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Sec 1. Introduction

Sec 1. Introduction: a.Cosmic Microwave

Background Radiation 温度ゆらぎ

Figure: WMAP, Cosmic Microwave Background Radiation
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Sec 1. Introduction

Sec 1. Introduction b. History

Cosmic Microwave Background Radiation Observation Data is
accumulating

Dark Matter, Dark Energy (∼ Cosmological Term)

’Micro’ Theory of Gravity : Divergence Problem(Infra-red,
Ultra-violet)

Quntum Field Theory on dS4 is not defined
’01 E. Witten, inf-dim Hilbert space
’03 J. Maldacena, Non-Gaussian ...
’06 S. Weinberg , in-in formalism
Schwinger-Keldysh formalism in ’07 A.M. Polyakov
’09- T. Tanaka & Y. Urakawa
’11- H. Kitamoto & Y. Kitazawa
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Sec 1. Introduction

Sec 1. Introduction c. Noticeable Words and

References

A.M. Polyakov, ’09
Dark energy, like the black body radiation 150 years ago, hides
secrets of fundamental physics

E. Verlinde, ’10
Emergent Gravity

A. Strominger et al, ’11
From Navier-Stokes to Einstein, arXiv:1101.2451
From Petrov-Einstein to Navier-Stokes, arXiv:1104.5502
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Sec 2. Background Field Formalism

Sec 2. Background Field Formalism a.

B.S. DeWitt, 1967; G. ’tHooft, 1973; I.Y. Aref’eva, A.A. Slavnov &
L.D. Faddeev, 1974

Φ(x) : Scalar Field, gµν(x) : Gravitational Field,V (Φ) =
σ

4!
Φ4, σ > 0

S [Φ; gµν] =

∫
d4x

√
g

(
−(R − 2λ)

16πGN
− 1

2
∇µΦ∇µΦ− m2

2
Φ2 − V (Φ)

)
.

(1)
Background Expansion: Φ = Φcl + φ , NOT expand gµν (2)
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Sec 2. Background Field Formalism

Sec.2 Background Field Formalism b.

eiΓ[Φcl ;gµν ] =

∫
Dφ exp i

{
S [Φcl + φ; gµν ]−

δS [Φcl ; gµν ]

δΦcl
φ

}
Γ[Φcl ; gµν ] ; Effective Action . (3)

Φcl is perturbatively solved, at the tree level, as

Φcl(x) = Φ0(x) +

∫
D(x − x ′)

√
g
δV (Φcl)

δΦcl

∣∣∣∣
x ′
d4x ′ ,

√
g(∇2 −m2)Φ0 = 0 ,

√
g(∇2 −m2)D(x − x ′) = δ4(x − x ′) . (4)

Φ0(x) : asymptotic fields for n-point function of scattering matrix.
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Sec 2. Background Field Formalism

Sec.2 Background Field Formalism c. xcl(0), xcl(β)

Aref’eva, Slavnov & Faddeev 1974
Harmonic Oscillator (Feynman’s text ’72)

Density Matrix

ρ(x2, x1; β) =

∫
Dx(τ) exp

[
−1

~

∫ β

0

(
ẋ2

2
+

ω2

2
x2
)
dτ

]
x(0)=x1,x(β)=x2

. (5)

Background Field Expansion: x(τ) = xcl(τ) + y(τ)

ρ(x2, x1; β) =

√
1

2π~β
exp

[
−1

~

∫ β

0

(
ẋ2cl
2

+
ω2

2
xcl

2

)
dτ

]
. (6)

Transition probability is given by

δ

δxcl(0)

δ

δxcl(β)
ρ(x2, x1; β) . (7)
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Sec 3. 5D Electromagnetism

Sec 3. 5D Electromagnetism: a.Flat Geometry

5D Electromagnetism on the flat geometry
SEM =

∫
d4xdy

√
−G{−1

4
FMNF

MN}, (GMN) = diag(−1, 1, 1, 1, 1)
The extra space is periodic (periodicity 2l) and Z2-parity

Figure: IR-regularized geometry of 5D flat space (8).

y

−1

l

-l

xm
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM.: b.Casimir Energy

ds2 = ηµνdx
µdxν + dy 2, −∞ < xµ, y < ∞, y → y + 2l , y ↔ −y ,

(ηµν) = diag(−1, 1, 1, 1) , (XM) = (X µ = xµ,X 5 = y) ≡ (x , y) ,

M ,N = 0, 1, 2, 3, 5; µ, ν = 0, 1, 2, 3. (8)

The Casimir energy e−l4ECas ≡
∫
DAM exp{iSEM}, p̃ ≡ √

pµpµ

ECas(Λ, l) =
2π2

(2π)4

∫ Λ

1/l

dp̃

∫ l

1/Λ

dy p̃3W (p̃, y)F (p̃, y), F (p̃, y) ≡

F−(p̃, y) + 4F+(p̃, y) =

∫ Λ

p̃

dk̃
−3 cosh k̃(2y − l)− 5 cosh k̃ l

2 sinh(k̃ l)
. (9)

Λ the 4D-momentum cutoff; W (p̃, y) the weight function
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM.: b2.Heat Kernel, Propagator

G∓
p (y , y ′) ≡

∫ ∞

0

dt < y |e−(p2−∂2
y )t |y ′ >

∣∣∣
P=∓

,

(p2 − ∂2
y )G

∓
p (y , y ′) =

1

2
{δ̂(y − y ′)∓ δ̂(y + y ′)}

F∓(p̃, y) ≡
∫ ∞

p2
dk2G∓

k (y , y) . (10)
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM: b’.p̃3F (p̃, y) Graph

Figure: Graph of p̃3F (p̃, y). l = 1, Λ = 10, 0.1 ≤ y < 1, 1 ≤ p̃ ≤ 10.
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM: b”.p̃3W1(p̃, y)F (p̃, y) Graph

Figure: Graph of p̃3W1(p̃, y)F (p̃, y).
l = 1, Λ = 10, 0.1 ≤ y < 1, 1 ≤ p̃ ≤ 10.
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM: c.Casimir Energy

1) Un-weighted case: W = 1

Un-restricted integral region :

ECas(Λ, l) =
1

8π2

[
−0.1249lΛ5 − (1.41, 0.706, 0.353)× 10−5 lΛ5 ln(lΛ)

]
,

Randall-Schwartz integral region : ERS
Cas =

1

8π2
[−0.0893 Λ4] .(11)

2) Weighted case EW
Cas =

−2.50 Λ
l3
+ (−0.142, 1.09, 1.13)× 10−4 Λ ln(lΛ)

l3
for W1

−6.03× 10−2 Λ
l3

for W2

−2.51 Λ
l3
+ (19.5, 11.6, 6.68)× 10−4 Λ ln(lΛ)

l3
for W8

(12)

W1 = (1/N1)e
−(1/2)l2p̃2−(1/2)y2/l2 : elliptic

W2 = (1/N2)e
−p̃y : hyperbolic

W8 = (1/N8)e
−(l2/2)(p̃2+1/y2): reciprocal
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Sec 3. 5D Electromagnetism

Sec 3. 5D EM: d.Periodicity 2l renormalizes

The renormalization of the compactification size l .

EW
Cas/Λl = −α

l4
(1− 4c ln(lΛ)) = − α

l ′4
, (13)

The quantity Λl is the normalization factor.

l ′ = l(1 + c ln(lΛ)) ,

Beta func. : β =
∂ ln(l ′/l)

∂ ln Λ
= c . (14)
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Sec 3. 5D Electromagnetism

Sec 3. Notice: e.Casimir Energy of 4D EM

Figure: Graph of Planck’s radiation formula.
P(β, k) = 1

(c~)3
1
π2 k

3/(eβk − 1) (1 ≤ β ≤ 2, 0.01 ≤ k ≤ 10).
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Sec 4. 5D Warped Model

Sec 4. 5D Warped Model: a.Geometry

Figure: IR-regularized geometry of 5D warped space (15).

y

l

-l

xm

ds2 =
1

ω2z2
(ηµνdx

µdxν + dz2) = e−2ω|y |ηµνdx
µdxν + dy 2, |z | = 1

ω
eω|y |.(15)
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Sec 4. 5D Warped Model

Sec 4. 5D Warped Model.: b.Posi/Mom

Propagator

G∓
p (z , z ′) = ∓ω3

2
z2z ′

2 ×

{I0( p̃ω )K0(p̃z)∓K0(
p̃
ω
)I0(p̃z)}{I0( p̃

T
)K0(p̃z

′)∓K0(
p̃
T
)I0(p̃z ′)}

I0(
p̃
T
)K0(

p̃
ω
)−K0(

p̃
T
)I0(

p̃
ω
)

,

p̃ ≡
√

p2 , p2 ≥ 0 (space-like) .(16)

Λ-regularized Casimir energy.

EΛ,∓
Cas (ω,T ) =

∫
d4p

(2π)4

∣∣∣∣
p̃≤Λ

∫ 1/T

1/ω

dz F∓(p̃, z) ,

F∓(p̃, z) =
2

(ωz)3

∫ Λ

p̃

k̃ G∓
k (z , z)dk̃ ≡

∫ Λ

p̃

F∓(k̃ , z)dk̃ , (17)
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Sec 4. 5D Warped Model

Sec 4. 5D Warped Model: b’.ECas , Heat Kernel

e−T−4ECas =

∫
DΦp(z) exp

[
i

∫
d4p

(2π)4
2

∫ 1/T

1/ω

dz{
1

2
Φp(z)s(z)(s(z)

−1L̂z − p2)Φp(z)

}]
T ≡ ωe−ωl , s(z) =

1

(ωz)3
, L̂z ≡

d

dz

1

(ωz)3
d

dz
− m2

(ωz)5

H∓
p (z , z

′; t) = (z |e−(−s−1L̂z+p2)t |z ′)|P=∓,

{ ∂

∂t
− (s−1L̂z − p2)}Hp(z , z

′; t) = 0,

G∓
p (z , z ′) ≡

∫ ∞

0

dt H∓
p (z , z

′; t) . (18)
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Sec 4. 5D Warped Model

Sec 4. 5D Warped Model: c.(z , p̃) integration

region

Λ: UV-regularization, µ ≡ ΛT
ω
: IR-regularization

Figure: Space of (z,p̃) for the integration.

z

p = 

1/T
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Sec 4. 5D Warped Model

Sec 4. 5D Warped Model:: d. -12p̃
3F−(p̃, z) graph

Figure: Behaviour of (−1/2)p̃3F−(p̃, z) (17).
T = 1, ω = 104,Λ = 4 · 104. 1.0001/ω ≤ z < 0.9999/T , ΛT/ω ≤ p̃ ≤ Λ .
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Sec 5. Weight Function and Casimir Energy Evaluation

Sec 5. Weight Func. and Casimir Ene.: a.Weight

E∓ W
Cas (ω,T ) ≡

∫
d4p

(2π)4

∫ 1/T

1/ω

dz W (p̃, z)F∓(p̃, z) ,

F∓(p̃, z) = s(z)

∫ ∞

p2
{G∓

k (z , z)}dk2 =
2

(ωz)3

∫ ∞

p̃

k̃ G∓
k (z , z)dk̃ ,

Examples of W (p̃, z) : W (p̃, z) =
(N1)

−1e−(1/2)p̃2/ω2−(1/2)z2T 2 ≡ W1(p̃, z), N1 = 1.711/8π2

(N2)
−1e−p̃zT/ω ≡ W2(p̃, z), N2 = 2 ω3

T 3/8π
2

(N8)
−1e−1/2(p̃2/ω2+1/z2T 2) ≡ W8(p̃, z), N8 = 0.4177/8π2

W1 : elliptic, W2 : hyperbolic, W3 : reciprocal(19)

where G∓
k (z , z) are defined in (16). Ni are normalization constants.

We show the shape of the energy integrand
(−1/2)p̃3W1(p̃, z)F

−(p̃, z) in Fig.9.
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Sec 5. Weight Function and Casimir Energy Evaluation

Sec 5. Weight Func. and Casimir Ene.:

b.(−1/2)p̃3W1(p̃, z)F
−(p̃, z) Graph

Figure: Behavior of (−1/2)p̃3W1(p̃, z)F
−(p̃, z)(elliptic suppression).

Λ = 20000, ω = 5000, T = 1 .
1.0001/ω ≤ z ≤ 0.9999/T , µ = ΛT/ω ≤ p̃ ≤ Λ.
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Sec 5. Weight Function and Casimir Energy Evaluation

Sec 5. Weight Func. and Casimir Ene.: c.E∓ W
Cas

We can check the divergence (scaling) behavior of E∓ W
Cas by

numerically evaluating the (p̃, z)-integral (19) for the rectangle region
of Fig.7.

−EW
Cas =


ω4

T
Λ · 1.2

{
1 + 0.11 ln Λ

ω
− 0.10 ln Λ

T

}
for W1

T 2

ω2 Λ
4 · 0.062

{
1 + 0.03 ln Λ

ω
− 0.08 ln Λ

T

}
for W2

ω4

T
Λ · 1.6

{
1 + 0.09 ln Λ

ω
− 0.10 ln Λ

T

}
for W8

(20)

They give, after normalizing the factor Λ/T , only the log-divergence.

EW
Cas/ΛT

−1 = −αω4 (1− 4c ln(Λ/ω)− 4c ′ ln(Λ/T )) , (21)

This means the 5D Casimir energy is finitely obtained by the ordinary
renormalization of the warp factor ω. In the above result of the
warped case, the IR parameter l in the flat result (13) is replaced by
the inverse of the warp factor ω.
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Sec 5. Weight Function and Casimir Energy Evaluation

Sec 5. Weight Func. and Casimir Ene.:

d.Regularization Surface

Figure: UV regularization surface in 5D coordinate space.

z

1/T

changing along z

UV,ε

UV,1/T

UV,z
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Sec 5. Weight Function and Casimir Energy Evaluation

Sec 5. Weight Func. and Casimir Ene.:

e.Regularization Surface

Figure: Regularization Surface BIR and BUV in the 5D coordinate space
(xµ, z). The three graphs at the bottom show the flow of coarse graining
(renormalization).
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Sec 6. Meaning of Weight Function

Sec 6. Meaning of Weight: a.Casimir energy

We propose to replace the 5D space integral with the weight W , by
the following path-integral. We newly define the Casimir energy in
the higher-dimensional theory as follows.

ECas(ω,T ,Λ) ≡
∫ 1/µ

1/Λ

dρ

∫
p̃(1/ω)=p̃(1/T )=1/ρ

∏
a,z

Dpa(z)

{∫ 1/T

1/ω

F (p̃(z ′), z ′)dz ′

}
× exp

[
− 1

2α′

∫ 1/T

1/ω

1

ω4z4
1

p̃3

√
p̃′2

p̃4
+ 1 dz

]

=

∫ 1/µ

1/Λ

dρ

∫
r(1/ω)=r(1/T )=ρ

∏
a,z

Dxa(z){∫ 1/T

1/ω

F (
1

r(z ′)
, z ′)dz ′

}
× exp

[
− 1

2α′

∫ 1/T

1/ω

1

ω4z4

√
r ′2 + 1 r 3dz

]
,(22)

一ノ瀬　祥一 (Univ. of Shizuoka) Casimir Energy of the Universe and the Cosmological Constant 28
YITP Workshop ”Developments in String Theory and Quantum Field Theory” 2015, Nov. 9- 13 26

/ 37



Sec 6. Meaning of Weight Function

Sec 6. Meaning of Weight: b.Casimir Energy

where µ = ΛT/ω and the limit ΛT−1 → ∞ is taken. The string
(surface) tension parameter 1/2α′ is introduced. (Note: Dimension
of α′ is [Length]4. ) The square-bracket ([· · · ])-parts of (22) are
− 1

2α′ Area = − 1
2α′

∫ √
detgabd

4x (See (??)) where gab is the induced
metric on the 4D surface. F (p̃, z) is defined in (19) or (17) and
shows the field-quantization of the bulk scalar (EM) fields.
The proposed definition, (22), clearly shows the 4D space-coordinates
xa or the 4D momentum-coordinates pa are quantized
(quantum-statistically, not field-theoretically) with the Euclidean time
z and the ”area Hamiltonian” A =

∫ √
det gab d4x . Note that

F (p̃, z) or F (1/r , z) appears, in (22), as the energy density operator
in the quantum statistical system of {pa(z)} or {xa(z)}.
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Sec 7. Spring-Block Model

Sec 7. Spring-Block Model (SBM) a.Model Figure

Vt

k(Vt-x-l)
x

-mg

Grav.Force

Fric.Force

Spring Force

Figure: The spring-block model, (??).
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Sec 7. Spring-Block Model

Sec 7. SBM : b.1st Statistical Ensemble

Length

LD =

∫ β

0

ds|on−path =

∫ β

0

√
2V1(y) + ẏ 2 + ẇ 2dt

= h

β/h∑
n=0

√
2V1(yn) + ẏ 2

n + ẇ 2
n ,

e−βF =

∫ ∏
n

dyndwne
− 1

α
LD , dµ = e−

1
α
LD

∏
t

DyDw , (23)

where the free energy F is defined.
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Sec 7. Spring-Block Model

Sec 7. SBM : c.(2nd) Metric in SBM

The second choice of the metric is the standard type(S.I.,2010):

(ds2)S ≡ 1

dt2
[(ds2)D ]

2 − on-path →

(2V1(y) + ẏ 2 + ẇ 2)2dt2. (24)
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Sec 7. Spring-Block Model

Sec 7. SBM : d.2nd Statistical Ensemble

Length

LS =

∫ β

0

ds|on−path =

∫ β

0

(2V1(y) + ẏ 2 + ẇ 2)dt =

h

β/h∑
n=0

(2V1(yn) + ẏ 2
n + ẇ 2

n ),

dµ = e−
1
α
LSDyDw ,

e−βF =

∫ ∏
n

dyndwne
− 1

α
LS = (const)

∫ β/h∏
n=0

dyne
− h

α
(2V1(yn)+ẏ2

n ), (25)

where wn is integrated out.
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Sec 7. Spring-Block Model

Sec 7. SBM : e. Analytic Solution of F

Taking the values:

α = 1 , β = 1 , h = 1 , m = 1 , η = 1 ,√
k/η = ω0 = 0.881374 , sinh(ω0) = 1, (26)

the free energy F is

F (V̄ , ℓ̄) = −1

2
ln

ω0

2π
+ (

√
2− 2)

V̄ 2

ω0
+
√
2V̄ (1− 1

ω0
2
)(ℓ̄− V̄ )

+V̄ 2 +
ω0

2

3v̄
{(ℓ̄− V̄ )3 − ℓ̄3}. (27)
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Sec 8. Discussion and Conclusion

Sec 8. Discussion + Conclusion: a.Beta Function

EW
Cas/ΛT

−1 = −αω4 (1− 4c ln(Λ/ω)− 4c ′ ln(Λ/T )) = −αω′4 ,

ω′ = ω 4
√

1− 4c ln(Λ/ω)− 4c ′ ln(Λ/T ) .(28)

we find the renormalization group function for the warp factor ω as

|c | ≪ 1 , |c ′| ≪ 1 , ω′ = ω(1− c ln(Λ/ω)− c ′ ln(Λ/T )) ,

β(β-function) ≡ ∂

∂(ln Λ)
ln
ω′

ω
= −c − c ′ .(29)
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Sec 8. Discussion and Conclusion

Sec 8. Discussion + Conclusion: b. c+c’

We should notice that, in the flat geometry case, the IR parameter
(extra-space size) l is renormalized . In the present warped case,
however, the corresponding parameter T is not renormalized, but the
warp parameter ω is renormalized. Depending on the sign of c + c ′,
the 5D bulk curvature ω flows as follows. When c + c ′ > 0, the bulk
curvature ω decreases (increases) as the the measurement energy
scale Λ increases (decreases). When c + c ′ < 0, the flow goes in the
opposite way.
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Sec 8. Discussion and Conclusion

Sec 8. Discussion + Conclusion: c.Cosm. Const.

Rµν −
1

2
gµνR − λgµν = Tmatter

µν ,

S =

∫
d4x

√
−g{ 1

GN
(R + λ)}+

∫
d4x

√
−g{Lmatter} , g = det gµν ,(30)

1

GN
λobs ∼

1

GNRcos
2 ∼ m4

ν ∼ (10−3eV )4 , (31)

where Rcos is the cosmological size (Hubble length), mν is the
neutrino mass.

1

GN
λth ∼

1

GN
2 = Mpl

4 ∼ (1028eV )4 . (32)

The famous huge discrepancy factor: λth/λobs ∼ 10124.
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Sec 8. Discussion and Conclusion

Sec 8. Discussion + Conclusion: d.Cosm. Const.

If we apply the present approach, we have the warp factor ω, and the
result (28) strongly suggests the following choice:

INPUT 1 Λ = Mpl ,

INPUT 2(Newton’s law exp.) ω ∼ 1
4
√
GNRcos

2
=

√
Mpl

Rcos
∼ mν ∼ 10−3eV .(33)

FACT S ∼
∫

d4x
√
−g

1

GN
λobs ∼ R4

COSω
4

Result(28)requires e−S ↔ e−ECas/T
4

= exp{−T−4ΛT−1ω4}

=⇒ T 5 =
Mpl

R4
cos

OUTPUT . (34)
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Sec 8. Discussion and Conclusion

Sec 8. Discussion + Conclusion: e.Cosm. Const.

From the values: Mpl =
1√
GN

= 1028eV, Rcos = 5× 1032eV−1,

ω ∼ 10−3eV, we obtain

T = R −1
cos (NDL)

1/5 ∼ 10−20eV ,
Λ

T
= (NDL)

4/5 ∼ 1050 ,

µ = MplN
−3/10
DL ∼ 1GeV ∼ mN , NDL = MplRcos ∼ 6× 1061 ,(35)

We do not yet succeed in obtaining the right sign, but succeed in
obtaining the finiteness and its gross absolute value of the
cosmological constant. Now we understand that the smallness of the
cosmological constant comes from the renormalization flow for the
non asymptotic-free case (c + c ′ < 0 in (29)).
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