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☆ 局所化の方法を使って、SUSYを保つ部分に関して厳密な解析ができる。 
    → finite N1, N2 の解析 （量子重力の効果、弦理論の非摂動効果）	



ABJ triality	

N = 6 U(N1)k � U(N2)�k CSM theory	

M-theory on AdS4 × S7 /Zk   

                 with discrete torsion	

N = 6 U(N1) parity-violating 
Vasiliev higher spin theory on AdS4	

large N2, k	

fixed N2 / k	finite N1 

large N1 
   finite k	

Type IIA on AdS4 × CP3 

      with discrete holonomy	

large N1, k  
   fixed N1/k	

[Chang-Minwalla-Sharma-Yin]	



Seiberg Duality	

U(N1)k � U(N2)�k = U(2N1 + k �N2)k � U(N1)�k

▷ brane creation effect [Hanany, Witten ‘97]	

▷ moduli space （weak evidence for this duality）	

＋	

CS theory	

＝ ＋	

CS theory	level-rank  
        duality	



ABJ Wilson loop	
□ The localization technique	

Chapter 1

The normalization

1.1 The ”gauged” quantity

We define the no hat quantity.
At first, we show the gauged ABJ quantities.

W i
ABJ ≡ NABJ

∫ N1∏

j=1

dµj

2π

N2∏

a=1

dνa
2π

∏
j<k

(
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2

)2∏
a<b

(
2 sinh νa−νb

2

)2

∏
j,a

(
2 cosh µj−νa

2

)2 e−
1

2gs
(
∑

j µ2
j−

∑
a ν2

a) epµi

(1.1)

where

NABJ =
i−

κ
2 (N

2
1−N2

2 )

N1!N2!
(1.2)

Next, we show the gauged lens space Wilson loop.

〈(· · · )〉 ≡ Nlens

∫ N1∏

j=1

dµj

2π

N2∏
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(
2 sinh

µj − µk

2

)2∏

a<b

(
2 sinh
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×
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j,a

(
2 cosh

µj − νa
2

)2

e−
1

2gs
(
∑

j µ2
j+

∑
a ν2

a) (· · · ) (1.3)

where

Nlens =
i−

κ
2 (N

2
1+N2

2 )

N1!N2!
(1.4)

gs = g =
2πi

k
, q = e−gs = e−

2πi
k , κ = signk. (1.5)

3

vector multiplet 
1-loop determinant	 CS action  

on the locus	

matters 1-loop determinant	 Wilson loop	

p = 1 ： winding 1, fundamental Wilson loop	

p = 2 ： winding 2, 対称・反対称表現のWilson loop を含む。	

p = 0 ： partition function	

▷ 1/6 BPS Wilson loop	
N1�

i=1

epµi や	
N2�

a=1

ep�a を挿入したもの。	

▷ 1/2 BPS Wilson loop	

W1/2 = W I
1/6 � (�1)pW II

1/6
W I

1/6 W II
1/6

W 1/6
� = TrP exp

� �
iAµẋµ +

2�

k
|ẋ|MJ

I CIC̄
J

�

分母がやっかい。	

U(N1)� U(N2)



さらに積分を実行するには？	
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W = Nlens

( gs
2π

)N
2
q−

1
3N(N2−1) exp

[
iπ

4
(−6N1N2 −N1(N1 + 1) +N2(N2 + 1))

]

× exp

[
gs
2

∑

A

P 2
A − gs(N + 1)

∑

A

PA

]

×
∑

σ

(−1)σ exp

[
iπ

2

(
N1∑

A=1

−
N∑

A=N1+1

)
σ(A) + gs

∑

A

PAσ(A)

]

×
∏

j<k

(
qσ(j)+Pj − qσ(k)+Pk

)∏

a<b

(
qσ(a)+Pa − qσ(b)+Pb

)∏

j,a

(
qσ(j)+Pj − qσ(a)+Pa

)
(3.18)

3.1 The details of the calculation

The change of variables.

µj → µj −
iπ

2
(3.19)

νa → νa +
iπ

2
(3.20)

The following formulae are very useful.

2 sinh
µi − µj

2
= e−

µi+µj
2 (eµj − eµj ) : invariant (3.21)

2 sinh
νa − νb

2
= e−

νa+νb
2 (eµa − eµb) : invariant (3.22)

2 cosh
µi − νa

2
→ e−

iπ
2 e−

µi+νa
2 (eµi − eνa) (3.23)

∏

j<k

(
2 sinh

µj − µk

2

)∏

a<b

(
2 sinh

νa − νb
2

)∏

j,a

(
2 cosh

µj + νa
2

)

→ e−
iπ
2 N1N2−N−1

2 (
∑

j µj+
∑

a νa)
∑

σ∈all permutation

(−1)σe(σ(1)−1)µ1+···+(σ(N1)−1)µN1+(σ(N1+1)−1)ν1+···(σ(N)−1)νN2

(3.24)

(∏
(· · · )

∏
(· · · )

∏
(· · · )

)2

→ e−iπN1N2−(N−1)(
∑

j µj+
∑

a νa)
∑

σ,τ

(−1)σ+τe

(σ(1)+τ(1)−2)µ1+···+(σ(N1)+τ(N1)−2)µN1
+(σ(N1+1)+τ(N1+1)−2)ν1+···+(σ(N)+τ(N)−2)νN2 (3.25)

Useful identities.

e
iπ
2

(∑N1
A=1 −

∑N
A=N1+1

)
σ(A)

= eiπ
∑N1

A=1 σ(A)− iπ
4 N(N+1) (3.26)

under construction.
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□ Lens space matrix model を考える。	

分子にcoshの因子が存在	

□ 変数変換とVandermonde行列式を用いれば、有限個のGaussian積分だと分かる	

□ 解析接続 N2 → -N2  によってABJ matrix modelにもどる。	

L(2, 1) = S3/Z2 U(N1)� U(N2)
CS matrix model	

Marino-Putrov ‘10	



The Lens space Wilson loop	

Chapter 4

Calculation of Wi

4.1 Rewriting

The results.

Wi = Nlens(N1 − 1)!N2!
( gs
2π

)N
2
q−

1
3N(N2−1)− 1

2p
2+p

×
∑

(N1,N2)

N1∑

k=1

q−pCk
∏

j<l

(qCj+pδkj − qCl+pδkl)
∏

a<b

(qDa − qDb)
∏

j,a

(qCj+pδkj + qDa) (4.1)

The further rewriting.

Wi = Nlens(N1 − 1)!N2!
( gs
2π

)N
2
q−

1
6N(N2−1)− 1

2p
2+p(1− q)

1
2N(N−1)G2(N + 1, q)S(N1, N2) (4.2)

S(N1, N2) =
∑

(N1,N2)

N1∑

k=1

q−pCk
∏

Cj<Da

qCj+pδkj + qDa

qCj − qDa

∏

Da<Cj

qDa + qCj+pδkj

qDa − qCj

×
∏

l>k

qCk+p − qCl

qCk − qCl

∏

j<k

qCj − qCk+p

qCj − qCk
(4.3)

The further rewriting 2

S(N1, N2) =
∑

1≤C1<C2···<CN1≤N

N1∑

k=1

q−2pCk+(k+N−1)p




∏

j #=k

1− qCj−Ck−p

1− qCj−Ck





×
N1∏

j=1









N1−1∏

l=j

(
−qCl−Cj−pδkj+1

)
Cl+1−Cl−1

(qCl−Cj+1)Cl+1−Cl−1




[
j−1∏

l=1

(
−qCj+pδkj−Cl+1+1

)
Cl+1−Cl−1

(qCj−Cl+1+1)Cl+1−Cl−1

]

×

(
−qCN1−Cj−pδkj+1

)
N−CN1

(
−qCj−C1+pδkj+1

)
C1−1(

qCN1−Cj+1
)
N−CN1

(qCj−C1+1)C1−1

}
(4.4)

S(N1, N2) =
∑

n1,n2,··· ,nN1≥0

N1∑

k=1

q−pn1,k−pk+p(N−1)(−1)
∑N1

j=1 n1,j




∏

j #=k

1− qn1,j−n1,k+j−k−p

1− qn1,j−n1,k+j−k





×
N1∏

j=1









N1−1∏

l=j

(
−ql−j−pδkj+1

)
nj+1,l+1

(
ql−j+1

)
nj+1,l

(ql−j+1)nj+1,l+1
(−ql−j−pδkj+1)nj+1,l




[
j−1∏

l=1

(
−qj−l+pδkj

)
nl+1,j

(
qj−l

)
nl+2,j

(qj−l)nl+1,j
(−qj−l+pδkj )nl+2,j

]

×

(
−qN1−j−pδkj+1

)
N2

(
qN1−j+1

)
nj+1,N1

(
q−N+j

)
n1,j

(
−qj+pδkj

)
n1,j

(
qj
)
n2,j

(qN1−j+1)N2
(−qN1−j−pδkj+1)nj+1,N1

(−q−N+j+pδkj )n1,j
(qj)n1,j

(−qj+pδkj )n2,j

}

(4.5)
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q = e�gsgs =
2�i

kG2(n, q) = (1� q)�
1
2 (n�1)(n�2)

n�2�

j=1

(q)j

(a)n =
n�1�

i=0

(1� aqi)

□ q-Barnes G function 

□ q-Pochhammer symbol 
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permutationの残存物	



解析接続 N2→-N2	
★ Lens space matrix model 
　　　　　　　　 → ABJ matrix model	

For N1 ≤ N2,

W 1/6
I (N1, N2)

p
k,−k = i−

κ
2 (N

2
1+N2

2 )+
N1+N2

2 k−
N1+N2

2 (−1)
1
2N1(N1−1)2−N1+1




N2−N1−1∏

j=1

(q)j



 q−
1
2p

2−p

1 + qp

× 1

N1!

N1∑

l=1

∑

s1,··· ,sN1≥0

q−psl+pl(−1)
∑

sj




∏

k #=l

1− qsk−sl−p

1− qsk−sl





×
[

N1∏

i=1

(qsi+1)N2−N1

(−qsi+1+pδil)N2−N1

]
∏

1≤a<b≤N1

(qsb−sa) 2
1

(−qsb−sa+pδlb)1(−qsb−sa−pδla)1
(1.14)

W̃ 1/6
I (N1, N2)

p
k,−k =

2q−
1
2p

2−p

1 + qp
1

N1!Ψ(N1,−N2)

×
N1∑

l=1

∑

s1,··· ,sN1≥0

q−psl+pl(−1)
∑

sj




∏

k #=l

1− qsk−sl−p

1− qsk−sl





×
[

N1∏

i=1

(qsi+1)N2−N1

(−qsi+1+pδil)N2−N1

]
∏

1≤a<b≤N1

(qsb−sa) 2
1

(−qsb−sa+pδlb)1(−qsb−sa−pδla)1
(1.15)

W̃ 1/6
I (N1, N2)

p=1
k,−k =

2q−
3
2

1 + q

1

N1!Ψ(N1,−N2)

N1∑

l=1

∑

s1,··· ,sN1≥0

q−sl+l(−1)
∑

sj




∏

k #=l

1− qsk−sl−1

1− qsk−sl





×
N1∏

i=1

(qsi+1)N2−N1

(−qsi+1+δil)N2−N1

∏

1≤a<b≤N1

(qsb−sa)21
(−qsb−sa+δlb)1(−qsb−sa−δla)1

(1.16)

W̃ 1/6
I (N1, N2)

n
k,−k = 2N1

q−
1
2n

2

1 + qn
1

N1!Ψ(N1,−N2)

∑

s1,··· ,sN1≥0

q−ns1(−1)
∑

sj

×
N1∏

i=1

(qsi+1)N2−N1

(−qsi+1+nδi1)N2−N1

∏

1≤i<j≤N1

(qsj−si)1(qsj−si−nδi1)1
(−qsj−si)1(−qsj−si−nδi1)1

(1.17)

W̃ 1/6
I (N1, N2)

n
−k,k = 2N1

q
1
2n

2+n(N2−N1)+n

1 + qn
1

N1!Ψ(N1,−N2)

∑

s1,··· ,sN1≥0

qns1(−1)
∑

sj

×
N1∏

i=1

(qsi+1)N2−N1

(−qsi+1+nδi1)N2−N1

∏

1≤i<j≤N1

(qsj−si)1(qsj−si−nδi1)1
(−qsj−si)1(−qsj−si−nδi1)1

(1.18)

where the quantities with ～ are the partition-function-normalized quantities.
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□ 和の表示はwell-definedではない。	

�

s�0

(�1)s � �1
2�i

� i�

�i�

�ds

sin�s

積分表示はwell defined	

▷ 積分は留数計算に帰着する。留数はそれぞれ２種類の寄与がある。	

▷ 積分は min（N1,N2）-次元積分になる。	

分配関数（p=0） 
で割っている	

summationは sin関数から出す留
数の計算に一致する	

N1 < N2

無限和が現れる。	

□ N1, N2 のうち、小さい方の分だけ無限和が現れる。	
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Combining (4.103) and (4.104), we have the factors

−
N ′

2∏

b=1
b !=c

(
qCb−Cc−n

)
1

(−qCb−Cc)1

N ′
2∏

a=1
a!=c

(
qCa−Cc

)
1

(−qCa−Cc−n)1
. (4.105)

Neither of a or b is equal to c, it yields the factors

N ′
2∏

a=1
a !=c

a−1∏

b=1
b!=c

(
qCa−Cb

)
1

(−qCa−Cb)1

N ′
2∏

b=a+1
b!=c

(
qCb−Ca

)
1

(−qCb−Ca)1
. (4.106)

5 The Seiberg duality

As we have done for the partition function, we wish to study the Seiberg duality in detail for the
dual pair

U(1)k × U(N)−k = U(2 + k − N)k × U(1)−k . (5.107)

5.1 The duality between U(1)k and U(1)−k Wilson loops

We shall compare

Sn(1,−N) = ε(−1)N ln q

[
−1
2πi

∫

I

πds

sin(πs)

]
q−n(s+1)

(
qs+1

)
N−1

(1 + qn) (−qs+1+n)N−1

(5.108)

and

Sn (1,−(2 + k − N))∗ = ε ln q

[
−1
2πi

∫

I′

πds

sin(πs)

]
qn(s+3−N)

(
qs+1

)
1+k−N

(1 + qn) (−qs+1+n)1+k−N

. (5.109)

Note first that both integrands do not have zeros. Let’s now examine the pole locations. There
are only simple poles at

The integrand of (5.108) : P poles s = 0, 1, · · · , k − (N + 1), k − N mod k (5.110)

NP poles s =
k

2
− (N − 1 + n), · · · k

2
− (1 + n) mod k (5.111)

The integrand of (5.109) : P poles s = 0, 1, · · · , N − 3, N − 2 mod k (5.112)

NP poles s =
k

2
− (k − N + 1 + n), · · · k

2
− (1 + n) mod k (5.113)

With the change of variable

s̃ =
k

2
− (1 + n) − s (5.114)

for the latter, the pole structures of the dual pair are exactly the same with the P and NP poles
interchanged. This implies that these two Wilson loops are the same up to a phase. Note that for
the partition function n = 0, we could have made an alternative change of variable

s̃ = s +
k

2
− N + 1 . (5.115)
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As we have done for the partition function, we wish to study the Seiberg duality in detail for the
dual pair

U(1)k × U(N)−k = U(2 + k − N)k × U(1)−k . (5.107)

5.1 The duality between U(1)k and U(1)−k Wilson loops
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Note first that both integrands do not have zeros. Let’s now examine the pole locations. There
are only simple poles at

The integrand of (5.108) : P poles s = 0, 1, · · · , k − (N + 1), k − N mod k (5.110)

NP poles s =
k

2
− (N − 1 + n), · · · k

2
− (1 + n) mod k (5.111)

The integrand of (5.109) : P poles s = 0, 1, · · · , N − 3, N − 2 mod k (5.112)

NP poles s =
k

2
− (k − N + 1 + n), · · · k

2
− (1 + n) mod k (5.113)

With the change of variable

s̃ =
k

2
− (1 + n) − s (5.114)

for the latter, the pole structures of the dual pair are exactly the same with the P and NP poles
interchanged. This implies that these two Wilson loops are the same up to a phase. Note that for
the partition function n = 0, we could have made an alternative change of variable

s̃ = s +
k

2
− N + 1 . (5.115)

17積分路	

被積分関数の反周期性（period k）から、黄色の
線上の積分は左図の周積分×1/2に帰着する。	

perturbative pole	

non-perturbative pole	 � e�
1

gs

□ 整数poleのみを拾ってきただけでは、摂動の
結果しか再現しない。Seiberg duality等の非摂
動的な解析を必要とする場合では、
Pochhammer記号からのpoleが重要。 	

I	

gs =
2�i

k



Consistency Check	
3.4.1 (N1, N ′

2) = (2, 2) case

Ŵi(2,−2) = 4π4q−
1
2p

2−p(− log q)2
∑

s1,s2≥0

2∑

k=1

q−psk(−1)s1+s2




∏

j #=k

(qsj−sk−p)1
(qsj−sk)1





× (qs2−s1)21
(−qs2−s1+pδk2)1(−qs2−s1−pδk1)1

(−q1−pδk1)1(−q1+pδk2)1
(q)21

(q−1)1
(−q−1−pδk2)2

(q)1
(−q−pδk1)2

(3.54)

= 2π4g2s
q−

1
2p

2−p

1 + q−p

∑

s1,s2≥0

(−1)s1+s2

[
−q−ps1 (1− qs2−s1−p)(1− qs2−s1)

(1 + qs2−s1)(1 + qs2−s1−p)

+q−ps2+s2−s1+p (1− qs1−s2−p)(1− qs2−s1)

(1 + qs2−s1+p)(1 + qs2−s1)

]
(3.55)

Weak Coupling Expansion for Summation Representation

ŴABJ
i (2,−2) =

π4g4

16
+

1

16
p2π4g5 +

1

384

(
8π4 − 18p2π4 + 9p4π4

)
g6 +

1

192

(
6p2π4 − 7p4π4 + p6π4

)
g7

+

(
1156π4 − 2880p2π4 + 3000p4π4 − 1140p6π4 + 75p8π4

)
g8

92160

+

(
2312p2π4 − 2960p4π4 + 1488p6π4 − 240p8π4 + 9p10π4

)
g9

92160

+

(
61504π4 − 162792p2π4 + 179284p4π4 − 93632p6π4 + 23744p8π4 − 2030p10π4 + 49p12π4

)
g10

5160960
+O[g]11 (3.56)

15

weak coupling expansion:	
Polylog regularization	 Li�s(z) =

��

k=1

zk

k�s

��

k=1

(�1)k = Li0(�1) = �1
2

��

k=1

(�1)kk = Li�1(�1) = �1
4

3.2 N1 = 1 case

S(1, N2) = q−p+pN2

(
−q1+p

)
−N2−1

(q)−N2−1

(
−q1−p

)
N2

(q)N2

∞∑

s=0

(−1)sq−ps

(
qs+1

)
−N2−1

(−qs+1+p)−N2−1
(3.9)

S(1,−N ′
2 + ε) = (−ε ln q)

(
−q1+p

)
N ′

2−1

(q)N ′
2−1

(
q1−N ′

2

)

N ′
2−1(

−q1−N ′
2−p
)
N ′

2

∞∑

s=0

(−1)sq−ps−p−pN ′
2

(
qs+1

)
N ′

2−1

(−qs+1+p)N ′
2−1

(3.10)

Ŵi(1,−N ′
2 + ε) = (2π)

1
2+

1
2N

′2
2 (gs)

N′
2+1

2 (−1)N
′
2−1q−

1
2p

2−pN ′
2 (1− q)

1
2 (N

′
2−1)(N ′

2−2) G2(N ′
2; q)

G2(N ′
2 + 1)

×

(
−q1+p

)
N ′

2−1

(q)N ′
2−1

(
q1−N ′

2

)

N ′
2−1(

−q1−N ′
2−p
)
N ′

2

∞∑

s=0

(−1)sq−ps

(
qs+1

)
N ′

2−1

(−qs+1+p)N ′
2−1

(3.11)

This is a formal series because of s summation, then we have to regulate the infinite sum.

3.2.1 (N1, N2) = (1,−1) case

N ′
2 = 1 case （N2 = −1） is very simple. In this case, using the geometric series, Wi becomes;

Ŵi(1,−1) = 2πgsq
− 1

2p
2−p 1

1 + q−p

∞∑

s=0

(−1)sq−ps (3.12)

= 2πgsq
− 1

2p
2−p

(
1

1 + q−p

)2

(3.13)

= 2πgsq
− 1

2p
2+p

(
1

1 + qp

)2

(3.14)

weak coupling expansion

Note that

q = e−gs = e−
2πi
k (3.15)

For small gs, we obtain

Ŵi(1,−1) =
πg

2
+
1

4
p2πg2+

1

16

(
−2p2 + p4

)
πg3+

1

96

(
−6p4 + p6

)
πg4+

1

768

(
16p4 − 12p6 + p8

)
πg5

+

(
80p6 − 20p8 + p10

)
πg6

7680
+

(
−272p6 + 240p8 − 30p10 + p12

)
πg7

92160

+

(
−1904p8 + 560p10 − 42p12 + p14

)
πg8

1290240
+

(
7936p8 − 7616p10 + 1120p12 − 56p14 + p16

)
πg9

20643840

+

(
71424p10 − 22848p12 + 2016p14 − 72p16 + p18

)
πg10

371589120
+O[g]11 (3.16)

10

Above sum is ill-defined, so we regularize it.

∞∑

s=0

(−1)sq−ps 1− qs+1

1 + qs+1+p

∣∣∣∣∣
p=1

k:odd
= −q

2

k−1∑

n=0

(−1)n
1 + e

2πi
k n

1 + e−
2πi
k (n+1)

(3.27)

k:even
=

q

k

k−1∑

n=0

(−1)n(n− k

2
+ 1)

1− e
2πi
k n

1 + e−
2πi
k (n+1)

(3.28)

Then,

Wi(1,−2)|p=1 = (2π)
5
2 g

3
2
s q−

1
2

1

1 + q
×






− q
2

∑k−1
n=0(−1)n 1+e

2πi
k

n

1+e−
2πi
k

(n+1)
(k : odd)

q
k

∑k−1
n=0(−1)n(n− k

2 + 1) 1−e
2πi
k

n

1+e−
2πi
k

(n+1)
(k : even)

(3.29)

= (2π)4i
3
2 k−

3
2

e
πi
k

1 + e−
2πi
k

×






− q
2

∑k−1
n=0(−1)n 1+e

2πi
k

n

1+e−
2πi
k

(n+1)
(k : odd)

q
k

∑k−1
n=0(−1)n(n− k

2 + 1) 1−e
2πi
k

n

1+e−
2πi
k

(n+1)
(k : even)

(3.30)

weak coupling expansion

Ŵi(1,−2) =
π5/2g5/2

2
√
2

+
p2π5/2g7/2

4
√
2

+
1

96

(√
2π5/2 − 12

√
2p2π5/2 + 3

√
2p4π5/2

)
g9/2

+
1

192

(
7
√
2p2π5/2 − 12

√
2p4π5/2 +

√
2p6π5/2

)
g11/2 +O[g]13/2 (3.31)

earnest integral calculation

Integrand. (Note that we rescale integerl variable x → √
gx in order to expand about g)

1

4
e
√
gpx+ 1

2 (−x2−ay2−az2)g3/2πSech

[
1

2

√
g(x− y)

]2
Sech

[
1

2

√
g(x− z)

]2
Sinh

[
1

2

√
g(y − z)

]2

(3.32)

Taylor expand by gs and integrate x, y, z.

1

192
√
2a5

g5/2
(
−31g3 + ag2

(
34 + g

(
−101 + 17p2

))
− 3a2g

(
16 + 8g

(
−3 + p2

)
+ g2

(
39− 36p2 + 2p4

))

+a3
(
96 + g

(
48
(
−1 + p2

)
+ g

(
42− 47g + 3(−24 + 35g)p2 + 6(2− 5g)p4 + 2gp6

))))
π5/2 (3.33)

And take the a → −1 limit. We get final result.

Ŵi(1, 2) =
π5/2g5/2

2
√
2

+
p2π5/2g7/2

4
√
2

+

(
4− 48p2 + 12p4

)
π5/2g9/2

192
√
2

+

(
7p2 − 12p4 + p6

)
π5/2g11/2

96
√
2

+O[g]13/2

(3.34)

This is precisely correspond to Analytic continuation results.

3.2.3 (N1, N2) = (1,−3) case

N ′
2 = 3 case.

Wi(1,−3) =
(2π)5

2
g2sq

− 1
2p

2−p+2 1− q

(1 + q−p)

∞∑

s=0

(−1)sq−ps (1− qs+1)(1− qs+2)

(1 + qs+1+p)(1 + qs+2+p)
(3.35)

In a similar way, we must regularize the above summation.

J =
∞∑

s=0

(−1)sq−ps (1− qs+1)(1− qs+2)

(1 + qs+1+p)(1 + qs+2+p)
(3.36)
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Above sum is ill-defined, so we regularize it.
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weak coupling expansion

Ŵi(1,−2) =
π5/2g5/2
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√
2p6π5/2

)
g11/2 +O[g]13/2 (3.31)

earnest integral calculation

Integrand. (Note that we rescale integerl variable x → √
gx in order to expand about g)

1

4
e
√
gpx+ 1

2 (−x2−ay2−az2)g3/2πSech

[
1

2

√
g(x− y)

]2
Sech

[
1

2

√
g(x− z)

]2
Sinh

[
1

2

√
g(y − z)

]2

(3.32)

Taylor expand by gs and integrate x, y, z.
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192
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−31g3 + ag2

(
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))
− 3a2g

(
16 + 8g

(
−3 + p2

)
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+a3
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(
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))))
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And take the a → −1 limit. We get final result.
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+
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4
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(3.34)

This is precisely correspond to Analytic continuation results.

3.2.3 (N1, N2) = (1,−3) case

N ′
2 = 3 case.

Wi(1,−3) =
(2π)5

2
g2sq

− 1
2p

2−p+2 1− q

(1 + q−p)

∞∑

s=0

(−1)sq−ps (1− qs+1)(1− qs+2)

(1 + qs+1+p)(1 + qs+2+p)
(3.35)

In a similar way, we must regularize the above summation.

J =
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s=0

(−1)sq−ps (1− qs+1)(1− qs+2)

(1 + qs+1+p)(1 + qs+2+p)
(3.36)
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small N1,N2 results :	

3.2 N1 = 1 case

S(1, N2) = q−p+pN2

(
−q1+p

)
−N2−1

(q)−N2−1

(
−q1−p

)
N2

(q)N2

∞∑

s=0

(−1)sq−ps

(
qs+1

)
−N2−1

(−qs+1+p)−N2−1
(3.9)

S(1,−N ′
2 + ε) = (−ε ln q)

(
−q1+p

)
N ′

2−1

(q)N ′
2−1

(
q1−N ′

2

)

N ′
2−1(

−q1−N ′
2−p
)
N ′

2

∞∑

s=0

(−1)sq−ps−p−pN ′
2

(
qs+1

)
N ′

2−1

(−qs+1+p)N ′
2−1

(3.10)

Ŵi(1,−N ′
2 + ε) = (2π)

1
2+

1
2N

′2
2 (gs)

N′
2+1

2 (−1)N
′
2−1q−

1
2p

2−pN ′
2 (1− q)

1
2 (N

′
2−1)(N ′

2−2) G2(N ′
2; q)

G2(N ′
2 + 1)

×

(
−q1+p

)
N ′

2−1

(q)N ′
2−1

(
q1−N ′

2

)

N ′
2−1(

−q1−N ′
2−p
)
N ′

2

∞∑

s=0

(−1)sq−ps

(
qs+1

)
N ′

2−1

(−qs+1+p)N ′
2−1

(3.11)

This is a formal series because of s summation, then we have to regulate the infinite sum.

3.2.1 (N1, N2) = (1,−1) case

N ′
2 = 1 case （N2 = −1） is very simple. In this case, using the geometric series, Wi becomes;

Ŵi(1,−1) = 2πgsq
− 1

2p
2−p 1

1 + q−p

∞∑

s=0

(−1)sq−ps (3.12)

= 2πgsq
− 1

2p
2−p

(
1

1 + q−p

)2

(3.13)

= 2πgsq
− 1

2p
2+p

(
1

1 + qp

)2

(3.14)

weak coupling expansion

Note that

q = e−gs = e−
2πi
k (3.15)

For small gs, we obtain

Ŵi(1,−1) =
πg

2
+
1

4
p2πg2+

1

16

(
−2p2 + p4

)
πg3+

1
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もともとの積分の結果と一致	



Seiberg Duality	

□ original 理論に含まれる摂動的効果と非摂動効果はそれぞれ、dual 理論の対応
物では、非摂動効果・摂動効果にmapされる。 

This is required for the Seiberg duality to work, but it is also necessary for the ABJ partition
function to be analytic in k, which is clearly the case for the original expression (2.1). In the
weak coupling regime |gs| = |2⇡i/k| ⌧ 1, the NP poles are far away from the origin (distance
⇠ 1/|gs| ⇠ |k|) and we can safely take ⌘ = 0

+

. However, as we decrease |k| continuously, the
NP poles come closer to the origin and, eventually, at some even |k|, one of the NP poles
that was in the s > 0 region reaches s = 0. As we further decrease |k| continuously, this
NP pole enters the s < 0 region. In order for the partition function to be analytic in k, one
needs to increase the value of ⌘ so that this NP pole does not move across the contour I but
stays to the right of it.

Odd k case

The integral (4.10) for odd k is equal to the following contour integral
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where the integral contour C is given by C = I \ Ii1 \ Ik \ I�i1 (clockwise), where the
contour Ik is parallel to I and shifted by |k|, and the contours Ii1 and I�i1 are at infinity;
see Figure 3. Note that the anti-periodicity of the integrand allows us to write the line
integral (4.10) as a closed contour integral, but the contour is di↵erent from the tentative
contour shown for the sake of sketchy illustration in Figures 1 and 2. By summing up pole
residues inside C, one finds
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The first term comes from P poles and the second from NP poles. Although we prove the
Seiberg duality in Appendix E, it is quite nontrivial that (4.15) gives the same value for the
dual pair (4.7).

Let us look at this in more detail in the following case:
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Using the above formulas, we obtain the partition functions of this dual pair which can be
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□ Seiberg duality	

U(N1)k � U(N2)�k = U(2N1 + k �N2)k � U(N1)�k

□ 一般のN1, N2では、poleの構造・zero点の構造・漸近的な振舞いから、dualityを示
すことができる。	
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Seiberg Duality 2	

W1/2(N1, N2) = �W1/2(2N1 + k �N2, N1)

□ fundamental Wilson loopに関して、以下のdualityを発見した。	

W I
1/6(N1, N2) = W II

1/6(2N1 + k �N2, N1)

W II
1/6(N1, N2) = �W I

1/6(2N1 + k �N2, N1)� 2W II
1/6(2N1 + k �N2, N1)

W1/2 = W I
1/6 � (�1)pW II

1/6

□ これらの関係式はconsistent	

３つのうち、２つ知っていれば良い。	



Seiberg duality for Wilson loop	

W̃ 1/6
I (1, N)k,�k �

Combining (4.103) and (4.104), we have the factors
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Neither of a or b is equal to c, it yields the factors
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5 The Seiberg duality

As we have done for the partition function, we wish to study the Seiberg duality in detail for the
dual pair

U(1)k × U(N)−k = U(2 + k − N)k × U(1)−k . (5.107)

5.1 The duality between U(1)k and U(1)−k Wilson loops

We shall compare

Sn(1,−N) = ε(−1)N ln q

[
−1
2πi

∫

I

πds

sin(πs)

]
q−n(s+1)

(
qs+1

)
N−1

(1 + qn) (−qs+1+n)N−1

(5.108)

and

Sn (1,−(2 + k − N))∗ = ε ln q

[
−1
2πi

∫

I′

πds

sin(πs)

]
qn(s+3−N)

(
qs+1

)
1+k−N

(1 + qn) (−qs+1+n)1+k−N

. (5.109)

Note first that both integrands do not have zeros. Let’s now examine the pole locations. There
are only simple poles at

The integrand of (5.108) : P poles s = 0, 1, · · · , k − (N + 1), k − N mod k (5.110)

NP poles s =
k

2
− (N − 1 + n), · · · k

2
− (1 + n) mod k (5.111)

The integrand of (5.109) : P poles s = 0, 1, · · · , N − 3, N − 2 mod k (5.112)

NP poles s =
k

2
− (k − N + 1 + n), · · · k

2
− (1 + n) mod k (5.113)

With the change of variable

s̃ =
k

2
− (1 + n) − s (5.114)

for the latter, the pole structures of the dual pair are exactly the same with the P and NP poles
interchanged. This implies that these two Wilson loops are the same up to a phase. Note that for
the partition function n = 0, we could have made an alternative change of variable

s̃ = s +
k

2
− N + 1 . (5.115)
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2
− (1 + n) mod k (5.113)

With the change of variable

s̃ =
k

2
− (1 + n) − s (5.114)

for the latter, the pole structures of the dual pair are exactly the same with the P and NP poles
interchanged. This implies that these two Wilson loops are the same up to a phase. Note that for
the partition function n = 0, we could have made an alternative change of variable

s̃ = s +
k

2
− N + 1 . (5.115)
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変数変換	

① original theory	

留数の構造:	

留数の構造: 	

② dual theory	

winding： n	

変数変換で被積分関数が一致する。	



Conclusions 

1.  ABJ理論の1/6 BPS と 1/2 BPS Wilson loopの厳密計算を、 
      Lens space matrix modelを用いて行った。 
　　 得られた結果はmin-（N1, N2） 積分の表式を得た。 

  

2.  特に基本表現のWilson loopの解析を行った。（任意の表現に拡 

      張可能） 

3.  さらにSeiberg dualityの下で、これらのWilson loopがどう移さ
れるかを調べた。	



Future Directions	

1.  一般の表現のWilson loopに対してSeiberg dualityの下でのmapping
を議論する。 

2.  今回用いた積分のtechniqueの、他の３次元の超対称ゲージ理論への
応用。 

3.  Fermi-gas formalism。1/N 補正。非摂動効果を調べる。 

4.  Higher spin theory 
　　我々の得た表示はhigher spin極限をとるのに適している。 
    （large N1, k and fixed N1/k, finite N2）	

ご清聴ありがとうございました。	


