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1. Introduction




Localization n SUSY QF1T

* Path integral for Q-closed actions (operators) localizes to BPS locus
* (Q-exact deformation helps know fixed points & obtain exact results

* For now, known to work for manifolds with isometry

(Opps) = lim [ [DX]|Opps ¢S X -tQER[X]
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Notion of “"Localization” is simpler in finite-dimensional integral



Duistermaat-Heckman(82)

F.quivariant localization  ppmere

Atiyah-Bott(84)
* Symplectic manifold (M, w) with Hamiltonian H for circle action
* Associated Hamiltonian vector field V satisties dH = iy w

+ Equivariant cohomology dy(H —w) =0 with dy =d +iy

Equivariant localization SUSY localization ARIR 72 9
dy Q 0
dv(H—C«J)ZO QS:O
/6—(H—w)—|—[3(K—Q) _ /e—(H—w) /[DX]G_S_tQE s /[DX]G_S
dH =0 U =0,Q¥ =0 y gl

Harish-Chandra Itzykson-Zuber integral (unitary matrix model) is
exactly evaluated by this. — How about lattice gauge theory?



|.ocalization 1n lattice models?

* Consider 2D lattice models with BRST SUSY on simplicial complex

* Evaluate the path integral by the localization technique

¢ Strategy O

- Extension of 2D N=(2,2) lattice model to simplicial complex

+ Application of localization to the system

¢ Potential gains

* Reduction of numerical costs in SUSY simulations

* Feedback to study in (quiver) matrix models



2. Localization in HCIZ integral




HCIZ integral as SUSY  fximes

det e—@ib; A, B : Diagonal matrices ai, bi
ZHCIZ = DU e_TI'AUBUT BES S0 U : U(N) unitary matrix
A(a) A(b) A(a), A(b) : Vandermonde of 4, B

H = TTAUBU' = TrAXp
* Phase space ~ UN)/U(1)" with symplectic 2-form w = Tr(Xg 6 A )
* Localized to dH=0 due to the equivariant localization dv(H-w)=0

+ Identify MC 1-form 0 = —idUUT as fermion 1 — SUSY localization

4 )

* SUSY algebra QXp=Vp, QUp=[AXp] (Up=i[y,UBU')

* Q-exactterm Q== QTr[Up(Q¥p)] =T[4, X5]* + Tr¥p[A4, ¥p]
N £




HCIZ mtegral as SUSY s

* t-indep. deform. 7, = ﬁ /DUDw e S (T —%Trw[XB,w])

» Fixed points QUp =[A, Xp]=[A,UBU'|=0, ¥p=0

# U =1, (permutation group)

* One-loop det. Q= = Tr[A, Xp]* + TrUg[A, Ug]

| ! = (-1)71Aa) ™
A@|AGI? Ad@)AR)F

» (_1)|0| S agba el
4 — i Vo (i) — proauces
e EU: A(a)A(d) " A(a)A(b) HCIZ integral



3. L.ocalization on the lattice




Lattice 2D N=(2.2) SYM model s

» Lattice model with scalar SUSY (Q-exact action) ¢

» Variables in topologically-twisted form

® N ®
- Site, link & face variables o
- Rest of SUSY will restore in the cont. limit ¢ G
Uy, Au,il
D, Py, 1

* BRST SUSY algebra

QUM,CU = A,u,aca QA,LL,ZE N _i(q)xU,u,x P U,u,xq)x—l—u)a

Qq)il’) > 07 2

o s — auge o
Q(I):E = Tz, an — —i[q)w,(l)m], + Q | gaug ( )
QY vz = _i[qu,:c, O @i =y nilpotent on

gauge-invariant operator



Lattice 2D N=(2.2) SYM model s

» Lattice model with scalar SUSY (Q-exact action) ¢

» Variables in topologically-twisted form

O - QO
- Site, link & face variables T
+ Rest of SUSY will restore in the cont. limit I.—%.
/ IUvUJafI?? Al%
, Dy, Py, N
* Q-exact action
1 iy
Ssugino == 2_92 Z QTI’ [f ' Qf iz ZXMVM,UJ/} Huy ™ Up — U; — F/u/
et Tr [iA, (D, U — U D n[d, D Xk
= @Z @ r[z w( Pty Y m z) + P, @] — X (Yo — ULW)]

X

1 —_—
= 53 O T [[Up®esy — BULP + (@3 + 4+



Extension to generic simplicial complex

- Extension to simplicial complex by labeling sites and orienting links
- Metric & connection are defined from the vielbein

» Topological field theory on generic Riemann surface in a—0

* Labeling sites for variables

Site variables : Pz, Py, 1mz — P;, D41
Link variables: U, 4, A, o — Uiy, Aij D;, D, n;

Face variables: Xuv,z — Xi

* From Vielbein to Metric Us; = exp [iael; A, (7)] Ay = ez
), = / d*z\/g Y ellel, = g" (i) — g"(x)
i J€(%,-) outgoing links



Extension to generic simplicial complex

* Supersymmetric BRST algebra

QUij == Az’ja QAz‘j e _i((DiUij = Uz'jq)j)a
Q?z = 0, - -> Q2 = 5gauge(q))
QP; = n;, Qn = —1|P;, D,

. nilpotent on gauge-invariant operator
QY: = —ilxi, @, Qxi =Yi < equivariant cohomology

* Q-exact action on simplicial complex

L - P& _ &7 1 i 13
S =53 > QM [zAij(Ulijé[)i — &;UL) + ims[®i, Bs] — xa(Y; — zui)}

1 5 -
~ 2g2 Z Tt [|@Us5 = Usy®;1* + [[®s, Bi]|” — ViV — 25) + - -]

g
Z eé;e;/j Au(x)puq’(x) — V(x))\u(l’)pu@(w) Metric & connection emerge



l.ocalization on the lattice

Calculate path integral with the QO-exact action by localization (g — 0)

* Fixed points (BPS) Gauge fixing: ®; = diag(¢i1, diz,- .., in)

A =0 Uj = L'y Permutation group
QAij = —1(®U;; — Ui ®5) =0 O = I’;-ijI)iFij indep. of i up to permutation

* One-loop determinant

e RO ATl
1-loop det. :HH ((%a Piploz X (Pia ~ Pib)x

Ger -l Qbi,a = qu,b)Uij X (¢i,a — gbi,b)ci)

_ [Liev act(9i0 — ¢ip) [icr [1ocs(9ia — #ip)  Contributions from
H<z‘j>€L Hagb(gbi,a — Pjp) site, link & face variables




l.ocalization on the lattice

* Partition function

Z7=% / I1 ﬂ Adia [ [ (660 — @-,7

05 1 a=1 a<b

/

permutation elements Euler characteristic
Y =dimV —dim L + dim F
#sites  #links #faces

* The result depends only on the topology of the 2D surface

* Independent of simplicial decomposition (2D YM is topological)

+ Multiple integrals remain due to flat direction of SUSY — ¢ ° =04




Examples of Riemann surfaces

* Disks
D, cC L/ D, c ¢ =
5 i #Hofd, c,c=4
v+ U #of U=4
5 = e #ofy=1
D, ¢, ¢ D, ¢, C 1
% A - H(¢a_¢b)
#Of(D,C,Ezg a<b
#oft U= 12
#ofy=4
* Spheres
#of D, c,c=4
e 2
#of U=6 =2 § [C2Ry
#olfy=4 b

The path integral depends only on the topology of the 2D surface.



Examples of ()-closed operators

* Kazakov-Migdal Q-closed operator

O = Z 1r [(I)z'Uz'j d; U” Z TrA;; |95, @] Multi-matrix HCIZ operator

Fixed points ®;U;;®,;U;, = 37 = { Z/HHd% (Pia — Pip)* Z@b
=1

1 a=1 a<b

* Ward-Takahashi identity
1
Q Ir ZA (I) U]L Z Tr [(I)iUij(I)jU;rj} + 5 Z TI‘AZ']' [(I)j, Aj]] 5D Z (I)%
QQ-exact operator Q-closed : Cj—closed

(QTr[A;;®; UszD =0 =p < > T < > consistent to the above result



What 1s appropriate Q-exact deformation ?
== Q(F - QF)

Inappropriate Q-exact terms

 Has contribution from boundaries

/ DX]Q (Ee™9%) £0 — t-dependent integral !

* Restrict configuration space (broken sym? structure changed?)

e

theory structure changed fixed points can be mutilated !

(= )

®;) + % > TrA;[@;,AL]  Q-closed under two different Q

cf.) Kazakov-Migdal s = > @30, +) TV

L s = iy @ = 005

=P Q= = Tr[®;, Ui; ®;Uf )
D Ol = s N =T — Uijcpj)-} QE = Tr|®; — Uy @;UL |7

N=(2,2) BRST algebra

+ Uij =1y
+ Uij = 15

Different results

=3 ¢i,aij (a)

J




Summary

* We reduce the SUSY lattice gauge theory to the simpler integral
via the localization technique.

* We extend the lattice SUSY model to generic lattice surfaces.

* We evaluate KM operator and find useful Ward-Takahashi
identities.

* We discuss that inappropriate Q-exact deformations do not give
correct answer of the original integral.



Back-up shdes




localization n HCIZ integral

/ Dipg P

/D¢R€ 3 Trr[XB,YR]
2t /DwL o3 TTYL[Br] < Vi, = UTwRU

Left-invariant MC form

= BT,

* One-loop determinant

, Cartan-Weyl basis
= Tl"[A, [ZvBH = s,

Q = Tilr, BollA, [ Boll +- -, eeiirg il i
[H’i7 Hj] e O)
e —0) Z ol Pl e e W&k 18,V = @i/5y,
s Tr(EoEs) = Sarso.
Q = 23 ala)olb,) Y+ -,
l a>0 l

A@)[AG)2  A@|A®))? =P (-)A@)™



(Q-exact action on simplicial complex

* Q-exact action on simplicial complex

1 | ESe s

A G (A U O B
Ol
i

+imi[Ds, ] + i [Ps, Xa] — 20 =— Ay



One-loop determimant SUSY

* Action § =¢QTr [gIJ]:fQ]:J] Bl — B 1 Bl
0 \/E )

_ [
—tTh [\ QF? - ]:IQ(QIJQ]:J)] P

* Action at quadratic order

S =Tr {GUBNI[S’J - Quﬁfﬁf} + O(1/1)

Gis = s5rsgrl |07 Gro(QB)B! = 01, (QF)F!
M eBIoBY g Q-closed
L e 0 W
Qg = 9 (TFQ(QJKQJT:K) 3 TPQ(QIKQIK)> -




One-loop determinant SUSY

* To look into the Hessian

— . 1 6QF!

1 6QB!
Bl = QB! . -

— —

B=DBy

s

* Substituting them
OQF! QB!

S QIK

Gry

G5 ey o] B RS e
0B B=Bg 0F UP=R

s
QF' = QFj + —QF"

%
B
B'=0B.+ —0B.
Q Q 0 \/gQ
. SQF! -
QFI - BJ)
0B |5_g
. QB! .
1 J
QB = 557 | qo]-"




