI S L9 .

B VRIRDBED XS IS U IR L CERT 2 00% R 7-\WAS, 22T
i, WSODPDHIRD D & T PA(T,t) = 1 DEHT 2860352 2 L2 HHFICRTE S
). THIAE NEFHTHLET S L,

PA(, 1) = [(W, e NG | (1.7)
EED U e N D(H™) 12X L T,
e”H — 1 —tH — gHQ + 0@ (t—0) (1.8)
DD OZ EIHERET S E, 2O Ui LTRADK D 7o,
(W, e ™ TW)|* =1 — (AH)LE2 + O(tY) (¢t — 0). (1.9)

7272 L,
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(AH)y = [|(H — (¥, HV)) V|| = \/IIH\PII2 — (U, HD)? (1.10)
WBIREE U ICKIT 2 HORMEESI THSE. CHOLE, T KRELR NITHLT,
9 N
Pa(W,t) ~ [1— (AH)? (%) ] ~ e (AHVEIN 1 (1.11)

L7203 C, ey 2 BN X - TIREDEHFE IND 2 L 3b 2 5.
L2L, 50&EmTIE (ZLTEHL DETE ) YHIROFTIE) DHEIESETH D,
F o, PHHSAE U e oo, D(H") TH 2 & L, mOHlRFR I T w2,

2 EEODECHITBIEFE/ VHR

Z 2T, B/ VOIROERICHE T 2SR ORIRZ W 5 &, sl AEREZ RF e
LI ENLEENS.

TE 2.1 VecDH), |[V|=1LT2LE,

lim PA(V,t) =1

|A]—0
NI AVRVASS

COEBICEWTIE, FEIITETH Y, HEEMDBITHN L TR o 58
WICHRTEHELAKEINT S,
F7-, EH 2.1 QI L TIERO o ofliEZEHT 5.

fHivg 2.2

N
lim A? = 0. 2.1
mwo; p (2.1)

fliRE 2.3 TEDt e R LLEDOHM AT PV U e D(H)IZH LT,
(W, e W) |* > 1 — (| HY|. (2.2)

2.2 1ITER 2.1 1B T 2 0EIOMEMEL, #2332 TX /7 VIR0 AERICOWT
DG DMEE DAL R 2 LU € D(H) T\ & 25T 5.

SC,EHE21ICBWTREY € DH) DR 0WEAEELTLLETE VARSI
2D TIERWI EZRDOHITRZ ).

Bl 2.4 JREED L)L PN H = L2(R), NSV =T VD H = —-A,/2m THZ 5
NZRTFREEZLDL. L, m>0Thh, A, 13 L2(R) LOEH o BT 5L s 7
F¥7VTHBETSH. DFD, HIF1IXUZERR OHZEH T2 EHEm > 002D
TN AR T2 6 5 2/ TRDONINV =TV THS.
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E5IT, > 0&EHE L, g &y € LX(R) D L*-Fourier £ T 5.
Yy € L*(R) % % D L*-Fourier 221473

- 2c | |k

TEHEZoNTWEHDET S,
ZDOLEE, fHAEGEDS ||Y|| =1 & o & D(Hy) b3, 612, fEED e > 012
LT, c>—(m/t)loge LEL &,

N
lim T (o, e Hog0)|* < ¢ (2.4)
k=1

|A|—0

ThHhbHrZEDBDLDS.
L7e3> T, 2086, &1/ YEIRIFEI & kv,

3 KR OMEERICET % AaEE

RIZ, RTE 7 VAR S 2 5 A0S EOMENC T 2 AT Ic oL TR R
FERERRD, ADENETH L, TR HER Pa(T, () RO ERICE 3 &
EZ5DIFHATHAH:

1 1
PA(‘I’,t) =1 -+ Cl(\I/,t>N + 62(\I/7t)m -+ .- .

R, cp(Ut)eR (n=1,2,-- ) IZ N ITIKFELZVERTHD LT 3.
ZDLZc,(V,t) eRDVPEMKINCED LI BIBICH>TOED0EHEZ 2.

(N = 00). (3.1)

EE 3.1 ADERETH S LE, BRI ML € D(H) IZRL T,

Rﬂ@jﬁzKW¢z%HW>FV:1—¢%AHﬁ%f+d%% (N = o)

BIRD LD, HEL, (AH), = |HU[? — | (U, HY) [2 & U B 2 T 2L ¥ — 04T
b5,

EF3LICED, (U, t) = —t*(AH)3, TH D Z ed3broTe. —#RD ¢, (V,t) IZDWT
X [2] 2B X

4 NEERICEFIHELOEFE/ VHR

WY VEIRSHGETANC X > TIREER Y P L% —1SICH O TEB AR TH 2 DITH
UG, B RN X > TIREER 7 P L2 REEZER] EO iR IR TREISE 5 2 &8
TXBZItHEpT.
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EL)L b2 H EO##RDY, R Lo HAERIE U() TEALNTWE LT 5. %%
FOGAIRAED T(0) TH 2 & &, (1.4) XNTH Z 51 2 RefIRFE [0,¢] DDE A D4y

(t1, - ty) ICBWT, REL V() (k= 1,---,N) TH22E0%2RET 281 % IE (e
79.
ZOLE R, (k=1,---,N) B 28T, RiED U(ty,) TH BHERIZRA
ThZoh3s.
H|<xy Le A (1)) |2 (4.1)
lma o PA(P(),t) = 1 D3ED XD Cudﬁlﬂ@?fhdu@“éh%ﬁ&f:@ﬁfa’z@ﬁfﬂfv
H5.

EE 4.1 U() ZXH [0, t] LD HAEBIET, fFRED X € [0, ] ISR LT, U(\) € D(H),|[|[T(N)]| =
1 THHRDBDETS. 51T

§:= sup [HY(N)[ < oo, (4.2)
0<A<t
[T(A) — (@)
= su < 00, 4.3
U P Py 43)
A#V
lil‘{lOZRe U(tp_1), U(ty_y)) =0, (4.4)

B INTVE ERETS. ZDEE, ROEXD D,

lim Pa(¥(-),t) = 1. (4.5)

|A]—0
ER 4.2 EM A1 OKRE (4.3) 1%, U 7>y v ik
W) =¥ @) <nlA—pl, VA pel0,1]
ZE RIS () I3EECH 506, R Y() 0,1 - HIZFH OB DO zZ 52 5.

ERL 4.1 OFEHIE, BB 2.1 DFEH & FRRICHE 2.2, 2.3 Z I, AR M VEBEZ{fi5
TAGER TR L T ]

Bl 4.3 fEED N € [0,t] ITRHL T, U\ =V € DH), ||Vl =1 ET2 &, U() ITEH
4.1 DARGE Z 4T 72§ DT, limajo Pa(¥(),t) =1 TH 5.

B 4312k, EH 21 DVEH A1 DRRLBGETHH I LB s. Licdi> T, EH
41129 limjao Pa(¥(), 1) = 1 1&, B2/ VEIRE2ET, XD —BRNESRTH S L
WY ZENTES.

EHA1ZICHT S22 ETRDOFR 44D NS.
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% 4.4 V() 2 XM [0,¢] L@y iRe % HAERIET, fEED A € [0, ISR LT, U(\) €
D(H),[[¥\N)||=1TH2bDETE. I5IC
§:= sup [|[HU(N)|| <oo, n:= sup [T (N)] <oo
0<A<t

0<A<t
ThHhdHLEE, ROFEADLY LD,

lim Pa(¥(:),t) = 1.

|A]—0

FAA DI EB AL DAL DB RBDTH 228, ZDOEMIZEMARNICE Z 51
7o R DY iy o Pa(V(+), 1) = 1 ZELHE)D2HET 2 DIEF]TH 5. DLTITR
4.4 DEMEE T2 THIBR DB 22817 X 9 .

Bl 4.5 A% H EOACHBRIEHE LTS,

Vo€ D(A)N () D(He ™), (4.6)

sup ||[He || < oo (4.7)

0<A<t
27 THALR 7 PV W lcxf L, X [0, 4] B> H-ERI% U () %
T(N) i=e ™y, 0< A<t (4.8)

EERTDHE, RA4DIRENE TIN5,

5 EHENGEHRAICKXBEEDZDODIRERDER

Rl 5.1 [EEDOHEMRZ P LU, & € D(H) Fl%, & 4.4 DREZ 7T & 9 Z2iliff v(.)
TS EDTES. 2F D, R44DREZ WG T H % HAEBIE V() : [0,¢] — H D3
FEL, W(0) = U, U(t) = ® LD L.

L7385 C, i 5.1 ORIER U(-) 128 LT, limyajo Pa(U(+),¢) = 123K D 32D, PLEIC
L0, ROMMRHATHE 2 BAMINADSEEN] S re:

EEOHMRZ ML U, & € D(H)IZNLT, U & & 2K NTFEL
T, ZOMBODENC L > THRESI NS —HOBMOMmRIC X > T, iR 1T
IRHE U 2> 5IRFE @ ~DBBIER I NS,

B 5.2 JREEDE L)L FZERENH =C2, NIV =7 UHC2 OV I —MFHIH T

LGZoNoBTRE2EZS.
0) := (1,0), |1):=(0,1) € C?, (5.1)
U(t) := <cos %) |0) + (sm ) 1), t €0, 7] (5.2)
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EBLLE, CCHERIE V() : [0,7] = ClER 44 DIREZR W72 T DT,

|i1|r£>10PA(\I/( ),m) = 1.

NS AV RYASR

Bl 5.2 12IERD & ) IR EREZ NG5 5 2 ENTE %:
BIOAEY%2E2%. RRIZBWT,

zo = (1,0,0), yo := (0,1,0), 20 :=(0,0,1)

EBL. Hl52D |0) ZETD 42 HAIDRAE Y ZROIREE, 1) ZE 25 —2 HAD
AV ERRFEORELE TS, Kt € [0, 7] DBHITIREDH] 5.2 D U(t) TH 3 0E»%
T ABINE N, FEZ t I2B W TETDY +((cost)z + (sint)xg) FTHDAE Y ZFFO0
—((cost)zg + (sint)zg) HADAE ¥ ZFO0 2R T 28 TH 5. DK L—HOD
B OKRER T, IREE |0) 22 5 IREE 1) ~DEBOHER 1 TEKINS.
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We construct the fibration free theory of general relativity in the extended configu-
ration space using the properties of Kawaguchi geometry. The spacetime is understood
as a immersed submanifold of the total space, and the geometrical structure is chosen as
such that it will reproduce Einstein’s general relativity when pulled back to a spacetime
regarding the immersion. The theory in this formulation will gain extended general co-
variance, and internal and external symmetry can be treated on equal level. We show that
the Noether theorem expressed in this formulation gives an n-form energy momentum on

the (n + 1)-dimensional spacetime.

I. INTRODUCTION

Recently, a novel approach of Lagrangian formalism for field theory using Kawaguchi

geometry was proposed [1]. Here, we will apply this formalism to Einstein’s general rel-
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ativity, and review this classical theory from the perspective of fibration independence.
Kawaguchi geometry is a natural extension of Finsler geometry, which is a natural ex-
tension of Riemannian geometry [2-5]. In other words, Finsler geometry is a special case
of Kawaguchi geometry where the dimension of parameter space is one, and first order
derivative is considered. In the first section we give the basic definitions of Kawaguchi
geometry and its notations and explain this perspective of fibration independence. Second
section will be devoted to the Lagrangian formalism. Kawaguchi Lagrangian and Euler-
Lagrange equations of general relativity are expressed. We give the Noether theorem in
terms of Kawaguchi geometry in section 3. Discussion and further problems are in the

final section 4.

II. KAWAGUCHI GEOMETRY

Kawaguchi manifold is a set of differentiable manifold M, dimM = N+1=n+1+ D,
with a Kawaguchi structure K. Usually the (n + 1) dimension stands for the dimension
of spacetime, while D expresses the dimension of fields. The Kawaguchi structure is a
map that operates on (n + 1)-multivector field to give a function over M, which could be
regarded as a non-linear (n + 1)-form on M. We choose a coordinate chart (V, V), U =
(x*), 0 = 0,--- ,N on V C M, for local expressions. Before giving the definition of
Kawaguchi structure, we define the term non-linear forms used in this paper. First we

define a derivative d as the following:

Definition II.1. On Kawaguchi manifold, there is a derivative d that acts on either
function over M or (non-)linear k-forms.
Let u be a vector field on M, and v a k-multivector field.

i) The operation of d on f € F(M) is defined by:

df (u) = u(f) (IL.1)

where u(f) is the directional derivative of f with respect to u. Therefore, in this case
it can be identified as an operation of an exterior derivative which we denote with bold
face d, and the derivative df can be regarded as a standard linear 1-form. We can create

k-degree forms by using the wedge product between these 1-forms. In these cases, we



Soryushiron Kenkyu

call them linear forms. Additionally, we create from these derivatives, non-linear forms,
which are arithmetic compositions of the derivatives with certain rules. In this paper, we
use two kinds of non-linear forms.

a) Product

Let o and 8 a k-form, and v a k-multivector field. Then define a new non-linear k-form

by

a) Division
Let a and 8 a k-form, and v a non-vanishing k-multivector field. Then define a new

non-linear k-form by

(a/B)(v) = a(v)/B(v) € F(M).

With these example of non-linear forms, we define the operation of d on (non-)linear

k-form « by:

(da A B) (v) = (da(v) A B) (v) = (d(e(v)) A B) (v). (IL.2)

where [ is a standard linear k£ — 1-form. These operation are also non-linear, and we call

them second order non-linear k forms.
Now we define the Kawaguchi structure using these non-linear forms.

Definition I1.2. The second order Kawaguchi structure K of degree (n+1) is a non-linear

(n + 1)-form on M, written explicitly as
K = K (aV, dghomtn @Pghomin A dgh ) (I1.3)
and satisfies the following homogeneity condition,

K (x/l’ Adl»/»loﬂl"'#n7 A2 (2 pHop1pn A dx?t v /\V1~~-Vndxuou1~-~un)

= K (', dahorytn d2ghomsbin \ i) (I1.4)

A is an arbitrary positive number, and A\¥*"** are arbitrary numbers anti-symmetric with

v, -+, U,. The indices u, o, -+ , n, V1, , Y, all run from 0 to N.

3
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We have used the (n+1)-form da#o#» := dz#o A- - - Adx* and second order non-linear
(n + 1)-form d?ztotn A dg¥r ' := d(dxh A -+ A datn) A (dx” A - -+ A dz*) to describe
first order differential and second order differentials. These objects both act on (n + 1)-
multivector field v, and returns a function on V' C M. By the previous definition, the

operation of the second order term on v becomes,

(de“O"'“" A dm”l"'”") (v) = (d(dz"F(v)) A dx" ") (v)
KO fn HO*Hn
= (81} dx" A dx”l'"”") (v) = 81}—1}”"""’” (IL.5)

E%IVO E%[VO

Though somewhat confusing, this is a convenient notation for several reasons. First, it
is related to the standard linear forms. Second, it is related to the notation of infinites-
imals by Cartan. Third, the expression hints that they are derivatives without specific
parameterisation.

The most important properties of this geometry is the following. Let P be a (n 4+ 1)-
dimensional oriented manifold and ¢ : P — M an immersion. Then Kawaguchi structure

measures a geometric (n + 1)-area for a (n + 1)-dimensional submanifold S = o(P) in M

by,
A[S] = | K (a#, dahotn dPgho ke A det ) = / o K (h, dzho i o A dat
S P
orto  9xtm . 9 [(oxt O\ 9T O™ L -
o K o~ ... : d 90+ in : ... : _ ... : d i9ein | d 70 Gn
/p (x " Osio dsin 0 Dsio (8310 83“1) dsii | Gsin ° )
/oo 9Em 9 [9Fm Qpm\ 9Fn O
= [ K|2" — s —— . — s —— N I1.6
/P (a: " Osto Jsin 7 Oso (8310 83“1) Osi 8sﬂn) oo (IL.6)

with 2# := 2# o 0. We have used the definition of the pull back of d2xHori—Fn A dg¥in,

o* (AP0t A de ) = do (dato ) A o dat e, (IL.7)

Kds" ™ is a standard linear form on P, therefore its integration is well defined. Denote
another immersion, & : P — M, then due to the homogeneity condition (I1.4), this area
is invariant. This is the meaning of geometric area. From the standard context of fibre
bundle, the submanifold P corresponds to the base space or the parameter space, and
the M to the total bundle. However, while fibre bundle structure requires a surjective
submersion from M to P, o is a immersion from P to M. It is possible to choose a

o such that gives a fibre bundle structure, but not necessary. Furthermore, now the

4
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integration of such non-linear forms are provided, we can choose a complete different
(n + 1)-dimensional oriented submanifold P’, and a immersion ¢’ : P’ — M. We call this
choosing of the parameter space and its mapping to M, a gauge fizing. Once the gauge is
fixed, we can always return to the standard expression by the pullback to the chosen base
space. However, we rather take the advantage of the expression before fixing the gauge,
and consider the theory on the extended configuration space M with Kawaguchi structure.
Then, the theory constructed would be automatically independent to the choice of gauge.
Since no fibration is required, we call this a fibration free perspective. We emphasise that
changing the gauge is not a mere coordinate transformation on the base space, since it
also concerns changing the global topology of the submanifold.

Regarding the geometric properties of the action (I1.6), it is natural to take the
Kawaguchi structure as Lagrangian, and further on we use the term Lagrangian in this
sense. For first order finite dimensional mechanics, it was shown that every conventional
Lagrangian of mechanics can be rewritten by the Finsler structure [6]. Here for the gen-

eralisation to second order field theory, the relation will be,

K ($M’ dmuour--un’ d2ajMOM1"'Mn A dw’/l"'Vn)

dpHoHL Hn (dQQ;NOUl"'Mn A dxmmun) s dx0m — dptorapn (deO"'" A del"‘Vn) 0.
=L (;E“, dx”",

dagO-n (dz0-m)?
o* K (ah, dghom i dPghor ke A dgtt ) = L s p" 92" O ds® ™ (IL.8)
’ ’ T 08t 0s'0sI

The conventional Lagrangian £ is a function on the spacetime, and here we denoted the
local coordinates of spacetime (s°,--- | s"), and (¢!, -+ , o) are the field variables, which
are functions of spacetime. The expression dz® ™ is the canonical volume form on R"*!

which is now naturally identified with a scalar.

III. LAGRANGE FORMULATION

Let (M, K) be a Kawaguchi manifold with dimM = n 4+ 1+ D, and K the non-
linear (n + 1)-form Kawaguchi structure. For comparison to the conventional Lagrangian
formulation, we choose a immersion o : P — M, where P is a (n + 1)-dimensional

immersed submanifold in M. Consider the variation of the action by taking the Lie
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derivative, for arbitrary vector field u on M.
0, A[S] = / L,K (:c“,d:c“o“l"'“",d%“‘)“l"'“" A d:c”l"'”"). (IIL.1)
S

The Lie derivative is defined by,

bk =y SR
(1) () = iy IR ) ) (1r2)

as in the case of a linear form. 1, is the one-parameter group of transformations associated
to u, with t € R. However, due to the non-linear property of K, the algebraic definition

of Lie derivative is not valid. We obtain the formula,

oK 1 oK
b o Bl fin
L,K=u e + n!du A dx Gy

1
+ ( 5 (d (dul® N dgh ) A da” )
(n!)

1 2 o tim " .
+(n—1)!(n—|—1)! (d*z A (du?t A dz> )

0K
DdP kot A daivn

(111.3)

This could be divided into two parts as

bt [ 25 L (O ) g

ozr nl o \ Odxripm
+ﬁd (d <8d2xum-an/\ dwul---un) 4 dﬂ?”l“'”") A dxhbn
+(n - 1)!1(n + 1)!d (8d2x#om~-ff( N dWQ,..Vn) A dPghor b dg;]
+d (U“OW> N b
! oK

+

{d (du’“’ A datr ) A dz¥ e

(n!)? Dot N dgvi-vn

oK
_ o V1-Un 11 b,
d (u od (ad%uomwun /\ dajl’l'“l’n) A dx ) A dz }

1 0K
d ( datorn. A (du A >
+(n —Dl(n+1)! { < o Od2xHokafin. A\ dx"l"'l’") (du v )
—d oK A d () dhom iy A dgrn (TIL.4)
ad2xﬂoﬂl"'ﬂn A del"'Vn ’

The first part proportional to u* becomes the FEuler-Lagrange equation. The rest gives

the Noether current when pulled back to the base space P. Due to the homogeneity

6
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condition, the Euler-Lagrange equations are not independent [7]. The term of the form
daANdB A~ in (II1.4) where o and f is a (non-)linear (n + 1)-form and +y a linear n-form
express an operation to a (n + 1)-multi vector field v € X(M) by

(daNdBAy)(v) = (d(a(v) Ad(B(v)) Av) (v) € S(M). (IL.5)

Now we will consider the example of general relativity. To obtain the Kawaguchi structure
by (II.8), we use the Einstein Hilbert Lagrangian of the 4-dimensional spacetime. The
Kawaguchi manifold becomes 14-dimensional, and we choose a chart which is adapted to
the gauge; i.e. (V)¢ = (2° 2t 22, 23, g%, g%, g't -+ [ ¢3). Tt should be noted that
the symbol g"” only means a coordinate function, and is not necessarily a Riemannian

metric. In this chart the Lagrangian becomes,

2, (kl)p - 0123 kl)py - 2,.0123
o \/—€mp1 psEngr--qs A (P *OProps A dgas) - dg0123 — dg*OProps . (@201 A dptrts)

(31)%da0123 0123
+Bw,€ld:p(” s gy (nas]
A" = gug™ 5m5z)7
Biji = i (=91i919™" = 5gr9ing™ + 49ud(; 05y + 20105 07') - (IIL6)

where the Latin indices runs from 0 to 3. It could be checked that this Lagrangian
gives the standard Einstein-Hilbert Lagrangian \/—gR with R being the scalar curvature,
when pulled back to the parameter space. The Euler-Lagrange equation obtained from

this Lagrangian becomes,

1
ELGH(K) = —59i K

15 ceopa €
+ \/__g T’Z;)gzl 7;‘11123‘13 [ngkl (kl)q1---q3 A dxPrPs

+ bk:l dx (ab)p1--p3 dl‘ (kl)q1--q3
abklij

o drkhai-gs . (d2x0123 A dxp1.~.p3>
T Bijki 10123

APa0123 A dgProps - 2012 A dptas
mn

T QAU (dm0123)2

1
0123

——— AT (P21 A\ daP ) A da® | =0, (IIL.7)
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with

Ciim = 59kGgind™" — G050 + ngz@' 0;

2
abktij = 3 9RaIn0( 05 + 5 Ik 9i0(a08) — 59N ®02)01 + IraTn) (i) O
+§gabgk(j5i) o — 5 9kGi)@goid " — 1 JabGk(igig
ikt = 59909+ SIkYing T~ 9ii0(k01 + Gr(;05) 0] — Grid(; 03).- (ITL.8)

We have used the notation such as dg? A daPr 3 = dx(¥) A daPr P38 = dg(@Pr-rs When
pulled back to the parameter space, this equation gives the standard vacuum Einstein

equation,

1
O'*(C:/:(Z])(K) =V —g l—égin —+ R”:| d$0123 =0 (IIIQ)

Where R and R;; is the scalar curvature and Ricci tensor.

IV. NOETHER THEOREM

The Noether’s theorem expressed in the fibration free perspective is very simple. Con-
sider the equation (I11.4), and supposing there is a symmetry which is expressed by a

vector field &, then the Noether’s theorem will be stated as,

Theorem IV.1. Noether’s theorem

Let (M, K') be a Kawaguchi manifold, and K a Lagrangian which is a (n+ 1)-dimensional
non-linear form. Suppose the Lagrangian has a symmetry £ € X(M). Then there exists
a conserved current J on any (n + 1)-dimensional immersed submanifold P C M, which

is a linear n-form.

Proof. By equation (I11.4), the Lie derivative of K can be divided into Euler-Lagrange

term and the rest.

LeK =¢&EL,(K) + dJ(K),
dJ(K) :=dag A By + das A By + daz A By + day A Be + das Adag Ay,  (IV.1)
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where «y,- -, ag are non-linear (n + 1)-forms, and /5 a linear n-form, and « a linear

(n — 1)-form, with

o (nl!)ﬂgﬂ0 M 8d2x“0”1"i§/\ davive’
= (n — 1)!1(n + 1)!dxuommﬂn . 8d2xuom~ii{/\ dxvivn’ By = d&™ Ndx™ ™
o5 = — 1 0K g = EdxOMTE = (g

(n — 1)!(n + 1)! dd2zromtn A dgvr-vn’
(IV.2)

The d in the left hand side of the formula (IV.1) is a mere symbol, since there is no
exterior derivative working in the Kawaguchi space. However the terms in the form
da A\ B or das N dag Ay becomes an exact form when pulled back to P. The proof is given

in the appendix. The pulled back conservation law will be given by,

o*dJ(K) =dJ(L) =0,

J(L) = a1y + Gy + asfy + dufs + asdag A7, (IV.3)
with the tilde representing the pull back to P, and bold d the standard exterior derivative.
Therefore, for a symmetry LeK = 0, there exists a closed linear n-form J(£) on P which

satisfies the conservation law, under on-shell condition. O

This is a fibration free notion of Noether current valid for any (n + 1)-dimensional
spacetime which is a immersed submanifold of M. By the homogeneity condition of
K, a,--- ,a4 becomes Oth order homogeneity, and as,ag becomes —1 and +1 order

homogeneity function, which becomes a power of the volume form w of P, when pulled

back to P. Explicit expression of J(£) will be
~ ~ (a'i'/"‘l ai-/un

- 1 . . [(9Fn 9\ [ O - OF,
— 1o 20" "n e — EfHO__ =
(L) dskt Ok (é it (n!)ze (@Sil Js'r ) (88i0 F2=¢ Js'o ))

1 g 9 (D [0F dFkn
_ io+in [ £V L dgkikn
Dl 1 g g (ask1 (8510 Dsin )) §

(IV.4)
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with
. 0K oL
Fy =0 Odxrott - pn - 9 1 _igei, (DER0 OFhn
((n+1)!6 (5 Gom ))
. OK 1 oL
=0 Dd2arovrin A dghhn o L igein pjorjn (OFVL .. 0@vn\ _0_ (d&M0 . dakm\)
a<ns(n+1>!€ nem (ash a—a) 3570 (a—o asm))
(IV.5)

The values with tilde in (IV.4), (IV.5) are all functions on P, by i = z# o0, £ = " oo.
Though the current J(£) is directly calculable in principle by (IV.4), it is much more
easy to consider the conservation law directly on M. For the case of general relativity, the
0 21,22, %)

to local coordinate of M; (V, W), ¥ = (2% 2!, 22, 23, g%, ¢°1, g1, - -+ | ¢*3). This makes the

chosen immersion o was such that maps local coordinate of P; (U, @), ® = (

calculation easy to handle.

The diffeomorphism invariance of general relativity is expressed by the invariance of
the Einstein-Hilbert Lagrangian with respect to spacetime coordinate transformations,
which in fibration free perspective can be also easily seen in the invariance of Kawaguchi
structure with respect to the transformations between first four coordinate functions. This

translational invariance corresponds to the covariant expression of energy momentum.

The symmetry is described by & = a%a’ a=0,1,2,3, and the current J,(£) associated to
aza is given by,
J.(L) = Rds®
1 dg" [ OR 0 OR 0 OR  0g”
— —€bpyps J — — 2 — + _99 dsPr s
3! ds® \ 00,g¥ as™ \ 00,0,,9% as™ \ 00,0,,g9 0s®
(IV.6)

This is a standard linear 3-form.

V. DISCUSSIONS

By using the fibration free perspective which does not set a fibre bundle structure,
we were able to define the Lagrangian on Kawaguchi manifold, and derived equations of

motion and stated the Noethers theorem. The Lie derivative of the Kawaguchi action

10
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separates into two parts which one corresponds to the Euler-Lagrange equation and the
other to the surface term on the parameter space. The latter corresponds to the Noether
current up to exact term. The gravitational energy-momentum derived by this theorem
becomes a three form on the 4-dimensional spacetime. The symmetry on the original
parameter space was lifted on to the Kawaguchi manifold, and and then pulled back.
The equation of motion and conserved currents are invariant on the Kawaguchi manifold,
that is, these are independent on the choice of spacetime with same dimension, even in
the aspect of global topology. The Lagrangian of Kawaguchi manifold was derived from
the conventional Einstein-Hilbert Lagrangian, and this is not satisfactory from the view
of constructing a true general relativity on extended configuration space. Since there is
a great freedom of choosing coordinate transformations such that mixes the spacetime
and field variables, it is anticipated that variables more appropriate for expressing general
relativity should be found. These variables should be searched in the direction, such that
this fibration free theory of general relativity would be more applicable and appropriate

for for further problems, such as quantisation of the theory.
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Appendix

The proof used in the body is described.

LeK =¢HEL,(K) +dJ(K),
dJ(K) :=dag A By + das A By + daz A By + day A Be + das A dag Ay

Lemma VI.1. Let (M, K) be a Kawaguchi manifold. 1. The non-linear (n + 1)form

da A\ where « is a non-linear (n + 1)-form of homogeneity degree of zero and g :=

11
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dpfi A --- NdB, with By, , B, € F(M) becomes an exact term when pulled back to the

(n 4 1)-dimensional parameter space.
Proof. Since the pullback commutes with d, we have
o*(da A B) = (do*a A o™ ()

Since « is homogeneity zero, it will be a function when pulled back to P. We denote this

by a = oc*a.

dano*p = a—adsio A (% . aﬁqn) dgiin

Jsto OJsh 0sin
_ ad 86(11 a/BqTL B0t ~aBQ1 86(1n i1 n
—a(aa B =d\ s 9sin 0
This is an exact form on P. O

Lemma VI1.2. 2. The non-linear (n+ 1)form da AdfS A~y where « is a non-linear (n+1)-
form of homogeneity degree of k (k: integer), (3 is a non-linear (n+1)-form of homogeneity
degree of —k, and 7 := dyy A -+ A dy, with 7o, 7y, € F(M) becomes an exact term

when pulled back to the (n + 1)-dimensional parameter space.

Proof. Since the pullback commutes with d, we have
c*(daNdB Nvy) = (do*a Ndd* S N c*y)

Since av and 8 both is nonlinear (n + 1)-form, their pull back to P will be in the powers

of the volume form w of P. We denote this by aw* := o*a, fw™" := ¢*3.

_ 9a 0B (a% ma&qn) Jioin _ g ( 0B 9, Al dsh...z-n>

= — . . : a—- , .
0sto 0s™ \ Osi2 Osin Osi1 Osi2 Osin

This is an exact form on P. O
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7L, Pa(0,¢) ® Qp(0,¢) 3ZnZhEET A, Bkt % Glauber-Sudarshan Bi%t, R,
BETH2, X (2), (6) &V, LEOWH TS o OBBIERTE 2, £ I0MFEL5

p=_ Q0,6)P(0,9) (10)
0,9

p=> P(0,4)Q(0,9) (11)
0,9

2



Soryushiron Kenkyu

Do 5, (REB%E & Glauber-Sudarshan BB I3 —F OB DR H 5, kP2 IC Wigner
Bz €87 5, @HEOEE (3] L IFHDITIETH %28 Wigner BIBOMEHE & L TRDOBERYH 5
[5]- B

IR EBI% & Glauber-Sudarshan B D BRI (9) 1S3 § 2 BRI TH % 3. Wigner B
BUTHITHE DN OBBIC > T2, ZOBRZM 7 TBIB W (0, ¢) Z RORRICEHSHZ 2,

W(0,6) = 5-TepIV(0,0) (13)

ZOWEF W (0, ¢) 129w T POVM BT Tdh 5 0 2R TIUL
> W(h,¢) =1 (14)
0,9
0,¢) 20 (15)

LD POVM TldA W ED0h 5, THETERLE QO,¢). PO,0). W(b,¢) DEMAKIZ
RO THEI, £TQ0,¢) dakt—L v MREDFEETIZOLDTHY, flibakt—1L
v MIRIEQEREFTH & IR (9). (12) X b fiHICEEAS TR

. 77/(#
1+ cosf sinfe > (16)

Q0 ¢) = < sinfet*® 1 — cosé

A ([ 1+ 3cosf 3sinfe
P0,9) = < 3sinfet?® 1 —3cosh ) (17)

A _ 1++v3cosh +/3sinfe @
W0, ¢) = < V3sinfet® 1 —+/3cosh

PESNE, &2 AT, REBEEIZ POVM TH % 2 EIZMEZR L 7223 POVM 2372 E U7z
5 72 W BIHRADIAHMC R DBIR b i 72§

(18)

TrQ(0,¢) = 1 (19)
CHURREBIE A b — Ly MRIED S ERENE O TH S, P(0,0) ® W(0,8) 1I2OWT b
ALTHDE

TrP(6, ¢) = (20)
TeW (6, ¢) = (21)

. BRI T, L2LADS POVM O CHERL 72 & 9 1 IEEETIE R Wi oI
REETH B LTV,
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%

3 RAGEM SRR

RIHES T E 5 2 TOREHET W(0,0). Q0,6). P(0,¢) \<BIL THlZHifih o E%E% L
TH 5, HIOF Tifkam L 72 & 9 I Wigner B2, Glauber-Sudarshan B4%(Z POVM TiZ& WD
fﬂ%#%%@hé%%ﬁﬁf@ét FF VS BB L TN TW B, Zs H A
BEH D oI PIEE MM EZ W7 S BWnw T &I H%OU%?&:HM:E‘?ZC%?M Lo L., FIEEfE
%_owfa%oﬁa@f%niﬁ@m\@n@%%@eﬁﬁ%ﬁwﬁ) W (0, ¢) ZIRES L &
bOLEZADZELTEZITHS, £72Q(0,¢) 132HZ HIREL L TOBER 2T, 20
HECTIHREBICN T 22 2o DEE IS L TE I k> TH S,

BN CNSDHETR 70y AEB TR ED LI RETEEINEZITARL, EXEPLYS
kI QO,0) a2+ P+ 22 =1 LB (2,2,y) 2L TWD, DFICW(0,¢) 2%
ATHEI . TNHMEIER EFHL bEEZOERZ E Z0UL 22 + 1y + 22 = /3 & 70 5
(z,2,9) BELTWB I EDBTD 5, P0,¢) bAKICEZIE, 22 + 92 + 22 = 3 & 75 5 KIS
(z,2,y) ZRLTOWBE I ERTD 2, W(0,0) & P(6,¢) ZLIEEMIEZ 72 & 7ehr o 72 B P88
1OBRICEHEEFN TR, BRI 78y FERBUZER 1 ORNFO R ERESE DI Trp =1
EPp>0 &N THEFIC 1IN 1 OWNErH L Z EEZFHLTVRE2, REDEM ) >0 2D
fiws—kﬁﬁ:pm%ih@:h%%ﬁtﬁiws—bﬁﬁ?&3¢m1—70/%%%L

SIS LT LR L oAt g, $7p>0=pl=pTH 2,
KIC, REEL Mo L TORMEEEZHEL TH L), PHEEEZET 2 40WHE A o
T2 HUIRDIRICERT 5,

&

AA? = Trp(A — (A))? (22)

kﬁt@@ TrpA TH %, MERFHEDEIE 2 T L0355 5 DT RIN L HERTHTDH & BN
TORICHFEREBBETH S, o 2o TAEERREHET 2, FiZ T Hy DI FRME
57 ny ZRETOERE r OATERENTE

1
A@+A@+AE:Z@_r% (23)

Lt s, BTIREE ir<1&@1w¢@i1mf%5 WAk, Q(0,0) 12 1/2 TH D, W(0,0)
Zr=V3ThHorMIc0 ks, MK PO,¢)1dr=3%b —3/2L%%, P(H,¢) DL
BHOMICE>TLES LEEADD SR B> TLE IS, Ww¢) SFEHPAHILTOTH
%, 2F D%, BRLHEEIRETH S, URBVBLEHFRDREBICEWTIHFI NG WIRETH 5
23, PIREMEMEZ KO L T IES 2 LK S, Wigner BBUZ Z D L) EH 2R HEE T
£y FTPOVM D X9 b DzfE) hiF 70 mBE L h>Tw 5,
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M1 ZoRIREBI%. Wigner B, P B#iz 52 28E 2 70 v FRBUCEL K TH
%, —~HNMOEKE R AEBOBEE FoEhidat—L vy MREZEL T3, ROEKHIX
Wigner Bi#% 52 2HHET 2K L Tw3, bo L bIMUDIKMENIL P B%KE 5 2 2 HE 2%
LTw3, 7, Bomld iy VTFlolARECEHPHE 2R L Tw 5, HEHETFZ
I RUIR FBIE Z F 2 A IOG T 28R Bicd 5, D F D ISRBI%Z (F 2 Ao —
WOFFCHE IS > T 2, REBIBE 1 2 R 100G § 2 BRI SHZEE T ICV)E T 2
EIATHET Bk 2 EZ D, THUTHHEET 2 MDY Wigner BIEZ1E 2B 2K L Tw»
%, TORSHPERE T OEREO GRS RD TR D £ 1 13 Wigner BI#Z E 2 HE T2 KT
BRO—Ich> T2 b0 EEZ OGNS, & AFEEHETICHET 25 (1,0,0). (0,1,0).
(0,0,1) DEEDNLSTEDTER (1,1,1) KRBT 5.

4 FEH

SEOWIZETREETAHMDOIE 2 202 52 2 HAFOWEZHNS Z LItk > Tk L
7oo REMEAEZ L5 2% POVM B F-IZREL L COWEZZ L Tz, Wigner BIS®
Glauber-Sudarshan Btz 5- 2 2 #{%HE 71X POVM #E T4 <, $REBOWE S 2zt
IEEME TR WO 7. S 2\, ZHURRED V0 6 /L5 LA HEEZ B YO Tk D/
CLTLESTwE26TH S, Fitkam L T 2R EBIE. Wigner B, Glauber-Sudarshan P
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BUIHER L CO2HE A Z 0 Z 0 b L— 251 £ %3 X9 #E7% POVM b L < 12 POVM i<
WOEESMBEETH > e 7cDITIREB L B TN ERZE R 5 2 L3 TE L,

Sl BT OMEEZBITT 2I1I2H720, BEOBITTIEPL 6 R ) RITiEzE w7 ds,
POVM 8T M, 28 TrM, = 1 27z 9 & 9 2Ril 2% POVM ICFEMW 2 #i7- ¢ 2 @it En
W TH B,

SE 3

[1] K. Husimi, Proc. Phys. Soc. Jpn., 22, 264, 1940.

[2] R. J. Glauber, Phys. Rev., 131, 2766, 1963.

[3] E. P. Wigner, Phys. Rev., 40, 749, 1932.

[4] M. A. Nielsen, I. L. Chuang, Quantum Computation and Quantum Information, Cam-
bridge University Press, 2000

[6] U. Leonhardt, Measuring the Quantum State of Light, Cambridge University Press, 1997.

[6] A. Holevo Probabilistic and Statistical Aspects of Quantum Theory, North Holland, 1982.
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9\WETHNC X B BRI DT

AT | H e
BHE R AN A T4

m=E

Sagnac TR 2% 9 % Aharonov-Albert-Vaidman @ 55\ #Hl%E 2 FH L 72 HiiliE
[P. B. Dixon et al., Phys. Rev. Lett. 102, 173601 (2009)] 2%} L, JEHIE R & JERR
DFGEDMS IOV TRTDA —F =2 GO 2179 . 20 TR (38N e
DIHEZ, L—F—E—LDRIBEGALAMICEIRT 2HDTH 5. 1ERDIEETE
BUTO W TRRIZ DN T, BIFEMERICKRES TE S L INTVRD, TUHIE
LBV ERRT. i, HBICTb ERRIC O W CIERIERIR % BRI T
L, EBOUGEE 21T ) GE IR 3 B 72 5 2 L 2R

1 P

B ISR T 285 OME M T, #ElER IR L TBLIZ 1T > 7451, —E DR
2 L7203 CHIEE & HlER DR 12EIRE 213 5 [2, 3, 4, 5]. —77, Aharonov, Albert,
Vaidman (AAV) [6] 13, 5 H TAAV OF9GHIE, (BATTIEHIC T9HE) &) &
N AHEZRE L 2. Zdud, gallER IR LT, FHAHER (pre-selection) D& 7% &3
FH#2I1EIR (post-selection) AT T EDFHETH 5. £ 7, HIEZ THE R DRI RE
i) Z¥ERT 2. 7, HIESROWIHIREZ |0;) &9 5. #IER EWERDEIC—ED
AR ZiTbE 70 llERDIRE | f) 2 HEEIRT 5. WIET 2 800ERD A4 7
P—NTN% ALTHE AD Te50fE; (F7210F T99H, ) %2

_ 4
A=y W

TEETDHILENTES.

SHEFFD W E 2R, £7, A, 13 A OEGHEOHFE X D MIOEZ LD H 5.
BIT, A, IFEFBICO LD A 5. I, (1) 225, i) & |f) PIIFEED & Z, 556 A, D
MEAMEDINC 5 THREL LD I EDBTCICON»S. Thbt, FHEICKDEERERD
BhERZREICUTHEEDOKRERENTSNSD, LEENICE ) 2L TES.

VAR §9HIE D Z OB DIREEME ICIGH S22 dH 5. Hosten & Kwiat [7] 1&, R
DN 227 %2 55 HIE THEE L, 6D A ¥ ¥ Hall ZIROHIEICEY L 72, Dixon & [8] I,

*Z DRHEIZHR S [1] OWFFEICEED W TWn» 5.
T8 A —)7 FL A: koike@phys.keio.ac. jp.




Soryushiron Kenkyu

Sagnac TWRDEFED 400frad DHE 2 L 7. 206 DT, HIEEIZZNZNdH
2P A OFME (1) ICHHIL T3, Laeds> T, FEIMICIEFEERIZ N 5 THRE
(TEBLILICES. LL, 200 DENTHSIIL T 2 59301E O Ok, 0l
ER EHER ORI DOREAERDNS VW E LI Z TV S . 1372 LT, HIERIZ
FERIZWL 5 THOREL BZDTHA ) 0?7 THAB DI, A IZIFHE D5E4 75 fiF
Wrzfr). BT 298 L LT, it Wu & Li [9] & Jozsa [10] 12 X 2L LD —fK
iz IR ICHER L, TBRZ BB X 258z 7o T 5. 72, IERIBE T DRIE
ZEHLET L CHwmL TV 3,

4 13 Sagnac THRTOIFHIEIC X 2 BIERNIRIT OV T, HHIE R & HIE SR DR E7E
BIZOWTEA — 5 — DT 2179 . WFRPICRARH 2 L, Thbb, BERBEROK
hERZRHEICUTH, WS STHRELBERNBOSNDI DI TRBW L 237, ¥
7o, B FEER T IEIEI R OB N T2 2 L, B X UOSHOWE S - EERIC
BOTIZIERIERT L TH B 2 L 2R,

2 Sagnac THRZRAWIEE

ZDOfiiTi3, Dixon 5 [8] @ Sagnac T¥R %z W7 REHEICOWTRDIES. Ih
X, I EDREEZRTE S 2> &9 HHEZBHIER, € — 2 DB mA~O Tz HllER
ETLHMEZAHL72bDTH 2.

1D XY, AHE—LIFF T, IKEHHEID |O) 8 X OREHRID |O) OFERIZITHES
N5, E=L2IF1HALTHIE=LATY) v ¥ —IZRS. oFZEFrRITNUL, E—4i
ATANEFRLT R — M1 E 5 (bright port &ML S, )71 dark port & FFIXN
%) EZAD, BLY 2 ODREED E— L DBENTHIHZEDD % & dark port (2 HTFDY
T 5. EBERICE, ST L) iIcfrbns. £7, fmER (P) ICX>TAE—A
A TKFERIEIZT 5. R, PHEER (HWP) I X > TR BIEICEIRT 5. — /5T,
Soleil-Babinet #HfEi (SBC) 12 & o TKRIE & BEMRIED & — LIAHZEZ DT 5. I
FHE D & KREEHE D O E— 2T, HWP & SBC % $ 2 EF23 52 5 720, RigHE b &
FREEHEL D D & — L DRI ¢ AVEL 2. BRI, dark port ICH5 LT, B — A DK
2507 ¢ Z2HE L, Z DWIRHE (x) 252, ZOHEICE D, Piezo 1 (PA) ZHH 1)
TBOMNREE PO RE R (2) 25 2 ENTE, HEOHEEMETREE 2 5.

PRI S (BEE R) OPIREE X,

i) = (e 20} +ie2[0) 2)
THZ6N%. LoD, ¢ =0 O & & dark port 1Z584ICWE < %2 5. BT RIZA (HIE
) OYIRAE R,

|®;) :/dx|$>@i($) ?
b 3. LFROTIRES,

W) = [®:)i) (4)
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HWP
Yo PA

SBC

Screen

1: Sagnac T¥5RIC X % HlEdS.

ThH5. SHOMBEFICED, E—2I12F 1k OEFHENPEGZ 65N, FHFIFE—2L08
BiZkoTws, ZoRE2=FyVIEHFE e A TRdib T2 2 L8 TES. 7KL,
A= |OXO| — [OXO| 13#Ek %2 AT 2 FHETH 5.

BEHIE R (RS H HEE) 1269 % FEIRIE, dark port DADE — L

1

V2
Ths. ZDLE JIESR (E—LDEN) OKIREEX,

1) = 5100 +[0) o)
20) = (719 = | dela)i(o)(fle 1) )

THEALND. WHEOEEOHER T, LRICEN B (fle Al ZEBIL, (FAlD)
P A, TELEOL, HOERBEKOBICE Lo 2.

(fle™™ i)y o= (fli)(1 — ikwA,) = (f|iye ", (7)
nkn,
)= (71} [ dalo)a)e e ®)
L. W Z2IT, HIE SR DEEA D IARHE X,
_ (Pylz[®g) o2 O
(x) = —@f’@f) ~ 2ka“ImA, = 2ka® cot 5 (9)
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2: R ICBET 28 5DER. LOR»S R LU X, G, HESRTHS. FHiFL v R
S HIEENDREIEE L+ Lpg DHETHEIL T 3,

E%%. ZIT,a=/(22); IZFATTE—L DR, (o), IWIHIREBICEI T 2 HfHETH 5.
RL, RO O;(x) 1IMEBIETH S LE L. $, Ay, =icotS THDB I LEH
Wio. ERROEER 8] TIIE—L2 DA 0D 570, (9) DFERIL,

lem
lom + lmd,
EBIEINS. 727U, Iy BED g FZN0NZN, L v X-ElE X OF-R a0 R
BTh2 (K2). £/, o IHRHBOMEICETZ2E—LRTHSE. ZOMHE (10) 13
[10] DFEREBEAL TS, Thbb, HAFHNI V=T v zA THEAGNS L &,
(FREBZBRT) SHEDETL » DT N2 52 5.

Dixon & IXBFIE=3R%

(x) = 2ko[(1 —v)a + yo|lmA,, ~:= (10)

()]
A=1 (11)

TEELK. Thbb, THREH S L ZDLEM (2) &, KW EZDEM § DHTHS. T
T, 0, L= —DERE by £ LT, 8 = klna/ky THZSNS. (10) £V, (2) BX
O A X & DICHfE (1) Wl 35, L7addo T, FIHIREE & FBPURENER T
HHR ¢ — 0 T, 2N6DMHIFFMT 5. bbb SAZOBITIE |(fli)]? = sin? £ 1IZHHI§
HINE —LDMEIZIRD % /NS %0, EERIGIER ICHEEIC 2 5. L L 202 fR<
L EEIICIE, (2) ERIEE A Z VWS THOARELTED LEBINS.

H & DEITIE, FHE DM EREEREBIIITED S ED X I TN 32 ET 3.
ZLT, (2) & A, FEBIZ (fli) — 0 DRERTHFEML B\ 2 L E2RT.

3 FERAZMR

ZOfiTIE, k ORA —F =% EGARRRERZIT O, BRI 020 (o) EHEIEER A 2K
DL, E—LDIEBo> T —~ROGEEEZ L. ©E, 22T ) iEIEPLEERDN
ZbDOTH S, AU (20) 28 < X D IERNZGEIC X 2R3, 8 1] Dftiz S
7w,

IC, E=20, LYR, B WEMRDNIETOREN %, 24, 2, 2 £T 5 (X2). 2D
EE, QRIEHEZ s, BB R Z L, B NEmRREREZ g &35 L,

Ty Tm x

o 7 (12)

Si lim lid

4
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DD LD, WIHMRRBICE T % 2y, 21, @ DOE, 20T, o?

5L,

Ty Tm

a Om

L
o
B LU,

am = (1 —=7)a+~yo

DK DAL, IRFEEDIEHH AR FBIIME NI X > THEL 370,
LTCay, ZHV2O0MEFTH 5.
WIHAIREE X

|y)

Bl B = / Q) ) B ().

caz, ot LK) T

m?

(13)

(14)

AHRICB WL TR EE L

(15)

THZO6ND. 1L, & (vn) FHROMEICE T 2 0B TH 5. [L v AfLiEIC
3‘:5 U' %?ﬁ%ﬂ%ﬁ (I)&i(QTg) k O)E-g{;"f‘:bi, ®m,i<xm) = (I)gﬂ‘(ﬁg) = @g,i(sixm/lim) T%‘X)_ % Z/L% ]
KA IFEDAE TROT I OES & 213 5 . REEZIZ 2 =8 Y EHFE eh4 TRl S 1,

LF ORI,
o) — / A ) B s ()=

L5 RIE | f) ~OFBEIRE T o 7 b £ OMEHORIEIL,

B0) = (719 = [ Aol () (Fle ),

(16)

(17)

ThHH. EL, BEEzfToTouhwv, ADRZH Thbb A2=1D0WHZF OO,

(fle~kemAli) DFFFLIZBIEICFATTE T,

(e
B 2 (—ikrm)? 2 (—iky, )t ,
= (fli)(cos kxy, — 1Ay sin k) (18)
&7 5. (17), (18) &b,
oy (Pplal| ) (2| cos kay, — iAy, sinkag[?);
() = 200y~ (| cos hm — Ay sin kP (19)
Nk, z DIEEDE— X~ OWIRFHED
o (TN oy (7"
@)= (Z) = (Z)
o (am)i + a(xg, cos 2kaw )i + ImA, (27, sin 2kayy); (20)

ay + a_(cos2kry); + ImA, (sin 2kz,,);

5



Soryushiron Kenkyu

04— 125
g 0.3 100
=02 [ER
% 50
v o1 s

%0 02 04 06 08 10 12
o [mm]

30 BTN ()| EIEIER A O, BHEEICEIT 28— L% o IS8T 2 IREE V. 5
\& Dixon [8] 512 K& % SEHfE. FERUIIERIEMNT (21), BHR ISHIZMNT (10) ICX 2 b .

THZ6ND. R, ay:= (14 |A4,7)/2 TH 2. EAOWIRHE () 1X (20) Tn=1
LLEbOTEASNS. BlERIX, 20 () ZHVT (11) THLAsN 5.

SDET VT, FEIIAERTH o7 A, =icot 2. DU TIEEHDZ D, |, ()]
DMERBTH 2 EIRETS. TDEE, (20) &b, BfHEIZHEMAEIC R 5.

o sin ¢(Ty, sin 2kx,y, );

{z) = am 1 — cos B(cos 2kx ) (21)
iU, (T EORE 272 9) EED @, (2) 12DWT, 55HIE IS K 2 HEE D IIFHE
252 BERATH 2. BB, k ORIEKTIE (21) 1& (v) = 2kanocot § &7 D, Dixon 50
fEF (10) & —&KT 3.

2 ¢ 22U L ZD |(2)] DERAMEIZE, (21) £ D,

o (xysin2kzy,);
am /1 — {(cos 2kz,)?

TdhHhbH. Z0UE, cosd = (cos2kry); L5 EZHEBIIND. KT, kay, DN S W E FIT,
(22) £ b,

’<x>|max = (22)

(%) |max = 0 + O(kan)? (23)

L%, BIUMHT T E — L DOBRED 0 1S/ 2R (¢ — 0) TREEN [(x)| & B
RAFEDIHBML . 7, B4 =5 —%2E&OMERTIE, (21) X b, Tl - FEBER
IREEDSTERC T BRI B\ T h | AL |(2)] EIEER A XL HICHRTHZ Z L2sbdy
5. F, 2z 0TNG 0 L. Eie, BN |(v)] EHIEE A 1T R (22) 23
7E3 5.
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6 - 12000
5.
’g‘ 47 /// *1500
E i //
—3 11000 <
X 2
v 1500
l* ///’/
% 1 2 3 4 s

o [mm]

4: X3 Dp=72°DEE%, EHICKRERAT—NVETERLL LD, FERIZIERE
fEEAT (21), BRRISHBRTMENT (10) I2X 2 b D.

(z) () |max & BARIICHHME U CHE & LT 2 72 0, FBRT IR EI B %D 77
ABTH T EREL £

e—a@/2a%
q%ni Lm 2 - . 24
| 7 ( )| \/Q;F(%n ( )
ZDEE, (cos2kiy); = e k) B R (2, 510 2k ); = 2ka2 e~ 2kam)* 1|
2kay,o sin ¢
<£C> - @2(ki<lm)2 o COSQZS, (25)
2kayo 9 2
- m — o 2(kam)
() |max = T at cosp =e (26)

#1352, an=(1—-7)a+~yo TH-%.

3 (25) THZ 6 N HIEMDKERHE | (x)| 2 HERRDOIETDE — LR o DRI
ELTII77ICL7bDTHS. NI A= =13, {1735 8] DM 2 L &HbHE 7
a = 640um, v = 0.296, k = 20.8m~1. 77 ¢ SR E W & Z, IFBIEMNT (21) & HIBM
BT (10) I X % [(z)| DEERIZ/NZ W, AHE ¢ VNS0 L & IERIBEIT (21) D5 H35%
BEIOE VD, FoaoTidwnkny, 2o &, BERTHO SN BERO X Dl
RIS TH B I ERTBL TS, BZEDLD, MUFEMFET, E—=LF R o I 51
RKEOVELAL EOFEMEZK 4 1TR L7, [8] DE T, 0 2 1-2 mm TIEFERIE
DEAF ISR 2 2 b0 5. MIRE TR S & Z U ERE CIEIRI RN IE 1222 5.

BI5 13 [(z)] & A 2O ¢ OB E L THiVW2 b DTH 5. BUHIZAE o = 500pum
2B, AT - FEEPURREDEL T MR ¢ — 0 128 T, BIEMENTT (z) 35T
DKL, IEIEMENTTIZ 0 L% 5 Z LA TE S, £/, (23) £721F (26) 2VR @

7
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\\ -300
= 0.75 |
= \ 1200
— 05 ~ <
5 100
Y 0.25
0 ‘ I

0 5 10 15 20 25
¢ [degree]

5: MUTIZAL [(x)| EIIEE A D, fZfHZE ¢ I3 2HREE . FERUSITERIEAT (21),
IR I BIEIENT (10) 12X 2D D.

D, [(2) max ~ 0 THH I EDERTE S, X512, EERDFER 8] 1B 2 I/hofifiz
¢ = T7.2° &, BUEMT DB RBIICH 2 2 L35, Tk h/ANE 2AifHZETIE, o
DEEDMENT % Bl 9 5 72 D IIERMIERINT %2 1T ) DE D 5.

4 F&EO

Sagnac THRIZE T 255 HE Z W78 IS L, fEEBDEA — ¥ — D217 -
7o, PERDBIGIRNTCIE, BIEME (x) I F9fEIC B L, ST - FRBEJURIEDESL T 5 il
IRTHB L7, Tabb, FREROMIIERZHIEICL T, WIRRZ2B I LB TEL.
LU, I OEH D % & 7@ TlE, SHNZIELS BnZ E3bhrot. bt [H
UHiFRCHEIIERIE 0 & e o7z, F7, WIERIZIE RV H -7z, I 61, BEDFHEE 2D L
THUEGE L 7GEIE, IERIERIT DN ETH D 2 bbb otz BENLERORET
i, SHUIEIER A 3B X Z 100 22 7H7h TR 3.
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0000000000000 00000000000 C-0000 XeXxXCcA)Dooo
00 o(r,®id)(X))0 ADDOO X0OOODOOeO C~00 X000 0000000
O0000a": Exy - Ex0 (@'w)(X) =w(a(X)) wWe Ey,X €eX)0DO0O0OOO0OOO
OO0000 A0DO0DO0DbOooooobD oemaOO0D00O0ODADOODOOODOODOODO
gbobobooogobbod

Wia,a)(X) = (@ @ ma)((m, @ id)(X)) (7)

0000 A0D00OD0O0O0ODOO0DODOO00OO0O0OOO0DODOOo0ODOUObOOOobDOobODOoOD
gbobboogbbbuooobbbuoobuooobboboooobboooobboao
googbobobobodbooooboobboobooboobboobooboon

“gpo00i25, Chapter III Theorem 1.2 000 0000000000000 O0O0O000ODOO
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gooooboboboooubobbbbbbbdddooooooboobbbboooooo
doodooooobobbbbuoooooooouooooo
ooo0o0o0000O00D0O00wOOODOODODODOD3(X)=ClODODODODOO
00000000 X®CA)D000 7, ®id00 von Neumann 0 0 O 7, (X)” ® L*(A)
00000000CIl®eL>*A4)0000000A000D00000D00 wueOODOO
Cl®L*(A)0000000000 dwue10000000000X € X¥®C(A)0000

taer(X) = [ (o) o(X). (8)

000 0supp dwue 10000 p000000000000000CI®C(A)DO0O0D
000007,(X)®L®A) 000 CleL*(4)0 CleC(A)000 r,®id0000 von
Neumann 00000000000 Cl® L¥(A) = (C1® L®(A)Y 00000 0w O
00000 wuwD Cl®C(A)D0000000000000 X®CA)000000
0000000000000 p € supp dwe D wae®0, (a€Sp(A)0000000ODO
000w, 0 a€Sp(A)000000000 00000000 X000000000
000 0supp dwaey D00000000000000

supp dW(A,a) = {wa,a ® 5a|a € Sp(A)} (9)

000000000000 ADDDOO0O0OO0OO a€e Sp(A)000000000000
D000000000 p=Wae®3, (a€Sp(A)D000 (Wae®36,)(1®A) =a000
0000000000 ADD0D0OOO Sp(4)00000000000000000000
00000 L®dwae) 00000 ¥ 0000000000

X1A®A(w“’“ ® 0,) = { (1)’ EZ ; i;’ (10)

gdoodd
Qo) ((S) = / Qo () X\E4(p) (1)
— (@@ ma) (o Bay,., (D)) (12)

00000000000E,,,, : L®dwuaw) = Cle L*(4)00 x4 0000000

00x¥4000000000 CleLe(A)000

E

“(A, @)

(™) =1® BY(A) (13)
00000000000000000000000000000

00 2(000000BornO0O0). 0000000 wOOOODODOODODO AODDDODOO
0000000000000 00000 «000000000000000 AeB(R)O
goboboooooboooobbboooon

(@ @ma)(a(l® BYA))) (14)
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000000 wuwO0O000 dosey000000000000000000000O0
000X eX®@C(A)D fe L™(dwae) 0000

T(fidoiae)(X) = [ detan(p) F(5) p(X). (15)

000000 AeBROOO0OOf=xE40000

TOK detan)(X) = [ detnn(0) X570 o)
- @@ maalx @ BA) (16

gobobooooboboboooobobbuooooboobog

1

= [ dwiaa(p) X () p(X)
dwm@ﬂxf“%/ Ay A

_ @ema)(a(X ® EA(A)))
(@ ®ma)(a(l® EA(A)))

O000CI®L>®(A)0 3,(X)@L*(A) 000 von Nenmann OO0 D0 0O O0O0O00O0OO
000000000000000000000000000 3,(X)® L>*(A) D000 von
Nenmann O OO QOOOOOOOOOOOOOOOOO

OoooobobobobobOBenOOOO0LOO0OO0OODLDOODODO BornOOOOD
OBornOOOOOOODOODOOODODODOODOODOOODOODODOOOODOOMDO von
Neumann OO OX, YO MOOOOOOOSOMMOODOODOOOOOOOODODOOOO
O00000XO0YOSUOOUOOOUOOOUOOOOANT=p000000 AT € B(R)
0000 pesOOO00O0

T (XA dws(a,0)) (X)

(17)

p(EX(A)EY () =0 (18)

000000000000S={¢}0000X=,YOOOODOODOOOOODOO0OO0O
gobobodgo

(Z)Xst, (ZZ)XZ‘gYéY:‘gX, (ZZZ)XZSY,YZSZ$X:52

XO0YODOOD OOODOOOOOOOO0e0000XO0YDOODOOO0O00000000
D={(z,y) eRr=¢}000000000000000 [24]0

000000000000000A®1 =ggm, o(1®A) 000000000 000
000000000000000000000 ADOOOOOOOOOOOOOOO0OO0
0000000000000 000000000000000000000000oonon
00000000 (@O0000000000)000000

A1 = (X)) ®@ma Oé(l ® A) (19)

N000000000000000007,(X)", ®ma={p@malp € n,(X)",}0000
von Neumann 00 MOOO0O0 M., ={p e M, |¢||=1}000000000000
O0000000000000000A®R1TDa(l®A)0002000000000000
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googobodboob20bogbobodboobboobboooboob «bon
Ooodboooobdd BormnODOOODOODOO BornODODOOODODOODOODODO
goo

00 3 (BomOOO). 0000000we E,0000000000000O0000O0
DAen,(X)0AeBROODOOOO0O0

O(BY(A)) = (Qu|EA (D)) (20)
000000P{AeAlw}0000

“gbooorgboobooboboboobobobobobobobobboboo
gboogbboobuodgboobboobuogobboobuooobboobuooboon
gboobdobobobobobooooboboboboboboobobbobobo
O00000000000000oooooo0oo0ooO 1g,8oooo (ooooo)oo
ooooobbobobobobeobobobuobooobobobobobobobo
gbobogglbbooobbduoobuooobbooobbuooobooobobogl
0000000000000 000O0000O0000O0 (booUoDbOoUooD)oboo
0000000000000 00ooooooooooDoOOo0OC0O0D (DO0OoOoooo
0000000)00000000000000O0OOO00DU00OODOOOoDUOOOODOO
gbobobobooogg200bbobooooobbobbouooooboboboboooon
googobodboooboboobbbooboobbooboobbooboon
gbbbuoooobbbouoobobbboooobbobuoooobbbuooaooboo

4 OO000O0OO0OO0O0OOOOOO0

4.1 U000 0O0OO0O0OObLOb0OooOooboboooad

M{(Q)DDD00(Q,F)00000000000000000 veM(Q)DO ue M(Q)
0000000000000

/ dv(p)log Z—:(p) (v < p)

+oo  (otherwise).

D(vllp) = (21)

d d
00000r,u<o000 Q0000 aDDDDDDq::d—Vandp::—“DDDDDD
g

do
D(v|jp) 00000 D(q|lp)0O0O00O
00000 Uhlmann 000 2000000000000000 [2, 27, 11, 33]0 (M, A,
J,P)0 von Neumann 00 MOOOOY000p,y O MOOODOODOODOOOOOO

5Hilbert 00 # 00 von Neumann 00 MOO00000 MOKXOO0OO000000000000000
00JOHOOO0DO0O0OPOO0O0O0400 (M,4,J,P)0000000(G) JMJ=M; (i) JAJ = A%,
Ae3(M); (iil) JE=¢, EeP; (iv) AJAJPCP, Ac M. 0000 [2000000000000
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Ac ADOD0Dp(A) = (|AD),(A) = (V|AV)OD D OO &, cPOODODOOODOMO
0 Dom(Spy) = MU + (1 —sMU)HOOODOO Sp g0
Seu(AV +Q) = sM(W)A*D,

AeM, s =0,

000000000sMW)0 YO M-O0000000ED (1-E)¥=00000 MO
0000000008,y 0000000000000000000000000000

[e.9]

[M%yDAmV:@wﬁ%EDDDDA@y:/ AEg (M) 0 Apy 0000000

0000000000000000 S(0||t)) arax O

e}

S(@l[¥) Arari = /_OO log A d(®|Epu(N)®), (s(p) < s(1)),
+oo, (O0ODO).

O00000000s(p)0 MO o(1—-FE)=0000000000 EO000OO0eOOO
ooooo

OO0 Uhlmann OO OO0O0OOO0OO0OO0OOO0OO0OOO 2000000000000
O00000000000000 £000000 p0 q0O0OD0O2000 (quadratical mean)
QM(p,q) O

QM(p,q)(z) = sup a(z,2)2, z€L,
a€S(p,q)

O00000000S(p,q 0 £LO0O00000O00O0ODO «0O0D0O0O0O0O0O0 z,ye O
000 |a(z,y)| < p(x)q(y) 000000 DD0000O0L00000000DOOO0
0,1]5t—p,000000000000p0ODO ¢g0O0O 2000 (quadratical interpolation)
oo0on
)0 z€L000000 tw p(z) 0000
(1) 000000000

pe = QM(pi,, ), t=t1;t27t1,t2€[0;1]7
py = QM(p,q),

pe = QM(p,py), t€[0,1],
pie = QM(pq), t€[0,1]

e ‘

O0000oooood00 o0 pO00 £O000O0O00OODOOOOOOODOODOO
0,13t QF(a,8) 000000 € £000 py(a) = QFy(a,B)(z,2)2 000000
00000 p 0 af2,2)? 00 B(z,2): 00 200000000 4000000000
000 (relative entropy functional) S(«||8)(x) O

S(all8)(x) = — lim inf 2E@ A @.2) ~alw,2)

t——+0 t

gobooo
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A0 *—DDlGDDDQO,@bD AOD00O0O0O0O0O0DOOOOOUWMmannOO0O0QOQOOOOO
S(@ll%)unimann O
S(o]|Y)vnimann = S(SOR’WL)(U»
000000000 ¢R and v O of(A, B) = o(BA*), v*(A,B) = ¢(A*B) 00000
0000 AODQDQOO0oooooooooooo
[11]DDDDDDD 200000000000000

00 4. von NeumannO O MODODOO0O000 ¢,v0000S(@||)Uhimann = S(@||1) Araxi
goooono

gbooobob2000000boodbbogbobo20bbo0bbooobooo
gooo

OO0 5. 0 C-00 XO0O000007x000 Hilbert OO0 xXOoooooot"oo
00 p(A) = ¢(r(4)), $(4) = §(r(A) 000D »,¢0 x(X)’ 0000000 ¢,¢ 0O
0000S@W) =Selv)oooooo

0000000 o+ 000 GNSOO 7y, 000000000000
0000 (Do0ooooo0ooooD)0oo0o0oo0ooo0oooooooooooooo

00 6 ([11, 33]). p,v0 thw € Exr 000000 Ex 0000 Borel0OOD D00, v
<«<mO00 E,0000000mO000000000S®W|jw)=D(|y)000000

gboudgbbbodgbuodgbboobuooboobbodoboobboobooboo
gbogbboobuodobboobuooboobbodgboobboobuooboon
gbogbobuogbobuoobboobbodobboobboooboobooboboon
gboogobodbogoboboobobuboobuoobbogboobbodoboon
c-Ugggbbbuogobobbboooobbboodan

4.2 00 SanovI O

00000000 40000000 [29,30,31,39000000000000000
Op,6,7000000000000000000000OODOOOODOOOODOOOO
OO000000000000000ye Ex00000 pw, 00000

B*(M;(Ex))0 My (Ex)00000000000 Borelo-O0 0000007 = (p1,pa, -+ ) €
(supp py)N OO0 A € B(supp py) and I' € BY(M(Ey)) 0000

1 n
Yi(p)=pj  La(pA) == dyp(4),  Qul)=Pu(Ly€T)
j=1

DDDDDDDDDP%DDDDDMEDDDDDD{Y}};’;Di.i.d.DDDDDDDDDD
00000{Y;}2,00000000000000000000000000000Sanov

J

goobooooooboobod

vogogo*:A—A*O0000O0O0O
"Opooooooooooooooo
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00 7.Q,0 S(()|v)000000000 LDPOOOOO{L, eT}00000000
D00 e B*(M(Ey)0D0ODO

1
—if{SO()[¥)] € % p < iy} < liminf —log Qn(T)

1 _
<limsup —log Q,(T) < —inf {S(b(u)[[¢)] p € T, < pry } -

n—oo 1N

DOooooooooooo {pelu<yp,}0000000000O000O0O0OO0OOO

XOOOOOOODOOoobOoUoOEyOOODODOODODJdODOODOODOODOODO
gobooo

dlonsen) = Y o ’wl(Ajf,gj,T’“A”'? (22)

j=1
000000 {A4;4;#£0,j=1,2,---}0 X0000000000000000BY(M(Ex))
(My(E»)000D00 Borel 0000000000000 00000000000000O
0000 Borel D00 [6]) O BY(M(Ex))000000000X0000000000
I'e B*(My(E,)) 0000 {L,e}000000000

4.3 0OO0OOOOO

gbobogodbbogbogobogbbbobboobooboboobbodoboo
000000000 [4,6)000000000000 Sanov00O0O0O0O0O0OOOOOOO
gboboboooobbboogobbboogoobbogod

00 5.0070000000200000000 H,O0H, 000000000000
0000 T, : (supp dws)” — {0,1} 0000 {T, =0} ={H, 000 }={H, 000 }O
(T,=1}={H,000}={H,000}0000000000000000 7 =(T)0
00,70700000000

g1ooobog20000000

an(jk) = AFL1<7%
ﬁzm(jil) = ]302(711

oboobobobobodb:=1,2000 F,, 0w, J00OO0OOO0OOO0ODOODO

) }2u

1)=P, (H,0O0O),
0) = P,

(H, 000).

1

2

daq

1 n
Xj = —log d_w2<pj)’ Sn = > X
j=1

ooboooooooooooobooobooobooobooobDboool a8, 0000000
godobbboooobbbooooobbooooboboooobbbooobbooo
gbooboooon

Bn(e) =inf{B,(T,,) | Tn, : 00, an(T),) < e}
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000 a,(T,) <e000000007,0000000 B,(7,)00000000 ONeymann-
Pearson 0000 00000000000000000000000000000000
000000000000 Stein00000000000

b 8. 0OU0e< 10000

lim — log B, (=) = —S(awr]Jws).

n—oo M,

00 Chernoff 0000000000 RNT,) = man(Ty) +mb(T,) 000000000
7Tl,7T2|:| 7T1,7T2>0,71+W2:1DDDDDDDDDD

00 9 (Chernoff 0 O).

1
lim inf —log R} (1,) = infllog Fi(wy, wo).

n—oo Ty, N 0<t<
0000 Fy(wy,ws) = QF (Wi wi)(1,1) 0000

Stein0 000 Chernoff UOD D OOO00OO0OO0ODOOOODOOODOODOOOODOOOODO
gboogobodbobooboboobuoobbooboobboobooooboon
00000000000000000000 [23].0000000000000D000O00O
O000000o00ooO0(o, 30000000000 OOo000D0DoooooooOoDO
00000000000000000000000000000000000 12, 14, 9]
googbboobboobboobuooboobobooboobboobuooboon
gogobboboogoboo

44 UO0O0O0O0OOOOOOODOOOOOOO

X0 C-000w,w 0 X00000 (7, He, Q) 0 XD w=w, +w, 000 GNSO
0000000w0w0000000000000000000

M(wy < ws) = U M(A4;wy < wa),
A=A*emy,(X)"
M(A;w < ws) = {(A, @) € mu(X)" x Aut(m,(X)" @ L*(A))|
LOO(A> = Oo(A)H, dwl,(A@) < dUJQ,(A,a)},
00000000 C-000X®C(A)D00000:i=1,2000 w; (a0

Wi = & (@ ®my) o (7, @ id)

000000 XC(ADD00D00000a € Aut(X)0000S8(w||we) = S(afw:||a*ws)
D0000000000M(w; <w,) #0000000(A,a) € M(w, <w,) 00000

00 > D(dwi,(ae)lldws,aa)) =S (@1 @ ma) o (m, ®id)||a (@2 @ my) o (7, @ id))

= S(a" (01 @ ma)||a™ (@, @ma)) = S @ mal|e @ ma) = S(@r||@2) = S(wr|ws).
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EF iid RREBORFREFBICH T ZBEFEFE

B R (EAGEEART)

1 [F0&IC

R ERERZEMT 2 LT, BT iid RE (n X7 vV VBETERINSIRE) (BT 2 W0 E 2 E
WTHs, InFT, HMERERICE L CINEEEZ LT 2 LT, SEOBENTFEMSEHINTEL, —
Ji, BEREGRICEVLTE, 0K BFEIERATBLE LA THL L EZ6N TV EP ok,

T VY VD BRI RGO RIERIC B I 2 HEARNEZO—DTH D, H [1] 12 k> TERT ii.d. REDHHL
MHOWFFITEA I TR, B ERIGRICE ) 2 BEAEANTRE 2o T2, R, 7 Y LVEOM
Ry E T iid RIS T 28l S 2L —sa v PFEELTETH L Z L2 RWEL, STk 2] IBw»
T, 2% 2 DFEETIND 6% 5 iid IREDIKFHIE DR D HERIC OV T n =50 DEA&E TOREHIZR L 7.
ZOT7A T, REOIED S &, Hild [3], HiE (4] I ko> THET &, BETIEn =300 £ TOFEHIH
NINTz,

KD HE, ZOFEZMGT, PO IRSRE O T2 M & U CRBIBE 2B n 120w THEkg
EOBMEY S 2L —> a v TH 2 L2 FHTEILTHD x|, £k, 0K ICHAOERZF]
F U CHESE L 72 8l Tk 2 31 L RTEOWHE P O BHEBEEIcBH T2 2 L Th 5. B2, SCk [5)
T, O RRERE FIC B L 7B L W P A BUEIYICHEE L Tv B,

AfTiE, M EOBREZREE, PERMIEICERZ Y TOHRE T 5. RO TOLEDTH S, P
fiicix, BEfiid REOER, —O0RFiid REISHT 2KGREEZHNT 5. BHIiTIE, n—> oo
E DR RHME OWHEGIC DWW TR 2, B fio BEE L, BUEEHE oM & § 2 &1 Hoeffding O EH % 3t
HT2ZETHS. AffiT2x 20T v Y VEDBHIDRICOWTRR, Zhzi#H L 23 ) ERoGH
Fiiz BHICHBRT 2. ZOHETIERZHELT 2 720 i T Hoeffding O EBLOBUERIRGE 2 17 - 72 k5B % B
ficiiR 2, @ik, HOMREIICBE L 725 L PO RERE 2R, S 5 dr IR 2 B L 7,
FROFEFEEHOTPEOBIENRGEZ 1T, iz E Lo LT3,

2 BFiid REBEZDRGRE

AREICIE, BT iid REDER, "o iid REIONT 2 EHRE ORTEREIC O W THRR S 7).

£7F i.i.d.(independent and identically distributed) K& & 1%, BCAWICIE n RT vV VEE p&n =
PR Rp CRINZETIREDZ L THS, 7KL, pDfTfIV A X %2 dxd T35 E po" DIFFIH A X
FZd"xd"THb, ZIT, nzTYVILREEWNS, BT Lid REEIX, PRI n o8RRI
[ CIREE p ICEPN TR 2RI Z T, 72, WHREERRICK TR T — 8 n OMIZFE—5MmICHY T 5.,
AT, BETH p & LTYHNICEED H 2% Dfl% & 2D TIEk, —BROBETH p T 22T
Lid. {REE p®" ZEHEDONRET 5,

%, ZODRT LA RE p®, 0" DI L ELLPNEZ6NTWwEE LT, [Mo2OllEZHWTHEDOR
TIREBEL S TH L2 HET HMELZEZ 5. HERED po" TH 2, 6®" ThHE, LWIFEREZ
NZEN0,1 TRIILICL, HED 7 v XIZMEMEZ KT POVM (Positive Operator-Valued Measure)
M™ = {M"™(0),M"(1)} TH 2%, 7=7ZL, M"(0),M"(1) %, p®", o®" LT YA XDPIEEHEITIITH
2. DEDHED 7R A% K1 ICKRT 5,

PLEDHETETIE, p®" BETH 20309 BNELEHET 28D &, o BETH 50 p@" D3HE LHET

1
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poro oo ..o BFRE HoWE | e | W | E-®
———
nf@ ®n O p®n IE L [
B EARDTHS n p 1 o®m | 1 fE8ED
BE{M™(0), M™(1)} RIEMEAO(1) SN 0 pon | E21EMD
PO (0O ME D BFIRETH o= LHIE 1 a®n ELWw
1 %%fﬁﬁmﬁiﬁ;@” v.s. o®n 2 ERSWEICE T 2D

ZEMOPELHL. InoEZNZTIE I - 2R LIS ZORIERIDITRT,

POVM M"™ = {M™(0), M"(1)} i2&WVT M"™(0) + M"(1) = I, BIEDZDDT, M™ % —2 D175
T, :=M"0) THETZIENTES, 0T, 2ZRELTR, MEZMTING DY DL SHERZE
gL,

[T, = Tl (1 — T,)] = 1 — Te[p™" T, 1)
BnlTy] := Tr[c®"T,) (2)

EWB. TIT, an|Th], BulTy] 32N ZNEE 1/ - E2FEDER LN S,
BE T, £ LT, FHEHRIX—% a%bDOET Neyman-Pearson HiE

Sp(a) == {p®™ — e™o®™" > 0} (3)

EEZD. ZIT, EEOILI— M AR, 5 {A> 0} 2 FDX I8 25, A QAL
B2 b Vi bR S ERESRES 2020 (), (o)) G2 b L) EBCE, ADARY PSR

A=D"N i) (il (4)
DESND. THUCHL,
{A>0}:= " |as) (i (5)
A >0

LEET D, TabbL, {A>0 XA LFAUHA RO — MIFITH D, AOEEGHEICHIET 3 B
RO EAINOHE 2 BT, Rk,
{A<0):= Y fo) (w) (6)

i <0

{A>0}+{A<0}=1

THBME, Htr ({A> 0}, {A<0}} HPOVM 2% LT3 2 L ISR 5.
& Neyman-Pearson & S, (a) ZH\7 & EOH 1 - 5 2 R D fERIE= (0),(2) £ D,

ap(a) == ap[Sn(a)]

= Tr[p®"{p®" — "*o®" < 0}] = 1 = Tr[p*"{p®" — """ > 0}] (7)
Bn(a)zzzﬁn[sh(aﬂ
= Tr[c®™{p®" — "*c®" > 0}] (8)

LRINS,
1M - 5 2 R DR au,(a), Bp(a) ISRFL T, BUR2IRD 32D,

LA >0} & w)itikid, THEREH A DIEDfi% £ 2 L » ) HR, OB E L TEAZINZZb D TH S [2].
2



Soryushiron Kenkyu

£ 1 (BT Neyman-Pearson O [0]). FEEOBE T, LEK a 12N L T, an[Th] < anla) %513

COEHUX, an[T,) % an(a) KD BNIKHRZ LI ETELE, BIRHD B,[T,] 28 Bala) XD HKREL
ToTLEIILEZFERL TS, ZOREKT, &T Neyman-Pearson ME I3 RETH 5.

3 ETFRHIRE DENL®

KA, 1R - 5 2 LD HEK a,[To), BulTo] @ n — oo 1513 2 HRERZEETIC BT 5\ < S hodid
B2 [1,7),
1 — 00 12 B BWBEIETIC 5\WTiE, BOERZOLDLD b,

— lim EIOgan[Tn]v — lim %IOgﬁn[Tn] (9)
n—oo

Lo B BICERDH 5, 22T,

— lim 1loga,[T,] =R, — lim LlogB,[T,] =r (10)
n—oo n—oo
DBIRDIL D Lo T3 L &,
an[Tn] ~ einR7 Bn [Tn] ~e (11)

EWVI KT an[Ty] & BulTy] ZERITESL Z LICHERET S, 72, R lim 2TV 252, BRI FEET
% EFRS 2\ TARIE limsup, liminf 29 RXRETH 2, Lo L, ARETIIEHEO 7 OMIR lim 2SFET
5 LE L itz LTl
551 FERR D TR o, [T,] I HRBIV A 2 3R L 72 RDLT, 28 2 FER D HER G, [T,]) OUCRfEICBIL T, AT D
EHBHMSNTVWDS, ZRUIOVLTERS 720, BEFHNZY PrE—
D(ollp) = Telo(logo — log )] (12
LW RZEALTEL,

T 2 (R Stein OMEDMIEE [10]). £ R < D(o||p) LT,

- li_>rn %log an|T,] > R, (13)
lim 3,[T,] =0 (14)
Bt THEE DI (T} BAFHET 5.,
EE 3 (BT Stein DHIED BT [11]).
~ lim Lloga[T,] > Do) (15)
A=Y=
Th 5,

K () 250225 KIS, o RIZEDHEEN 01T HERNLERETH 205, RELLTELLY
KRELTEBZZEDNEEZ LW, LU, Rrid an[Th), BulTn] EFBRIC, HAZKELTHUIS I RIS

3
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(o TLEI LV FL—FA70BGIcH 2, 22T, FhEZIE RICHWZIL, r o &2RALT
22 R%EADL, Thabb, X (13) 2ALTHE (T, o, R (18) 2B 2 6,[1,] DKDILHIFK

7= max{— lim +log B3,[Th] | — le Llog an[T,) > R} (17)
ERDEBTEHZ 615,

EIE 4 (i1 Hoeffding OEH [12-14]). R< D(o|p) DEE, EE AT A =% a 2T

= r(a) = max{da — v(0)} (18)
R = R(a) =max{(f — la—9(0)} =r(a) —a (19)

LEEND, HEL,
$(0) = log Tr[p’c" "] (20)

Tha, A (IR),(19) OPICRTEEIL, 3 (3) TEE L 28T Neyman-Pearson #E S, (a) THRI N5,

4 2x21T5DT Y ILIEDEED R

DIRECiE, o ficRRAL 8 2B #EE B.(a) 2 BMEFITEHOBEME T 2. ZOFEEZT I ICIXTH
PO — enagOn B BAHIIC A E SR T 2 DD B, T DFHIDY A RixiREA — 4 Th Y EEMED R
Witch 2, 22T, BTN TVS 5y Y L2 EET 2FICEMSRTE 2, EvI)
Ko [15,16] OFEEH VS Z 12T 2, AT 2 x 2 DEETHIOARZR ) DT, KEITIEZDHAIC
DWW T RDFEM % B R B

FHAB n I L T2 x 2" D=8 VITHI V BEEL, EED 2 x 21741

XL, VA®MV* i

ln/2] my Aq
VATV = (D P A = Ay (21)
k=0

0O s

EwIHTBD 7T ay 7 RATIITREIND, K A 3TV VIV A9 OB AHEThH D, 204 Xk
dim Ay =n+1-2k T, EEE my :=,Cp — nCr1 MILZFEN S, (22T, HEHNIC,C1:=0,7F3.)
2%, X (20) FET Ao Z mo = 1HZ TR, KIT Ay 2 my 172 RSN L) BiE%
DIBLTESND 3, (2O — nCro1)(n+1—2k) = 2" ¥4 ADIEHTHITHS, 22T, R (21) Dr=%
VATHIV 13 AR TICEE 5 L0 ) BB NICBRZHHO L OEREFETH S, Z4UE, UTFDLHIC2x2
DITHI A, B B X UVFEH a,b ic LT, AAT7—fG2tE) A - FEBERIKD Z EIiTA5 2 ETH 5:

*2 500k TEERIEY ) £\ ) B, 178 Ay DMERT 2B B OMIRTH 243, KFESCTIRITH A 2D DERFTHEEE L
THW S, FBRIC, TEEY2 R 09 ST, TRz A9 MEH T 2 8BS EMoBRa ok clv o s 2, Awc
B3R (21) 20D 2RI FEE LT3,
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ln/2] my
V(aA®" +bB®")V* = (P P (aAyx + bBy) (22)
k=0

(/2] my,

V(A" BV = D ED(AxBr). (23)
k=0

ZZT, RRABTHND L —RE2HET 27D TRER DT, 2200V 205D %KD 540
BEiihnwI EEFEELTEL.
BERIIRAT A O (i,5) B9 away (i, € {0,1,...,7}) WUTFO X ckoonz, ri=n—-2ktL, £7

(a11y + a212)" 7 (a12y + axz)’ = Z a;cﬂ’jyr_izi (24)
i=0

L) SELRRD S (8 o, 2ko, ZhEfvT
akij = (det A)k\/T?a;,ij (25)

Bl (TN En=20D5H). ZO5A, Ax4D2=F VTV DHEEL T,

AO O}

o A

E7ay 7R TE, dimAdg=3,dimA; =1T, mo=m1 =1 &% D ERRD ICEBIZ 2\,
F9, BRI Ao DATHIRSY [ i) 2 k® 2, 2 (2a),(25) X D,

[ a? ab b2 ]

LEMETEZ 2.

VAR2V* = {

[ag ;] = |2ac ad+cb 2bd

i c? cd d?

[ a2 V2ab b2
[Ozo)i]‘] = \/E(IC ad + cb \/ﬁbd
i 2 V2ed d?

LRDH5ND,
RIT, BRI Ay DFFFIRSY [an,;] 2R 5. WEHIRSY Ao 2R 5 & & LFIBRIC,
[O/l,ij] = [1]
[a1,55] = (det A)[o ;] = [ad — be]
%5,

5 FTYYVIBOBNS@EEBWCREDEXRDHE

KEITIE, BIiTlBAF 7 v VOB RE ) HEE 0 FHIER T 5.
DIF T, 8 2 M0 HE B, (a) DFITIUC D TR 525, 55 1 MY HE% ap(a) 1200 T b £ 72
RTH 5. R (22),(23) kD, BOHE B,(a) BKD X RSN S:

Bn(a) = Tr[a®"{p®n — g > 0}] (26)
Ln/2]

= Z My TT[Uk{pk — e”“ak > 0}] (27)
k=0
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EL, {pp) & {on) BZRZH p & 0@ OEEIRSTH B, R (27) T,

5n7k(a) = Tr[ak{pk — enao_k > 0}] (28)
LB L, BOMER B, (a) X
[n/2]
Bu(a) = D mifBn () (29)
k=0

L3, (8 TR (28),(00) OHETIEE 55,

(AT 7) 1. £ kIZOwT, UFZET),
(a) 2 (22),(25) Z T {pp} & {0k} ZEET 3,
(b) 1750 pi, — ™oy, DIEHAE { Ny i} & IERESILI B X7 PV {v, 1, }i & BAEIEE
TKRD 5,
(¢) Bur(a)= > (vpkilok|vnk:) ZKDS,

An,k,i >0
] ln/2]
(79 7) 2 Bula) = > mpfnr(a) ZRDZ.

k=0

K3 Ba(a) DEFEFIE

X8 DOFMEDRT Y7 1128 WTH kST 08I 20T, FREIEE T 2 B35 % i L <
W3, F7, ATy 7 1(b) CEAMESIEELT ) A OBEIZERIICIES D w»TwB 0, BHEESED
WERCRE LBUEFENEL 2. 2070, @HOBEHETHC SN EHKEONHTIIRD 2T, %
EREEZHVS 2 LICT 5,

AR TIE, BT p,o 132 x 2 DEHAICIRE DT, p, o ZFEWNHITINCE> T iEzLbiw, z
DIz, EBEOFETIE p, o EFERNFATI DA ZY S . 175 pr, — e"oy, ENHITIITH 20T, ZOMEE
AR b FERFATNAG DV —F v 2 5,

6 =7 Hoeffding D EIEDIERIIREE

AREITIE, AT Tl 7 BERY 78 2 Al 7238 D R D EHRIE 2 (5 T, J - Hoeffding o5& B OB 767

Az AT,
FHREZAT IS T 2 FE PRl T 2 B L <k (. BET p,0 2—HEEL, DT VY VRE n LHE
Balzxfl,
rn(a) ;= ——log B, (a) (30)
r(a) == lim ry(a) (31)

L. 22T, rp(a) ZRDEE, r(o) 2ZBERELFSILICIT S,

B4 13T Hoeffding OERE % BUEINICHGEET 2 72012, B r,(a) &R r(a) OBMEGIEZ TV,
nBREL 21220 T ry(a) D3r(a) ITED T KT 288 2. %58, WRMEr(a) 1, EHE XHE
X (IR) Bbr-o>Tws, 22T, A (20) D Y(0) 3B TH %2 DT, Newton % > TRIHICI (TR) O
RAAD max 23R TE 5,

Al 2 #EATA
p:UGYFE &MWZ» ”:U(D*R$(£4U@) (32)
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Ths. KL,

(33)

U(f) = {6089 sino}

sinf cos6
ThH 5,

COEETINCOVWT, T, W2 D n i L TED I r,(a) EMBIRME r(e) ZFHE L AR ZX 8
IZERT, BB, REOKIZBWWT, HEEREOMBIIA T IA4 v EHOTIIRETHE LT3, Xd kb,
TYYNREn ZREL L THLITONT ry(a) 23 r(a) ISEDW T ETDI RTINS,

3

3 : ! : :
r@xn:uvuﬁme 1040 4+7zwww 100) 116 #f & = 10710
'(MW 20) 116 #f e = 10740 ry(a)(n = 100) 77 i ¢ = 10740
25 ra(a)(n = 40) 116 Kf & = 10~% 25—y, (a)(n = 100) 58 j ¢ = 10-4
7a(a)(n = 100) 116 Hf & = 10710 —e— rp(a)(n = 100) 116 Kf ¢ = 10710
9 4“ RRRAIE 7(a) 9 FRBRAE 1 (a)
1.5 7 1.5
/,
. 4
/
L ./ f ) 7
) 4
05 ;;;;95 05
L ,;é
. P o s
4 3 2 -1 0 1 2 3 -4 3 -2 -1 0 1 2 3 4
a a
B4 30 85 r, (o) DR r(a) 1SE 0T BT M5 Wil e #EZ7 L EOMD T ra(a)

RIZ, n =100 DEED r,(a) ZHEE ¢ ZBRZTEHELL MR 2 X 68 18T 5, K6 Ickw»T, iz
58, 7T Hi b A7 ¢ L7y (- @m0 75 7) 13, 2h2ha=1.3,1.9 U LTS5 7 BT 2 X 5
BRRBEL TS, Fh, e =10710 L HWEE (Ban 77 7) a=-08~02H7% ) THNT WS,

SO BB, D po THEE S EERAL TS, BRI 1 (a) > r(a) bhoT 0T,
DAEEL 7, (a) DSHEBRAE r(a) % T A5 TV 2 AT BER AR TdH 5.

Wl

7 FEDE TR EIE D BIERIREE

HIECIX, BEICH S N7z & Hoeffding D %E Bl &2 BUEIIC BEGEE S 5 72 0 ICBERI 0 R 2 H o 725 RE 2 Al v 7
23, AfiTlE, ZoORHEEZE L CBEEN T ROBENBGEELICE] L, 206k R T,

29, HILOPHOMEREZDBNS, CNET, NIX=F aldnllKFLBVERE L TWwR, 2T
&, Firce I X—F yeRZHAL,

a:=—D(ollp) — =
LB ZOLE, Bua)ld
Ya(y) = Trlo®"{p®" — exp[-n(D(cllp) + Z£)]c™" > 0}] (34)

LEIND, WA, yu(y) Dn— oo & LI E ZOMREIIZRNR 2 8\ 1Bk S 2,
HHERTE, a(y) &

Tu(y) = Pr{p"(X") — exp[-n(D(qllp) + J5)l¢" (X") > 0}

= Pr{} Zlog B2 > —D(gllp) — %} (35)
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0; [ —— wwe=0 T T 4 ) ’ ]
os | —— 2o — 10 , o i
P PR B R (y) -0.004 Ea;jjj
0.6 [% . ﬂﬂaﬂagiijva ]
/ 0006 [ = o
:Z -0.008 e /[////
: W
03 /// -0.01 T S R —
0.2 A n = 200
;/y 0.012 SO n=300 —— |
o . S
0—2 -1.5 -1 -0.5 0 0.5 1 1.5 2 70.01470.2 -0.15  -0.1 -0.05 0 0.05 0‘.] U,‘l5 0.2
Y Y
6 yn(y) & FRBRRAL v (y) 7 PHERIRE & D v (y) — v(y)
ERIND, 22T, p,q MEEDOHERSAT, 2oLy FrE—1x D(q|p) =), q(x )log z) TH 5.
7, X" =(Xy,...,X,) BHERELET, qDiid R ¢" IKit>TWw3 LT3, ZOLE,
Xt
A; = log ZEXt;
EPIEDSHN > Fa ¥ — D(q|p) DEBIEMERLZB TH S, 22T, 4, DTz s £T5L, T Z (A —
w) (ERORBRER X D, WOERISTEE 0, R s DIERIARICHES . Thb b, -
) y/s )
W) > A [ ew(-Fida (0o o0) (36)
— 0o

<H3.
SR (36) 25 OEHEL D, 3 (82) DETID 7, (y) DRI O WTRD X 5 A FHE LTS,

T8 1 (HifEo R T ).

2

y/s
) A [ (o =) (0 o) (37)
22T, s2=Tr[o(logo —logp — D(c||p))?] TH 2.

ZOFVPROBTRHMBEICB I 2BEIIELPHS 2 TIER VY, KRS TIIEEHAL A AN TE S T
DAL>TVEDE ) V) FAN R Ek 25 2R T,

Rz, BRI EAOCIRDERDOFE7 VY AL 2 AL T, ZOTEZEMMWICKRIET 2. > Ia
L—3 3 O BEATINERDE) TH S ¢

p=U@YPg5024UQL U:rﬁ SJ' (38)
BETE 2R E2R 2720, B TRTELERERTT). £/, SHRIIEA—S—avEa—% FRAE
HAS000 [17] Z w2 2 LT 5.

OIS HnllonTorIab—vaviledf s, MEIKELT, v,(y) D77 7133 EAE (y)
ICEZ->TWn 5,

INRLTW2 Z EZ2MEPD DD, RIICKER n 20T PHRBIRME L D% v, (y) —(y) 281 5.
MEIZBENT, nBRELRBIFE, ZOENOICEDICTWLRTFBBETE 2, hoBEETH p, o DHLIC
BIL CHORRDIEAMER L 72, ZORBRIIFHRIDELIEZZRL TS EEZLND,

RHDOMIREHDIFEZHMES S 2L —2 a VIZkoTHRS 2 i, EHOMERICB L TIHETRRL
%oTW»AEY, BT HRERTIRZOL) BHEMIZIZEAEREINTOR L, RETRLLERIZZO X
I RO E R L —BlTH D E VLD,
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8 F&ob

ARETIE, ZOoDBTRED iid IREICHT 2 IEBERTEZ BN L, $£72, ZOMERECB T 5H
DHERDEIEICT v VY VORI %2 B L 723 TETFR IO TR, DT, ZoirEFE2HCTHE
SN fERTH .

1. & Hoeffding D&% BAEAICHGEE L 72, BARIVICIE, 7YY VREBn BDREL 2 2513E, 3K
(@) DHRIRAE r(a) ICHORL Tw 2 e Z2HER L 72,
2. Frfo R OBRERIGEN L, PRELZBREICICEL Twu 2 L 2D o 7,

SHROBELE LTUE, MBS,

3. B o &AL RERER O B ERIEGRICB T 2 EBEMHo TS I L

4. KFRTIE 2 x 2 YA ROEETHE R 703, 3x 3% A4 AP EICIRET S 2 &

5. AETIE o0 IREBICE T 2 IRBIBEREZ > 7-23, =S hosHREICIEEL, % DOWHER
WEEMHT S Z L

6. ETHEE % Efth o REA~D)IGH

e

KiE D 510H 7> T, THRGIH 7o R a] Bl @@ L BT 5.

SR 21 AEEERR I - 22 ARJERTIIO RIS b 7o o TR S 2 VEF A BRI O SR %2\ 7o 720 I HUR R A ]
vy — - A—R—ava—T4 v ZEMICHEZET 5. RRIRAERER L v 7 —Iid, PEE 23 4
JEPBERBUBRERAEARAL FAA - LRI L, ERIPIEAIIRYE E L TH 2 Wi ZwTwn s,

RIS, HEMEVPEIEITIIE S TR & SR OB ERE — e Bl & L R o flE & Al —, T3
KI5 TR EEHT 5.
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Vi (D)
Vi (=" 3)
mG
3) Gauss V(1)
\ﬁwzl
VM velocity moments [6]
g-Gaussian
1
f,(v) = Aexp,( BV')= Al Bl gW*]' )
exp,( Bv’)=exp( BV’) (5)
g Tsallis' entropic parameter =1 A
B B q
velocity moments VM Tsallis' entropic parameter q
N Fig.1 Fig.1 t 02
t 0.5 q Vm 1
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N
collapse q w1
collapse higher
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- —e o © .NNO ® oumi i
q ,VM 1.0 AT 20 N .
I Il ]
| Gaussian-like -
, N, |
0.5 e — i ()
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Fig. 1. Time evolutions of normalized ratio of velocity moments Vy, Tsallis' entropic
parameter g, and number of core particles N[5, 6].
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206 OB, L FOASHERAN T & BESEOBINEIE F 2T b0Th s,

T = {(t1,Q,P)|t; € C,Q=Qr,P=Pi(=—/2E;)} (29)
F = {(to,Q.P)|to € C,Q = Qo,P = Po(= —/2Ep)} (30)

Z2ORMMED -0, HFE5T 2O EESE, WM Z LCRBIRICR %, LssT, —
A O HIES TR MR 2 T T 2 ENRETH 5. FDAIIE, FH S AT Z LT D
Relc B ST HEL D 2 [23].

S(Ey. Ey) ~ 1 hws(Bs — ) — nhw
(B2, 1) @M&szj 2~ By — niw)

Z 1 \/ ‘P2”P1| . 8255 e—i(P2Q2—P1Q1)/ﬁ‘ eiSS(Q2,E27Q1,E1)/h
V2 PPy OF10FEy

ct.eZ
(31)

27T, 713 I ={t1|/-T <Ret) <0} TEREI NS —JAMTOWREST, T(=2r/w) iF
BEIAWCH 2. RN AREBENL, Y wd(By — B — nhw) TRI NS HIFE hw OBERIIZ A<
7 PvefED Y. BEEE T, §(By — By — nhw) % 8, (5,—py)/hw CHESBRATBURILS 17
AT bVERWS

3.3 FEAVRIYVENYNYRILENRD T HPEENT

IRNVX— B OV E AT T 2854, WIGT 2 i 0IRE T 1, EE (Bt fikox
FNVX—E=FE; D75 (X9). FE#EFESTHN S N HERESTRXT v 2 VBIRICK 585
&, BT vy v VEREDTH LI H 2 i i 2 AL E FHOE D28 S ik W & 911 Z 23, 92
i ETR#ET 2HEII R0, Lal, SEHEETIEIINSG 200%EIRBNTREL, Kb ) I3IT
MO LB (13, 14]. FEA v RAZ VR v P U RVEIRICES T 5 SUMGT i3, FRAs
tre DIEGHHIIR 255D, ZD7®, ERLELRE We \SE U CTRLE R MIBLE I F 5> T
HEA, ANLE JE FIGEL 05 22 0008 L 7212, AZELRRE Wy (8000 TSRO E 72 130Z# A
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229 [13, 14]. FWEFEEI T C EEIEDS b v 2 VIRICHF LT 5. 2o k9 RiElR, B
MOMBIHE S L CilidINs A YV AF VP VB [17] EIZRECRLZ2HDTHS, fiRLL
TSUMGT IZ k> TEDHHEINDE 77 F—AXT b VIE, A VAZ Y PRI Y2 VEIRICK -
TEYDHEINBRTELL 72 ARZ PV EIZRE S E AR 3,

SUMGT @t D8t & 7% 2 O DEEFR SO BT DO S Imty. TH 5, Melnikov Bz w5 &
Iméz FLLT O X9 ICFHiEi S5 [13, 14, 24].

= lcos -1 71 — b
Imt7, = —cosh {eﬂ——x@ﬂ)} (32)

ZI7T, x(w)EUTDE)IcEA6NS,

_ *  sinws
1 m wT
= w(w — 2\/Ecosech<2\/§>) (33)
RS (w < 1) TlE, x(w) 1F x(w) ~ Z—;wQ EEPITE, L7dd> T, Imtr 13 w LB
ERR
Tmtj, — %cosh_l((l _Ep/e) (34)

A VR N HEDBETIAES X, |tins(Er)| ~ 7/vV2 THEZ6NS,. LEdi> T, Imty, <
[tinst(E7)| £ 7% % w DFEIHT SUMGT WD /7034 Y A% > b ylliE & D bEREIEL, KREXR
Py RNVERE 52 5 EDRFTE D, ERE, |tins(Er)| 1 w I T —EEZ LS DITHf L,
w— 00T, Imts. X 2%/5(< [tinst(E1)]) ISR T 2 DT, (wei < w < weq) DHIHT SUMGT 23 k
VAR EZ AL T A, 22T, we ld Imtre = |tinst(Er)| £ 7% 5w TH S,

Imt,

9: EHRZEMICE T 20l (E = Er) L LELRIE W, o 133851 (AR 287

(31) X5, SUMGT 3D 9l dLiy 2 E A,

Fiw 1
Wg = Nor exp(—glmSS) (35)
LERITE S, SUMGT Bl DIEARE D DR ImSg 1%, RSS2 WIS & 3 2 MELES KK
FoOEFIEDEARES OB TERITE 2 {2 5 T\ 3 [14, 15, 16], S 61, HHFL
EOVEHIR X, Melnikov BRI X > TRV 545 [14, 15, 16].
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fif e LT, ImSs (%, BUFDOX)ICFHliZ N3,

1-FE; 0 x esinws
ImSg ~ Imt;.(1— Ep)— tanh(wImtr.) + v/2 sinh(wImt;, / dz / ds ———+——
S 1e( 1) " (wImt ) (wImtpe) g Y cosh?(v2s)

(36)

(36) ROELDRBOFIZ, w — 0 CHIMEIC A D IEETE 5. (34) XEMH02 &, (EHIENGH
¢, TmSg 28

ImSs ~ Inwh41—.EI)—-1:;Eftanh@ﬂnnh) (37)
~ ]';Ef<aﬁh4<2u:;E”>-mnh<%1;l%)>> (38)

LERITE R, X518, T—Er> e DHAEITI,
1mSs ~ ~— (log(2(1 — Ey)fe) — 1) (39)

Ehh, ZOfREFEID, SUMGT OfEh 9 H g R E AL,
hw 1- B 2(1 — Ey)
WS”%GXI’(‘ o (bg(e)‘l))

LD, FERT VY v VIR L TR S Ui (17) EARERICHR L Ao s, Liedi-o
T, w<we BT, SUMGT 3% ®EH7 # b - T A b« by 2RO HI L ERTH 5
EEZTEW,

X 8 T, 'SUMGT’ & 7 )L En7-iifiix, (37) X% 35) RRAL RN DTH S,
(36) RDIRMEDIEZ MBI L 72 2512, wye EHFTOREBUTR C ws, REEBEERTIE, w OB
WEDBRVA VY RY VRV Y RNVIRIPSIEA VA v b R R VIRICETIDEDY, %
UK B ART PVIREDHMOL %2 & CHBLL TWw»3,

(40)

4 5

ZOXTIE, A VAZ VPV RNVREIEA VRS U b b RV ET B
BB ZMAFEEER T v v L2 HWT, 220 F Y 2ARIROMGRZ B i LS G
WG/ DALY & ffhT U7, B w7 f@riciy, RIHBHZ2 M2 2HER Ty vz v,
Hr MR e FRATIC 1%, FIBRIEE % I 2 72 Eckart R 7 > & v L& W72,

NG 220%7TlE, FIFFAUIRZ2FFCZ TS P 2 UVBEPEHI NS, R, FEEOZE
fRIcf LA v Ry Py BRI VR VEIREIES VRS b b U R VIROB DB R SN 5.

W 2 R T UL, JEA Y RAZ Y by b VY ROVRIRDEELIIC R D, b v R OURER DY
KLU, 77 F=ARZ P ADBEHIESNG, ZOLEDIEALVRAY Y by by ruzhBix, Pk
NI ERE - NEELIRETFE b v 2 VIR E RSN, B mcidZHE7 4 - 7> A - b
VANVIREMBRI NG, I 6l BN HGRENT L 2T, A VRS P RLR)
ROED T b v RVHERO R BIC N § 2 20 b IR Ui 2 52 5. 2R Lnil, %
D b v FIVHERIT BB OWA & &b ICHBIFBEIBIICINE T 5.  OfHlild BUEEHE DA H &
Ro—H%2mRT,
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ERJRBBGIR T, 4 v R VR 2V RIRDSSIIC 22 D, AT 2L X — D b I
fEL72 b v 2V ART FADBBHIE N, w— 0 DIEIRT b v 2OURERIZ BB S IR L 7 —%F
EICORT 2. 2 O8I, BEGELUC X 2GR TH D, Zruckiud, EE—27DK
FXFwITRELEL—EEICIRT 253, A7 FLOSAHDIEIZ hw IZHBIL, w — 0 Db
IRCHERINI S, LEBoT, HIEORT =Y JHINH 3,

F R BARIR T, b ROVIERIZIEE L IEERO b v R UHERICINR T 5, Zogh, K
BEIRDOA Y AY v FUBBENTH S, WEBRD b v VIR, FERE (—o DT
EWINT 274 b« T AL« FYRUSR)OE—7@BEICK DT Z, WEREIRT VY vl
DIFIRICE DR D, FETIE o ' ORI FEICZ 2D L, Eckart K7 ¥ v LTI
RIS 22 IS 75 5

e
Z OWFFEIERIAT R BB B FBE L (B) No.20340100 DD b & Tirb iz,
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Horodecki0 OO OO0 O O 0O [

oooof oooof oooofr oooof
tOpooooo fo00oOoO0O0OO

oo

C*®C3* 00 circulant state[1] 0000, 0000000000000 Horodecki 00 00
0[20000000000000000000D00000,000000000000000.
000000000000,C*eC*0000000000000000000000000O0
oooooooooooooo.

1 00O

goooooo,0opoobbobbbodddooo,oooobbobbobo0b0oooooooobo oo
do000oooooooon. o0 HieH, ODOOODO 0000000 Oo0O,e000000
goooobooooo.

0 =73, prpr ®or,

0o0d,p->0,>,.p-=1000,p,0,00000 H;, H,0OODOODOO. 00O0O,00
00¢0000000000000,A000000000000.

00000000000000000000,00 PPTOO (3000000000000, PPT
0000000000. H, 0000000 {e}00000000. 0000, Tle;Xej| = |ejXeil
0000000000, 00000070000, 0000 000D PPTOOOO, OO
(IeT)>0000000. PPTOODDODOOOOODD PPTODODOOOO. D0000ODODO
o000 PPTOOOODO.

000000000 C?eCC?eC,CieC?00ooO,PPTOOODDOOODOODODOO
000000D0000D0000D000000000 4. 00000000, PPTOOOOOOO
000D00000D00000. 00,PPTOOO00O0DODOO0OODOOOOOOOOOOOOOO
0,0000000000000000000D0O0D0D0D0O0O0O000000000000000.
0000000000000 D0D0O0000000 C}eC3000000000000000. 00
000,C*®C300 circulant state[1] 0 0 0000000000000, 0000000000
0,00000000000.

2 Jooooood

{l0y,]1),|2)} 0 C30000000000. 00000 C3@C300000000000000
ooo.

2 2
0 = p, |UNT §§: il @ i+ 1) + 1 + 23 Jiil @ i — 1 — 1], (1)
=0 1=0

CO\
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000, = &(0)®[0)+[1)@ 1) +]2)®(2)), pe,p,a >0, petp+q=1000,[i+1),]i 1)
03000000000. 60 C*@C?>00 circulant state[1] 000 .
pO0O0000000000OOQOCL.00O0OO,DoOOOOODOOOOO.

27
dw
by = [ 1B@KB(W)| @ @ (@)D ()] 55
0 iy
000, |®(w)) = al0)+be |1)4ce~2 [2), |®(w)) = a’ [0)+b e ™ |1)+c €2 |2), a,b,c,a’, b,/ ,w €
R,a>+b+c2=ad?+b?+?=1.000,,0000000,000000000
|00) |01) ]02)  |10) [11)  |12) |20) |21) |22)
a?a? aba't’ aca'c

CL2 b/2

|00)
01)
102)
|10)
[11) | aba’d’ b2’ beb'd |,
)
)
)
)

S
o
Q\
)
-

12
120
21
122

-l
Q
¥
g\
NS}

02 b/2

aca'c beb' ! 22

000 (lij) =|i)®|j). 000,00000 a,b,e,d, b, O a?a? = b*? = 2? = abd't/ =
aca’c’zbcb’c’DDDDDDDD,DDDDDDTQEIDEI.DDDD,DDDDDD,OsepDDD
goooooo;
Osep = 3177 | V)|

+ a?b 0)X0] @ [1)1] + a®c" [0)0] @ [2)2]

+ 022 [1)(1] ® [2)(2] + b%a™ [1)(1] @ |0)0|

+ 2a’? |2)(2| @ |0X0| 4+ ¢?b? |2)(2] @ |1)1].
000000000 |vyye|loo (H)o 0000000 0O0ODUDODOO0OODUDODOOOOUOOO
U.0ggbo,bbboooooo.

N = b
O o) 1)1~ 5 00 22
- e el - 2 e oyl
- S o 000] - S 22l @ 1)L

gooopooooo,0000OO0O0O0DOOOODOO;

DPu
O = gzl
2 2
P DPs a q DPs Q
.2 o)+ (-2 2)(2
+<3 3 b2>|0><0|®|><+ 373 C)|O><0|®|><|

( 2
(2-2 5 e e+ (-2 5 e oo
( 2

c? v C
w0 -eS) a@opol+ (£ 2 ) el
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000,00000 a,b,c0000 (2) 0000 Oeep O |i)i| © k)k| (i,k =0,1,2)000000
0000000, 00

p
3;2 >0, (3)

a? b 2

b2 2 a?
pq'.max<b2’cz’a?> <p < 1—qu—qu'max<a27b2702>~ (4)
Jooooooo,000noodnD. oOooooooo (3)DDDDDDDDD. oo, d (4)
DDDDDDDDDDDDDD{abc}DDDDDDDDDD e0o0oooono.

2

04)000000, max(%, %, %) 0 max(L, & %)DDDDDDDDDDDDD{abc}D

b2 I c2 ’ u,2 a2’
0,2

2>
000.00000,6 < <c200000. & <1, b2g1, ;zlmljljljlj

a? bv? 2 51, b? 2 a? -1
max bj’cj’g max a2’b72’072 =~ 1.

00000. 000000,2=R¥=3=10000000000000000000 {a,b,c}
0 max(%,%, %) 0 max(bz,bQ,CZ)DDD 1000000.
0000 p000000 [py,1—-2p]0000 4000 [pymax(s, &, S),1-

a’?=b=c= =

1
3
2

pe—pe-max(%,5,%)]000. 000 (1)000 9000000 p, 000 pO

a2’ b
pe < p < 1-—2p,, (5)

gooooo,0o0oooo.

00o0o0oUoOo,O0 ()0 0000000000000 O0OOOD. 00000, 0000
0000000 (b)00000U0000O0000O0O0O0O0UO. DooOoO0,0 (h)oooooo
00o0ooo0oooooO.0oo0o, 0000000000 plooooooooo.

3 Uuobooouobgd

0(1)00D06000000 “900000007, “p>1-2p,7, “p < p,” 00000
R(6),Q+(0),Q_(/)000. 0000000 AOO00D0D0 -QL(0) A—-Q_(F) = RO)DOO
00000000.00000000,00 RW) = -Q+(0)A-Q_(A)00000000000
0.00000,000000000000 [6000000000.

000000000000,000000000 (LOCC)0000,000000000000
0000000000000000000000000,00000000000 (7,8). 000
0,00000000000000000000000.0000,0000000000000
00000000,00000000000.00,00000000000000000000
00000,000000000000000000000.0000000000000000
000000000000000 (9.

000000000000000000000000000,00000000000,000
00000000000000000000000,00000000000000000000
00000000,00000000000000.0000,000000000000000
00,00000000000000000.

000000 ¢(f)0#00000000000000000000000. 000, ¢(f)0

o (f) = F1UXY|+ (1= f)by, (6)
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o (f) = FIeX¥|+ (1= f)o-, (7)

0000ooooo. DDD,|\II}:%(|0>®|0)+|1>®\1)+|2>®|2>), 9+:%Zf=0 li)i|®li 4+ 1)@ + 1],
0_ =132 JliXi|l®li—1)i—1]. ox(f)D 0< f<1000,000000000000000
00000000000000 [6. 0000000000 60,0 (1)000000;

Co\

2 2
0 = p, |INT gz (i| @ |1 + 1)@ + 1] + qz Wi @ i — 1)(i — 1].
i=0 i=0

goboobobboboobooboobooboobooog:

(i) 0000000 HA@HED HieHDODODDODDDOOOO o(f)0 000000, o(f)®0
0000000 EI0)0000,000000000;

£ (a(f)) =o(f)@0.

(1)

Alice Q#Z H
o |
Bob J)Hf (LHéB

0O L00e(f)0000000O0OO0ODO0O0OOODO0O0ODOOOO

(i) 000DD0DO0DDODDOO0OD000000 Uy 0023G) 000000000, Uy, 0D0D0D0D0
liy®lj) (1, =10,1,2)0000000000;
Usor [1) @ |7) = |3) @ |5 + 1) .

000000000 M*00000000000000.
e (e(N))] =V [ (e(H)] V7,
000, VEBHARHE), V=Uwp®@Uy 000 (HA =HL @ HY, HE = HE @ HP).
(i) 0 Hg @HF OOODO,00000000000000 |oXo|,|1)X1],|2¥2/00000000
2-(iii) 00000000, 000,00000000000000000000. 00000
00000,00000000,000000000.00000000000,00000

000,Hf®HP 000000000, 000,0000000000¢(f)000,000
0 ()000,0000 ()0 Gi)ooooo.

ooooo -000,0000000D0C000DOC 0000, 00D00000D00O.

o P, T¥[€*(a(f))] P
(U @O)) = 55 T e N BT
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000, P €BH, @Hg), Pr=1@|rr}rr| 000 (Hy = HAQHE, Ho =H) @HE). O
ogo,0o0o0ooood a(f)DDDDDDDDDDDDDDDD A*O0000,00000
ooooo;

A* (o’(f)) = tI‘ng@HE |:H: (F*[g* (o’(f))}):| .
00, A*(o+(f)) 00000000000

fpu (1-f)q

T ot (- g fre+ 1 —fa
- IPu (1 _f)p
== P A et

00000 (6), (nND0000000, oy (757 8:), o~ (fdh=p;) 0000, OO

A (o4 (f)) (WY + Oy,

A*(o-(f))

* _ fp‘lf
A (o4(N)) = o (fm e f)q) ’

* — 0 IPu
A(JU»__<ﬁh+(1—fm>’
000.000000 (), (i), ()0 n00000000000000,00000000
0 A" (cx(f))DDOOODO.

(9)

(ii) (iii)
Alice O @) Alice
UXOR

T «— measurement

I’(f) — Mo ()

Bob O @) Bob l (LHmeasurement
UXOR

02 000000000000000. 0000 (i), (i) 000,00 o(f) 0 A*(o(f)) 0O
oo.

fn O (¥|A*"(o(f))|¥)000. 0000000000 00000. 000000 {f,}010
000000 “00 0(f)0 A000000000000000000000000000” 00
0O0oo000o00. f,00000000000;

fnflpq; -
fo = frn—1py + (1 — fnfl)q (U(f) - J-‘r(f))
fn—1pu (a(f) =o_(f))

fn—lqu + (1 - fnfl)p

oooooo,oo0o00.

Ap =
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DDD,an:fL—l.DDDDDDDDDDDDDDD;

(L) (ot =oui)
(p)n' ao (o(f) = o-(f))

P
000,00 {f,}010000000,00 {a,}00000000000000,00 {f,} =1
00000000000;
{ p>1=2p, (o(f) =04+(f))
P<ps (o(f) =o-(f))

000, P(a(f),d) 0 “O0 o(f)0 000000000000 0000000000000
00700000000 (e, P(o(f),0) 0 {f,} »1000). 0000

P(o(f0),0) < p>1-2p, (ie, Q+(0)),
P(O’,(fo),9> < P<DpPs (i'e'? Q*(e»

0000 f,000000000.00,0000060000,000000000000000
ooooooooon.

0000 (1)0006000000000,0000000000000000000000
00000,0000 P(oy(fo),8), P(o_(fo),§) 0000 f,000000000000000
oo.

00 3.160000000,00 P(ay(fo),8), P(o_(f),d) 0000 f,00000000000.

00 000 ffO0OOOO,00000D00040;,

Plor(fo) & (Ut =1 & {am} >0 & Ll & Q) (10)

v

oo

g <1l & Vn, ap <ap_1 < Yn, fun> fuo1, (11)
Dw

ooooo,000 fpbooooo

—P(0+(fo),0) & —Q+(9), (12)
~P(04(f6),0) & Fn, fu < fur, (13)

00000.000,0 (12)0 -Q.(9)0 f/,0000000000000000000
—Q+(0) & Yfo, ~P(0+(f0),0) (14)
00000, 0 (12), (14)00
Afo, ~P(0+(f0),0) & —Q+(0) & Yfo, 2P (0+(f0).0)
0000000,0 (13)000

3fo, f1 < fo = —P(04(fo),0) & —Q+(0) & Yfo, =P(04(fo),0), (15)
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000.00000 Plo_(f)),~Q_(A)0000D0

fo, fr < fo = —P(o-(fo),0) & —Q_(0) < Vfo, ~P(o-(fo).0), (16)

gooooooo.oooo
o000 = Hfo, flgfo, (17)

goooooooo.
p0O000000000.0000,9000000000000;,

0 =3 A |9a) @il @ )| (X >0, 3 =1, il = 1, [lohil] = 1).

|6) O 19i) O i) = 322;0% 1) s i) = ;4% 15) DO 0. o4 (fo) D $0000D00O0OOOOO0O
0000000,00000-0000000, A*(oy(fo))0O

fo 22k Ml @ PR P 160l + (1= fo) 2o Niloh Pk 1 [P |r — kyr — ke + 10r — k,r — k + 1]
Jo 325k Ml P2 + (1 = fo) 22, 1 Nil 21y |2 ’

000000.000 o
2k PV
YOI

000000, fi=(YA(o(f)|¥)y0OO00O0O00O0O000O;

&) = [r—k,r— k).

hYoMSeen
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Abstract. A concept of non-commutative Galois extension is introduced and binary and
ternary extensions are chosen. A concept of ternary Clifford algebra is introduced for
non-commutative Galois extensions and the corresponding Dirac operators are associated.
Non-commutative Galois extensions for Nonion algebra and su(3) are constructed and
ternary and binary Clifford analysis are given. Finally a ternary approach to

constructions of quark models is suggested.

1. BINARY AND TERNARY NON-COMMUTATIVE GALOIS
EXTENSIONS
We introduce a concept of non-commutative Galois extension:

Basic definitions on non commutative Galois extensions
Let Abeanalgebraand A' be asubalgebra of A. We make the following definition:

DEFINITION 1
(1) We take an element r € Awith the following condition 7* =1. The following
subalgebra A'[z]of Ais called non-commutative Galois extension of k-nary type:

A=Y 5,7 |5, € A}

The extension is called proper whenz” ¢ A(p=1..k-1).
(2) When k=2(or k=3), the extension is called binary(resp. ternary) extension.
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REMARK: (1) To define the Galois extension structure, we have to put additional
conditions on the algebra: For example, &7'=) ¢, holds with some ¢, e Afor

any e A, =12,..,k-1. We are concerned with the algebra with this condition.

(2) The Galois extension is given by the choice of z. Hence it is not unique. We are
concerned with the Galois extensions which do not depend on the choice r(=1) .

We give several examples of binary and ternary extensions.

Example 1(Complex numbers and Quaternion numbers)

The complex numbers are obtained by R[v/-1] and the quaternion numbers are obtained
by successive binary Galois extensions:

H =C[/-1,1={61+6,\/-1, 16,,6, eC}
C =RIV-11={61+0,4~1|6,,6, <R} {[9 92]@,926(;}

91 92 €2 - 91
= o0 o 16,,0, R o, 6, 0, 0,
2 1
- ‘92 01 04

-0
= °116,,6,,6,,0, R
0, 6, -6, -0,

0, -6, +6, -0,

Example 2 (Cubic root numbers)
The simplest example of ternary extension is given by the complex cubic number R[3/1]:
R[i/i]={€11+‘92j+6’32j2 16,,0,,0, € R}
01 92 63
=16, 6, 6,|10,6,,0,eR
0, 0; 6

2. The Galois extension structure of Nonion algebra
We introduce a concept of Nonion algebraN and discuss its Galois extension structure.

DEFINITION

(1)The matrix algebra which is generated by two of the following 3 elements over

R[3/1] is called Nonion algebra:
0j 0 0 2 010
Q=[0 0 j Q,=[0 0 Qg(o 0 1}
10 0 10 100

(2) The matrix algebra which is generated by two of the following 3 elements over the
real field R is denoted by B:
00

—
O —. O

1 010 100
T,=|0 1 0/ Tg=[1 00l T,=[00 1
100 001 010
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(3)The algebra generated byT (or T,) iscalled cubic algebra and is denoted by B’:

10 00 1
,=/0 0 1 T,=[1 00
100 010

(4) The algebra N generated by the following elements is called the binary
extensionof N, N =N[21] : N ={x+yT,|x,yeN}.

Then we can prove the following the proposition:

PROPOSITION
(1)The following 9 elements constitute linear basis of Nonion algebra:
0 o0 0j* o 010
Q=0 0 j° Q,=(0 0 j Q=0 0 1
1 0 O 1 0 O 1 0 O
0 01 0 0 B 0 0 1
Q,=[j” 00 Q,=[j © Q;=1 0 0
0 jo 0 j2 o0 010
1 0 0) 100 1 0 0
R,=[0 1 0 R,=[0 j 0 R,=|0 j> 0
0 01 00 j° 0 0 j
(2) The following 6 elemenits are linear basis of B:
1 00 01 0 0 0 1
T,=010 T,=/0 0 1 T,=|1 0 O
001 100 010
001 010 1 00
T,=/0 10 T.=|1 00 T,=/0 0 1
100 0 01 010
(3) The following 3 elements are linear basis of B'
100 010 0 01
T,=/0 1 0 T,=(0 0 1 T,=|/1 0 0
001 100 010

(4) B and B' aresubalgebrasof N and N respectively.
PROOF: We can prove the assertions by use of the following product tables:

Q QL Q3 Q Q= Qs R1 Ro Rs
Q | Qs j Qz|R1 j*Rs jRz | Q1 Q: Qs
Q [jQ Q Qu|jRz R "R |Q Q @
Q [j*Q j Q@ Q |j*Rs jR: Ri |Q @ @
Q@ |Rt Bz Rs |Q j°Q jQ |Q j*Q jQ
Q@ |Rs Ri R |jQ Q@ @ |Q@ P i@
Q@ |R: R R |?Q j@ Q |Q Q¢ i@
R @@ @ Q@ |Q Qz Qs Ri R R3
R: |"Q Qs Qi |Qs Q@ Q |R R Ri
Rs |iQ jQ jQ2 Q2 Qs Q Rs R1 Rs

T1 T2 Ts T4 Ts Te
T1 T T2 Ts Ta Ts Te
T2 T2 Ts T1 Ts Te Ts
Ts Ts T1 T2 Te T4 Ts
Ts T4 Te Ts T Ts T2
Ts Ts Ts Te T2 T Ts
Te Te Ts Ts Ts T2 T1

The Galois extension structure of Nonion algebra

We can give the following Galois extension structure of the Nonion algebra. Namely we
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can prove the following theorem:

THEOREM |
(1) Nonion algebra is a ternary Galois extension of the algebra B':N =B'[3/1]. The
extension can be realized by B'[¢](z°=1) with the choice of r=Q,,Q,(i=123)
(2) N isabinary extension of B:N =B[%1].
Hence we have the following commutative diagram:

PROOF (1) We notice that B” is the commutative Galois extension: B'= R[3/1].
Choosing =Q.,Q.(i =12,3) , we make the Galois extension B'[3/1,]. Then we see that
this is identical with N

(2) We notice that B is the non-commutative Galois extension of B': B = B'[%/J_,] _
where 2/1, =T,. Choosing 7 =T,, we make the Galois extension . Then we see that it is
identical with N : N = B[¥/1].

THEOREM 11
We can prove the following assertions for the Galois group of the extensionN .
(1) We have the following Galois extensions:

AIR]={R, + YR, +ZR; | x,y,2 e R[j]}
AQ1={xR, +YQ; +2Q; X, y,2 € R[jI}Hi =123)
AQ1={xR, +YQ, +2Q | x,y,2 e R[jI}i=123)

The extension does not depend on the choice of 7 with B'[7](z* =1). Namely we have
N = A[Ql] = A[Qz] = A[Qs]
(2) Q.Q,G,j=123) give a part of generators of the Galois group of N:N = B'}A]. .
Namely putting A, [R1={XR, + YUR, +zUR; |x,y,z € R[jI}, where U =Q,,Q;(i,j=12,3).
we can obtain new Galois extensions:
1) Ay [R]= :A[QZ]_, A, [R]= A[Q],
Ay [R]= A[Q:], A5 [R]= AlQ,],
(2) ARZ [Q1] = A[Qz]v AR2 [Qz] = A[Qs]v AR2 [Q3] = A[Ql]v
A [R1= AIQ;], A, [R1= A[Q.], A; [R]= AIQ. ],

(3) We have the following results for the Adjoint operations:

AdgR, =Ry, AdgR, = [R,, Ady R, = R, (i=12.3),
AdQ‘Ql =Q, AdQ‘QZ =JQ,, AdQI1Q3 = szs (i=123),
AdQ, =, Ady @, = °Q;, Ady Q, = JQ, (1=123),
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3. The Galois extension structure of su(3)
We discuss the structure of the Galois extension on the algebras su(3).

(1) We recall bases of su(3).

0 i 0 0 -1 0 i 0 0
f,=li 0 O f,=|1 0 0 f;=|0 -i O
000 000 000
0 0 i 0 0 -1 000 00 O 1100
f,=|0 0 0| f,=[0 0 0| f,=/0 0 i|lf,=00 -1 f8=ﬁ010
i 00 100 0i 0 01 0 00 -2
(2) We prepare the three linear subspaces:
0 i o0 0 -1 0 i 0 0
Ll' e=|i 0 O e,=|1 0 O e, = -i 0
0 0O 0 0 0 0 0 0
0 0 i 00 -1 i 0 0
|_2: e,=/0 0 O e,=|0 0 O e',=|0 0 O
i 00 100 0 0 —i
000 0 0 O 00 O
L, e,=|0 0 i e, =0 0 1 e,=|0 i 0
0 i 0 0 -1 0 0 0 —i

REMARK: We notice the following relation f, =1/./3(e', +¢",) . Hence we see that
e, e,, ., e"; constitute the basis omitting one of e,,e';,e"; .

Then we can prove the following theorem:

THEOREM 111
We have the binary and ternary Galois extension structures on su(3):

(1) We have the following Adjoint representation on L (i =12,3) .

HeH ™ =—e,, He,H " =g, He,H " =e,,
HlellHl—l:_elz’ Hlelel—l:_ell’ HlesHl—l:elg,
Hlelll H -1 — e||2 , Hlell2 H -1 — elll , Hlell3 H -1 — e||3 ,

where

o - O
o - O
- O O
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We can obtain the following commutation relations:

e =e’=e, =-1
{ €6, =—€,6, =€;,6,6; =—€,6, =€,,6,6, =—€,€6; =¢;,

After the central extension, we have the Clifford algebra which is isomorphic to
Quaternion algebra. For the case of € and e";(i=12.3), we have the same assertions
on Li(i1=12.3) Hence we obtain the Dirac operators .

(3) We have
Ge%G, " =ePi(k =1,23), Ge™G, " =ePk(k =12),G,e"sG, " = -ePs
{ G,e®G, " =e®(k =13), G,e®,G, ™" = —e,,

where 00 1
G,=|1 0 0]

010
By this result, we can find a ternary non-commutative Galois extension. Hence we can

introduce the ternary Dirac operators.
Summary: We have the non-commutative Galois extension structure on su(3):

(1) su@®) =L ulL,ul,

su (3)

L (2) L (=123 Iis isomorphic to su(2) and it is a binary Galois
su(2) extension L, = By[3/1,] over B, = R[e,]

{i,
Su'(l) (3) su(3) is a ternary Galois extension B[3/1,] over B=su(2)

Lj_ é@

L Hl L Gl 61 Lz
Y G,
3

Binary extension Ternary extension

4. A METHOD OF NON-COMMUTATIVE GALOIS EXTENSIONS

TO THE THEORY OF ELEMENTARY PARTICLES
We shall give possibilities of describing the theory of elementary particles in terms of

binary and ternary non-commutative Galois extensions.

(1) Generation scheme of elementary particles
We have several schemes of generation of elementary particles in physics. One of them
can be given as follows ([5]):
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(1)At the very beginning of the universe, there exist only photons » .

(2)Then photon is decomposed into particles and anti-particles. y »X. +X,(i=12,,.,M).
(3) In high temperature, they behave as free particles. When the temperature is going
down, some of them make composite particles (i.e.meson): {XX}(i,j=12,..M").
(4)When they interact strongly, we have the interacting ternary states and we can obtain
baryons which can be stated as the quark-baryon phase transition:

THE QUARK-BARYON PHASE TRANSITION
We can understand the quark-baryon phase transitions as the following scheme:

O
1 ¥ O_;? (ONNG)

o O

g ||| = |00
) O

=

&
o0 &l % o Meson

A v
(2) Method of non-commutative Galois extensions to elementary particles

We shall try to describe the processes of generation of particles in terms of
non-commutative Galois extensions in the following manner:

Barvon

Figure 5

(1) The photon is identified with the identity matrix:

(2) The binary particles of particles and anti-particles are described by the binary
Galois extensions. The relation between particles and anti particles is described by
the involution of the binary extension.

(3) We can understand the quark baryon phase transitions as a relationship between
the ternary and binary extensions. This can be observed in su(3).

Figure 6
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(4) We can determine the possible particles by the binary and ternary Pauli exclusion
principles. By this we can make quark models.

(3) Ternary Pauli exclusion principle and quark model

Prof. Kerner has generalized the well known Pauli condition to quarks which is called
ternary Pauli exclusion principle ([3]). We consider an algebra A which is generated
by 6*(A=12.,M) and gA(A=12,..,M) . We make the following definitions: .

(1) 0"6°%is called to satisfy the j*-conjugate Pauli exclusion condition, when
0"6° = j*0%0"(k =01,2)
(2) 6"0°0° is called to satisfy the j -conjugate (respi’-conjugate )Pauli exclusion
condition, when
0%6%0° = j 6°0°6" = j20°6"0° resp (.9"6%6° = j20°0°0" = j 6°0"0® ) .
We choose an algebra and can define binary particles and ternary particles making
compositions of two generators and three generators. By this we can define the confined

particles by the Pauli conditions. In fact, Kerner has proved that only one quark can not
exist, namely single quark is confined and that four quarks can not exist ([3]).

(4)Binary and ternary Clifford algebras and Galois extensions
We show that binary and ternary Galois extensions introduce binary and ternary
Clifford algebras.

The binary Clifford algebra/analysis and binary Galois extensions
We begin with a binary Clifford algebra with generators {T,,T,....T,}(n=2"). Then we
have the following commutation relations:

T,T,+T,T, =426,1(i, j =12,..,n)

We can introduce the following operators on the n-dimensional Euclidean space:

OX, OX, OX

n

ot r Ly, LT,
ayl ayz ayn

The operators are called Dirac operator and its conjugate operator respectively when

they satisfy the following condition:

A=D*D=DD", a=(T + 7 4. + D e,
ox,”  0X, OX

{ D:T1i+T2i+....+Tn 0

The operator is called the binary Lapalce operator. We can prove the following theorem:

THEOREM IV

Binary Clifford algebra with negative signature can be obtained from a successive
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Galois extension.
PROOF: We prove the assertion by induction. The quaternion numbers can be obtained
by the non-commutative Galois extensions for complex numbers. Next we show that we
can construct a sequence Clifford algebras for a given Clifford algebra which are
non-commutative Galois extensions. We take a Clifford algebra A, . Let{T,,T,.... T.} be
a system of the Clifford algebra. Putting

S L IR S (L S S
i 0 _Ti ToEra ) Tl T ~1 O’ n+2_J 0!

we have a new Clifford algebra A ,which is generated by{'fl.'fz,---,'fn+2} which has a

Galois extension structure:
A1+1 = A1[Tn+1]! A1+2 = A1+1[Tn+2]

By this result we can prove the assertion of Theorem:

The ternary Clifford algebra/analysis and ternary Galois extension
Next we proceed to the ternary Clifford analysis .

DEFINITION
The basic ternary Clifford algebra which is generated by {T,,T,,T.} satisfying the
following commutation relations:
TTT +T,T.T, +TTT, =37"E,

nabc — nbca — ncab

77111 =’7222 277333 21177123 — 77231 — 77321 — j2,

77321 — 77213 — 77132 — J
Next we proceed to the derivation of field operators from a ternary Galois extension.
Choosing {T,,T,,T.}, we introduce the following three operators on the 3-dimensional
Euclidean space:

D=T, 9 +T, o +T, o
OX, OX, OX4
D*=T1i+j2T2 o +jT3i
OX, OoX, OX,

o . %] 2 %]

D**=T +jT + j2T, —
tox, 1%z X, 1s X4

The operators are called Dirac operator and its conjugate operators when they satisfy the
following condition:
0° o 0° 0°

A=DD*D** A= + + -3 ®1
(6x13 X, oxg axlaxzax3) :

The operator is called the ternary Klein Gordon operator.
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THEOREM V
For Nonion algebra, a triple{T,,T,,T,}gives a ternary Dirac operators and Klein-Gordon

operator, if and only if
{R, Q1 Q3R Q Q3 {R1,Q;, Q3 {Ri, R, RHR, R R}
{Q,.Q1,.QHQ,.Q,,Q,3{Q;.Q:.Q:1{Q1.Q,. Q. }{R,. R, R, }
{Q,.Q1,.Q.3Q,.Q,,Q:3{Q;, Q;, Q:1{Q1,Q,. Q:HR, R R, }

Hence we can introduce the Dirac operators.

PROOF: The assertions can be obtained by the direct calculations and may be omitted.

5. QUARK MODEL BY NONION ALGEBRA

In this section we make a quark model by Nonion algebra. Although this model is just a
mathematical model, we propose it. It may suggest us how to treat the ternary Pauli
condition and to construct quark model. We determine elements with j*-condition for

Nonion algebra.

(1) Construction of Quark algebra
We take a system of linear basis {R,,R,,R;,Q,,Q,,Q,,Q,,Q,,Q,} of Nonion algebra.
We try to make a quark model choosing the following binary decomposition:

{ Kl:{QliQZ'QS’ Rz}i Klz{@’(jz’ésf I§2}
K=K ®K®R,

We denote an element of K'(or K') by ¢*(or 6*)(A=1,2,3) . Then we can prove
the following theorem:

THEOREM VI
We can describe binary particle and ternary particles with the Pauli exclusion principles:

(1) The possible particles arising from the photon are :
{RRY {R.R} {RoR} Q) {Q.Q) Q)
(2) The possible binary particles are
R.Q} R.Q} {RQ} {QQ} Q.Q) {Q.Q:}-
(3) The following 6 ternary particles are possible:
{0..Q:.Q.} {Q,.Q,, Q.1 Q5. Q:.Q:} Q1. Q,, Q3
0.Q.Q.}  {Q.Q.Q} {Q.QR} {Q,.Q.Q} {Q.QR}  {Q:Q,R.}
Hence we have the following tables of Meson and Baryons of Nonionic quarks

10
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Meson family Baryon family (1) j*family

Baryon family (1) j2family

® ®
©e ‘@@ @® @@

Figure 7
PROOF: Proof can be given by use of the following table:

j=0 {Ql@’{QZGZ}v{QSQS}I {QlQlQl}'{QZQZQZ}
{RZ RZ}’ {QzQzQz}

j=1 {Qlés}v {qu}: {Qa@}: i=0 {QleQs}a{Q1Q3Q2},
R, @}’{RZ ' @}’{RZ ! 63}’ {QleQs}a {QzQsQl},

i=2 {Qléz}n{Qzés}n{Qs@}n {QsQle}’{QstQl}
{QR}I{QR} Q. R},

{QQQFRQQFQQQ:}
{QQRIHQARQ}{Q,QQ}
1QQQ:1{Q,Q:Q.}{Q,Q,R.},

{QQQ:H{QQQI{QQQLT
{Ql RZ RZ} ' {QZQlQZ} 7{Q2Q2Ql} !

i—1 {{:gzgagaiigzgzgz};ingRllQ;}; j:2 {QzRzQz}!{QsQle}v{QstQz}v
S o iaGdiaiaiod {QQQ}H {QQR IR}

(RRQ: RRQ 3 {RRQ: {RQQHRQQ}IRQQ}
{RZQIRZ}I{RZQZ RZ} '{RZQSRZ}'

6. QUARK MODEL OF GELL-MANN TYPE BY su(3)

We try to realize the known Gell-Mann model by use of the non-commutative Galois
extensions on su(3). Although the observation is not complete, we do not hesitate to
propose it. The complete version will be given in the near future.

At first we notice that we can introduce three quarks by the binary Galois extension on

11
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su(3). We may identify the quarks as up-quark, down-quark, strange quark respectively:
{ee.8.6=>u {e,e.¢,e;}=>d {ee,.e,e1>5

We begin with the construction of Gell-Mann model by use of binary Galois extensions .

We consider the algebra A which is generated by three elements u, d, s. We introduce

the conjugate operation by u,d,s —u,d,s . Also we make the binary extension of A,

generating complex numbers from real numbers (see Example 1 in S. 1). We realize
mesons by use of the binary Galois extension. We choose A and consider the following

Galois extension:

A[1]={01+6,i6,,6, « A, ®C}
Then we choose an element corresponding Dirac operatori(6,u + 6,d +é,s) and its
conjugate operator —i(6,u +6,d +6,5) . Making the decomposition into symmetric and
anti-symmetric elements of the invariant element corresponding Klein Gordon operator,
we may expect to obtain the so called 8-fold model:

(Bu+6,d+6,5)(6,u+6,d +6.3)

uoz ud us\ o,
~(6,,6,,6,) |du dd ds|a, | (='0ed)
sd sd s5)6,

Then decomposing the matrix into the symmetric and the skew symmetric matrix we
can obtain a similar realization due to Gell-Mann model:

ur 0 0 0 ud +dT us+sT 0 ud —do  us-—su
®=0 dd O +% ud +du 0 ds+sd |+=|du—ud 0 ds —sd
0 0 s5 su+us sd+ds 0 su—us sd—ds

Next we proceed to the realization of baryons. We choose an algebra A, and make the
cubic extension (see Example 3):

AR ={61+6,j+6,,]%16,,0,.6, c A}
Then we can expect to realize the Gell-Mann model in this extension scheme. Then
choosing the following element j(6,u+6,d +6,s) corresponding to the ternary Dirac
operator, we may realize the baryons by the Gauge invariant elements :

j(6u+6,d +6,5) j(6,u +6,d + 6,5) j(6,u + 6,d + 6,5)
= uuu6® +ddde®; + sss@*s

+ (uud + udu + duu)é,” 8, + (ddu + dud +udd)6,6,*
+(ssd + sds + dss)6,6,” + (dds + dsd + sdd) 6,6,

+ (UUS + USU + Suu)#*16, + (ssu+ Sus + Uss)8,6°1
+ (usd + uds + dus + dsu + sud + uds)é, 6,6,

12
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Making the symmetrization of each element, we may realize the 10-fold model:

uuu udd uud uuu
dds uds uus
dss uss
SSS

7. CONCLUSIONS AND DISCUSSIONS

We have given explicit constructions of non-commutative Galois extensions for Nonion
algebra and su(3). Base on the constructions, we have proposed a method of
non-commutative Galois theory for the theory of elementary particles and obtained the
following results:

(1) The universe is created by a successive binary and ternary Galois extension.
(2) Mesons are created by a binary extension. (3) Baryons are created by ternary
extensions. (3) The quark baryon phase transitions can be description by the successive
extension (see Figure 6). (4) The reason why mesons constitute quarks and anti-quarks
and the why baryons constitute only quarks or anti-quarks and not mixed combinations
can be understood in this scheme. (5) The binary Galois extension on su(3) derives three
particles of spin 1/2 which may describe three quarks in Gell-Mann model and mesons
and baryons in the model can be derived from the binary and ternary Galois extensions.
(6) Binary and ternary Clifford analysis can discussed in a unified manner.
Hence we may conclude that our method has possibilities of descriptions of elementary
particles. But we can give only fragmental understandings on them and we need further
studies.
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Survival probability in a one-dimensional quantum walk on a
trapped lattice !

Yutaka Shikano®®2

*Department of Physics, Tokyo Institute of Technology
#Institute for Molecular Science

1 Introduction

Let us recapitulate the discrete time random walk. First, we prepare the particle, which is
located in the origin at the begging, and the coin. We repeatably take the following procedures:

1. coin flip,
2. the shift due to the tail or head of the coin.

Finally, we calculate the probability distribution Pr(n;t) at the position n and the step ¢.

Analogous to the discrete time random walk (DTQW), we define the discrete time quantum
walk [7]. First, we prepare the quantum particle, which is located in the origin at the begging
and is labeled as the position state like |0), and the quantum coin with the orthogonal basis;
I = (1,0)T and |}) = (0,1)T, where T is the transposition. We repeatably take the following
procedures:

1. quantum coin flip: This operator is generally defined as

Ce = [angln. 1) + cagln, ) (n, 1|

n

Hdn e, 1) + bpeln, 1)), L]

:; [|n)(n| ® ( (it Z:’; )} =" [In)n] @ Cug] (1)

Cni
n

where CA’M € U(2) and CA'M expresses the coin operator at the position n and the step .

2. the shift due to the tail or head of the coin: This operator is defined as

W=> (n=1,1n1|+n+1)n4]). (2)

It is noted that these should be described as the unitary process. One step quantum walk
operator at the step t is defined as Uy = W (4.

!This proceeding is for the talk at YITP Research Meeting “Hierarchy in Physics through Information - It’s
Control and Emergence -” held at YITP, Kyoto university and is based on the work [1].
2e-mail: yshikano@ims.ac.jp
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2 Multi-Particle Walk

One can easily envision that multi-agent random walks can be more advantageous in search
algorithms than single particle ones. Indeed, recent experimental progress and theoretical studies
favor the many-body random walk problem both in classical and in quantum realms [2-5]. As
the general approach in terms of indistinguishable, correlated and interacting particles to this
problem is too challenging to start with, we aim to comprehend the simplest scenario in this
work and consider the complications in particular implementation settings in future studies.
Let us assume the walkers are non-interacting distinguishable particles and they are initially
uncorrelated. For N such walkers, the Hilbert space is given by a direct product of single walker
spaces,

N
H =) (Hpr @ Ho):. (3)
i=1
The particles walk independent of each other on the K-cycle so that the time evolution of the
whole system is determined by

Upg..n = U®N (4)

where U is given as one-step time- and space-independent quantum walk operator defined in the
previous section and is the same for all particles.

The initial state of IV walkers is given by a tensor product of the single walker initial states.
We suppose all the walkers are prepared in the same chirality state |x) and occupy all the
untrapped sites x;, (i = 1...N) on the K-cycle. The initial state is expressed by

N
[$(0)) = Q) [x; i)i- (5)
=1

After ¢ time steps, the state of the system becomes

[ (1)) = Ul .y 11(0)- (6)
Using the reduced single particle density matrix
pi(t) = Trjzil (@) (¥ (1), (7)

probability distribution of single walker at time ¢ can be evaluated by

Pi(at) = 3 (Graaloi(d)l, o). (8)

J=mi

This shows that P;(xg,t) can be interpreted as a conditional probability, to find a walker at
site i,k = 1...K at time t when the particle started to walk from site x; at ¢t = 0. The
complete set of {P;(zk,t)} for all particles i = 1... N can be visualized as the set of transition
probabilities from {z;} to z of a single particle, so that the simplest multi-agent QW problem
under study here is essentially a single particle problem which starts to walk at a set of different
initial locations.

3 Survival probability

We use exact enumeration method to calculate the survival probability in classical random
walk [6], which is suitable for the randomly distributed immobile traps on a one-dimensional
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lattice. Initially, every untrapped site is occupied by a walker. At each time step, N walkers
perform classical random walk on the 1D lattice, for which the probability of finding a walker
at a particular site P;(zy,t), is calculated with the sum of the corresponding probabilities at its
nearest neighbor sites divided by two. Survival probability after ¢ steps is,

1 N K
Pu(t) = 303 B 1). (9)

i=1 k=1

Here r enumerates a particular independent initial configuration of the system. Note that we
have the relation N = K —n or N = K(1 — p) with p = n/K is the concentration and n is the
number of traps on the lattice. We take the lattice sites at {z : k = 1,..., K}. Let us note
that we assume non-overlapping, immobile, perfectly absorbing traps such that P;(xy,t) = 0 if
the site x is a trapping node, hence the sum is not restricted to the untrapped sites.

To account for random distribution of the traps, a statistical configurational average of mean
survival probability is calculated over different independent realizations of the initial system via

1 M
(P (1)) = 77 D Pr(D). (10)
r=1

where M denotes the number of different configurations. We take M = 10000 in our calculations.
The numerical results can be seen in Refs. [1,8].

From our numerical observation, we found a gradual transition changing the parameter p.
This result cannot be explained by any classical random walks. Especially speaking, the Flory-
type argument (see Appendix A) may be related to suck kinds of phenomena.
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A Flory-type argument [9]

Spatial arrangements of macromolecules, or conformations of polymers, are closely related to
the diffusion and the random walk problem. In early 1930s, structural chemistry descriptions
of long-chain molecules were based upon unconstrained random walks, where the skeletal bonds
of the molecule are represented by the uncorrelated steps of random walkers. This analogy
yields scaling relations for the rms (root mean square) distance of the chain (squared radius of
gyration) depending on the bond length and the number of the bonds. In 1949, P. J. Florry
has provided a seminal work which takes into account volume exclusion effect (no segments of a
molecule can overlap in space), which is awarded by the Nobel Prize of 1974. His arguments are
based upon strong intuition, experience and experimental evidence and thus of heuristic nature,
yet highly successful to comprehend size distribution of the macromolecules. His influence in
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structural polymer chemistry is so strong that some call him as the father of modern polymer
chemistry and his famous book as the holy book of polymer chemists.

Volume exclusion effect is closely related to the self-avoiding or repulsive random walks.
Detailed numerical simulation results can be successfully explained by Flory’s simple heuris-
tic arguments. In particular for estimating critical exponents for linear polymer growth, such
seemingly crude arguments give excellent approximations. Such arguments are also used in frac-
tal Hausdorff dimensionality analysis. In self-avoiding walks, the walker would stop or become
trapped if there are no more unvisited neighboring sites. Our trapped lattice model is in that
sense is closely related to such random walk models of polymer growth and size distribution.
Movement of a single walker to a nearest neighbor site can be imagined as initiating formation
of an unsaturated bifunctional monomer, while trapping would give polymers of different sizes.
We explain our numerical results by Flory-type arguments as well. We call this as Flory-type,
rather than an exact Flory theory, as we do not know if our model is in the same universality
class with the polymer chain model.

It would be a curious direction to pursue further the analogy of monomers and random walk
steps for polymer growth dynamics in the context of quantum walk. Flory mean field theory can
be considered as a minimization of the free energy which contains elastic contribution depending
on the chain length (large voids being the exponentially rare highly energetic long polymers),
repulsion due to trapping or self-avoiding walk, and the entropy due to configurations. Our work
might be viewed as an extension that includes quantum corrections to such a model. However
such a limited perspective study is beyond the scope of the present general work and demands
a much more focused analysis. Our work should not be limited to the polymers, but is of
fundamental nature so that is applicable to different realms, ranging from solid state systems
to quantum algorithms. Our observations can be used to optimize the design, initiation and
application of quantum algorithms on QW systems.
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Abstract

Sorin Popa defined the notion of Polish groups of finite type, which
are those Polish groups embeddable into the unitary group of finite von
Neumann algebras. We give a necessary and sufficient conditions for a
Pilish group to be of finite type using positive definite functions, and con-
struct examples of finite type Polish groups which are not locally compact.
Furthermore, we give partial answers to the question of Popa concerning
the finiteness of unitarily representable Polish SIN-groups. This is a pro-
ceedings of the workshop “Hierarchy in Physics through Information - It’s
Control and Emergence -7, at Yukawa Institute for Theoretical Physics
on January 5-7, 2012. Most results are taken from [3]. We add new
computation results beyond the above article.
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1 Introduction

The origin of the current study is our work of infinite-dimensional Lie groups
[2]: we looked for infinite-dimensional Lie gorups which has not been considered
so far and which are related to unitary representation theory. One natural can-
didate is the full unitary group U (¢?) equipped with strong operator topology.
However, due to the appearance of unbounded operators, its “Lie algebra”

Lie(U(£?)) = {skwe-adjoint operatorA on ¢}

is not even a linear space, for we cannot define A + B as a densely defined
operator for a bad choice of skew-adjoint operators (dom(A + B) = dom(A) N
dom(B) can be {0}). Since (¢?) is important for unitary representation theory,
it is natural to ask whether there are non-locally compact subgroup of U (¢?)
for which one can associate a nice Lie algebra. In [2], we showed that if G is
a strongly closed subgroup of a finite von Neumann algebra M on a separable
Hilbert space H, then the set Lie(G) of skew-adjoint operator A on H such
that e’ € G holds for all ¢+ € R is indeed a complete topological Lie algebra
with respect to the strong resolvent topology (the definition of von Neumann
algebras and related objects are given in the next section). It is thus natural
to ask what kind of Polish groups can be subgroups of U(M) for some M.
This is the problem we are woking on in this article. On the other hand, this
problem of characterizing the strongly closed subgroups of U (M) already arised
in a completely different poitn of view: motivated by his celebrated cocycle
superrigidity theorem, S. Popa [21] defined a Polish group G to be of finite type
if G is isomorphic to a closed subgroup of the unitary group of a finite von
Neumann algebra. Denote by %y, the class of all finite type Polish groups. He
proposed in [21] the problem of studying and characterizing the class %y,.
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We give an answer in Theorem 3.6 to the above Problem by the aid of positive
definite functions on groups and their GNS representations, and characterize
locally compact groups or amenable Polish groups of finite type via compatible
bi-invariant metrics (result for the case of locally compact groups is known, but
we give another proof).

Combining with Popa’s result [21], Theorem 3.6 gives a necessary and suf-
ficient condition for a Polish group to be isomorphic onto a closed subgroup of
the unitary group of a separable II; factor.

Although we have not found a complete answer to Popa’s problem, we discuss
some strategy for answering the general case. The key idea is to find some
compactness of the action of the target Polish group on the space of positive
definite functions.

We also give examples of Polish groups G of finite type using noncommuta-
tive integration of E. Nelson [20]. Finally we discuss some hereditary properties
of finite type groups and pose some questions concerning Polish groups of finite

type.

Notation. When we consider a group G, its identity is denoted as eg.
However, we also use 1 as the identity when we consider a concrete subgroup
of the unitary group of a von Neumann algebra. We always regard the unitary
group of a von Neumann algebra as a topological group with the strong operator
topology.

2 Finite von Neumann Algebras

In this section we briefly recall basic notions about von Neumann algebra theory
without proof for physicists. For the details, see [23], vol I. The notion of von
Neumann algebras were originally introduced by John von Neumann in 1929
[24], motivated by quantum mechanics, as well as ergodic theory and infinite-
dimensional representation theory. By definition, von Neumann algebras are C*
algebras. However, they behave quite strangely as C*-algebras, and in general
the study methods for von Neumann algebras are quite different from those for
C* algebras.

2.1 C* and von Neumann Algebras

Let H be a Hilbert space®, B(#) be the set of all bounded operators in H. For
each a € B(H), there is unique operator a* € B(#), called the ajoint of a, which
is characterized by

(a&,m) = (€, a*n), VY&neH.

The operation * has the following properties:

1 As usual for physicists, we use the convention that the inner product is linear in the right
variable.
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o (\a+pub)* =Xa* +mb* A\ p€C,a,beB(H).
e (a*)" =a.
e For self-adjoint a, o(a) C [0,00) < a = b*b for Tb € B(H).

Here, the spectrum o(a) of a is given by {A € C;Al — a is not invertible}.
Note also that there are natural algebraic operations x + y, xy for operators
x,y € B(H). Therefore, B(H) is equipped with a natural *-algebra structure
(algebra with an involution *).

Recall that a sequence {a,}?2; C B(H) (or net) of operators converges to
a € B(H) in norm, if |[a,, — a|| := sup)j¢ <1 ||an€ — a&|| — 0 (n — o0) and in
strong topology, if ||a,& — a&|| = 0 (n — oo) for every & € H (but the “speed
of convergence” may depend on the choice of &).

Definition 2.1. (1) A C*-algebra A on H is a subalgebra of H which is self-
adjoint (a € A = a* € A) and is closed with respect to the norm topology
of B(H).

(2) A von Neumann algebra M on H is a subalgebra of B(H) with unit 1= 14
(identity operator), which is self-adjoint and is closed with respect to the
strong operator topology.

For S C H. The set
S ={reB(H); vy=uyz, forally e M}

is called the commutant of S. Tt can be shown that S’ is a von Neumann algebra,
and the fundamental theorem of von Neumann states that M C B(#) is a von
Neumann algebra if and only if M = M”(:= (M’)’) holds.

Definition 2.2. A von Neumann algebra M on H is called a factor if the center
Z(M)=Mn M is trivial, i.e., M N M' = C1 holds.

We now introduce several operator topologies on B(#). Denote by ¢*(H)
the set of all sequences {&,}52; C H such that Y, ||&,]|* < oo holds.

Definition 2.3. On B(#), we define the following topologies:

(1) The strong operator topology (SOT for short) is the locally convex topol-
ogy determined by the seminorm family {p¢}ecp {0y, where

pe(x) = |[zg]], = € B(H).

(2) The weak operator topology (WOT for short) is the locally convex topol-
ogy determined by the seminorm family {p¢ ,}e new\ (0}, Where

Pen(x) = (@€, m)], =€ B(H).
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(3) The strong* operator topology (S*OT for short) is the locally convex
topology determined by the seminorm family {p¢}eca o1, Where

pe(x) = [[zg|[ + [[z%¢]], = € B(H).

(4) The o-strong topology (cSOT for short) is the locally convex topology
determined by the seminorm family {pe, 1 } e, yee2(2)\ {0}, Where

Pie () = {lexfnllz} , x € B(H).
n=1

(5) The o-weak topolgy (cWOT for short) is the locally convex topology
determined by the seminorm family {p{§n}»{’fin}}{5n},{ﬂn}€52 (H)\{0}» where

o0

Z<5€n» Mn)

n=1

Pien}nay (2) = . x€B(H).

(6) The o-strong* topology (0S*OT for short) is the locally convex topology
determined by the seminorm family {pge 1} e, yee2(20)\ {0}, Where

1
oo

P,y (@) = {Z (llz&all* + ||$*§nll2)} , v EeB(H).

n=1

The product (z,y) — xy is strongly continuous on the unit ball B(H); :=
{a € B(H);]||a|]| < 1}, and on the unit ball, o-strong topology coincides with
strong topology. However, if we take unbounded convergent nets, the situation
becomes wild:

Example 2.4. There exist nets {4 }aca; {Vataca C B(H) such that z, — 0,
Yo — 0 (SOT) and sup,, ||yal] < 1, but z4ys — 1 (SOT).

Such {z,} must be an unbounded net if exists, but {y,} can be bounded.
Proof. Let A be the net of all nonzero finite dimensional subspaces of #,
partially ordered by the set inclusion. For each K € A, let dg := dim(K) < oc.

Take a partial isometry ugx € B(#) such that uj,ux = Pk and uguj; < Py.
holds (such a uk exists because dx < 00). Then define

T = dKu}7 YK = EUK’ K e A

Let £ € H\ {0}. Then for any K € A with K > K, := C¢, we have

rxé =073,

1
yx& = T“Kﬁ k3%,
K
TrYKE = uguré = P& =¢
K:)?—L 5

Therefore the claim holds. O
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The group of all unitary operators in M is denoted by U(M). We denote by
My (resp. Ms,) the set of all positive (resp. self-adjoint) elements of M. The
lattice of all projections in M is denoted by P(M) or Proj(M). The orthogonal
projection onto the closed subspace K C H is denoted by Px. For a projection
pin M, we denote 1 — p as pt.

By the fundamental result of Murray-von Neumann, any von Neumann alge-
bra acting on a separable Hilbert space is a “generalized direct sum” 2 of factors.
Therefore most of the problems of von Neumann algebras can be reduced to the
ones about factors. Murray and von Neumann classified factors into three differ-
ent groups. To explain this, we need to introduce the equivalence of projections
in Murray-von Neumann sense.

Definition 2.5. Let M be a von Neumann algebra on H. Let p, ¢ € Proj(M).

(1) p and g are caled equivalent, denoted as p ~ g, if there exists a partial
isometry u € M such that u*u = p, uu* = ¢ holds.

(2) p is said to be subequivalent to g, denoted as p < ¢, if p is equivalent
to a subprojection of ¢q. That is, there exists gy € Proj(M) such that
p~ qo < q holds.

~ is an equivalence relation in Proj(M).

Remark 2.6. p,q € Proj(M) are called unitarily equivalent, denoted as p ~,, q
if there exists u € U(M) such that ¢ = upu*. Obviously p ~,, ¢ implies p ~ g,
but the converse does not hold. Actually, p ~,, ¢ holds if and only if p ~ ¢ and
1—p~1—gq. Indeed, p~qgand 1 —p ~ 1 — g imply the existence of partial
isometries u,v € M with u*u = p,uu* = ¢,v*v =1 — p,vv* =1 —¢q. Then
w = u + v is a unitary:

w'w = (v +0")(u+v) =uu+vv+uv+viu=uu+vv =1

Here we used v*u = v*vv*uu*u = v*(1—q)qu = 0 and ww* = 1 follows similarly.
It then follows that
wpw® = (u+ v)u u(u” +0v*) = wu u(u* +v*)
= uu* + uuuv® = uu*
= q.

Here we used vu* = wv* = 0. Hence p ~,, q.
It is known that in a finite von Neumann algebra, ~, and ~ are the same.

Example 2.7. Let M = B(¢?). Let {e,}3%, be the canonical ONB of (2.
Define an isometry u by ue, := e,11(n > 1). Then its adjoint is

wre. en—1 (n>2)
"0 (n=1)"

2called direct integral, whose definition we omit here.
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Let p be the one-dimensional projection onto Ce;. Then we have u*u = 1, uu* =
1 —p. Therefore, 1 ~1—p. However, 1 —1=0and 1 — (1 —p) = p # 0 are not
equivalent. Note that 1 and 1 — p are both infinite projections (more generally
two projections are equivalent in B(¢?) if and only if they have the same rank).
It is a general fact that in a countably decomposable infinite factor, all infinite
projections are equivalent.

Let M be a von Neumann algebra and p € M U M’ be a projection. Define
the set M, of bounded operators on the Hilbert space ran(p) as

{px|ran(p) RS M} ;

then M, forms a von Neumann algebra acting on the Hilbert space ran(p) and
(M,)" = (M"),, holds.

Definition 2.8. Let M be a von Neuman algebra on H, p € Proj(M).
(1) pis called abelian if M, is an abelian von Neumann algebra.

(2) p is called finite if it does not have a proper equivalent subprojection.
That is, if pg < p, po € Proj(M) is equivalent to p, then p = py holds.

(3) p is called infinite if it is not finite.
(4) pis called central if p € Z(M).
)

(5) p is called properly infinite if pz is infinite for all z € Proj(Z(M)) with
pz # 0.

Definition 2.9. Let M be a von Neumann algebra on H.

(1) M is called type I if each nonzero p € Proj(M) has a nonzero abelian
subprojection of M.

(2) M is called type II if it has no nonzero abelian projection and each
nonzero p € Proj(M) has a nonzero finite subprojection of M.

(3) M is called type III if it has no nonzero finite projection.
(4) M is called finite (or finite type) if 1 is a finite projection.
(5) M is called properly infinite if 1 is a properly infinite projection.

A finite type II factor is called a II; factor, and infinite type II factor is
called a Il factor. It can be shown that for any von Neumann algebra M
there exist unique central projections {z;},=r rr,rrr of M such that M, is of
type i (of course some z; can be 0).

Definition 2.10. Let M, N be von Neumann algebras. A linear map ¢ : M —
N is called normal if it is o-weakly continuous.

Among others, there is an important class of linear maps, called states.
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Definition 2.11. A state on a unital C*-algebra A is a linear functional ¢ :
A — C such that p(a*a) > 0 for every a € A. ¢ is called faithful if p(a*a) =0
implies a = 0.

For each state ¢ on a unital C*-algebra A, one can associate a cyclic rep-
resentation m, : A — B(#,) of A on a Hilbert space H, with a distinguished
cylcic vector £, in such a way that ¢ is represented as a vector state:

QD(J") = <§§D7 7750(@)&0% a € A.

This construction is called a GNS representation (Gelfand-Naimark-Segal). The
construction is given in the following way: let (), be a sesqui-linear form on A
given by

(a,b), :=p(a™b), a,be A

Let N, := {a € A4; (a,a), = 0}. Then it turns out, using the Schwarz inequality

[p(ad)| < pla”a)Tp(b*h)?,
that N, is a linear subspace of A, and we can define an inner product (,), on
A/N,. Let H, be the Hilbert space completion of A/N,, with respect to (, ).
Fro a € A denote by a, the canonical image of a in H,. Let &, := 1,. Then

we can define for each a € A an operator 7 (a) on {b,;b € A} C H, by

7o(a)b, == (ab),, be A

Again by Schwarz inequality, 7 (a) can be extended to a bounded operator
mo(a) € B(H,). It is straightforward to check that a — 7, (a) is a representation
of A, and ¢(z) = (&, my(a)é,), (a € A). This construction will be repreatedly
used in the sequel.

Regarding the countability conditions on von Neumann algebras, we have:

Definition 2.12. Let M be a von Neumann algebra acting on a Hilbert space
H.

(1) A von Neumann algebra is called separable if it acts on a separable
Hilbert space.

(2) A von Neumann algebra is called countably decomposable if it admits
at most countably many non-zero orthogonal projections.

It is known that a von Neumann algebra M acting on a Hilbert space H
is countably decomposable if and only if there exists a countable separating
subset of H for M. This is also equivalent to the existence of a normal faithful
state on M. Any von Neumann algebra M is a direct sum of the algebras of
the form N®B(K), where N is countably decomposable and K is a (possibly
non-separable) Hilbert space. In particular, a finite factor is always countably
decomposable. Separable von Neumann algebra is countably decomposable, but
the converse is false®.

3For example, the ultraproduct R“ of the hyperfinite II; factor R is countably decom-
posable because it is a finite factor, but not separable. We will not explain the definition of
ultraproduct.
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2.2 Properties of Finite von Neumann Algebras

Finite von Neumann algebras behave like finite-dimensional algebras in some
sense. This stems from the fact that they have distinguished normal states,
called traces.

Definition 2.13. Let M be a von Neumann algebra.
(1) A state 7 on M is called tracial if for all x,y € M,

T(zy) = 7(yz)
holds.
(2) A tracial state 7 is called faithful if 7(x*z) =0 (x € M) implies = = 0.
(3) A tracial state 7 is called normal if it is o-weakly continuous.

Theorem 2.14. Let M be a von Neumann algebra on a Hilbert space H. The
following conditions are equivalent.

(1) M is of finite type.

(2) There exists a family {1;}icr of normal tracial states on M separating
points of M. That is, for each nonzero x € M, there exists i € I for
which 7;(x) # 0 holds.

Moreover, for a finite factor M, there exists a unique mormal faithful tracial
state 7 on M.

Remark 2.15. Let M be a finite factor with a faithful normal trace 7. Then
for two projections e, f in M, e ~ f if and only if 7(e) = 7(f). For if e ~ f,
then there is a partial isometry v € M with v*u = e, uu* = f. Thus

7(e) = 7(u*u) = T(uu*) = 7(f).

Conversely, if 7(e) = 7(f), then since M is a factor, < is a total order in
Proj(M), so we may assume e < f. But this implies an existence of a partial
isometry u € M with u*u = e,uu* < f. We have

P(f — ) = 7(f) = () = 7(f) — r(u’u) = 7(f) ~ 7(c) = 0.

Hence by the faithfulness of 7, f = uu™ and e ~ f. This shows the usefullness
of the trace.

Example 2.16 (Type I, factor). Let M = M,,(C). Then the functional
1 n
7([zig]) = — > mii, [wig) € My (C)
i=1

is a normal faithful tracial state on M. It is easy to see that M is a factor. M
is called of type I,,. Note that there is only one normal faithful tracial state on
M.
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Example 2.17. Let M = L°°([0, 1], dx), where dz is the Lebesgue measure on
[0,1]. Then the functional

(f) == / f@)dr, e L(0,1))

is a normal faithful tracial state on M. Note that for each g € L*°([0,1]) with
g(x) >0 a.e. and fol g(x)dx =1, a functional 7, given by

1
nf) = [ I@gte)ds, 1 e 1%(0.1)
0
is again a normal faithful tracial state on M. This reflects the existence of
nontrivial center of M.

Example 2.18 (Group von Neumann algebra). Let I' be a discrete countable
group. Assume for each g # e, the conjugacy class C(g) = {h~tgh; h € T'} of
g is infinite. Such a group is called an ICC group. Let £2(T") be a Hilbert space
of square-summable functions on I' with inner product

(€m = &lgnlg), &nel*(I).

ger

Define a unitary operator A\, by

(Ag&)(h) :=¢€(g7"h),  h,geT,Ee (D).

The group von Neumann algebra L(T) of T is defined to be the von Neumann
algebra generated by {\,; g € I'}.

Let {64} ger2(r) be the canonical ONB of ¢2(T). That is, §4(g) = 1 and d,4(h) =
0 (h # g). The vector state 7 defined by

7(z) = (xde,0.), x € L(T),

is clearly normal, and 7(xy) = 7(yz) holds for all z,y in the linear span of
{A\g; g € T'}. Thus by continuity, 7 is a normal tracial state on L(T"). If z € L(T")
satisfies 7(x*z) = 0, then for every g € ', we have

Hxég”%(r)::”$Ag5eH%(F)ZZT(A;$*xAg)
=7(z"x) =0,

which shows that 2d, = 0 for every g € I'' Hence x = 0. This shows 7 is
faithful. Since the map U from A :=span{\,;g € I'} to ¢*(T") given by

Uo <Z x(g))‘g> = Z z(9)dg
finite finite
satisfies ||Uoz|lp2ry = ||2]|2,7 = T(z*x)% for € A, it can be extended to

an isometry U : L?(L(T'),7) — ¢*(T). Here, L?*(M, ) is the Hilbert space

10
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completion of a von Neumann algebra M iwth respect to a normal faithful state
T with respect to the inner product

(r,y) :==7(y"2), w,ye M.

It is clear that this U is unitary. In particular, {A\;;¢ € I'} is an ONB of
L?(T,7) and every z € L(T') is expressed uniquely as z = > ger T(g)Ag for

{z(g)}ger C C, where the sum converges in || - ||2,; and
(3. =D le(g).
gel’

We show L(T) is a factor. Let 2 € L(I') N L(T")’. Take the above expansion
T =3, cr T(g)Ag. Since Az}, = x for every h € T', this shows

Z z(g)Ag = Z z(g)Angh-1

gel gel
= a(h~'gh)A,.
ger
Since the || - ||2,--expansion is unique, we have z(g) = x(hgh™1!) for all g,h € T.

But since the conjugacy class of g # e is infinite, the condition }  r |z(g) |2 < o0
shows that z(g) = 0 for all g # e. Thus = = z(e)\. = x(e)1l. This shows that
L(T) is a factor. It is clear that L(T") is infinite-dimensional, hence L(T") is a II;
factor.

3 Polish Groups of Finite Type and its Charac-
terization

In this section, we characterize Polish groups of finite type via positive definite
functions. We then characterize when locally compact groups or amenable Pol-
ish groups are of finite type via compatible bi-invariant metrics. To this end, we
review notions of SIN-groups, bi-invariant metrics and unitary representability.

3.1 Polish Groups of Finite Type

Recall that a Polish space is a separable completely metrizable topological space,
and a Polish group is a topological group whose topology is Polish.
We now introduce finite type groups after Popa [21].

Definition 3.1. A Hausdorff topological group is called of finite type if it is
isomorphic as a topological group onto a closed subgroup of the unitary group
of a finite von Neumann algebra.

All of second countable locally compact Hausdorff groups, the unitary group
of a von Neumann algebra acting on a separable Hilbert space are Polish groups.

11
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Furthermore, separable Banach spaces are Polish groups as an additive group.
We denote the class of all Polish groups of finite type by %n.

Note that since a von Neumann algebra is finite if and only if its unitary
group is complete with respect to the left uniform structure, Polish groups of
finite type are necessarily complete. Thus we have the following simple conse-
quence.

Proposition 3.2. The unitary group of a von Neumann algebra M acting on
a separable Hilbert space is of finite type if and only if M is finite.

Another examples of Polish groups of finite type are given later.

3.2 Positive Definite Functions

A complex valued function f on a Hausdorff topological group G is called positive
definite if for all ¢1,---, g, € G and for all ¢y, -+, ¢, € C,

> aicif(g; 'gy) = 0.

ij=1

Moreover if a complex valued function f is invariant under inner automor-
phisms, that is

f(hgh™) = f(9), Vg.h €@,

then f is called a class function.

It is well-known that there is an one-to-one correspondence between the set
of all continuous positive definite functions on a topological group and the set
of unitary equivalence classes of all cyclic unitary representations of it. more
precisely, for each continuous positive definite function f on a topological group
G, there exists a triple (7y, Hy, &) consisting of a cyclic unitary representation
m¢ in a Hilbert space Hy and a cyclic vector £ in Hy such that

f(g) =& mr(9)s),  9€G,

and this triple is unique up to unitary equivalence. This triple is called the GNS
triple associated to f. Note that if G is separable, then so is Hy.

The GNS triple is of the following form for each continuous positive definite
class function.

Lemma 3.3. Let f be a continuous positive definite class function on a topo-
logical group G and (7, H,§) be its GNS triple. Then the von Neumann algebra
M generated by w(QG) is finite and linear functional

T(z) = (§,28), x €M,

18 faithful normal tracial state on M. In particular M is countably decomposable.

12
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Proof. It is clear that 7 is a normal state on M. Since f is a class function, it
is easy to see that 7 is tracial on the strongly dense *-subalgebra of M spanned
by 7(G). Therefore by normality, 7 is tracial on M. Therefore we have only to
check the faithfulness of 7. Assume 7(z*2) = 0. Since 7 is a trace, we have

e (9)€]* = 7(n(g)*z*am(g)) = 0,
for all g € G. By the cyclicity of £, z must be 0. O

Example 3.4 (I. J. Schoenberg [22]). Let A be a complex Hilbert space. Note

that H is an additive group. Then a function f defined by f(§) := e~ liel® (EeH)
is a positive definite (class) function on H.

Example 3.5 (I. J. Schoenberg [22]). For all 1 < p < 2 a function f, defined
by fp(a) := e~ 1915 (a € 1P) is a positive definite (class) function on a separable
Banach space [P.

For more details about positive definite class functions, see [15].

3.3 The First Characterization
We now characterize Polish groups of finite type.

Theorem 3.6. For a Polish group G the following are equivalent.

(i) G is of finite type.

(i) G is isomorphic as a topological group onto a closed subgroup of the
unitary group of a finite von Neumann algebra acting on a separable Hilbert
space.

(i1i) A family F of continuous positive definite class functions on G gen-

erates a neighborhood basis of the identity eq of G. That is, for each
neighborhood V at the identity, there are functions fi,-- -, fn € F and
open sets O1,- -+, O, in C such that

ec € (710 CV.
=1

(iv) There exists a positive, continuous positive definite class function which
generates a neighborhood basis of the identity of G.

(v) A family F of continuous positive definite class functions on G sepa-
rates the identity of G and closed subsets A with A Z eqg. That is, for
each closed subset A with A ¥ eq, there exists a continuous positive defi-
nite class function f € F such that

sup | f(z)| <|[f(ea)l-
r€A

13
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(vi) There exists a positive continuous positive definite class function which
separates the identity of G and closed subsets A with A 3 eq.

Remark 3.7. Popa (Lemma 2.6 of [21]) showed that a Polish group G is of
finite type if and only if it is isomorphic onto a closed subgroup of the unitary
group of a separable II; factor. Therefore Theorem 3.6 gives a necessary and
sufficient condition for a Polish group to be isomorphic onto a closed subgroup
of the unitary group of a separable II; factor.

3.4 Popa’s Question: SIN-groups and Unitarily Repre-
sentability

To discuss further properties of finite type groups, we consider the following
notions, say SIN-groups, bi-invariant metrics and unitarily representability.

A neighborhood V at the identity of a topological group G is called invariant
if it is invariant under all inner automorphisms, that is, gV ¢~! = V holds for all
g € G. A SIN-group is a topological group which has a neighborhood basis of
the identity consisting of invariant identity neighborhoods. Note that a locally
compact Hausdorff SIN-group is unimodular.

A bi-invariant metric on a group G is a metric d which satisfies

d(kg,kh) = d(gk,hk) =d(g,h), Vg,h,k€G.

It is known that a first countable Hausdorff topological group is SIN if and only
if it admits a compatible bi-invariant metric.
As Popa [21] pointed out, one of the most important fact of Polish groups
of finite type is an existence of a compatible bi-invariant metric. Namely if G
is a closed subgroup of U (M), where M is a II; factor with the normal faithful
trace 7, then
d(u,v) := T((u—v)*(u—v))%, u,v€G

is a compatible bi-invariant metric on GG. Therefore a finite type Polish group
must be SIN. Another necessary condition for a Polish group G to be of finite
type is the unitarily representability, which we discuss next section.

Definition 3.8. A Hausdorff topological group is called unitarily representable
if it is isomorphic as a topological group onto a subgroup of the unitary group
of a Hilbert space.

All locally compact Hausdorff groups are unitarily representable via the left
regular representation.

The following characterization of unitary representability has been consid-
ered by specialists and can be seen in e.g., Gao [13].

Theorem 3.9. For a Polish group G the following are equivalent.

(i) G is unitarily representable.

14
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(ii) There exists a positive, continuous positive definite function which sep-
arates the identity of G and closed subsets A with A % eq.

It is clear that a Polish group of finite type is necessarily unitarily repre-
sentable. It is clear that a finite type Polish group is unitarily representable.
Popa asekd whether the converse holds:

Problem 3.10 (Popa). Let G be a unitarily representable Polish SIN-group.
Is G of finite type?

Thanks to the first characterization, Theorem 3.6, we can give affirmative
answers to the above problem for some classes of Polish groups. Before dis-
cussing the Popa’s problem let use see some easy examples of finite type Polish
groups.

3.5 Simple Examples

All of the following examples are well-known. The first three examples are
locally compact groups.

Example 3.11. Any compact metrizable group is a Polish group of fintie type.
This follows from the Peter-Weyl theorem.

Example 3.12. Any abelian second countable locally compact Hausdorff group
is a Polish group of finite type. Indeed its left regular representation is an
embedding into the unitary group of a Hilbert space and the von Neumann
algebra generated by its image is commutative (in particular, finite).

Example 3.13. Any countable discrete group is a Polish group of finite type.
For its left regular representation is an embedding into the unitary group of a
finite von Neumann algebra.

The following two examples suggest there are few other examples of locally
compact groups of finite type.

0 1
azx + b group, where K =R or C. By easy computations, we have

a b Ty a b _1_ x —br+ay+b
0 1 0 1 0 1 N0 1 ’

Example 3.14. Let G := {( r v ) €eGL(2,K); e KXy € K} be the

15
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Thus for each n € N there exists a matrix h, € G such that h,g,h,! =
( (1) i ), where g, := ( (1) 1{” ) Clearly, g, — 1 and h,g,h,' /4 1.

This implies that ax + b group does not admit a compatible bi-invariant metric.
Hence it is not of finite type.

Example 3.15. The special linear group SL(n,K) (n > 2) is not of finite type

1 0
SL(2,K). Thus the general linear group GL(n,K) (n > 2) is also not of finite
type.

since the map ( 8 b — ( @ aél ) is an embedding of ax 4+ b group into

Next we consider abelian groups. Note that an abelian topological group is
of finite type if and only if it is unitarily representable.

Example 3.16. Any separable Hilbert space is a Polish group of finite type.
This follows from Example 3.4 and Theorem 3.6.

Example 3.17. A separable Banach space [P (1 < p < 00) is a Polish group of
finite type if and only if 1 < p < 2. The “only if” part follows from Example
3.5 and Theorem 3.6, but the “if” part is non-trivial. For details, see [18].

Here is another counter example.

Example 3.18. Separable Banach space C]0, 1] of all continuous functions on
the interval [0,1] is a Polish group but not of finite type. For, since every sep-
arable Banach space is isometrically isomorphic to a closed subspace of C10, 1],
if C[0,1] is of finite type, then any separable Banach space is a Polish group of
finite type. But this is a contradiction to the previous example.

Example 3.19. Let U(¢?)y be the set of all u € U(¢?) for which u — 1 is of
Hilbert-Schmidt class. Define a metric d on U (¢?), by

d(u,v) = ||lu—v||gs, u,v € Z/I(KQ)Q.
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Here, ||-||us denotes the Hilbert-Schmidt norm. It is easy to see that (U(¢?)a, d)
is a Polish metric group. Since the function ¢ : U (¢?); — C given by

o(u) = e lletllis g U(0%),,

is a continuous, positive definite function generating the neighborhood basis of
the identity, U(£?), is a Polish group of finite type.

Let us compute the Lie algebra of U(¢£?)s. Denote by S?(£?), the set of all
Hilbert-Schmidt operators in ¢2.

Theorem 3.20. The Lie algebra of U({?)s is the Hilbert Lie-algebra uly = {a €
S2(0%); a* = —a}. In particular, the unitary group U(N) of any 11 factor N
does not embed into U(£?)s.

Proof. Let a € uly. There is a sequence {\,}52; of real numbers satisfying
[Anl > [Ant1] > -+, A — 0, and a sequence of orthogonal unit vectors {£,}22
in ¢% such that a = Y77 | iAn(&n, )&, holds. We show that e® — 1 is of Hilbert-
Schmidt type, whence e® € U(£?),. Since €@ = 3"°7 | e (&, )&, we have

n=

) o
le® = 1lls = D e =17 =2 (1 —cos(An))
n=1

n=1

oo
<Y A<

n=1

hence e® — 1 € S%(¢?). This shows that uly C Lie(U(¢?)3). Conversely, suppose
u(t) is a || -||2-continuous one-parameter subgroup of U (£?)s. Since the topology
given by || - || is stronger than the norm topology, there is a bounded skew-
adjoint operator a such that u(t) = e!® holds for all ¢ € R. Since a is the
norm limit of the compact operator (u(t) — 1)/t, it is compact. Hence a has
the form a = Y07 A\ (&n, )&, with {X,}02, € R and |[\,| \, 0, {& )02,
orthogonal unit vectors. Since limg ,o(1 — cosz)/x = 1/2, there is § > 0 such
that 1 —cosx > x2/3 holds for all z with |z| < §. The condition ), — 0 implies
that there is ng € N such that |\,| < § for all n > ng. Therefore it holds that

Z 2\ < Z 3(1 — cos(Ay))
n=no+1 n=no+1
3 a 2
< 5”6 — 1Jfzs < o0,
which shows that a € uly. Therefore Lie(U(¢€2)) = uly. In particular, Lie(U (£2)2)
is a Hilbert-Lie algebra. Since the Lie algebra of the unitary group of any II; fac-
tor N is not locally convex (see [2]), U(N) cannot be embedded into U (¢?),. O
3.6 More Examples of Finite Type Polish Groups

In this section we will give more examples of groups of finite type.

17
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3.6.1 L2-unitary groups U(M),

Let M be a semifinite von Neumann algebra on a Hilbert space H equipped
with a normal faithful semifinite trace 7. A densely defined, closed operator
T on M is said to be affiliated to M if for all u € U(M'), uTu* = T holds.
Denote by M the set of all densely defined, closed operators on H which are
affiliated to M. Recall that L?(M, 7) is a Hilbert space completion of the space
n, = {z € M;7(z*z) < oo} by the inner product

(,y) :=7(a"y), wy€n,.
We define ||z||y := 7(z*x)= for = € L2(M, 7).

Definition 3.21. We call U(M)s := {u € U(M);1 —u € L*(M,7)} the L*-
unitary group of (M, ).

Note that when M is not a factor, U(M )z depends on the choice of 7 too.
In the sequel we show the following theorem.

Theorem 3.22. Let M be a separable semifinite von Neumann algebra with a
normal faithful semifinite trace 7. Then U(M)2 is a Polish group of finite type,
where the topology is determined by the following metric d,

d(u,v) = |lu — |2, w,v€U(M)a.

It is not entirely obvious that the metric d on U (M) is complete: of course
any d-Cauchy sequence {u,,}>; in U(M)s has a limit u with u — 1 € L*(M, 1),
but we have to show that u is bounded.

Remark 3.23. Let us remark two points.

(1) Tt is easy to see that U(M)§ = M. This shows that the inclusion map
U(M)g — U(M) is not an embedding in our sense.

(2) When M = B(H), U(M)2 is the well-known example of a Hilbert-Lie
group and is denoted as U(H),.

Regarding U(M)2,U(¢?)2 and U(N) where M (resp. N) is a Il (resp. I1;)
factor, we have the following non-ismomorphic properties.

J. Feldman [10] gave a complete description of a group isomorphism between
the unitary groups of type II; von Neumann algebras. In particular, in the
proof of Theorem 4 of [10], he uses the following simple observation: let p
be a projection in a von Neumann algebra M, then wu, := 1 — 2p is a self-
adjoint unitary in M. Using this correspondence, he deduced that the group
isomorphism 7 : U(M1) — U(Mz) between type II; von Neumann algebras
My, Ms induces order isomorphism between their projection lattices, thereby
proving that the isomorphism 7 is lifted to a ring *-isomorphism 7 : M7 — My
(which may not preserve the scalar multiplication) in such a way that

7(u) = 0(u)m(u), for all uw € U(My),

18
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where 6 is a multiplicative map from U (M;) to Z(U(Mz)). Let H be an infinite
dimensional Hilbert space. Using his idea, we show that when M is a 1, factor
and N is a finite von Neumann algebra, then U(M )z, U(£?)s and U(N) are
mutually non-isomorphic.

Proposition 3.24. Let M be ally, factor, N be ally factor. ThenU(M)q, U(£?),
and U(N) are mutually non-isomorphic.

3.6.2 Automorphism group Aut(M) of a II; Factor with Property
(T)

Recall that a finite von Neumann algebra N equipped with a normal faithful
tracial state 7 is said to have property (T) if for each £ > 0, there exists a finite
set F C N and é > 0 with the property that whenever ¢ : N — N is a unital
completely positive T-preserving map satisfying ||p(z) — z||2 < ¢ for all z € F,
then ||¢(a) — al|2 < €]|a|| holds for all @ € N.

Let M be a separable II; factor with property (T), Aut(M) be a Polish group
of all *-automorphisms of M equipped with the pointwise || - ||2-convergence
topology. Due to the property (T), this topology coincides with the topology of
uniform || - ||2-convergence on the closed unit ball M;. Since the latter topology
is given by the bi-invariant metric d defined by

d(a, B) := sup |[la(z) = B(z)l|2, B € Aut(M),

xeMy

Aut(M) is a Polish SIN-group. By considering the standard representation,
Aut(M) is unitarily representable as well. Therefore it would be interesting to
check if Aut(M) is actually of finite type or not. Recently the following idea of
proof was communicated to us by Uffe Haagerup.

Theorem 3.25. Let M be a separable II factor with property (T). Then
Aut(M) equipped with u-topology is a Polish group of finite type.

Lemma 3.26. Let G be a topological group, N be a closed normal subgroup of
G. Let ¢ be a positive definite function on N. Then the function ¢ : G — C

defined by
_Jolg) (geN)
v(g) == {0 (¢ N)

1s also positive definite.

Proof. Let {zyN}ca be a representative of the quuotient group G/N. Then
any element in G is of the form xyn) for some A € A and n) € N. Therefore all
we have to prove is for any n > 1, g, - p, € C Ag,--- A, € A,and ng, -+ ,my, €
N, that
n
Z ui/Tjw(x,\inm;lx;jl) > 0.
ij=1
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For 1 <1i,5 <n, we have

1,.—1
TA NN Ty

=ng €N

& (zanizy)) aox ;) (eangey)) =no € N
_ _

————
=mjeN =mjEN
-1 /—1 /
& TNTy =N non; € N
S\ = )\j.

Hence by defining Jy := {1 <i <m;A\; = A} (A € A), we have

n
Y wir(anmy e ) =Y > umge(eanm; eyt
3,j=1 AEA i, jETN
=3 ) wime((@aniay ) (@angzy )
AeANd,jETN
> 0.

O

Proof of Theorem 8.25. It is known that property (T) implies Int(M) is an open
normal subgroup of Aut(M), hence it is a closed normal subgroup as well. This
means Int(M) is isomorphic as a topological group to U(M)/T by the factor
property of M*. Since U(M)/T is isomorphic onto the subgroup of U (M&@M°P)
by [u] — u®u*, where M°P is the opposite von Neumann algebra of M, we can
define the positive definite function @g on Int(M) by

vo(Ad(u)) := (r@T)(u@u*) = |T(u)|?, ueU(M).
We see that ¢ is invariant by the uniqueness of the trace:

po(a™! - Ad(u) - @) = po(Ad(a™ (u)))
=|(roa™")(u)?
=),

for « € Aut(M). It is easy to show that the trace 7 ® 7 generates the strong
neighborhood basis of 1 in U(M®@M°P). Therefore ¢ is a continuous positive
definite invariant function on Int(M) generating the neighborhood basis of 1. By
Lemma 3.26, ¢o can be exntended to a positive definite function ¢ on Aut(M)
by
ola) = vo(a) (a €Int(M))
0 (o ¢ Int(M))
4This is in contrast to the fact that Int(R), where R is the hyperfinite II; factor, is not
even a Polish group, so is not isomorphic to U(R)/T as a topological group. That is, Int(R)

is a proper dense subgroup of the Polish group Aut(R), so it cannot be Polish while U/ (R)/T
is Polish.
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It is clear that ¢ is a continuous invariant function generating the neighborhood
basis of 1 by the openness of Int(M). Therefore the proof is finished thanks to
Theorem 3.6. U

Remark 3.27. In general, the automorphism group Aut(M) of a von Neuman
algebra M is not a SIN group. To see this, let R = @, (M>(C),72) be the
hyperfinite AFD II; factor, where 75 := %Tr is the normalized trace on M (C).
Let S be the subset of R consisting of elementary tensors:

S={11®1® 2, ®1® - ; ;€ Ma(C), 1 <i<n, neN}L

Since (R); is strongly-separable and metrizable, S N (R); is strongly separable.
Hence we may take a dense sequence D = {2,}°2; in SN (R);. Since span(S)
is o-strongly dense in R, span(D) is also o-strongly dense in R. We may thus
define a left-invariant metric d on Aut(R) by

o0

d(,8):=3 Qikua(zk) —B)lls @B € Aut(R).

k=1

d is indeed a metric, and the topology determined by d coincies with the u-
topology in Aut(R). On the other hand, let {ay}72,; C Aut(R) be a sequence
of automorphisms determined by

ap(T1 @T2@ ) =2 QT @ T2 @ -+ T @ Thg1 @ Ty @ - -+ .

(Such oy, exists, and actually since oy, can be written as o}, ® Id, where o}, is
an automorphism of My(C)®*, and since all automorphisms of a type I factor
are inner, they are implemented by unitaries in U(R)). {ax}72, is a d-Cauchy
sequence. Indeed, given € > 0, there exists NV € N such that ZZO:NH % ‘2 <e.
Then there exists [y € N such that each a; (1 <k < N) can be written as

ga=1Pe 2P ole... (1<k<Ly).

Then for n,m > Ly +1and 1 <k < N, we have
= am(zr),
which implies

=1
d(on, ) = Z ?I\an(%)—am(zwl\z
k=N+1

< Z 2%-2<5.

k=N+1
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Thus {a, } is d-Cauchy. However, for x € span(S), we have, for all large enough
k € N, that

o0
ap(z) eC® ®(M2((C),7'2) C R.
k=2
We then show
lim |Jog(z) —1®@z|]2=0, x€R.

k— o0

Let € R and € > 0 be given. By the o-strong density of span(S) in R, there is
xo € span(S) such that ||z —x¢||2 < § holds. By the above observation, there is
ko € N such that ax(xzg) =1 ® x¢ for all k > ky. We then see that for k > ko,

llak(z) = 1@ z|[2 < |[ar(z — z0)|l2 + [lak(zo) — 1@ 2|[2
<|lz =202+ |1 @20 — 1@ 2||2
= 2”1’7%0”2 <e.

Since € > 0 is arbitrary, we have the claim. This shows that the d-limit of
{ag 52, if exists, cannot be surjective hence not an automorphism of R. This
shows {a}72, does not d-converge. Hence d is not complete. Since the uni-
form structure given by d is the left-uniform structure of the topological group
Aut(R), we see that Aut(R) is not a SIN group.

3.7 Hereditary Properties of Finite Type Polish Groups

The permanence properties of the class %4, under several algebraic operations
are summarized as follows.

Operation Usin?

Closed subgroup H < G YES
Countable direct product [],~, Gn || YES
Semidirect product G x H NO
Quotient G/N NO
Extensionl = N -G —> K — 1 NO
Projective limit {iinGn YES

As can be seen from the above table, finiteness property is surprisingly delicate
and can easily be broken under natural operations.

4 Popa’s problem

4.1 Affirmative Answers

Let us return to Popa’s Problem 3.10: Let G be a unitarily representable Polish
SIN-group. Is G of finite type?

Although we are not able to provide complete answer to it, Theorem 3.6 gives
affirmative answers to the problem for the following classes of Polish groups:
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Theorem 4.1. Popa’s problem has affirmative answers for the follwoing class
of Polish group G:

(1) Locally compact groups.
(2) Amenable groups.

4.2 Strategy for the General Case: Compactness Argu-
ment

One strategy, which we explain below, is to prove the weak-compactness of
the orbit of positive definite functions and then to apply our characterization
Theorem 3.6. Let G be a unitarily representable Polish SIN-group. Recall once
again the folklore Theorem 3.9. Let ¢ € Pi(G) be a function which satisfies
condition (iv) of Theorem 3.9. So for each closed set A C G with eg ¢ A, there
exists § = 04 > 0 such that sup,c 4 [0(g)] =1 — 4. Let

O, = {pg;9 € G}, ¢4(h) = (g~ " hg),

for g,h € G. Let Cy(G) be the complex Banach space of all continuous bounded
functions on G with norm

[l :==sup|f(g)l, f€C(G).
geG

Then O, is a uniformly bounded subset of Cy(G). Now we remark the following
sufficient condition for G to be of finite type.

Theorem 4.2. Let p € P1(G) which satisfies the condition in (2) of Lemma
3.9. If Oy, is relatively weakly compact in Cy(G), then G is of finite type.

Thus, we are done if we solve the follwoing problem:

Question 4.3. Let G be a unitarily representable Polish SIN-grou, ¢ € P1(G)
separating all closed subsets A with e ¢ A and eq as in Theorem 3.9. Is O,
relatively weakly compact?

We do not know the answer yet, but on the other hand, we know that O,
is certainly relatively compact with respect to compact-open topology.

Proposition 4.4. Let G be a unitarily representable Polish SIN-group, and let
¢ € Pi(G). Then the convex hull co(O,) of the orbit space O, is relatively
compact in Cy(G) with respect to the compact-open topology.

The proof uses Ascoli-Arzela type Theorem for k-spaces.
Using above Proposition 4.4, we can state another possible strategy for
Popa’s embedding problem:

Theorem 4.5 (Lindel6f property). Let G be a unitarily representable Polish
SIN-group, ¢ € P1(G) be a function separating all closed subsets A with e ¢ A
and eq. If the pointwise-closure of co(O,,) is norm-separable, then G is of finite

type.
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The proof uses a slight modification of Namioka-Asplund Theorem and Ryll-
Nardzewski fixed point Theorem. The details can be found in the first author’s
thesis [1], Chapter 10. Finally, we would like to add a question:

Question 4.6. When is K = co(0,,) norm-separable?

5 Some Questions

Finally let us discuss some questions related to Popa’s problem. Recently L.
van den Dries and S. Gao [8] constructed a Polish group G with a compatible
bi-invariant metric, which does not have Lie sum (see [8] for the definition). On
the other hand, we proved in [2] that if G belongs to the class %y, then G has
a complete topological Lie algebra, hence a fortiori has a Lie sum. Thus G is
not of finite type. Therefore it is interesting to consider the following questions:

Question 5.1. Is van den Dries-Gao’s Polish group unitarily representable?

Hopefully Theorem 3.6 will play the role for solving the above questions.
Also, since [P belongs to %y if and only if 1 < p < 2, it is worth considering
whether

Question 5.2. Let H be a separable infinite-dimensional Hilbert space. Does
UH)p ={uelU(H);1—ue SP(H)} belong to %y for some 1 < p < 2 7 Here
SP(H) denotes the space of Schatten p-class operators.

It is unlikely that the same method as in the case of p = 2 works for p # 2.
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1. #/¥IZ

T EOROBICHFET D, E1TRFAOROTFEME AT HRET, B X 70 Rk
LI, ZOTHMERIC, BFIEROBTOTEIREHZH S bo L LT, EFEICEORERE
PERFER S, 2 < OIFER ST D,

L ZAT HMROEHGR DKL, T DERI R OMe=RI341 % &0 5541 & L TR X 9 72 [RIRF (s
B) MR L > TRBLE L, M REOHBEDES N Z R D FEDO—DIHAET b e B —7)
b5, TOEFRIT, ARORIFHERSE | Z DRV AWML & LTz & & DJEL57 OFE
2K DRI & Oty hrE—L LThHI bR, L<MbN TS X HIC, ZOMA
Ty hrE—E, BEEASOBEHE VI BRI TR, 0RO~ &2 AR, hhE ke L
T, BEBEHBERTI(BG DI~ ra 7)) e LTEX TSRS, TOBREKIZE > TAIIED
BHRIBEISNDEREL BT LN TED, ZOAF— LB TRIIEEL LY LT L
ZOREEL, B EEROETHMAERRICB O T, — i, BIERORESRRICR T 2 RIS y
1 & FRROME (— RO BN Z > & 5 A RCIRE A MR TE R 2 LICE 2 GEZagimi (19,
22]% M), Lo T, BEFABGROMBOESVWCE T BERKICL > TREINAIEREZ S A
L LCOMAETY hrE—%28 AT 523, £7, @URAHREL &0 X5 RT3
LD, ZDO—o2DEZMN, Ohya lZL > THEZ LN TWSHI17,18]28, BIEDO B IHERELR D%
KOXMRTIE, EROMERICHET2ERIX, E VAV EZICERPERL TS LI
EHIITEZ D,

ST, =27V MREOEFRIRERIT. BRGROAISE (BErTRe) RREBLZERT L Z
ET, AIEITTIEARVIRIEE LTHE A BILD, WE. o0 Hilbert ZZfilh | k 22H 72586
R EE UL, TOARIKRENRT > VI LiEh @k LOBEENZETH 2N LETHE, Th
MANETHD X, h |k EOBERMEp . o (i,]=12,) BfFEELT,

Zpijpi®0'j\ pijZO‘ Zpijzl (]—1)

LAEITED LV, (TDRUTHI S ( py ) 13 EBIERGRIT I 2 RIMRER A & A7, &
ST, TAEIRRIEIE A /2 T2 AT B IRBISHIE L, WTEITIARVIREE (2o 507
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Vv IREE) NEFREEAE O T Z R TIREBICHINT o) L&D, Lol EFEO RO
RIZE ST, ZOZ EFRLTHITIERWEIRHRE S TRV [7,12,20], [il%Ff-> T&7FHE
ERERZD DD, &) AR OBEER R WITIE WEZE U R E ZITFE LN & D O3,
EHEOT X TNV A Y MIRIZE T HBREHEHTH D,

Flo, B Z N A MCBET DRERITARKITCICET 2 0% < ERKTTORIZE
WT, ZF 70 RIRIEEOWE LRSI L, 28, FFET228bHED TE TR,
Belavkin & Ohya (3RO % 7L RIREEDEFR (e, 1.1 RiC K 2ER) Li3hlic. HERK
ot Hilbert Z2[H] EOBEFERRIZBWNT, =¥ 7L RIRBED TR 7M1 2 iR 9~ < |
Hilbert-Schmidt {EHEZE D FiEE W=7 Ve —F %R L7 [4,5], —7F. Kossakowski #i%, A
IR T Hilbert Z2[H EO&FARRICE R S HRMENFRLGA L, TSRO RIRHERIA O
WRIEDT Fr—r 8 LT, AROEEFENFELZ &R EHEBEAFETRTZLITL- T,
A EARED A R BT B [2],

AFaTlE. Belavkin-Ohya ®Fik & Kossakowski FED FiE L OREMEICEH L, BEICEAS
NIEEFRO_DODEA TOMAT hrE—0ORE & Z O LWRAEL Z LT, & FHEO
EV A BT D, AR CTHE SN DHF9E#ER9,11]1%. D.Chruscinski 4%, A.Kossakowski #(
% (W4 &b a~r=27 2RK%), M.Ohya Zix GRREEKRT) L ORFENEICL DD TH 5.

2. ZUBFUTNAY NEREBTRIMT EHERIEAR
AISEITRRIE L = B 7 BRIEOE K AL A CHAT 2RI AW T, L, MR LT
eS

(
N

o h o h iE BEGREMART 22RO 47 Hilbert 22 & L, b (h)  1Zh

i=lor2

Lo R EREORE, s (h ) %&b (h,) EORIE Ge, b (h,) OEBRILS NI ER

%%m%ﬁwém)kﬁéoéf\hl®hzﬁmﬁﬁﬁ%¢m$@@¢b@1®hZymi

b (h,®h ,)=b (h,)®b (h,)

DKL 205, WBOEASITB VTR, ZOFRIHRIET, 2O LR Z 7L MREEOLF
ELHIET D0 BRAOASERRED LS (h  ®h ) eFhuE, ERQLDDS

s (h ., ®h 2) =Cconvs (h 1)®S (h 2) (conv = convex combination)

sep

ThY, koT, =y /A RO 2s (h ®h ,) 1T s (h ,®h ) ofskEa L

ent
T, ROEHITEZBND,

s (h l®h 2)ent:S (h 1®h 2)\8 (h l®h 2)sep
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2.1 TUFUITNAYNEREROWTZABIREBORERK
Belavkin & Ohya i= & % &k IED S BIFL4,5 4RV RS 5. WE, wes (h ®h )% E
BUREE Gle., @ IZBTIAH CHFD) & HUE, D HmEEEMFR O B EE LT,

o(A®B)=tr, ., (A®B)#, Aeb (h,),Beb (h,) (2.1)
LETS, UUT, RERSTERREZRET S, ) Z2T, @5 L—22H0T, 540,
¢ %
¢(B)=tr, O(1®B), ¢"(A)=tr, O(ARI) (2.2)

L4525k, iz B(h,)»5B(h 1)*(E{AGB(h )itr A*A<oo})f\0)ﬁ’:7?ﬁ2§{%“6&>b\

p DI GE P 13B(h )25 B(h ) ~OMBERE 2D, ZOG, §ERCIUT, Ak

Bold, KOXSIZRATE?,
o(A®B)=tr, Ap(B)=tr, ¢"(A)B (2.3)

TOLE (AN p, :trze(strh 29), 2, :trle(strh 19) Lt p=¢(1), p,=¢" (1) Th
L2 ENNND, QAXTHEZOND G, ¢ 2T XU TN A L NE BDOHWVTHICZZ T
VAL NERES, ZOT BT NVA S NEGOIEMENEDR . BRIREBO S EE B2 D,

G A:B(h ) B(h ,) #8582 (complete positive, LLT CP L) (resp. 5E4:3ETE
(complete co-positive, LA CCP £H)) THD Lk, EEDONeNIZBWT, nxnOEEMEE
JF#ATHI[A] (A eB(h ) kL, m:[A(Aj)]w(resp. [A (A )]> 0BT % = & %0
5, TNHDOEH/OEMEICH LT, KIS, ¢. ¢ IFTHIZ CCP TirH B, CP LITMRS A0

ZLEARE D, AT, WOEBNALT 5 [4,5,16],

FE1 (DIREoBSMPRRED & & KA,

wes, < PpIXCP, (wes,, < ¢l CP TlkieL,)

ent
(2) h ;®h ,=2C*®C*orC*®C°orC*®C*m & &, WAKL,

wes,, <> ¢lTCP, (wes
(3) (1)&(2)»4%@&9/\ (ZFBN T, RDIKAL,

Sy => @ ILCP, (1L CP TRV, =wes ) HF, —RITHIZ L2,

< P ix CP Tid/e,)

ent
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EE 1 D(2)1%, Horodeckis 7% PPT(Partial Positive Transposition)5&f4: & FEIE I 5 FEAZ %
AW TR LT A] 3 ENMREE DO RHEOF & [ R TROLT D8R 72, FRRofERiL, PPT &
TR ¢ D CPYEIZ L - THRESIT B d Z LI » T 5 [16],

ST, QD IE, MEAHAND, h ,OEEOEARE (e HTBWT, 02KD LS 1T
PR 5 = L B30 B,
0= ¢(le)(e,[ )@l 2.9
Belavkin & Ohya i, FRlOZFRZEE 2, ffhahicor 2o 72y FOBERZRD
EOICHA L, —BOAHAREOMRILE 5 272,
EE1 EHILShz CCP 58
$:b (h ,)>b (h,) (e, trg(1)=1) (2.5)

R p, =9 (1) REp, =g(1)~D (—fRILSNZ) T2 & TV Ay B EFR, 20
Sfkze LERILT D,

ZUHLINAY R pee BT DA, ARIRIED,E . RO LD ITHIRTE 5.
,(A®B)=tr,(A®B)Y, 2.6)

o, EZ¢(|ei><ej r)®|ei><ej‘ 2.7

Wk, e DFREEL LT, KEEELE D,

EE2 gece NCPEMZTRNEE, ¢ % qentanglement L IF, TDEA T e, LKL
T2,

EH1O@MND, gee, & LT, FTxTNOTLT U Z VL MREBw, es,, 2k TE 5

ent
WM,

Belavkin & Ohya |X, = % > 7L 2 b @, ¢" 7 Hilbert-Schmidit /£ 55 % F CTHERR FTBE 2
Z L aR L, B RRRE OB IS O B Zigin A BB L T 2 [4,5]28, Z ORI, ARG TITE
EFT D,

2.2 BFFEHAMAEHBERRZZAVZEEIRBOERK

HHURIZIUT D[RR SR A LS S R 040 2 WO THERL S 115 23, Asorey, Kossakowski,
Marmo, Sudarshan (X, ZDAX — L% & TRIILET H72DI10, BTG EHERIEMZE
(Quantum Conditional Probability Operator) %z A [RIK D & 7 RIZEA Liz[2],
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U, AREo#EmIIeTdimh | <o (i=12) 20ET 5, damziEn Hriic, ARKTo T
BT AN EAESAHEICE LD THEI 5, dimh =0 EFhuE, b, =C o

b (h )=M, =M, (C) (NxNEHITHIA) THY. b (h ) LOETOMME T 5, *
. e oikiEy es (h IS LT, BT pes ,={peM,; p=0,trp=1 i —EIfHE
LT, y(A)=trpA(Aeb (h )=M, ) siisrd 525, s (h | )iEs LT 5, SbIc

T A M, > M, B nxNOEEMEIERZEGTFI[A] (A €M) 2R L, #I2[A(A;)]>0esp.
[A (A )]> 03RS 4UE, A t% CPresp. CCP) Tl 5 2 L AVR SN B, MLEZHE X T, LI,
h ,=C", b(hJ:Mws(h)= LUTHm D B,

BHCIRREG € s (h ®h ) o DIRTE p, =tr,0 BIBFE/RIREE e, ker p={0})TH 2
b5 L LT, IEf#, b (h ®h) M, 2 KO ERT 51,
% y@ﬁ(g%®q 2.8)
ZOLE, z it WOME RO,
7,20 (2.9)
tr,z, =1 (2.10)

RIEQ.T). Q8)1F, WIGRORIEM S eF i 52 5 HNORTMEMRTE S & LT,
Kossakowski (X, KDEFRE 5 2 72,

EHS meb (h,®h )0 &M@, QLT & &, 1 & RT RIS HRIEMROL
T, QCPO &L, )& IF5,

I CHM L2 L 912, BEFRICBO TR, —RICFEREMHESRAAITIFE LRV, ZOFHETSE
PR ERERICH LT OIS 5, ZORMERE ANE, £HQD. QOEMETILLENST
Z DIEMFRIC “RMAT SR ORI ZET D 2 LD HENE S 0T, —B2ET D LB LM,
WEIE, FEED LS,

QCPO 7 1>, AHUKIED, AT %, MERIKEDH A2 (h )={pes,  kerp={0}} &

LT, QCPOr LiktEped (h ) ZRViuE, 0, 3Kk0 k5 IcExbh%,

1 1
9”=[p2®ljz{p2®lj (2.11)

22T, 0,0b (h ) EORELRIE o 1x g =th0, = p TH Y, 0,0b (h ) Lok p, 1T
p, =trf L 52505,
TUHLTNA LN (e, EBULENIZCCPEERNAMIKIED, 2R L=k 51, EYLS
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nCPGgp:b (h ,)>b (h,)Ge,o(1)= D% AV iUE QCPO 7, 2Kk D Xk 5 I T 5.

7, zz(p(|e.><e.‘)®|ei><ej‘ (2.12)
22T, {g}idh ,OBNRELILETHY | 1, 13RHEQD. QOFEWT I L NAEHITRY
B, ZorE, ped (h ) B5xoniuE, @ ollSh s aRIkE, & 7, 2/ LT, &

9¢E(pl%®l)7z¢(pl%®l)

=3 plo (e ) (e;]) n2 e ) e | (2.13)

DEDITEDDHZ EINTE D,

DL E, ROEBENKILT D2,

FE2 0, es,, = plECCP, (pIXCCPTARV, =0, es ) (iE, —ITH LRV, )

2.3 TUEVITNAY D GERNTICEBIRBORRIE L QCP0 7, I & HHERIED RS
0,2.70) & 6,213 VDEE 2R % 95, T DkeyL 7% DL, Belavkin&Dailc Lo x> & 7
NAV Npee DHFFVEIZET HRDOEFTH 53],

FE3 JLRES()=ped EFOTLHLILAL Mee IR LT, EFLENZCP
Gt Ge,p(1)= DB -BICHFELT, gIIRO LI CHESND,

$(o) = p{2 (por(s)) " (2.14)
ZZT i%%%@xéﬁmv~ya/f%@ (2.19)D @ 1. KOfRZEFFO,

o(s)=p 2 (por (o)) 0”2 (2.15)
EELZ 5., 0,132.15)D @ LR SN S QCPOZMNT KD X S ICHESEST Z LA TE 59l

6’¢:(pl%®l)7r¢(pl}/2®l) (2.16)

T, reEgkEle) ETOBEE ST, 1,03,

ro=r,= Xo(e)a)lo)le |- o (er(edfe i Fole)ie]  ean

L5z b,
2.16)13. gee MOMLEND ROBGHIKIED, 23, = Z TN gz LT, QCPO

7w, EADKIE g es (h ) EOBICHMRTE 5 2 L AR L TR Y, ER ORISR p(i, ])
LA & feR A p (1) & ORNCHNIT B A% Ge., p(i, j)=p()p(ili). p(i)ixj<
MEio7 & &0 p(i, J) OEESA) ORFR~OIIEM E 77292 LNTE 5,
ﬁﬁﬁ\éﬁ%%@ﬂﬁﬁ@lw%iAﬁﬁwf O, AT 2ME%E, ATy hre—
ERVTIRITT 5. ZORBICASRNC, WEICBOT, HIAET Y b r e =253 5 i
AROMHBEOE R ZHHICIR Y K-> TBZ 5,
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3. HHROMAET Y b ' —DEAME L A
X=X}y Y1), ERe HERGAP =(p),Q=(0)) £ MELKL L, 20

éﬁi%%(X@Y:{(xi,yj)}, =(rij)) Zr“.:l,Zrij:pi,Zru:qj)J:ﬁ:_“&)ctﬁo:@é:%\
I,] ] I

RIFFRESE 1 13 Gt 2 R p(i] ) (Y OBIIO b & To X 044 SR | 550 p(j]i)
(X OBHO b & TOY ORIH EHR) 2HNT, KOk S IRSND,

r=p(ili)a, =p(ili)p 3.1)

Zorx, X EYoxrhre—8§(X),S(Y), ATy FrE=1(X,Y)IX, ThTh, KT

EFEIND,
=—Zpi logp, S(Y ==—Zqj log g (3.2)
r. Iog (3.3)
Z p.qj
=S(X)+S(Y)-S(X®Y) (3.4)

GOV (X, Y)IEX LY ORMOMBZE L THWCIE S AHREZ R TX 5, Fric
/A AYA R
1(X,Y)=S(X)=S(Y)or, =

ij

pi=q.<—>i=j S -
{ . < p(ilj)=p(jli)=56, .5

0 i ]
1(X.Y)=0cr,=pa; < p=p(ili).a=p(jli) (3.6)

(B3.5)1%, X (resp. Y)&EHHTHZ L TY (resp. X)DEREZZRIHETEHZLERLTED,
TOZEHELT, BERMHBEANET S & THRT 5, TICK LT, 8.5, X (resp. Y)%#l
BLTHY (resp. X)DOFERAE S BUFTEARVIRIUIKHE L, Lo T, AT X &Y ORI

ﬁ%kT%?é HEROSETWH 2T, WAL RBEITHIET 5,
T, B3 CTEEINHAMHAET Y b bE— i\éﬁkﬁ@ WZBWTIL, mEKENMLTAS
?:7%6&77?6 EESNAIEREL L TOMmE Ao, \WE (X P)%JU%F (Y Q)?&Hjj?—é

Gkt St (p(J 1)) 2 HEB#HSRITSIGe., Q) = }Ua )L LT, ABRND AR

DIBEFA" & LTE S ZNIT, WEI/FDE~I(,)i&@ﬁﬁ%ﬁiof\ﬂﬁ%#Eﬁ
NFA~OBER A N LGSR (PA") LTRSS,

I(X,Y):Z I IogIOq
- Z. P Iog—( FJ).qu,) P
=, .p(il Z E)(j||ik) T =1(P;A") @D

Thbb, ATy bu =GR 5 HHROMBENT, B0 AN MeE S G5
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IR & Sl Th D LT 2 Z LB TH D, ZOLE, ROEARERBELT S,
0<1(P;A")<min{S(P),S(A"(P))| (3.8)
T, S(P)=S(X),S(A"(P))=S(Y).
KENZIBWN T, Foxid, EROTMERHGO A F— L0 EFRICBNTED LS ITIERE
"o, ARG, DRE.16)% HAIC L TR 5,

4. ETHE - 755
4,1 BFHE  brv—LtETFHEE
HHADHAETY b E—DEFRBI)ICHEL T, EFRICBWVTH UmegakiDMxfT hra &

—[20]% FHWTC, BFR~OILEREZ RO L 9 ICERT 5[4,5],

(P £,)=8(0, ,® p,)

=trd, (log6, —log p, ® p, ) (4.1)

22T o p=¢(1),p,=¢" (1) EROZUH L INAL N EVIRLERTHAESY hoE—
(1, p,) IEBelavkin & OhyalZ & > ThH-x H 7o i3, AIRKITEA SR EOBMEITH Q1% % &
FHAETY b —3(@.1) EFEOEFR T, oS ZICL--Thb 520N TEY, BT
Lo TNA N BTHBOARTE K OER RS Tn5, (Blx X, Cref & Adamil6],
Groisman et al[11], Henderson & Vedral[12], Horodeckies[14], etc.)

ST, (4.DIE, %D X 9 Zvon Neumann = f 2 E'—S§(p)(=-trplog p) OFU iR T 5,

l, (o1, p,)=tr6,(log6, —log p, ® p, )

=trg,(logd, —log p, ® 1 —log 1 ® p, )

=-5(6,)-tr,6,l0g o, ® | —tr,6, log | ® p,

=S(pl)+5(p2)—5(t9¢) (4.2)
4.2)1x, HMROHET Y b r =D REDLFAETHY . LoT 1L(p, p,) bEHRHEO
FABE A& L CHEA T & I HE L O — BRI 2 0B 5 | (o1, p,) I HERICIE
VB DIE D R Z IR T 2, 202 L%, T, WS ODPDEREKHRZ U Z L TNV A L gD
fExY brE—1 (o, p) ZFRHTHZETRTHI S,

B11 : -EREKAE(Product state)-

¢(B)Ep1trsz\ ¢*(A)Ep2tl’p1A = 9¢=p1®,02
L, (P P2)=S(p)+S(p,)-5(6,)=0 (4.3)

22T, @, S(0,)=S(p,)+S(p,) ENRTE S Z LIS, HEHKEOHBIZOTH Y |
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B OEBLE LXIET 5 BARERTH D, £, BB TH2, MR hrE—0ME
m5 1, (o, p,) =0 DREAGZEMEE, 0,=p,®p, THDHZENFED, ZZT, ROLIITH
A DEE 2 B,

EE4  ERURETIRARVARREZAERIRE LIRS, ERUREO AL s | MBIRED 2k %
S\ AINEIZRMBRIEOSIKE s . HEATHEIRREE(T Y X v 7L BRI OBIRIED 21k %
S ERAT 5.

WF, s
b,

ThHdHIEITERELT, ERUELNIE, SHREBOREITIRD K 512K

ec ent
s (h . ®h 2)=spusc=spusscusem (4.4)
MZ:ﬂﬁﬁﬁm%%%Gw%

#(B)=> po(i)tro,(1)B, ¢(A) = pp,(i)tro(i)A = 6,=> pa(i)®p,(i)
::T\QZQZg:TﬂMk%E%EiQ Spa(i) =D pp(i) s, 2oL,
ASYEIRMIBIRIE G, e s 1okt LT, RO RERAHATT 5 [1,4,5],
0<1,(p, p,)<min{S(p,),S(p,)} (4.5)

FEXG5)IT, HMROMAEZ Y h o 2N TERAREXGICKIET D, ZOBEKT, ¥
Sy EIZARBIRAE 1T R L R DM Z A LT\ 5, 2L, EnbEE - T, Ay EIZREE
TR & AR S RS NI E ) iE, BREET D, £/2. (45, 7A%@m%
WEEOMHELZMTH- T, +RRMELIERLR, Thbb, @hE-d= % 7L RIRKE
WIFET D, 2 2°C, AEIZRFABREDOH T, RO XD ki s/ 7 A%Z 2 THEL I,

ms A4 e A B R
(B)= Zp.| e l(f B, ¢(B)=2 | f)(fi[(e. Ae) = 6,=2 pile)(e[®|f)(f]

zoo e {fi}E b Lh olgEETHY . p =) ple)e] o =2 b )| TH 5.
L, (21 p2)=S(p)+S(p,)-S(6,)=S(p.) (4.6)

@61ES(p)=5(p,)=5(6,)=—2_plogp, Tt 5 = LICW 5. @O)E, HIFRDTERAHIB
ERORRAGHICKIET 5, WEL h  =h ,. pp,=p,p & THIE. i 3ILHIABH DR

MWERHTHY . LoT, UOBFHELTVD DX, FHRFAOHBEZOLDOTHD,
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B4 ;. Hife & 7L NiREE-

#(B)=2 A4dle)(e;|(f;. B ). ¢ (B)= 24| f)(f;|(e;. Ae)
= 6,= 2 A4 e) (g |8 f)(f;]=|@) (@]

2z 4eC YAl =L=Y 26 ®f Th. p=> |A[|e)el] o =D AL F)(f] &7

I¢(p1,p2)=S(p1)+S(p2)—S(<9¢)=ZS(p1) (4.7

@i, S(p)=S(p,)=-2 |A[ Tog|4| . $(6,) =0T s = izl B, @DRD BB E
HIC, BRET Y 2 v 7L RRIEORE =Y bre— 1 (py, p,) &, A THETY b o E—3
7T & AR ER(B.Q) 22 L TWARY, ZOEKRICBWT, fifo % 7 Fikfgidd
RIS NRVERVIBEZ T LT D 525, (o, p,)IcB 0T BARERS ALY
BN E N D ST RO EFED S | g-entanglement D455tk 2 52 5 Z & Ny B (8],

TEHE 4 pee,=0<1,(p, p,)<min{S(p),S(p,)} (4.8)

L, (P ) >min{S(p,),S(p,)| = dee, (4.9)
WiE, —fRICERNZ L7220,

U ED4ASDBICAOWTOMET Y bre—1 (o, p,) DEREREZD L 1, (p, p) 1 E "
ORETHYRMAAET DHBIOEA VW EZFRT HIFEO—>L LT, ZOMREEEZALTND
LR DD, BAREXE M TAEREBICBNTH, LTy brE—1 (p, p,) Bt
THLOE, HRRAD LI RMOMBIZE L THWNIIA S A HRE L MRT 5 2 L1t
LV, T DL,

B1 1, (o, pp) BEHET 2HBE L0 XS TINS5 2 LR TE D159 12

LIAT, HMAOHET Y bre— (XY )iE, BEEA ZRLERRI (P A )ICAR
THZEBTERER (o, ) ICHLTIEES THA I 0?2

Vs (h ) ZALROREOES, s (h ) ZIMAROREOHESE Ltk &, QCPOT %
VT, s (h ) 2bs (h o) ~EFF v o RV ALZRO L S IR TS %,

o :A;(pm)strl(pi? ® | )n(pi% ® I):trﬂ” es (h,) (4.10)

HHZRICEB W T, ST EHRS A ZBER EMTAZ LY, @10ICBIT D 1%, FxldE1F
Y URIWVEBE LIS, (Z0m4 ik, V.P.VelavkinZfZ OfEfIc L 5, )
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(410)%, oI Ay P OEHIREE O, 05 REIICHEMT 2 &, 1, (p, p,) IFRO X
WCEESTHZENTED,
|, (o1, p,)=tr6, (log 6, —log p, ® p, )
_tr( 2 ® ) ¢(p1%®|)(|og(p1%®l)7z( %@ ) log A} (p )) (4.11)
=1,(p:45)

22T A(p)=tO,=p, THY AjETUE U TNAL DFDOI LB TVAY b T
FN IS, @IDOFRE, FBRWITIE, HHMELEY e 0@ DITHIET 528, #l4TH
RUIE ST, (o A ) BERRER B SR — ARFET DT, U F TN A
B F v U HRA AL RS LT o 0D py IARE S W L R 2 2 L LT E ARV, TR T

2 =22 A0 b Fr 2L 20 LTRE SO IFHEIL, E0 X 5 IZRHii ¢

HTHAHIIN?
M1, 23 282%2, REITTEET S,

4.2 Ohya#HETY hrt—% AW, (p, p,) DoR

TUHLTNALL TRV AGE BTRDPLBETRAOF v XAVELT, q-qF v Rk
) & H7e B 03, Ohyald, q-qF ¥ » RV A TR LT, BARGEX AT R IHEZ b
— (LR, OMAET hrbE—LIES, ) ZEALR17,18], AJJIREE p, . qqF ¥ RV AT
ALT, OfE=Y b=l (p, (A")ik, kTHEZBNB8].

IO(/%n:/\t)E S{p}{s(ék’/anD/\ /zn ) /an EEZJ’E } (4'12)

Zz¢, S(O0)iE, Umegakiofisf=y hu— E={E} L. p, PEAE A ICKHIET 21K
TEORENERHKZE, 0htle, p, =) AE)THY . p, PEAFIC -S> THHIEL TS LD
B, p, PEEESHE 525 E={E} ORby HiFz-EILZRoP, LoT, (412 TH
MRy brE—0supk 525 E={E}| CHETY hr ' —&EHLTND, 72, O 1. qq
Fx RV EN LT, AJPREEE HIPIREEOFBI 4 KB T 2 A5 H0RE & LT, Ohyal L Vi
ASHIARIRECL T, O-ARCIREE & IS, )T, &@io’*iéﬂéhﬂ
O =Y AE ®A"( (4.13)
lo (P 1 A7) 1E R TR p, fa%&ii)\i%’—?ﬂ?/%/vﬁ%ﬁbT\Hjjjﬂdiﬁépout=A*(pin)
ICENTETEMIEESNDINEHETDHEIEL AT T LR T, EE. 2 AET - |k
1 B —OEAREX A2 L v b (18],
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=

EH5 OSIo(pm:A*)Smin{S(pin),S(A*(pin))} (4.14)

OMAEZ ha b —%2T BT A k. 7‘ﬂ¢/7~/1/A T A, A I LT E s

L%%ﬁabe%U\iof\@ﬁﬁbf%ét%x%ﬂé\A¢%ﬁbfmkéﬂ6%$%
CLTOMEEZEETELLETIHIDIIEARTHA I,

T TNAY DG OAERIEG, BT gy =p=6(1), pau =Dy (P) =P =¢"(1)
ThY . O-AHCREE G I3, plo>1/)/<7|:0>§7‘ CERSFA~OE AR p, =Y AE (3L T,
0! =Y AE ®A;(E) (4.15)
LRED, VE, AL OOMETY bu E—ERO K5 ICERT 5,
l¢(p1,pz)5|o(pliA¢)=ES_l?£}{ (62, p,®p,); =Y AE] (4.16)

Iy (P p,) 1. AR L7291, AN LTERSHAIREL TRTE 520, Zhit, 6,0
ZODOREREOM OMBINIYE L TRESNDIHIREE OB FETHH . ZOEKT,
|¢T(,01, p,) % 0, AT DAREAHIRI(T-correlation) & FER, Z O, ROEFAHLT 5 [10],

&l

#6 L (o0 2,) =13 (o0 22)+1; (21 2,) (4.17)
-G,

(Y

15 (Pt p,)= Jnf {S(6,,02); = L AE (4.19)
17 (p1, p,) 12, ARIREE 6, & O-BHCRIE OF & D7E(or BERE) & AR% = > b 1 & — D B0k TRkl 3
5ZET N (o, pp) BEHELARWARAROHBZ R LTS LRTE 5, HHME= b
R L(X,Y) =1 (PIA") LT 5 20 12(p0 p,) > O E MBI L 525, Ko
T 17 (o py) &LV & AT ETHBQ correlation) & FERZ LICL LD, L, ZOF—3
VTN E DN EEET B, EWIDIEL | (pp,) bELETAMBEEEZLNS
METHD, T F L TNAL R Fx o A &M RRABICS T 2 F ¥ v AL LB D
ZEIEFERARTHA I L, WHPRHBEEZ AL T RNnTF vy XLl L TRESN D REE
HHFEBIIC ST 2 & B2 5 2 L b ERAAKRTH S, VTHIZLTH, @IDEY, EFHET
vhre—1,(p, pp)lE O-BHRIEZ N LT, QMBI (o, p,) ETHIBL (o, p,) D DD
A FOMBICHREND Z LR35,

wic, 13 (oo py) =0, D2 RE S, £ ROMEIMALT B,



Soryushiron Kenkyu

wWEL S(0,,6{)=0<0,=0
HREE p,oes IZx LT, ROREXD AT 5 [13],

lo-ol<\25(p. )

ZORERNE . WEOMENRTT S 2 LIS, B

SERH - %I,

ML LD RORNDELITEIND,

H1 ¢€Sent:>|¢?(p11p2)>0

KoT, =& 70 RREEIE, QHEBEZFEIZET S L0V BERIZBWT, FEd AR %2 £

OWREELE ) T LR S,
T, MELN G, AEIRREEICB W TQFIBEN0IC 72 5 1TiE, B RUIRERO-GHUIREEICE X

HAEDZENNES LD, a5 EIREEIX, —&%ICiX, O-AiRRBIcExE T Z LT
RN, T E . ROTEHEMNASLT S [10],

EBT 0,=Y pp(i)®p, (i) 10k LCRAEL, EEOI, j Ik LT,

12 (o0 2,) =05 pp; = pip, (4.19)

EHTING , AR EBR T 2SO ST & bICa#RGaE(r—2AD)0, EB O a[#ar g
A —ADIZTBWTDH, QFEIBNIHEELE L., ROEXNKLT D,

|¢(p1'p2): I;—(pl’pZ) (4.20)

=2 1, HRROREMERL VA BOT, @200 1(X,Y)=1(P:A") L%ficH s, 7
— A 20, HI-RTARREAAT I EAHBRT, A, BERREEZRLD L EDRAT—
DHIET Do —ROBTFRICBOTE, ATERARKETH-TH, BFALTY b —
L, (o, pp) BEHET BHIBICIE, QHBENEEND Z LI 5, ZOBEKRICENT, A%k
AL IEH MR EZ A LTV D L) Z LKL 9,

AR ARLT Y bu E—OBE b BRI OV TERET o 7223, 1Tl ~7z & ) ic,
Mz Ff> TRFHELIFEEDON? | LIV ~OE X, HEEOEANDLDERNPLETH
0. BIZIE, EEeS, TORRE, BEEHSHEOSIRTH LD 2 &7 LI, R o B &

WLIZATHKH L Z DX IITEZD,
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Abstract

We introduce a new noise P’(u,)), with a space parameter u and
the intensity A, noting that the characteristic of Poisson type process
depends on the intensity. A new noise P’(u, \) is different with the time
derivative P(t) of Poisson process P(t). In this paper, the invariance of the
intensity A under the transformations : dilation and reflection is discussed.
In addition, it is interesting to see how the intensity changes when the
exponent of a stable process changes to its reciprocal.

1 Introduction

A noise is a system of idealized elemental random variables which is a
system of idealized (or generalized), independent, identically distributed
(i.i.d) random variables parametrized by an ordered set.

If the parameter set is discrete, say Z, then we simply have i.i.d. ran-
dom variables {X,,n € Z}, which can be easily dealt with. While the
parameter set is continuous, say R', then we have to be careful with the
definition and analysis of functionals of the noise.

In this paper, we shall discuss possible noises and give a classification
of them.

‘We consider only noises depending on the continuous parameter. They
are classified by the type. It is noted that two noises are said to be the
same type if and only if the probability distributions are the same type.

1. Two classes of noise

We classify the well-known noises according to the choice of parameter.
A noise usually consists of continuously many idealized random variables,
and they are parametrized by an ordered set. There are time dependent
noises and space dependent noises.
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a) Time dependent noises

They are (Gaussian) White Noise B(t) and Poisson Noise P(t), which
are well known.

b) Space dependent noise

It is P'(u),u > 0, which is the system what we are going to discuss in
this paper.

2 The birth of noises

We wish to find possible noises by approximation under reasonable as-
sumptions. We take unit interval I as a representative of continuous
parameter set. Approximation should be uniform in u € I, and the ideal-
ized variables should be i.i.d, so is for the approximating variables. There
are two cases that one is that approximating variables are having a finite
variance, and another one is that they are atomic.

Consider a linear parameter. To fix the idea we take the unit interval
I =[0,1]. Let A™ = {A7,1 < j < 2"} be the partition of I. To fix
the idea, we assume that |A7| = 27", Associate a random variable X7}
to each subinterval A}. Assume that {X}'} are independent identically
distributed (i.i.d.).
Case I. Assume that {X]'} has mean 0 and finite variance v. Let n be
large. Then, we can appeal to the central limit theorem to have a standard
Gaussian distribution N(0, 1) as the limit of the distribution of

Sn = 721 X7 .
V27
If we take subinterval [a,b] of I, then the same trick gives us a Gaussian
distribution N (0, b—a), which is, for the later purpose, denoted by N (a,b).
The family
N ={N(a,b);0 <a,b<1}
forms a consistent system of distributions, so that the family A/ defines a
stochastic process. In reality it is a Brownian motion B(t),t € [0, 1].
Case II. Let X' be subject to a simple probability distribution such
that
P(X} = 1) = pa, P(X} =0) =1 pa.
Let p, be smaller as n is getting larger keeping the relation
271pn = )\a

for some positive constant A > 0. Then, by the law of small probabili-
ties of Poisson (this term comes from Lévy[?]) we are given the Poisson
distribution P(\) with intensity A.

Take a sub-interval [a, b] of I. As in the case I, we can define a Poisson
distribution with intensity (b—a)A, denoted by P([a, b], A). We, therefore,
have a consistent family of Poisson distributions P = {P([a, b], ) }. Hence
‘P determines a Poisson process with intensity A.

Here are important notes.
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1) We have a freedom to choose the constant A whatever we wish, so
far as it is positive.

2) The positive constant A is the expectation of a random variable
P(\) = P(]0,1], A). It can be viewed as scale or space variable.

We now understand that a noise, which is taken to be a realization
of the randomness due to reduction, can be eventually created as a space
variable.

Case III. Next step of our study is concerned with a general new noise
depending on a space parameter. Keep random variables X;' as above
and divide the sum S,, into partial sums :

J

where
kjt1
S) = E X7,
kj+1
with

l=ko<hki<ke<- <km=2"
We assume that kj1 — k; — oo as n — oo for every j and that each
kji1—k;
27].

A .
L converges to =L, respectively.

ratio 5

Theorem 2.1 Let S,, S} and \ be as above. Let P()\;),1 < j < m be
mutually independent Poisson random variables with intensity \;, respec-
tively. Then,

i) Sn and S% converges to P()\) and P(\;) in law, respectively.

it) P(\;) is a realization, in terms of distribution, of the limit (in law)
of the Si. Let the u;’s be linearly independent real numbers over
Z, and let P =37, u; P(X;). Then, if we know the values of P, we
can determine the values of each P(X\;) which can be approzimated
in law by SJ.

Proof. It is easy by observing the characteristic functions @l (2) and p(z,)
of S}, and S,, respectively. The evaluation gives

Ao = (14 2 e - ) M
and

on(2) = E (1 + 7(14;#1/\]; ) (e — 1)) " (2)

Thus, 7 (2) tends to i€ =1) which is the characteristic function
of P(X;) and ¢(z,) tends to

SD(Z) _ H e/\j(e’izfl)7 (3)
j=1
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which is the characteristic function of P()).
This proves the assertion.

Corollary 2.1 The characteristic function ¢(z) of P given by the above
theorem is expressed in the form

_ oS k(iR —1)

v(z)

Before we come to the next topic, we pause to see the following facts.
(The type of probability distributions)

Definition 1 If X and c¢X,c > 0 are having the same probability distri-
butions then their distributions are called the same type of distribution.

All the Gaussian distributions are the same type (the exceptional
Gaussian variable is excluded. It is just excluded in Case I).

On the other hand, Poisson type distributions with different intensities
are not the same type. This can be proved by the formula of characteristic
function. Poisson type distribution means a distribution of uP(X) + ¢, ¢
may be ignored. Namely, we can compare two characteristicn functions :

(Pl(z) — €A1<Ei271)7

pa(z) = TN

These two functions of z can not be exchanged by any affine transfor-
mation of z if A\ # Aq.

We can say that, concerning the Poisson type,

1) We have a freedom to choose intensity arbitrary. Hence we can form,
by the sum of i.i.d.random variables, continuously many Poisson type
random variables with different type.

2) The intensity is a parameter, different from the time parameter, to
be remarkable. The intensity is viewed as a space parameter. The
above construction shows that it is additive in .

3) Multiplication by a constant to Poisson type variable keeps the type.
The constant, however, can play the role of a label. So, take a
constant u = u(A) as a label of the intensity A. The function u(\)
is therefore univalent. In view of this fact, we can form an inverse
function A = A(u) which is to be monotone.

With the remark made above, we change our eyes towards multi-
dimensional view. We consider a vector consisting independent com-
ponenets

P(A) = (P(A1), P(A2), -+, P(An))
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and its characteristic function

n —_—
p(z) = [L M,

k=1
where z = (zi).

We now wish to identify every component P()\), so that we give a
label to each P(Ay), say different real number uj. Now let us have passage

from digital {k} to real u > 0. The characteristic function ¢(z) turns into
a a functional of £ in some function space E, expressed in the form

C(€) = exp| / () (€€ — 1)du).

What we have done is that starting from a higher dimensional character-
istic function of Poisson type distribution, we have its limit C(§).

‘We now claim

Theorem 2.2 Let E be a nuclear space which is a dense subspace of
L?([0,00)). Then, C(&) obtained above is a characteristic functional of a
generalized stochastic process with parameter set [0, 00).

The proof comes from the monograph|[?] chap. III, §4.

3 A noise of new type

We have found a new noise which we shall call the new noise. It is, of
course, in line with the study of random functions using i.e.r.v.’s.

The idea is to choose another kind of parameter, say space variable,
instead of time. Motivation comes from the decomposition of a compound
Poisson process .

By discussions in the previous section lead us to consider a functional
CF(¢), where the variable & runs through a certain nuclear space E C
C*°((0,00)), say isomorphic to the Schwartz space S;

CP(€) = exp [ [ @~ Dawad. (4)

where R = (0, c0) and where dn(u) is a measure on (0, c0) to be specified.

We assume that dn(u) = A(u)du with A(u) positive almost everywhere

and —£ A(u) is integrable.

_u-
1+u?2

Theorem 3.1 Under these assumptions, the functional CP(§) is a char-
acteristic functional. That is

i) CF (&) is continuous in &, with a suitable choice of a nuclear space
E.

i) CT(0) = 1.
i) CT(€) is positive definite.
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Applying the Bochner-Minlos theorem, we can see that there exists a
probability measure v* on E* such that

cfe) = / ) e (). (5)

We introduce a notation P’'(u, A(u)) or write it simply P’(u). We under-
stand that v"-almost all z € E*,z = x(u),u € R' is a sample function of
a generalized stochastic process P’(u),u € R*.

Theorem 3.2 The {P’(u),u € R"} defines a system of i.e.r.v., that is a
noise.

Proof. Suppose &1 and & have disjoint support; let them be denoted by
A1 and As. Then, the integral in the expression (4) can be expressed as
a sum

etu€(u) _ n(u ete(w) _ n(u).
/Al< 1)d<>+/< 1)dn(u)

Ag

This proves the equality
CP(&1+ &) = CT(&)CT (&)

This shows that P’(u) has independent value at every point u. Also follow
the atomic property and others.

The bilinear form (P’ ), € € E is a random variable with mean

/ ué(u)A(u)du.

It is, of course, not permitted to put & = §(uo) to say E(P'(uo)) =
Uo)\(UQ).

The variance of (P’ ¢) is
/u2§(u)2)\(u)du.

Hence (P’, ¢) extends to (P’, f) under the condition uf(u) € L*((0,00), A(u)du).

If uf(u) and ug(u) are orthogonal in L?(\(u)du), then (P’, f) and
(P', g) are uncorrelated. Thus, we can form a random measure and hence,
we can define the space H1(P) like H; in the case of Gaussian white noise.
The space H1(P) can also be extended to a space ’HYI) (P) of generalized
linear functionals of P’(u)’s. Note that there we can give an identity to
P’ (u) for any u.

Our conclusion is that single noise P’ (u) with the parameter u can be
found in H{"V(P).

Remark 3.1 The case where the parameter u runs through the negative
interval (—oo,0) can be discussed in the similar manner. It is, however,
noted that the single point mass at u = 0 is omitted.
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We now focus our attention to the intensity A(u). There is an obvious
assertion.

Remark 3.2 Let X () be subject to a Poisson distribution with intensity
A. Then the probability distribution of X (\) and uX(\),u > 0 are the
same type, while X (\) and X (') have distribution of different type.

Proof comes from the formulas of characteristic functions.

We now come to next topic. Since u is supposed to be the space
variable running through R, it is natural to consider the dilation of u

u — au,

in place of the shift in the time parameter case, t € R.

The P’(u) is said to be self-similar if for any o > 0 there exists d(a)
such that
P'(au) ~ d(a)P'(u),

where ~ means the same distribution.

Theorem 3.3 If P'(u) is self similar, then

c
AMu) = uita’

where ¢ is a positive constant and 0 < o < 1.
The above case corresponds to the stable noise and « is the exponent
of the noise.

Since we exclude u = 0, and since we may restrict our attention to the
positive parameter set, i.e. (0,00). We now consider the one-parameter
group

G={g:,te Rl}

of dilations, where
gt iu — gtu:e“tu, a> 0.

There, we have
gtds = Jt+s-

Remark 3.3 1) We can claim the same result for the case 1 < o < 2 by
a slight modification of the characteristic functional.

2) The group G characterizes the class of the stable noises. More details
shall be discussed in the forthcoming paper.
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4 Invariance

Like white noise, we can see invariance with respect to dilation and re-
flection here too.

1) Isotropic dilation

Since the parameter u runs through R, the dilation is the basic trans-
formation.

Let

G = {ga, gau = au}.
There, we have
9agb = Ga+b,

so G is the group of dilations.

Remark 4.1 The group G characterizes the class of the stable noises.

2) Reflection with respect to the unit sphere S*

Consider the reflection
u— —,
U
then
M) = A =
u = o ) =ut
The following (modified) reflection changes the intensity for a stable pro-
cess as follows :
1 1 1 1
That is, when « changes to 1 — «, the range of o changes as

0<a<l +— 1>1—a>0.

Theorem 4.1 The family {P,(\,u),0 < a < 1} is invariant under the

reflection
1 1
Au) = AC) 5,

where a — 1 — a.

3) Reciprocal transformation of exponent

We first discuss the motivation of discussing this transformation. That
is the inverse transform of Brownian motion. Let

B(t) : Brownian motion
M (t) : maximum of Brownian motion

T(y) : inverse of M (t)

B(t) — M(t) — T(y)
Then, the exponent « of B(t) is 2 and the exponent a of T'(y) is 1.
That is,  changes to i
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Proposition 4.1 By changing the exponent o of a new noise to its re-
ciprocal é, then the corresponding intensity is

Proof Change a to < then the intensity changes Ao to Ax.

Then we have

1 1 1 1
Aa(u) = sy — )\é(u) = peeY = (TQH)Q
Thus, we have
1
As (1) = (ha(u))

We now generalize this mapping o — é where « is the exponent of
stable distribution.

Let X (t) be a stable process with exponent a and T'(y) be the inverse
function of M, (t) = maxs<:Xa($).

Theorem 4.2 The probability distribution of y~*T(y) is independent of
Y.

Proof is given by Lévy(1939).
The above theorem gives y~ “T'(y) and T'(1) has the same distribution.
The characteristic function of T'(1) is
p(z) = B(e™TM) = "),
On the other hand, the characteristic function of y~*T'(y) is
E(eiZy’aT(y)) _ e11)(47"‘)@/7

since T'(y) is a Lévy process. Thus, we have

U(z) =P(zy” ")y
Letting z = y“,

That is,

In other words
p(z) = e
Hence we have a stable process Ta(y) of exponent L.

Theorem 4.3 Let Xo be a stable process with exponent o and T(y) be
the inverse function of Ma(t) = mazs<iXa(s). Then, T(y) is the stable
process with exponent é
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We say that o stable distribution and é stable distribution are «

conjugate.

Remark 4.2 Cauchy distribution is self conjugate. Intensity does not
change for every label.
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Quasi-stability: revealing qualitatively the super-magic numbers common
to subatomic, biological, and cosmic systems
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Abstract. The present report presents a starting point for hyper-interdisciplinary mechanics, which
synthetically reveals masses and sizes as well as frequencies of various particles of quarks, leptons,
hadrons, atoms, biological molecules, liquid droplets of fossil fuel and water, living cells, biological
organs, and stars. This is possible because each flexible particle is commonly generated by a mode in
which a larger particle breaks up into two smaller ones through a gourd shape (fracton) with two lumps
rather than superstrings and spheres. These masses, sizes, and frequencies dominated by the super-magic
numbers, including those between the golden and yamato ratios in fractal nature, can be derived by a
quasi-stability principle defined between absolute instability and neutral stability. An important point is
that this quasi-stability principle, which reveals mysteries heretofore unsolved, is applied as a momentum
conservation law, while the analytical results obtained with this principle are also consistent with the

variational methods traditionally applied as an energy conservation law.
Key Words: quasi-stability, quark, lepton, hadron, biological, cosmic, interdisciplinary.

1. Introduction
First, let us consider a spatial aspect related to the golden, silver, and yamato ratios. A neutron impacting
uranium 235 produces smaller child atoms that often have an asymmetric weight ratio of about 2:3
between the golden and silver ratios. In contrast, varying the impact speed of neutrons results in a nearly
symmetric division of uranium 235, which has the yamato ratio of 1:1. [1] Purines and pyrimidines in
biological pairs of hydrated nitrogenous bases, biological cells after divisions, liquid droplets, and stars in
the cosmos also have a fusion of symmetry of 1:1 and asymmetry of around 2:3. [2, 3] There are also
mesons with “two” quarks and baryons with “three”. [4]

These ratios could not be revealed by the dissipation theory of Prigogine [5].

The physics underlying the fractal features must be revealed. A physical model we developed previously
based on fluid dynamics and extended by a new stability principle has revealed the reason for the fusion
of symmetry of 1:1 and asymmetry of around 2:3 in the fractals found in nature. [2, 3] Our previous

studies [2, 3] also offered a hypothesis (and prediction) that this fusion of symmetry and asymmetry is in
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the brain system as well. Later, some experimental investigations done by other people verified our
hypothesis and prediction [6]. This provides more evidence for the effectiveness of the model.

It can also be said that this fusion of symmetry and asymmetry appears in various systems from atoms to
stars because each system is commonly related to a “breakup of flexible particles deformed”. [2, 3, 7-10]

A higher order of analysis clarifies the reason why size ratios over 2.0, the magic numbers, are also seen
in the number ratios of other biological molecules such as amino acids as well as liquid droplets [7-10]
and in the ratios of neutrons and protons in the halo structures such as H10 and M32 [11].

In this report, we mainly reveal the mysteries related to subatomic systems more intensively and
extensively: specifically, masses and sizes, and frequencies of various particles for quarks, leptons, and
hadrons. The relative forces between particles such as atoms, hadrons, quarks, and leptons at the
rate-determining timing of breakups are also revealed in the present report.

The proposed theory describing gourd shapes (fractons) of particle pairs only at rate-determining and
transient stages posits a starting point of new hyper-interdisciplinary physics that explains a very wide
range of scales, while each of the Newton, Schrodinger, and Boltzmann equations [12, 13] and

superstring theories describes only a narrow range of scales.

2. Quasi-stability and indeterminacy
2.1 Quasi-stability principle [3, 7-10]

Natural systems are essentially discontinuous in three-dimensional space, but relatively continuous in
time because from the subatomic to the cosmic scale they consist of particles such as quarks and hadrons,
atoms, molecules, fluid particles, cells, and stars. Accordingly, various natural processes for non-living
and living systems can approximately be described by the following momentum equation systems:

g™ (n)

0
at™ Yi(t):; fij(yi’yj)+¢i Ormyi(t’xk)zgfij(yi9yj)+¢i

(1

here Yis X, ., fij ;and g,

w denote physical quantities of particles such as their velocity, deformation

rate, deformation speed, density, and pressure, spatial coordinates, time, order of derivative, function of

y; and y;

, and random disturbance related to indeterminacy (statistical indeterminacy) coming from the

small number of particles, respectively. [3, 7-10]

Quasi-stability is defined as a principle in which one part (one term) on the right-hand side of Eq. 1 is
zero, when disturbance of % enters the system. When at least one of the various terms of i or j for Tij
is zero, the system is also quasi-stable against the disturbance. Quasi-stability as it is used here lies

between neutral stability and an absolutely unstable condition. This quasi-stability is different from
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meta-stability denoted in thermo-physics because it is also weaker than the meta-stability for energy
conservation.

The first example of evidence for quasi-stability is in the population model on the evolutionary process
[14]. The population model shows that only one variable undergoes no change at the time of a drastic
phase transition. The second example is the model of six molecular groups as the standard clock for
various stages of living systems [10, 15, 16], which often demonstrates no change for one group. The
third example is that the elimination of only one term among various numerical errors in a finite
difference equation derived with the Taylor series yields an approximate solution for a physical
phenomenon such as the transition to turbulence [17, 18].

2.2 Indeterminacy: statistical indeterminacy and quantum indeterminacy

There are two types of indeterminacies, i.e., those appearing in quantum mechanics related to Kennard’s
consideration [19, 20] and those in statistical mechanics related to the Liouville equation [12]. The
discontinuity of particles essentially leads to statistical indeterminacy for several stages of phenomena
from subatomic to cosmic, whereas very small particles such as electron particles described by the
Schrodinger and Klein-Gordon equations [13] have the other type of indeterminacy indicated by
quantum mechanics (quantum indeterminacy).

An important point is that the level of statistical indeterminacys, i.e., degree of variation, varies according
to the window scales used for averaging (stochastic determinism window) and the number of particles
involved. Statistical mechanics based on the Liouville and Boltzmann equations [12] tells us that a very
large window for averaging the aggregation of a huge number of particles results in deterministic
continuum mechanics, whereas a small window for a small number of particles leads to a stochastic
differential equation. [8, 10, 18] When a small window is used for averaging, physical quantities such as
mass, size, and velocity are defined with indeterminacys, i.e., vagueness.

Baryons and mesons are constructed of only three and two quarks, respectively. There are only two
electrons inside the smallest orbit around an atom. The number of carbon, oxygen, and nitrogen particles
inside a nitrogenous base is not enough for a continuum, even if the nitrogenous base is hydrated, because
of the order of ten or one hundred. These small numbers of particles will lead to statistical indeterminacy
in the governing equations, even in cases where the indeterminacy in quantum mechanics does not work.
On the other hand, a biological cell or a liquid droplet of over one millimeter in size includes a lot of
molecular particles that result in deterministic governing equations. The most important point is that a

system of only one particle is also deterministic, although such systems are of an infinitely small number.

3. Model [2, 8, 10]

Basically, we define a parcel as a flexible liquid-like spheroid having two long and short radii

a(t) and b(t) dependent on time t, for a lepton, a quark, a hadron, a neutron, a proton, an aggregation of

some quarks, leptons, and hadrons generated by a high energy experiment, an aggregation of neutrons and

protons in each child atom resulting from the fission of a mother atom such as a uranium 235 atom, a
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nitrogenous base in biological base pairs of nucleic acids hydrated with a lot of water molecules, a
hydrated amino acid hydrated, a biological macromolecule such as protein and RNA hydrated, a
biological cell just before division, and a star at breakup in the cosmos. The parcel becomes a sphere of
the radius r,(=[ab’]"’) under an equilibrium condition. The deformation rate y(t) is defined
asa(t)/b(t), while a sphere without deformation correspondstoy =1.

Then, we consider the form of two spheroid parcels connected in a line at the time of the breakup
processes of quarks, leptons, hadrons, and atoms such as uranium 235, at the replication stage of a
biological base pair, at cell division, and at the division of a star. This is because subatomic particles,
atoms, nitrogenous bases, cells, and stars will commonly have the shape of a gourd with two kinks at the
later stage of breakup or at the first stage of coalescence, i.e., a fracton.

Existing experimental data on breakup processes of liquid droplets of water and oil and biological cells
show spheroid and gourd shapes at the time of breakup or in the later stage of breakup, which is the
rate-determining stage. This also leads to a possibility that, for several levels of parcel breakups from
subatomic to cosmic ones, the parcels will take an approximately spheroid shape at the later stage after
deformation.

We also assume that the convection flow inside the parcels is irrotational and also that the interfacial
force is evaluated in the form of & /r™ where m and o are constants and r is the curvature of the
parcel surface. Several types of forces such as nuclear force, van der Waals force, surface tension,
coulomb force, and gravity can be explained by varying m.

Then, we derive a statistic fluid-dynamic theory for describing the deformation and motions of the two
connected spheroid parcels having two radii of ry, andr,, under equilibrium conditions and two

deformation rates of 4, [k =1,2], while the size ratio of the two parcels is defined by &=r,,/ry,. [2, 3,

10]
We then define the deviation from a sphere as Y;, which is equal toy, —1. Taking the first order of

approximation in the Taylor series for the governing equation leads to

2

2

. dy,

=[_§(3—g3—252+m)(%J +33—&%)my, —4g"" ?y’ +126""my, 1/[3(s* +1)]
i i

dZYi
di.’?

+0 st, Q)

where the parameter O 't denotes random fluctuation coming from the statistical indeterminacy. It
should strongly be stressed that the indeterminacy caused by the small number of sub-particles inside a
parcel implies a slightly indeterminant (vague) parcel shape, which is somewhat different from that of a
spheroid. Thus, the present theory based on Eq. 2 also explains breakup processes of various shapes of

parcels. [See Refs. 3 and 10 on the details of the derivation.]
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4. Size (representative length) revealed by the first order of analysis for m =1

Equation 2 shows that a symmetric ratio of 1.0 (& =1) makes the first term on the right-hand side of the

equation zero, while an asymmetric ratio of 3\/§ around 1.5 makes the second term zero for each value of

m. The size ratios of 1.00 (& =1) and approximately 1.50 (83 =3) can be described by the unified number
of the n-th root of n.

As shown above, we define a system as being quasi-stable when only one term on the right-hand side of
the differential equation system governing the phenomenon is zero. Thus, the system of two connected
parcels shown above is relatively quasi-stable because d*x/dt* becomes smaller when the size ratio of
connected parcels takes the values of & =1 or & =3.

Quasi-stability is weaker than neutral stability. [3, 7-10] The concept of quasi-stability is necessary for
living beings because stronger stability cannot bring variations, i.e., adaption to environmental change
and evolution. This quasi-stability is also possible for nonliving systems such as atoms because atomic
systems also vary over time.

Let us look at biological systems containing water flows. We can classify the five bases of adenines (A),
guanines (G), cytosines (C), thymines (T), and uracils (U) into two groups: purines and pyrimidines.
Purines, i.e., A and G, have a relatively large size, while pyrimidines, i.e., C, T, and U, are small. This
grouping specifically refers to the asymmetric size ratio of purines and pyrimidines of around 1.50 in their
hydrogen bonds within DNA and RNA, although a symmetric size ratio of 1.00 is often observed in RNA.
[3, 7, 8] These ratios correspond to the quasi-stable ones derived from Eq. 2. Symmetric and asymmetric
size ratios are also observed at the cell level of microorganisms such as yeast. [2, 3]

These size ratios of 1:1 and about 1:1.5 also correspond to those of child atoms generated by the breakup
of uranium 235. This means that the probabilities of the size ratios of 1:1 and about 2:3 are relatively

high.
The quasi-stable ratios of 1: Q/ﬁ for n=1 and 3 appear for each M (see Eq. 2). This universality also

leads to the possibility that the present model can be applied to several levels of parcels from baryons to
stars in the cosmos [2, 3, 7-10, 24-26]: specifically, at the level of nuclear force, coulomb force, van der
Waals force, surface tension, and force of gravity. [It is stressed that a weight ratio of about 2:3 is also
observed in dark matter [24-26].]

As Eq. 2 shows a slightly vague solution for the phenomenon, this indeterminacy also implies that size
variations of & are possible in a limited range. This indeterminacy permits the possibility of sizes
around 1:1 and also around 1: 3\/5 , 1.e., between 1:1 and about 2:3, although 1:1 and about 2:3 are more
numerous.

Let us consider the reason why the energy conservation law and variational principle such as the Bohr

model and some extensions [4] do not explain the fusion of symmetry of 1:1 and asymmetry of around
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2:3 in size and density (number density). The reason is that previous models based on energy
conservation have tended to eliminate the relative motion between parcels, whereas the momentum
conservation in Eq. 2 models all of the relative motion between two parcels, nonlinear convections inside
the parcels, interfacial forces at the parcel surfaces, and collisions with smaller molecules. A second
reason is that the quasi-stability principle was adopted instead of the variational principle.

Another important point is that natural systems should be explained in terms of four conservation
concepts regarding mass, momentum, moment, and energy, as is seen in thermo-fluid dynamics.
Conserved quantities are not limited to energy. Thus, the present new explanation for two-particle
systems is also necessary. Additionally, the following section shows the importance of the mass

conservation law as well.

5. Number ratio

Here, let us examine the reason why larger atoms have larger number ratios close to 2:3 for protons and
neutrons.

The first and second terms on the right-hand side of Eq. 2 show that symmetric ( & =1) and asymmetric
(5‘3 =3) parcel divisions are more stable for disturbances of motion (dx/dt) and parcel deformation x,
respectively (Fig. 1).

Let us separate baryon aggregation into two parts: the internal side around the center of the aggregation
and the external side close to the surface. External baryons close to the surface move relatively easily
because one part of these baryons is free without any connection to other baryons. However, internal
baryons often receive forces from many directions due to the presence of other ones, making it relatively
difficult for them to move relative to the origin on the earth. Thus, inner baryons deform relatively easily
without any translational motion of the gravity center. As a result, the inner or outer positions of baryons
determine whether they are asymmetric or symmetric, respectively. [7, 8, 10] An important point is that
the concept of inner asymmetry and outer symmetry can be seen here.

Larger aggregations of parcels such as thorium (Th), which contains more baryons than helium (He),
have more inner baryons because the surface/volume ratio of the aggregation becomes smaller as the size
increases. More inner baryons for larger atoms results in a more asymmetric number ratio of protons and
neutrons, as larger nucleic acids such as rRNA also have more asymmetric number ratios of purines and
pyrimidines close to 2:3 (Fig. 2).

This asymmetry of density is also because of the mass conservation law, i.e., because heavier particles
such as purines and protons can be generated with fewer numbers. [7, 8]

A mysterious thing is that the masses of stable protons and neutrons are almost the same, while child
atoms generated by the fission of uranium 235 and nitrogenous bases (pyrimidines and purines) have
different weight ratios around 2:3. Qualitatively, protons are a little heavier than neutrons. Thus,

relatively heavy protons can be fewer in number in the atomic core because of the mass conservation law.
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We may quantitatively be able to explain this mystery by the fact that the mass ratio of protons and
neutrons is around 2:3 as the forms such as lambda particles before the atomic cores are stabilized
because the up and down quarks have a weight ratio between 1:1 and 1:2. Thus, the present theory can
describe the later stage of the fission process for generating atomic cores, whereas the final or post-fission
stage generates atomic cores of stable protons and neutrons. This explanation is also possible by the
analogy with biological systems because nitrogenous bases are also connected with heavy molecules such
as ribose or deoxyribose, which lead to nucleic acids. The weight ratio of purine-deoxyribose and

pyrimidine-deoxyribose is close to 1:1, i.e., a symmetric value.

Translational motion
without deformation
brings symmetric division.

Deformation of parcel shape
produces asyrmmetric division.

Fig. 1 Concept of inner asymmetry and outer symmetry. An asymmetric division occurs due to

parcel deformation, while a symmetric division appears in the absence of deformation.

140

Number of pyrimidines
Neutrons

(] D00 400 GO0 BOO 1000 T o 20 40 &0 =v]

Number of purines Protons

Fig. 2 Density ratio of purines and pyrimidines in RNAs, which is similar to the density ratio of
protons and neutrons in stable atom cores. (MRNAs are between tRNAs and rRNAs, which are

relatively unstable.) Left: RNAs; Right: Atoms.

The present theory also indicates that number ratios around 1:1.3, i.e., around the center between 1:1 and
about 1:1.5, will be relatively unstable (Fig. 2). This can also be understood by the fact that both

fluctuations of deformation and velocity enter into the parcels connected with medium number ratios of
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about 1:1.3, whereas only velocity fluctuations enter into small parcels such as those of He and only
deformations occur for large atoms such as Th. Actually, atoms, which are a little larger than lead (Pb),
are unstable.

[The quasi-stability concept applied to the momentum conservation law and the mass conservation law is
compatible with Bohr’s drop model based on a variational principle for the energy conservation law and

also explains further the physics underlying the Shell model related to the magic numbers.]

6. Higher-order of analysis
Next, we will consider a higher order of the Taylor series, instead of Eq. 2. For various values of m, the

higher order of the Taylor series for parcel 1 results in

d? .d d \
= Y ademy! ‘[d—f]% b (emyf+ Y ¢ (s my! ‘[d—yZ]2+ 3 d, (&, m)y 45,
1 1

k=1-o0 k=1-o0 k=1-o0 1 k=1-o0

3)

where the last term on the right-hand side §st is the stochastic one due to random fluctuation, while

a, (e,m),b,(g,m),c.(g,m),and d, (&,m)

are four coefficients related to the size ratio& and m.

First, let us set m = 1. The second term in the Taylor series results in a quasi-stable ratio of about 1.27,
the third term in ratios of about 3.5 and 1.35, the fourth term in a ratio of about 1.39, the fifth term in
ratios of about 2.5, 2.1, and 1.4, the sixth term in a ratio of about 1.41, and the seventh in ratios of about
1.78 and 1.42. An important point is that the terms of orders higher than the ninth may be absolutely
unstable, which leads to the existence of the maximum size limit of atoms (Table 1).

It is stressed that liquid fuel droplets generated by fuel injectors and child atoms derived from the fission
of uranium 235 have a threefold variation of sizes at the maximum and also that the molecular weights of
the twenty types of amino acids show a threefold variation between 240 of cysteine as the maximum and
75 of glycine as the minimum. [2, 3, 10, 24-26] The halo structures such as H10 and M32 have number
ratios of neutrons and protons of about 1:3.5. [11] The higher-order analysis for m =1 clarifies the ratios
over 2:3 in several systems (Table 1). Table 1 also reveals the magic numbers appearing in the weight
ratios in various atoms generated by cold fusion: about 3.6, 2.1, and 1.8 [10, 24-26].

Free atoms in the atmosphere and molecules outside living beings do not have special ratios such as 1:1,
about 2:3, and 3.5 because it is relatively difficult for them to interact with each other, while subatomic
particles such as baryons and biological molecules like bases, nucleic acids, amino acids, proteins are

strongly interactional inside closed regions.



Soryushiron Kenkyu

Table 1 Quasi-stable ratios observed in atoms and biological systems. (form = 1)

n-th term | Quasi-stable | Atoms Biological molecules

in Taylor | ratio

series

1 111& Main size ratios of child | Nitrogenous bases in DNAs and

about 1.1.5 atoms separated from | RNAs (Purines:Pyrimidines).
uranium 235. DNA polymerases I, II, and III
Number ratios of | (I:II, T:III)
neutrons and protons in
atoms

2 1:1.27 Number ratios of | Nitrogenous bases in DNAs and
neutrons and protons in | RNAs (Purines:Pyrimidines).
atoms

3 about 1:3.5, | Higher limit of size | Amino acids

about 1:1.35 | ratios of child atoms
separated from
uranium.
Number ratio of protons
and neutrons in He 10

4 1:1.39 Number ratios of | Nitrogenous bases in DNAs and
neutrons and protons in | RNAs (Purines:Pyrimidines).
atoms

5 about 1:2.5 & | The intermediate size | rRNA (23S:16S)

about 1:2.1& | ratios of child atoms
about 1:1.4 separated from
uranium.
Number ratio of protons
and neutrons in Mg 32

6 1:1.41 Number ratios of | Nitrogenous bases in DNAs and
neutrons and protons in | RNAs (Purines:Pyrimidines).
atoms

7 about The intermediate size | Ribosome (50S:30S)

1:1.78& ratios of child atoms
about 1:1.42 | separated from
uranium.

8 1:1.43 Number ratios of | Nitrogenous bases in DNAs and
neutrons and protons in | RNAs (Purines:Pyrimidines).
atoms

9,11 Unstable - -

If we redefine a parcel as an electron cloud, Eq. 3 and Table 1 may also explain the mysterious electron

orbits such as why 4f is more unstable than 5p and 6s. This is because quasi-stable ratios do not increase

monotonously according to the increase in the orders of the Taylor series, while they are related to the

energy levels of orbits. For example, the 3rd and 8th orders of the terms result in relatively large

quasi-stable size ratios of about 3.58 and 4.54, whereas the 4th and 5th orders lead to relatively small ones

of about 2.47 and 2.10. It will also be stressed that both the numbers of electron orbits and the orders of

the Taylor series inducing various quasi-stable size ratios are about seven or eight.
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Next, let us examine the elementary particle systems further by varying m. The constant m will often
have values of 1.0 or larger for subatomic forces such as those of nuclear force because subatomic forces
are proportional to the exponential of distance.

The higher order of terms of the Taylor series for various values of m obtained with the statistical fluid
dynamics model (Eq. 3) reveals the extremely various super-magic numbers for size ratios over 1:4
(Table 2). When constant m has a value between 1.01 and 3.0, the quasi-stable ratios of £ are between
1.0 and about 10*. Such ratios may correspond to the mass ratios in very small particles, including quarks
and leptons, or those in the hadron classes of baryons and mesons because the databases of subatomic
particles also show size ratios over 100.

Before going further, we should think about the reason why discontinuous jumps of quasi-stable size
ratios in Table 2 can appear around m = 1. Taking the r-integral of 1/r™ as the potential, the potential
function discontinuously changes for m around 1.0. This may be the reason why values of m a little larger
than 1.0 discontinuously induce extremely large size ratios.

Figures 3 and 4 show mass ratios of relatively stable baryons and mesons and also the corresponding
theoretical values based on Eq. 3 and Table 2 for m = 1 and 2. The double system of m =1 and 2 is
possible because the nuclear force is not described only by one value of m or because strong and weak
forces work for subatomic systems. [4] [Two values of m for the predictions may also correspond to those
for attractive and repulsive forces at the breakup stage of particles.]

It can be said that the theoretical predictions agree fairly well with the experimental data because the
statistical indeterminacy due to the lower level of small particles permits a possible range of particle sizes.

Next, if forces working on the levels of quarks and leptons have a value of m between 1.1 and 1.5 at the
breakup stage, the theoretical predictions will agree well with the natural data.

The results shown above may also predict variations of m at the breakup time (rate-determining stage),
which change according to the levels of particles such as hadrons, quarks, and leptons. [Baryons, mesons
and quarks are shown separately in Figs. 3 and 4, respectively, because the quantity of electrons
conserved, including strangeness, is important and also because the mass of electrons is close to that of
subatomic particles such as quarks.]

There are extremely large size ratios over 10 in Table 2 for 1.0 <m< 1.1. The very large or infinite
ratios for 1.0 <m< 1.1 may also explain the interaction between particles at an infinite distance, i.e., the
quantum entanglement.

The ratios of chromosomes in human beings are about six times at maximum, which may be seen as
4.54 in the higher order of the Taylor series for m =1 and as 6.11 for m=-1, or the ratios over 4.0 form> 1.

This is because chromosomes are related to covalent bond connection. [24-26]
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Table 2 Super-magic numbers [Values outside parentheses ( ) indicate the quasi-stable size ratios of

parcels, whereas values inside parentheses () indicate the orders of the Taylor series.]

convection
m=-1 m=1 m=1.04 m=1.1 m=1.2 m=1.3 m=1.5 |m=2 m=3
convection
1 1(1) 1(1) 1 (D 1 (D 1(D 1 1@ 1 (D
1.34 1.27(2) |1.27 1.27(2) 1.26 (2) |1.26(2) |1.25 |1.24(2) |1.21
1.4 1.35(3) |1.35 1.35(3) 1.34 (3) |1.34(3) [1.34 |1.32(3) |1.29(3)
1.42 1.39(4) |1.97x10%0 |1.10x1012 | 1.05x10 [ 10321 |256(3) |16.1 (3) |4.36(3)
1.43 1.4(5)  |1.38 1.38 (4) 1.38 (4) [1.38(4) [1.37 |1.36(4) [1.33(4)
1.41(6) |9.08x1022 | 1.53x10°(4) | 39052.6 | 1151 (4) |68.7 |8.33(4) |3.07(4)
1.42(7) |14 1.4 (5) 1.4 5) [1.4(5) [1.4(6) [1.39() |1.36(5)
1.438) | 4.06x1022 |1.10x109(5) | 33236.1 | 1033 (5) |64.4 [8.02(5) |2.86(5)
1.4309) |1.41 1.41 (6) 1.41 (6) [1.41(6) [1.41 |1.4(6) [1.38(6)
2.89x1025 |1.51x1010 [123070 [2472(6) [108.7 [10.4(6) [2.99(6)
1.49 1.42 (7) 1.42 (7) [1.42 (7) [1.42(7) |1.41 (7 |1.39(7)
1.95x1034 |5.2x1013 | 7.21x10 | 37325 |553.6 |23.5(7) |4.25(7)
1.43 1.43 (8,90 |1.43 (8,]1.43(8,[1.43(8,[1.42 (8,]1.4(8)
Surface
1.44 1.44 1.44 (1-9) |1.44 (1-9) [1.44 (1-|1.44 (1-]|1.44 (1|1.44 (1-[1.44 (1
1.8 3.68(3) |[4.57 2.19 (6) 2.14 (8) 3.14
1.7 2.47(4) | 1.99 1.95 (7) 2.59 (8)
1.63 2.16)  |1.84 1.82 (8) 1.88 (9)
1.59 L.79(D  [1.74 3.88 (8) 2.58 (9)
6.11 1.71(8) |4.42 1.73 (9)
4.54(8) |1.68 2.94 (9)
2.97
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Fig. 3 Relatively stable baryons (current) and the corresponding theoretical predictions

of size ratios of ¢ .
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Fig. 4 Relatively stable mesons (current) and the corresponding theoretical predictions

of size ratios of ¢ .
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The potential flow assumption, irrotational flow without viscosity, is applicable even for very small
subatomic and molecular systems because very high energy, i.e., very high speed (in a very short period),
is put into the particles. Actually, energy at the level of the speed of sound is put into the molecular
system, while energy at the level of the speed of light is put into the subatomic experiment, although the
period is very short.

We should recall that various values of m produce the same quasi-stable ratios of 1.0 and about 1.44 for
the first order of the Taylor series. Emphasis is placed on the fact that the fractional Taylor series also
show quasi-stable ratios including about 1.44 and 1.0 in Tables 1 and 2.

Sizes of non-living molecules and stars existing in nature may be more various because coulomb and

gravity forces also work over far distances. Further research will be necessary to clarify this point.

7. Time-dependent processes in four-dimensional space
7.1 Quasi-stability and neutral stability

Let us think about the asymmetric pattern of the Karman vortex streets [22] generated downstream of a
bluff body. Emphasis is placed on the fact that Karman’s theoretical analysis based on the neutral stability
principle clarifies only the instantaneous stability of the vortex array in space, but it does not show the
temporal development of the vortices. Many researchers have confirmed that an analysis based on neutral
stability at the instantaneous stage has a high probability of showing the specific pattern of vortices over a
long period in a natural observation.

Thus, this precedent set by Karman is also further evidence that the quasi-stability principle, which is a
little weaker than neutral stability, can explain why parcels of subatomic and biological systems are
connected by size ratios such as 1:1, about 2:3 or about 1:3.5.

7.2 Oval and parabola

The analytical solution for the two-parcel system shows that increasing the initial disturbance leads to a
transition from a trajectory of oval oscillation to parabolic explosion. [2, 3, 10] This transition implies that
variation of the input energy produces two types of modes (oval or parabolic), which make possible both
stable sustainment such as information storage in DNA and fast replication of DNA. This tendency of
stability against a small disturbance and fast breakup due to a large disturbance is also confirmed by a
numerical analysis, when the size ratios of parcels are 1:1 and about 2:3. [3] This corresponds to the fact
that a large energy input in the mitotic phase leads to fast breakup of DNA with base pairs having a size
ratio of 1:1: and about 2:3 and more cells, while the size ratios are relatively stable for small disturbances
during the silent period without any large energy input.

7.3 Information, structures, and functions of various biological molecules and organs

There is also a 2:3 ratio in immune globulin (IgX). Two types of large immune globulines (IgM and IgE)

and three small ones (IgG, IgD, and IgA) are naturally selected, while the weight ratio of the small and

large heavy chains is also 2:3. 1gXs [7, 31, 32]
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The other large molecule, ribosome, includes ribosomal RNA (rRNA). The average frequency ratio of
purines and pyrimidines in lots of types of rRNA sequences is actually about between 1.0 and 1.5.

Both hydrophilic and hydrophobic amino acids exist in proteins. If we employ the classification of
R-side chain grouping, the frequency ratios of hydrophilic and hydrophobic amino acids in proteins are
also asymmetric in many cases, between 1:1 and approximately 2:3. [7, 8, 10] This asymmetric symbiosis
of hydrophilic and hydrophobic molecules also produces the complex convexoconcave shapes of proteins,
as hydrophobic parts are often folded inside proteins. [7, 8, 10, 31, 32]

How are biological functions generated from the fundamental information represented by the
asymmetric and symmetric ratios of 2:3 and 1:1 described in the previous sections?

Purine and pyrimidine pairs do not form in the presence of only one type of base. An extremely large
frequency ratio of purines and pyrimidines, say, far larger than 1.5, cannot produce the stem in tRNA.
The fact that tRNA has a weakly asymmetric density ratio of purines and pyrimidines between 1:1 and
about 2:3 produces the clover structure with both of loops (leaves) and stems because the loci inside the
leaves (loops) are free from hydrogen-bonded connections. [7, 8, 31, 32] This clover structure is
constructed with three leaves similar to fingers, which can catch other molecules and also carry them to
ribosome. “Catching” is an important function for living beings. As larger molecules like rRNA and some
enzymes are also with repeats of the leaves such as those in tRNA, the fingers catch mRNAs.

The above-mentioned asymmetric ratio around 2:3 reveals the relation between the three-dimensional
structure and one-dimensional information, i.e., the reason why RNA such as tRNA and rRNA have
clover structures with fingers, while DNA has a simple spiral. An important point is that the combination
of a string (stem) and a ring (loop) in RNA results in a function, although a string such as DNA with
information alone cannot generate a function. Fusion of about 2:3 and 1:1 in non-living systems will
induce living beings.

There is another important mechanism of the self-organizing process in living beings. It is well known
that the electron cloud is not spherical around an atom heavier than helium (He). A non-spherical electron
cloud induces string-like and ring-like molecules in amino acids and nitrogenous bases, without any
spherical connections of carbons. Nitrogenous bases without a spherical electron cloud generate
string-like DNA and RNA. This is an essential principle of chemistry.

Moreover, let us consider a rotating spheroid that is generated by deformation of a parcel such as a cell
further. The spheroid is geometrically asymmetric due to its rotating axis. The discrepancy from a
complete sphere, i.e., its scabrous shape, induces a string-like connection of deformed parcels, although
parcels with less deformation such as relatively small atoms and biological cells at the early stage of
morphogenetic process are connected as a spherical aggregation or a spherical surface aggregation in two-
or three-dimensional space. Thus, repeats of strings and spheres can also be observed in larger scales. [7,
8, 24, 34] Although oospheres still maintain a three-dimensional spherical shape overall during several

divisions after being fertilized by antherozoids, the sphere gradually comes closer to being a
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one-dimensional string due to asymmetric divisions. The string will be close to the next larger sphere like
yarn waste because of its flexibility. [8, 32]

In our previous reports, we also simulated the morphogenetic process of the complex cerebral shape in
the brain, including its main blood vessels, as well as that of asymmetric inner organs such as the liver
and symmetric outer organs like the arms and legs. [7, 8, 33, 34] These results are also related to the

principle of inner asymmetry and outer symmetry discussed above.

8. Conclusion

A quasi-stability analysis applied for the momentum conservation law shows that, when a subatomic
particle, a pair of two nitrogenous bases, a cell just before division, or an atom at breakup has the shape of
a gourd with two kinks such as what occur at the later stage of breakup or at the first stage of coalescence
of two parcels, the probabilities are relatively high for size ratios of the super-magic numbers including
1:1, about 2:3, and also 1:3.5. In the near future, Eq. 3 and Table 2 may also reveal the inevitability of
other particles and energy related to Higgs mechanism.

The multiplicative inverse of the asymmetric number of types (of two purines and three pyrimidines) is
size asymmetry. This can be easily understood from the mass conservation law, that is, from the fact that
the main rings of large purines have “nine” molecules of carbon and nitrogen, while “six” molecules of
carbon and nitrogen form the main rings of small pyrimidines. Accordingly, the number of base types is
proportional to the frequency of bases inside RNA [7, 8]. In qualitative terms, the sizes and molecular
weights of the twenty types of amino acids are also inversely proportional to the frequencies.

Natural systems should be explained in terms of four conservation concepts regarding mass, momentum,
moment, and energy, as is seen in thermo-fluid dynamics.

It should be stressed that there are three types of indeterminacy, respectively related to statistical
mechanics, quantum mechanics (of Kennard), and measurement (of Heiserberg). Indeterminacy related to

measurement should also be considered in order to evaluate physical quantities quantitatively.

Appendix: Volume with tentative component and weight due to permanent part

In biological molecular systems, the above magic numbers of ¢ such as 1.0, about 1.44, and about 3.5
explain those for biological molecules of one-dimensional strings and rings such as nitrogenous bases,
amino acids, and proteins, whereas the values of &’ correspond to biological molecules hydrated by water
molecules.

The weight and size (representative length) ratios of purines and pyrimidines are about 1.5. The
asymmetric pair of flexible spheroid parcels of “purines surrounded by water molecules” and
“pyrimidines surrounded by water molecules” will also have the size (length) ratio of about 1.5. The
weight and size (length) ratios of nitrogenous bases are proportional to the parcel size ratio (parcel length

ratio). However, the weight and volume ratios of the two spheroid parcels are 3.0. The difference between
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the weight ratios of parcels and pure nitrogenous bases, i.e., about 1.5 for the weight ratio of pure bases
and 3.0 for the weight ratio of parcels, is possible because the molecular weight ratio of the parcels
containing water is larger than that of the purine-pyrimidine bases and also because the electric density
distribution of pi electrons is three-dimensional, while the nitrogenous bases have a one-dimensional
string (ring).

Another possibility of water molecules attached on nitrogenous bases is related to the fluid dynamic
effect in which impulsive deformation motion is accompanied with tentative added mass [21]. This added
mass produces a weight ratio of 3.0 for the parcels, although the weight ratio of permanent child
nitrogenous bases is about 1.5.

Let us think about the difference between the weight ratio of two permanent child atoms separated from
uranium 235 and the weight ratio of the parcels including the child atoms and tentative mass. It is possible
that the weight ratio of parcels in subatomic systems will also be larger than that of protons and neutrons
in atom or child atoms split from uranium 235 because of the tentative added mass including gluons,
quark condensation, Higgs process, and the relativity theory effect. In subatomic processes, the
aggregation of baryons as a permanent part is one-dimensional, while the total mass, including baryons,
gluons, and the quark condensation effect as tentative parts, is three-dimensional. This tentative added
mass proportional to the parcel weight only appears when deformation and breakup occur. This tentative
mass can also be understood analogically from the fluid dynamic effect in which impulsive deformation
motion is accompanied with added mass [21].

The weight ratios of liquid droplets, biological cells, and stars will be equal to those of parcels.

Thus, parcels can essentially include two types of components, which are permanent and tentative ones.
The permanent part exists both before and after the breakup process, i.e., during the entire process
including the breakup timing, while the tentative part appears and shows important features only at the
time of breakup, which is related to the input energy for breakup. In several cases of natural phenomena,
the permanent part is a one-dimensional string or ring, having a mass proportional to the parcel size «.
Parcels including both tentative and permanent parts have a mass proportional to &’. Some natural
phenomena have no tentative part, in which case only the permanent part is proportional to &’

The group theory shows that one- and three-dimensional spheres are in a group. This may support the
idea that € and &’ repeatedly appear in various natural particles (parcels), while two-dimensional spheres

&’ are relatively rare in nature.

Acknowledgement

This article presents part of the outcome of research conducted under a Waseda University grant for
special research projects (2010B-155). The author thanks Mr. Hiromi Inoue and Mr. Kenji Hashimoto of
Waseda University for their help on this study. Thanks are also due the Yukawa Institute for Theoretical



Soryushiron Kenkyu

Physics at Kyoto University because discussions during the YITP workshop YITP-W-11-25 on

"Hierarchy in Physics through Information -- Its Control and Emergence --" were useful.

References

[1] EL-WAKIL M M 1971 Nuclear Heat Transport, DoubunShoin.

[2] Naitoh K 1999 Cyto-fluid dynamic theory. Oil & Gas Science and Technology 54 205.

[3] Naitoh K 2001 Cyto-fluid dynamic theory. Japan Journal of Industrial and Applied
Mathematics 18-1 75.

[4] Henley E M and Garcia A 2007 Subatomic physics. World Scientific.

[5] Prigogine I and Kondepudi D 1999 Thermodynamique, Editions Odile Jacob. (also in
Prigogine I, Etude Thermodynamique des phenomenes irreversible, Bull. Acad. Roy. Blg. Cl.
Sci. Vol. 31, 600-606, 1945)

[6] Aizawa H, Bianco IH, Hamaoka T, Miyashita T, Uemura O, Concha ML, Russell C,
Wilson SW and Okamoto H, 2005 Laterotopic representation of left-right information onto
the dorso-ventral axis of a zebrafish midbrain target nucleus. Current Biology Vol.15, 8, Pp
238-243.

[7] Naitoh K 2008 Stochastic determinism Artificial Life and Robotics 13 10-17.

[8] Naitoh K 2010 Onto-biology. Artificial Life and Robotics 15 117.

[9] Naitoh K, Hashimoto K, and Inoue 2010 Topo-embryology: DNA evolution from ring to
string brings the multi-cellar system. Proceedings of 6th WCB, Singapore, 1163-1168.

[10] Naitoh K, 2012. Spatiotemporal structure: common to subatomic systems, biological
processes, and economic cycles. J. of Physics, C. S. 344, 2012.

[11] Nakamura T et al. 2009 Halo Structure of the Island of Inversion Nucleus 3Ne. Phys.
Rev. Lett. 103 262501.

[12] Hirschfelder J.0., Curtiss C.F., and Bird R.B., Molecular Theory of Gases and Liquids,
(John Willey & Sons, Inc. New York 1964).

[13] Landau E. and Lifshitz, Quantum mechanics. 3rd edition (Butterworth-Heinemann
Elsevier, Oxford 1981).

[14] Naitoh K 1998 Macroscopic Kinetic Equation for a Genetic Algorithm. Japan Journal of
Industrial and Applied Mathematics 15-1 87.

[15] Naitoh K 2011 Morphogenic economics. Japan Journal of Industrial and Applied
Mathematics. Vol. 28, No.1.

[16] Naitoh K 2009 Onto-biology. Proceedings of the 2009 Conference on Chemical,

Biological, and Environmental Engineering (CBEE), Singapore.



Soryushiron Kenkyu

[17] Naitoh K and Kuwahara K. 1992 Large eddy simulation and direct simulation of
compressible turbulence and combusting flows in engines based on the BI-SCALES method,
Fluid Dynamics Research 10, pp.299-325.

[18] Naitoh K. and Shimiya H. 2011 Stochastic determinism capturing the transition point
from laminar flow to turbulence. Japan Journal of Industrial and Applied Mathematics,
Vol.28, No.1, pp.3-14. (also in Naitoh K., Nakagawa Y., and Shimiya H. in Computational
Fluid Dynamics 2008, Springer-Verlag, 2008 and Proc. of 6th Int. Symposium on Turbulence
and Shear Flow Phenomena (TSFP6), 2009).

[19] Kennard, E. H. 1927, "ZurQuantenmechanikeinfacherBewegungstypen",
ZeitschriftfiirPhysik 44 (4-5): 326.

[20] Robertson H P. 1929 'The uncertainty principle'. Physical Review 34, 573-574.

[21] Lamb H 1945 Hydrodynamics, 6th ed. New York: Dover.

[22] Tatsumi T 1982 Fluid dynamics, Baifukan, Tokyo.

[23] Landau, E.D. and Lifshitzz, EM.  Fluid Mechanics. 2nd Edition,
(Butterworth-Heinemann Elsevier, Oxford 2004).

[24] Naitoh K, 2012 Proc. of 17th International Symposium on Artificial Life and Robotics.
[25] Naitoh K. 2011 Quasi-stability theory: explaining the inevitability of the Magic
numbers at various stages from subatomic to biological, Proc. of 15th Nordic and Baltic Conf.
on Biomedical Engineering and Biophysics, IFMBE proceedings 34, Denmark. pp.211-214.
(Also in K. Naitoh. Quasi-stability theory: explaining the inevitability of the Magic numbers
at various stages, Proc. of ISB2011, Brussels. 2011.)

[26] Naitoh K. 2011 The inevitability of biological molecules connected by covalent and
hydrogen bonds. Proc. of European IFMBE Conference, IFMBE Proceedings 37, Pp. 251-254.
[27] Naitoh K. 2011 The universal bio-circuit: underlying normal and abnormal reaction
networks including cancer, Proc. of European IFMBE Conference, IFMBE Proceedings 37,
pp.247-250, Budapest.

[28] Naitoh K. 2011 Onto-oncology: a mathematical physics underlying the proliferation,
differentiation, apoptosis, and homeostasis in normal and abnormal morphogenesis and
neural system. Proc. of 15th Nordic and Baltic Conf. on Biomedical Engineering and
Biophysics, IFMBE proceedings 34, Denmark.Pp.29-32.

[29] Naitoh K. 2011 Onto-neurology.Proc. of JSST2011, Int. Conf. Modeling and Simulation
Technology, Tokyo, pp.322-327.

[30] Naitoh K 2006 Gene Engine and Machine Engine, Springer-Japan, Tokyo.

[31] Naitoh K. 2008 Onto-biology: Inevitability of Five Bases and Twenty Amino-acids. Proc.
of 13th Int. Conf. on BioMedial Engineering, ICBME), Singapore.Springer-Verlag.



Soryushiron Kenkyu

[32] Naitoh K. 2010 Onto-biology: A Design Diagram of Life, Rather Than Its Birthplace in
the Cosmos. J. of Cosmology, Vol 5, 999-1007.

[33] Naitoh K. 2008 Engine for cerebral development. Artificial Life Robotics, Springer, 13
pp 18.

[34] Naitoh K and Kawanobe H, 2012 Engine for brain development, Artificial Life Robotics.
16, 482-485.



Soryushiron Kenkyu

JJodoo00o0oooooooooooot

gobb oobobod ooooo ?

1 0000

goboobooboooboooobooobooobooooboobooooobooboobooboooboooD
0000000 1000000000000 00000o0000bDOO000UD 200000 OD
ooooooooboboooobooboobobobo0 BrownODOooooooooooDO
gboogbobobooooobobobooboobob0o0 BrownODOOOOOOOODOODOO
ubbooboboodouobboobobuoobobbooobobooobbuooobboobboa
00000000000 00O00U00 20000000000 UOo0DUoO0oooOOoooOOoUD
gbooboboboooboobooobooboboboooboooboboooboDoPoooPoboOon
OO00OO0O0DOO0DOO00ODO0DOoUODOoO0OOMaxwelDOODOOODOODOOOOODOOOO
O0000000000O0’00’0000000000000 BjoooOooDOooDUoOooOoOoOooo
coooobooooooooooogooobooobooo»ob’obobobbooboobooDboOoo
0000000000000 0o0o0o0oO0O0oOoO0U00OD 4o0oo00D 4oooooo
ubooogoboooboobobob =0booboobooboobbob—=0ob0oobbobbo
ubobooboooboobobod

2 00

0000000000000 [40000000NOO00O LangevinDOOOO0OOOOOOO
0000000000000 40000100 LangevinOO0OODOOOOOOOOOOOODO
Langevin 0 00O OO OO0

mi(t) = —yi(t) + F(x(t), At y) +£(@). (1)

O00mO000000D0000~000000&HOOOO0MOOO 2vkpT0000O00OO0ODO
O00F(zx(t),\t,y))DO0OODO0OO0O0OD0OO0DOO0OOO0ODOOOUOODOOOODOOUODOOOOOD

0000 Mt,y) 00000 y={y}é=1,...,n)000000000000000

lDpoOoooO0OD000000000O00D0O00OO0OOOoODOoOO.
2F-mail: sosuke@daisy.phys.s.u-tokyo.ac.jp




Soryushiron Kenkyu

O00000000000000000000000O0O0ODOOD000D0O0000 t(0<t <
ty < <ty <T=1t,y1) 000000000000000000000 (%) = {x(t), ()}
000000000 4w UO0O00000 pi(ys|T'(t;)) 000000000000 OOO0O0O0O0O0ODO
pi(willT'(t:) 0y 0 T(t) 00000000 pi(wll'(t:) = fily, (%)) 000000000000
000000 y0OT()(j£4) 000000000

oododoooo’00’0oo0O0+«0000D0000 000000000000 ODODOODO
D00 ()00000000 00000 () 00000 p,(0(¢)00000 300000
pi(yi) = [ dU(t:)pe, (D(t:))pi(y:|L(¢:)) 000000000 piys, ['(t:) = pi(wilT'(t:)) pr; (D(#:)) O O
gddooouoooouoouooon

(1) = [ dU(t)dyipi(ys, D(8) o pr ((8)) + I pi(ys) = I, T(8)). @

0000000 (L)0000000000T(4)000000 %000 (pi(y:, D(t:)) = pi(ys)pe, (T(E:)))
0000 0000000000000000TI(4)000000400000000000000

0oo

0000000000 (L,)000000 Langevin 0000000 (22000000000

(--y000000000)000000000000000000000000000000000

3 uboboooooon

00000000000000000000000O0O00 40D0Dooo00ooUoooOoOod
ooboobooobooooouooobooouoboooobooboobooboon

o [ do [(#(0) — 2 TR(E0)] 2 (npo(T(0) I pr(T(0) - S )
DO00OR(Y)000000000R(E) =6(2(t) /0F(zt),\t,y) 0000000 (3)00
0000000000000 000000000000000000000000000000
DO0D0D0 Y, ()00000000000000

000000000000000000000000 (*(+))000000000000000
D00 Rt+)00000000000000000000000000”007’00000000
0000000000000000000000000000000000000000000
0000000 70000000000 E[(0))0 E[-()]=(/r)ffd-)000000000
D00000000000000000000000000000000000 T,e0O0OO
000000Tg = E-[(mi?(t)) /ke) 0000000000000000 T,g 00000000
000 (B, [(#%(t)) — 2kgTegR(t;t)] = 0) 000 R(t;t) =1/(2m) 0000000000000
rO0000000000000000000 ((Inpe(T(0)) —Inp,(T'(t)) ~0)000

T-Te _ 2 (li)
7 <

tr, (4)



Soryushiron Kenkyu

o0ooooooOoooooooot.0000b0DODO0OD0OooOOt=m/~40000000 (40
0000000000000 000O0000oO000bO00DO00 W)Ooooooooooooo
uobodd TIeg00obbooobooobboboobbooobooobboooboo
oboobooboooooooboboo"bo’dboboboooooooboboboooDoboon
ubbooobooboobboobooboboobooobobooooboooboonoog

4 0000000000

0000000 (4000000000000 0o0OO0U000DLOO0oUOoOoUOOOoOoOOo
o000 At =t —t; 00000000000000O00DOO0OOOCOOOOO0O0O0O0OO0

000000000000000000000 (Aty=Aty=---=At,=At)00000000
000000000000000000000 ((I)={(L)=---=(L,)={)00000000
000000000000000000000 /040000 (Ai=fo=--=f,=/f)0000

00000000 Mt,y Oy O00O0O0000 L <t<t;0000000:000000000
ubobooooboboboobobooobobooobobooobbooobooobobooobooboo
uboob«U0b0bd:0000 p, =zpb00ooooooooooooon

000000 -00000000 (40000

T — Teff ty

T §E<I>v (5)

0000000000000000000000000000000000000000000
()0 p00D0000000D00000 T, 00000000000 Gausslan 00000000
0000 (1) (Teg) 0 T, 0000000000000(N0¢/At0T000000000000
000000000000 7T,0000000

ot =T =T (1) (Teg)- (6)

000000oo0O000o00oooooooO0o0o0Toooooooooooo s /At00000OO
(HoooooOooooooooo
OO000OCOO00DOO00bOO00DO00DOO0bO0O0GasssianODO00D0OOOODOOOOO

00000 [40 Casel000MMOO00000 pi(yil(ts)) = f(ys, (t:)) O

— 2(t;))?
L [—W] )

000000000000 0000 p(i(t) 000 T(~ Tey) O Maxwell-Boltzmann 0 0 0
0000000000000 ()0

0 (Tr) = [ doe sty )
= ;ln{l—l—]:fgf} ®



Soryushiron Kenkyu

00000000000000000000000000 Tx000000000 (6)000000

2
MOgry

At 1T
t, 2T — Tl

In [1 + ()

oooo0o00 (9000000 e, 0000000000000 DODODODOODODODODODODO
00000000000 (9Y0UDO0At—-oo00000 Ty —-T0000000At—000DO
O000Txz—0000000000000O0O0O00O0O0O0O0O00O0O0OO0OOOO0OO0O00O0O00
00000000000000000000000000000000 (T, >7T)000000
ubobooobboobobobooobooobbooobooobbooooobobooboboo
gboboooobooooooooooooooooooooobooooooooog

0000000000000 00000 F(e(t),\t,y)O0OOOODODOOODOOOODOOOO
(900000000 (9YDOOUDOUOLOOODUODOODUDDOOO0ODUOoOoDOOoDUOoOOooDoOO 210
0000000000 9YUUOUOO0O0O0O00D00O0O00000O0ONDOO LangevinOOOOODO
000000O000oo0O000o00 ¢ooooooOo0oooOo0oooooooOOooooooooo
good

0d

gbobooboboobobooobooooboboooboboobobooboboooobooooobooo
ugbboobodgboobboobuoobbooobuoobobooobuooboobbooo

gooo

[1] A. Vinante et al., Phys. Rev. Lett. 101, 033601 (2008)
[2] T. Li, S. Kheifets and M. G. Raizen, Nature Phys. 7, 527 (2011).
[3] T. Sagawa and M. Ueda, Phys. Rev. Lett. 104, 090602 (2010).

[4] S. Ito and M. Sano, Phys. Rev. E 84, 021123 (2011).



Soryushiron Kenkyu

W E TR TIr7ah /) = hgtmndEftks7-00
Tt & F OFAEEE

Sufficient conditions and their numerical verifications
for the applicability of the microcanonical ensemble in
isolated quantum systems

PSSR NE S S VA 0= A o 5 1 o
FRURFRAPE BE RO PRI

BME

MO ETFRICE T 2RO MRHED BRI L 2 7 ah 2 =AW Fg0sE L
(%5700 2 DD, Eigenstate Thermalization Hypothesis (ETH) # X O
Eigenstate Randomization Hypothesis (ERH), % 1 XJtH — A KM DWTD
Lieb-Liniger B % F\VCHIEET 2. Z OFEHR, i1 & ISR T 2 28, BCP-fl
fE~DF45 & L CTix ETH & ERH IR TRO H BRI W TRig SEHHIET
Lol L zifmd 5.

1 B

AR, U —F —Eii0F L Wit Ic X 0 w1 5dE 2 A TINZ R R D3 IR
ICEBRE NS LI 1o 1] RIS TREZ L —F—I1c X D S,
HEEPICEESTE D, RADTIENABE L OB TS v, 2
DERTRIIIZLTE D, BUA L IERRSIBEEDEE L 20 bilb 57, B0F
b BRI NS, I SICROYBIREZ ZEWICIEPERBICHEL, a6 —
Ly b aREREZNET 2 2 LB ARRICZ > TR D, R2MIMIC U CECF#iL
TEDREEARDL ZEBHKD 2,3 2DX)HRFLVERDOMERE L FITL
THERI AR B A IfTh i, RAREEOIINE [4, 5, 6, 7] SEMDHMHE 7 »
LA [8, 9] % EEEAFEREBE LN TS, BIREWC i, 2ns D%

*e-mail: ikeda@cat.phys.s.u-tokyo.ac.jp



Soryushiron Kenkyu

DT 80 4EHT I von Neumann 12 & - TH S 417 FEH IS BRE D RO IFFE D FEF
W nz 10 BFHEHI72OEREMN T & BB D 2 08 TR OBE{L o
il Id 80 FEDIRG 2 2, M T\ FEBEEAN 2 F 12 L 72 NFHODOHTTHT L W BB 2
HETws.

2 BFEL

IRNZ B -2 D BCPHHE &\ ) BISUI Y BILER D IR AT 0 IRF AT D3 D & P
SN EOFETHHEICNKRT 2D EERINS. Ko TEPHEHLZBET 5 7
DITIFF 9, KL T 2 VLR OB D 2 EICIUR T 2 DD & v )
MEICE 2 283D 2 D3, THUIIHD 7 v & SR K > THBHY R < B
fEInTwa (9. AEITIEE T 20TV ZERICHERT 2. 2 2lxA
TN RE RO L ORMEZ EFRL L, ZN 2RIk 270D 2 DD,
Eigenstate Thermalization Hypothesis (ETH) ¥ X U Eigenstate Randomization
Hypothesis (ERH) ZEH AT 5.

2.1 MEREEIRE
FONIL TR H E L, 2ResfltT s 5HIE (B} 12K e T
H |Ez> =F; |E1> (E, < Ei+1). (1)

ZIT, ZRNNF—ART FVICHHRDE C & 2 RGE L 72 h3, & & ICHELIE S
EMEEN S XD REZ R

Eil — Ei2 = Ejl — Ejz 75 0= ’il = j]_ VING) ’L'Q :jz. (2)

COFRMIE2ODRL 2 T3 NVX —BIHEDOA IR THRLL I L2 TRL TV 5.
BB IR 2L X — X vy 7L L TRV X — AT FVICHiEEDS
HBEGEIIREK 2 2 LIS TS [11).

KAZHIMREEIZ D W TOIREZIBR 2. GLiBOfEHAL D 7z DIRFE LA TH 2
LT 508, DUT O3 E b ICIRARBO G A IR K 2. WIHIREE |4(0)) 1%

* T yuly, YHR2ET 528, Z0EHRIT FLZILHEIEIE S TR



Soryushiron Kenkyu

b = 2oV ¥ — A 2 H v TR S
)= cilEi). (3)

ZIT2O08Em BE X mg DHEL TRENTET 5 ¢y, 0 (i =1,2)
BLO

c¢; 720 only if my <i<ma. (4)

ZIZTE, & By, d= 70t R CXBIERZWERET S, 22 F TORER
2/ RICB LRI I NT—DELALEZTRLTED, SWii 3 L fki 2%
ZHREIE2 7 IR TIZR VX —DHEEEL TWVWEEW0WI) T LR2EHTS. 35
WCREZRET 5!

Q= Z lei|* < 1. (5)

2 2T Q DL inverse participation ratio (IPR) & FEIXa, WIHHIRAEHISHL)
ZW DD 2N F —EHREOHEQAGDOE TH 2R THEEL LS. DIT
THZ X9 ICHHNREN S H DO Z 2 VX —EHREBORERROGDOE L85 2 L2
L, 2o OMHMAHSR E &£ bIcT v LT 5 2 & BAREN 2 5%&H %2 53
7o L, VB R O WIRHE DS I NI L 72 < 72 5.

2.2 REEYEERRBEDE
THT 2YHEZ AL L, ZORMIEZEET 5. KLt I2B T 5 A DWIfHEX
WOIA() = cie;el BB B |AIE)) (6)
1,J
THEZONS. %L h=1 Lt L7 > T OMRHMED R (AT 13X
DEHITHD:

@ = g [ ol = Sl (EAIED (7)

T—o0 0

I 61z, R 2 WIRHIE O R RIS 2 08U L TR D & 9 7 LR Z 3T
52 EHHES [9]:

vit= [ (oo - () <eaw® ®



Soryushiron Kenkyu

I TA(A) 1 ADRKEAE L RANEAHED2EZ . WA, R0 HIHE
X LT Q HHRBEIEINIC NS C 2 DI L, AA) BEMICLOREL A5
e, VET B ARERICBL TS TN AR5, Zhld

()| Al (t)) ~ (AYFT for almost every t (9)

EEERT 5. DFD, & AWSAEZ I L 2 & LT, IS TIETER)
VICIRERERTE L 2 IR Z BRSNS . 772 L 2 Disim X IR RERTE L 22 IR 2 4
WOMFE L2 2 L2 FRT 223 THo T, BBERRHA T — LV EZIEL 52
BOEVIHIRTILREDD B, WREET — co WERT 2 DIE, T HM/ho =%
NEX—He— ¢, DHBEDBTHARELEN) T ETHBD, ZHIFDAME
B U TR BBEIEIIC R & < 742 D BIE DO RO ECFHHL DR R 7 — LI R TR
2TE5.

2.3 EFE{LOME

YRR O JHAHIE X R R DS TIX R RFREEY (7) ICEIICUR$ 2 2 & & 7.
Lo TR ORE L, R RRENY (7) L2 7uh ) =AW Fg03E L <
B0 EWIHMBEIGEILT A Z eSS, S 7ah /) 2NV FEIZRTESR
INs:

(AMP=NGL > (BiAIE:), (10)

state
|Ei—E|<6

ZZTE = (@(0)|H|p(0) ZBROELZALX— §ldw /It A TS BRI
¥ =, Nyate ETFIVX =X [E — 6, E + 6] DHICHFEET 2 T 2L ¥ —[HF
REDEAZRT (UTTEZRNVFX XM [E -0, E + §) DHFITET 5 %)L
¥ —[EGMEE By Bty ooy By, TH2ET2). 2OKHIT, 270h /)=
WFEIE E & 51T LoMRFEL s, RIS (7) BRIHHREOFEM, 3 74b
b {|ei2Y ISHATET B 720, BCEEHLOREIZIEAMTH 5. F7-, COREIZR
TRTOINIT—FEOERRE BT LK. DT T, SvEgboiliEz
fRikd 2200 F VA %2R,



Soryushiron Kenkyu

Eigenstate Thermalization Hypothesis (ETH)

P oMEZ Rk § 2 1 DD 1935k £ L T Eigenstate Thermalization Hy-
pothesis (ETH) & W )RR I LTV 5. Z ORI, BERIC B W T
(B AIE) i ko3 &tz L2 L 0I bDTH S, ARZCIRMEICERE
RS THROWS SNREET 5. RICZ DIRFHL D 32 TITE S I BCES Lo
MRS 5 &\ ) 1T, ETH 3P LD 7D 1+r5&fFTh 5. ETH &
7 ¥ & LATH [12] R d BT [13] Z W ORB I LDy, e 'E 1)
7 B ASE D 5 T\ 2 [14]. BAEBGEER N TV b =7 v DR
ZHOTITb S 28, BUEEHR 2 A F 25% 0 F B U CHREBISmIc R 9
2780, (Ei|A|E;) DW S ENHDYA R ED L ) IHKIFT 203 Hicii~s
TR, KFLORPET, TEAHIRD 1 5L LTETH OFRY A XA 7 —
V¥ JOMERERERET 3.

Eigenstate Randomization Hypothesis (ERH)

B4 EDETOWIZE T, (B|A|E;) DWW 6 EDONTREEIC T v L BIR2 o2 %
H L, 2% Eigenstate Randomization Hypothesis (ERH) & % {157z [15]. C
CTEIFVILEBUTDOL)ICERS NS, BU {(Ei|A|E;)}2, DEFEZ
A2 SIS m EOfIC L, ZRZ N2 PEETESHAR 2 2 LICXDHT L Wi
zt5. ZOFHE 2BOOMEUL LS. 29 LRI
SIDIERHERRZE o (m) 23 m ORIINAE G, BINICHET 5, Thbbd 2 E8 ~ 3
FAEL CTo(m) =o(1)m™ B LD & &, B {(Ei|A|E;)}2, 137 5 LT
HDHEF). T2, ML AMERERTER L e IR WESNE S v ¥ LT
v=1/2T®H%. ERH 23K D 2D & &, IRED S L 2 )L ¥ — [ HIRE~NDH
A A{]ci|*} DS ITZALT B 2 L 2 RGE T UL, BB O RTED SR 2 .
AQUNIR I

| leis1® = || < D/NZ.p. foralli (11)

Zile T (R D)D ZEEL, D= O(NS,,.) &I &EZ2HT (FEBI2Eb H 4
LEfEz550 605 [15]). §5 LLLTOARERDKD 20!

(AT — (AVME| < o4 D'N 3T (12)

state



Soryushiron Kenkyu

ZZTD =4V 1+ YD THDY, 04 = o(1) 1B (E|A|E) DWW S FDK
XXRET. o4 DEJIEWIRTE RIZ2 5 £V DH ETH OFHRTH - 7223,
CHUEHMAT Ny 209 REOBEE 2B 5. 20k, ERH 29817 T
W (LR IHPREEICEI T 2 KED T T) KIC ETH 23507 L 7 T H BV
{LDORTEDRERIER S . S 61 ETH RVZL72E LThH o4 23 BITINHT %
HE NG DRI 3 E ORI A R E 12k b, ETH & ERH 0

EL S BRI L CEELEFS 2 T 2005 m 5. EB ETH 12 ERH
WL TEANBRIE T LRI 2B EHRT 5.

3 ETH & ERH OWEF

4 (% Lieb-Liniger 8 L WEN 5, BMH A/ % 1 XonH — A KR DR
ZM\WT, ETH & ERH OFGEEIT- 72 [16]. & OFERITIE R — T K% %
52 TRV F—[EHEREPHEICRE 2720, NIV =7 vy orEsalk
WD B R B2 A 2L, ETH OFRY A X A7 —Y ¥ 7 OREEDH]
BThsEVIHNELDH .

3.1 Lieb-Liniger &%

Lieb-Liniger %Y [17, 18] ¥ 1 XIuZEM] LD R Y v 5 U (x) DEGHT, Z DN 3L
P27 YRBRDEYICEZSND (7272 L h=2m=1):

L
f{:ié dz [0, 0 (2)0, ¥ (z) + U (2) U1 (2) U (2)T(2)] . (13)

CITLIR—RIGEEOREZH2EL, 2 =0, L IZAPBERSEMAFICI DA -HEHE
N5, BB 2L X — BN TV Y BISONEH EERZ R L, ¢ 28
HAEMEHMDOKRE S 2RI 287 25 ThH 2. NRTOI 3L —[EGR%KIE
R—F i

N

oy A — A tHic

NL T2k (192, N 14
LL%‘*k_m (j=12,...,N) (14)



Soryushiron Kenkyu

BT 85 A8 ORI IS LT

XN(/\l,)\Q,...,>\N|£L'1,1'2,...,:UN): H (8j—8k+c) d%tei)\jﬂfk (15)
1<k<j<N J
L2605, LipLAanis, e vy THEAREEICE 1T 2 YBiLE o HIfHE

ZEHET 5 - O3 RZERICE 2 N B 2 ETT 205D D, TR
B2 A+ DDICEBIATRETH 2. L h P S i BN R — 7 G & WS
NEFEZMC2L I ETIORENABEE 2 5. £/ Fu 2 —1741 [19] L WiEh
i NP TRERT %:

(A(A) B(A))
T(\) = (16)
C(A) D)
L t
=:Pexp —i/ dx( A2 veri(e )] (17)
0 Vel (z —A/2
72720, - 3G A GEIEGEE T OIERNET 2 £ L, P IR0 ORI %2 %
@iN7X&®ﬁ{yhﬂ#«—7ﬁ&ﬁﬂ@%ﬁt?&%
N
b =TI BO)10) (18)
j=1

MLFNE—EEIREE 55, #2721 |0) It Fock HZ%TH 2.

3.2 MEEBRHOA

25D X—FIRIED IR ({1;}{\,;}) DBIL 22R% 5% 2 Slavnov 23 [20] %
A2 & MBI R 2 I T O/ XAVRE 5 [21):

(L }T ()W (0) {115 })

N
= 072N+2 Hmd:l h(um’/’l'])

dety 25.0]

e DORTIES et )"“]|M({)\} {uDP
X Z 3#97(>‘) N-1
{Nitn-1 detn_1 H (/\Tm/\ )

m,j=1

(19)



Soryushiron Kenkyu

=77 L
hOwp) = 2,
D; (1) .
e LI m] — Ky, ) (20)
=1
K\ p) = CQ_F(QAic_M)Q (21)
N
M v dn) =Y (=) gﬁtls(l) (22)
=1
L=t A, 1) TTm1 P, Am)
Sj :t)\7jm——t jv)‘ —m= - 23
Y ) YT
B (ic)?
= B0t i @4

THY, Yy, FETD (N - 1) K= REBICOWTOMZ LT

3.3 MEEBEHOFGERZR

NIRAZ% c=10,N/L = 1,2 =1/2 £ L, N = 5,10,15 (2% L THBIB %D
FER LR EFE L R Z Fig. 1 ISnd. SRS L, = 30X —XH
[Ey, By +10] OHICH 2 2T OEGIREICH L CHBIBIB DI L % 7a v
L7, T—=F HDIES D E R FENRES LD IONTNI L E>TED,
ETH 2383292 X ) ICHA%. 22 TOT—FRHDIEEDEIIKT —F D%
R ZZ LTIV b DD HFEN (RMS) TERHKS. B, ZORME
LIZER/INETE7 4y FTRD. N =5,6,...,15 (IR L CEHEHBEMZR 7N
ORFELT7ay F LD Fig 2 TH Y, FrrBickt L CREMICRET 2
eV 5. iUt ETH 2% Lieb-Liniger BRI MHBIRISC W L CTHZ T % 2
xR T. £/ ERH OfITIE L D E 07—y RzfflT 5701 N=15%
W TfTo 72, Figure 3 T3 7 — 7 JIlO UL IR B0 FME %2 ERH @
ROV RoND.



Soryushiron Kenkyu

092 L L L L L L 06 L L L L L L
*
0.88 ., . 04} .
—~ +* —~
S o0s4}f % S oz} * - g
> * > *
= 08F L Y ++ 3§
= = *
2 076 F * . =02} " + e
o~ g
L N=5 ] vy N=5 = =
072 * N=10 0.4 N=10
N=15  + * N=15  +
068 L L L L L L _06 L L L L L L
10 15 20 25 30 35 40 45 10 15 20 25 30 35 40 45
Eigenenergy[i2N2/(2mL?)] Eigenenergy[h2N2/(2mL?)]

Figure 1: EAREICE T 2 HBIBIS (c = 10, N/L = 1,2 = 1/2) DFEH (LK)
B LS (HX). Bifld = 2oL ¥ —EAHEEZ LS. SRFBICHL, 21X —
XIH [Ey, By + 10] (Ey IZFERIRE L 7L X —) O dH 5 2 TOREHIREDTR S
NTw3. LEL B BIEKREDZFILX—TH 3. F—FHDIE 52> 13k 1
BPRELBDIIONTNS K B>TED, ETH B0 LT 5 L) Iz 5. $7
T RIE 7Y LREILTE D, ERH bR 5 X ) IChR 5.

12 T T T T T -05 E T T T T
T4 a=21 os L + a=0.78
A6 | . . .
g E 0.7 | N e
=18} N . =0 .
o o
5 2 F + . - Q-OB B + . _
2 « 2
22} LA .,
09 | .
24 | i ¥
;
2.6 L L L L L _1 L L L L L
07 08 09 1 11 12 07 08 09 1 14 1.2
log;o NV logyo V

Figure 2: FEAIRGEICE T 2 HBIBIBDOW & E DR - BikF . Fig. 1 %7 —%
Gl ERCTRANEE7 4v F L, 202 LTI0 T — 25OV HER (RMS)
ZEOLEFLALZLTOS. NTHEPKRELLZICONTYS TR ZOHTHET 2
EDTD (04 o0c N™%). BERBUIELS &L Bz nZaucxt L T a =2.1,0.78.



Soryushiron Kenkyu

23 T T T T '08 T T T T
241 . =055 Y =13
25| i 12}
26 | N i S * N
o -1.6 |
2.7 F * - E -
+ %o o+
N
28 | L. < Ll +
.
29 5
+ +
3 L L L L _24 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
logom logom

Figure 3: LI L7z 7 =2 5D 531 (N = 15). FEHER & b I S
W B L TREMIOIELTE D, ERH 2L T3 (o(m) =o(1)m™7). %
Bz ZznZ i v =0.55,1.3.

4 FEOHEFER

P o % f#R 3 % 25D 5 Y4 ETH & ERH (% Lieb-Liniger A0
MHEIBIEIC B W T E I T 5 2 30 o7. 51 ETH KB L T ER
YA XA =) v T OBIED & DIENT 217 - 7455, WA REEIC & 1T % HBIBI%L
DL ENROHMEICBIL THEMET 2 2 EAHBHL 2. ZofiRz el
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Livuah) 2 hVEEOED LR%E 5 Z A% (12) DBRA 7=V v 73,
Ngtate < € E VI BIRA L D,

.
oAD' N_ It o exp ~ 7 N—alN]|. (25)

state v 4 1

REBIB OO A ERH #H, % —JH» ETH BIFOICRKFTH 2. w2
12, ETH O&F 513 ERH ICHRTHEA NYHIETL 2B w2 D00 5.

ERH 2SCRAT- & Ul % B 7z 372 1 3R E D & [EA R BE A~ D HE &
{Jei]?} S0 TH 5 &0 I IEDE IR IULH S kv, ZOREIZHS
550 5N 50, YIS Z D&M ZIEXST 2 D135 %OMETH 5. £z, S
DIFNTIERFE DB DR EDYIHBRICN T2 HDTH 7720, EDX I BFRD
EOYEEIC A U CGREmDIKAL T 5 Db, Z DA S 2 L) o il
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