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Introduction



Holography

AdS/CFT correspondence * Gravity/Gauge
Maldacena 1997

huge numbers of evidences but no proof

open string/closed string duality 7

D-brane -_ closed string = gravity

D-brane

open string
|
gauge theory



IDifferent viewpoint]

We propose a general method

Quantum Field Theory » Geometry

ct. Geometry of classical gauge theories

covariant derivative D, =0+1i9A, connection

field strength (curvature) F,, x[D,,D,]



Our proposal

S. Aoki, K. Kikuchi, T. Onogi,
" Geometries from field theories”
PTEP 2015(2015)10, TOTBO1 (arXiv:1505.00131[hep-th]).



Proposal

S > o(ta)

d dimensions d+1 dimensions

_
g,uv _hzag (2) z = (t,x)

G (2) = (G (9u(2))) > " geometry” of
guantum average of d+1 dimensional space
Einstein tensor




|(Gradient) Flow equation |

large N index - action for original d-dim. theory
o ! 05¢(¢)
a¢ (t,il?) — 5 {L(QZ‘)
1 0 (2)— ¢ (t,7)
(d+1)-dim. field d-dim. field
T: energy scale
A
¢*(0,x) = ©*(x) initial condition IR

2= (1 =Vt z) € (RT,RY)

Remark UV

¢(x) is the field in the path integral (NOT the operator).




What is the (gradient) flow equation ?

Free theory %qﬁ“(t,w) = (O —m?) ¢*(t, z)

—m?t

a € —(z—1)? a
> ¢ (t,x) = (47Tt)d/2 /ddye (z=y) /tgp (1) Heat kernel

Lattice QCD ! b (t, )

INtroduced to smooth out UV

fluctuations of gauge fields
Narayanan-Neuberger 20006, Luescher 2010

flow gauge field is UV finite
Luescher-Weisz 201 1

o d
cft. Riccl flow Egij — —QRZ'j

used to prove Poincare conjecture by Perelman



INormalized flow field |

o'a(z) = ¢a(z) Non-Linear Sigma Model (NLSM) normalization
\/<¢2(Z)> (02(2)) = 1

Quantum average

d-dimension

O) = OWs = 5 [ Do 0@, 7= [Dpes®

IFlow equation |

define
Integrate out UV modes s . . .
— Renormalization Group
INormalization | .
transformation

renormalization of field

Remarks One may take different normalization conditions instead of NLSM.

S # Sy is allowed. If S =S¢, we call it “gradient flow”.




0%z) : Rt x R — RY

h: constant with mass dimension —2

G (2) :=h Z 0,0%(2)0,0°(2) h= 1

Induced metric on a d + 1 dim. manifold RT x R? from a manifold in R",
defined by 0%(2) with (c?(2)) =1

any correlation functions can be calculated using

functional integral in d-dimensions

(G (2)) = (Gu(2))s, mmmB> geometry
<§,LL1V1(21)§,L02V2(22)> L= <g,u11/1( )g,ugug Z2 Sa ' quahtum

(G (21)  Gnvn (Z0)) = (Guarn (21) - G (20)) corrections



1l Guv(2) x 0,,0%(2)0,0%2z) may give finite results for 7 # 0

Flow: a heat kernel type smearing 7 — 01s UV while 7 — o0 1s IR

Finiteness as QFT is NOT guaranteed in general but true in the large N limit.

cf. d dimensional induced metric g, () ~ 0,¢(x)0,p(x) is badly divergent

2| metric becomes classical in the large N limit

1

<§W(Z’1)§aﬁ(22)> — <§W(Zl)><§aﬁ(22)> + O <N) large N factorization

» (G (9p0)) = Gpu((Gv)) + O (%)

classical geometry after quantum averages




d-dim. quantum field theory

large N lIimit

(d+1)-dim. classical metric

\ 4

Geometry in d+1 dimensions



Model and large N expansion

S. Aoki, J. Balog, T. Onogi, P. Weisz,
" "Flow equation for the scalar model in the large N expansion and its applications”,
arXiv:1701.00046[hep-th].



O(N) scalar Model

©* model

S(,Lszu) = N/dd;c _%5k¢($)°3k¢(x) + :“_902(3;) i (902(33))2'

w=0: free, u — 0o : NLSM  #*@) =w(@) o)=Y, ¢"(@)e" ()

large N limit ip(2—1)
@) =0t [ S
mass renormalization
pu?=m? - %Z(m) Z(m) = /Dpp2 ij > 0, Dp = (;Z;Z;d



Flow equation and SDE

Flow equation

0 05 (1%, uf)

&qba(t?x) - = 590“(%‘)

Solve SDE order by order in the 1/N expansion.



NLO solution

2-pt function
(0 (21)9"* (22)) =

5a1a2 /Dpe p? (t1+t2) pip(z1—x2)
2_|_m2

4-pt function

1

(67 (21)6% ()6 (23)6" (24)) = 15 |

Oaras0asas Ko(2122; 2324) + 2 permutations]

4 |
~ Z(mf) e'Pi%j o pjtj

Ko(z122; 2324) = /dP4 0g(t1ta;tsta|pip2; p3ps), dPy = DP'\/
jl_[l V<) piAm?

0 = (2m)%6(p1 + p2 + p3 + pa)

G'1(t1,t2|p) and g(t1t2;tsta|p1p2; p3pa) are very complicated.



Results in the large N limit

S. Aoki, J. Balog, T. Onoaqi, P. Weisz,
" "Flow equation for the large N scalar model and induced geometries’,
PTEP 2016(2016) 8, 083B04 (arXiv:1605.02413[hep-th]).



Induced metric

VEV of the metric

Grr(T)

. o gr(7) O
g,tu/(z) T <g,u1/(z)> o ( O 9@] (7.) >
h7t? d? log Co(t)
6 az 9l = iy

Co(t) = I'(1—d/2,2m?t).

(47r)d/2
Incomplete gamma function




Massless limit m2 — 0 Massive UV Iimit mm <« 1
d—2 1 d—2 1 7> 3

grr(7) =R 5 a0 i T h - |
Einstein tensor EUCIIdean AdS
Coon(r) =~ —Auvgp () Auy = — A1)
uv\T) = UVYuv\T uv — h(d_z)
Massive IRImit mrm>1
hd ho;.
gTT(T) — a8 o gi'(T) — /
272 : 72 ., Euclidean Ads
G (T) =~ —ArG (T) AR = ;

AdS radius g2  _ _ R2. < R2
i 20 Uv d(d—1) 7 1Uur < LUur




7 asymptotically AdS

with RIQR

AdS

with R%V

symptotically AdS with Ry,




NLO corrections
to massless theory at d=3

S. Aoki, J. Balog, T. Onogi, P. Weisz,
““Flow equation for the scalar model in the large N expansion and its applications’,
arXiv:1701.00046[hep-th].



Running coupling from flowed fields

(dimensionless) running coupling

g(t) — _Sg(t7 t) ta t‘{p}sym)tZ_d/Z
4-pt function =~ T~ (1 +p2)* = (ps +pa)® =1/t

|d=3, massless u; =0 |

un/T — 0, t—0
g(t) = ~ Asymptotic free UV fixed point
1 4 u\/t/48 48— o
Wilson-Fisher IR fixed point
lcf. up #0 |

— G
iAo 21, Gy =~ 2 : Jv

L uvi/as +G1+G: IR




NLO corrections to induced metric

|d=3, massless|

R} T 2, 8(Q%) (1 + 3u(Q%)7/2)
grr(T) = 52 [1 =+ N /Dthotal(Q ) (14 a(Q?)7r/2)3 ] ’ZL(QQ) _ (7
) 48,/Q2
RS N P (@) &)
9ij (T) = 04 32 [H N / DQhiora(Q )(1+a<Q2>T/2)2] Q:dimensionless

UV iimit 7—0

R? [ T / 2\~ ( ()2 ]
T ~ — 1 P D h ota . =
grr(7) 072 | T oN Qoran(@7)u(Q7) NLO is less singular than LO

R? T
g5 (1) = 5ij3_7_02 [1 + /Dthotal(QQ)ﬂ(QQ)] » R33s = RAgS
IRIimit 7 — o

grr(T) = R [1 + i}

r = —0.41869(1) » Ritks = RESs (14 57 ) < BRY

u¢ independent as long as uy # 0




Ragqs

) LO AdS space

asymptotically AdS

IR
RAdS

asymptotically AdS

non-conformal coupling perturbation

—>  (p"")




Discussions



prediction from F-theorem

Free energy on S3 (conformal coupling, zeta-function reg.)

log 2 3C(3)>
NFg =N - . Fg ~ 0.0638
S ( 3 62 S N massless free scalars Fiy p(N) < NFs
Fywrp(N) = NFg (1 4 %0) 1o~ —0.2386 O(N) scalars u — o IR uv

(Wilson-Fisher FP ?)

. R? 0.2386
Holographic dual =l Rin ~ Ry [ 1 —
2G4 N

0.41869
N

c.f. our result on R3 Riz ~ Rivy (1 —

It is interesting to repeat our calculation on S3.



Future directions

. some other quantities in 3-d theory
. expectations from higher spin theories 7
. YOUr suggestions are very welcome

. 2-pt function for the metric at NLO 7

(G101 (21)Gpsvs (22))e = O (%)

. finite Temperature -> black hole ?




