Relative entropy in CFT

Tonomori Ugajin (KITP)
Works in collaboration with Gabor Sarosi,
[1603.03057]+[1611.02959]
And myself [1611.03163] + in progress

Holography, Quantum Entanglement and
Higher Spin Gravity, Kyoto



The Motivation
* Microstates of a black hole |V |T¥)

 They are “almost” same -> The foundation of the statistical mechanical
interpretation of BH entropy.

* The difference between them is also important for information loss .

*In addition to this, usually we employ a coarse grained view of the system,

pw = tru|[W)(W| pv = tru|V){V|

-> How can we quantify the difference between PV and pw °?



Relative entropy
S(pllo) = trplogp — trplogo
It measures the distance between £ and O

Asymmetric under the exchange P <7 O

It can be written by the modular Hamiltonian Ky = — 10g g

S(pl|o) = A(K,) — AS A(K,) = tepK, — tro kK,
AS = S(p) — S(o)

3



Relative entropy

S(p||lo) =trplogp —trplogo
Nice properties
1. Positive definite;  S(p|lo) >0

2. A generalization of Free energy ; S(p”g) — (pKJ> — S(p)

3. Monotonicity S (p||o) > Sp(p||o) ADB



Positivity of relative entropy

1. Rigorous formulation of Bekenstein bound in QFTs A K > AS  icasini

2. Proof of .
. Generalized second law [war....

'Qua ntum Busso bound [Busso Casini Fisher Maldacena ]

- Averaged null energy condition [raulkner et al)



Calculations of Relative entropy

A Calculation of relative entropy itself remains to be a difficult task.

Holographic computations: Available only for S(PVHPO)

RT formula + the vacuum modular Hamiltonian ex [Blanco Casini Hung Myers]

CFT computations: 2d free scalary Lashkari]
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Calculations of Relative entropy

A Calculation of relative entropy itself remains to be a difficult task.

Holographic computations: Available only for S(PVHPO)

RT formula + the vacuum modular Hamiltonian ex [Blanco Casini Hung Myers]..

CFT computations: 2d Free scalary Lashkari]

Problem: Compute S(PV | |/9W) for generic two excited states |V> |W>
in an arbitrary CFT.

Main claim: We found a general formula for it, in the small subsystem size limit.
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-A CFTd on a Cylinder

R x s4-1

- A subsystem [0,00] x S42

.Excited states |V) |W) at T = +00

-Reduced density matrices

py =tra |V)(V]

pw = tra |[W)(W|



Main result

In the small interval limit 6->0, the leading behavior of relative entropy is given by

{Oa} Set of lightest primary operators with  C'o_vv — Co_ ww 7£ 0

Co.vy = (VIOalV) A = dim O,
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Main result

In the small interval limit x->0, the leading behavior of relative entropy is given by

{Oa} Set of lightest primary operators with  C'o_vv — Co_ ww 7£ 0

COQVV — <V|0a|v> A = dim Oa

At the leading order, the relative entropy is captured by the difference
of the one point function of these excited states V and W.
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The result

 When the lightest operator is the stress tensor, then,

1 d T()I'(d+1)
S — 2 Sy — & 2 9 2d
CT: the coefficient of the two point function of the stress tensor.  (I'1T") ~ %
Ay

SV p— i i t V.
VOl(Sd_l) energy density of the excited state



Sketch of the derivation

e Stepl: Introduce the replica trick| Lashkari]

1

L . T n—1
S(evllew) = $1_>H11 m— (trpy, — trpyv ol )

* Step2 : Write each term by a correlation function on Y = Sl x Hd_l

trov pyy - = (VT{(000)V (00) Wi(oo k)W(O_kl»zn

(V(e0)V(0))s ( (00)W(0))s5,

e Step 3: expand these correlation functions in the x->0 limit, using OPEs

A owwt o ow O whw
vty wt W W W wt w

[Alcaraz,Berganza,Sierra], [Carabrese
Cardy Tonni], [Headrick]+ a lot of papers
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Replica Trick  iashar

1
S(pv||pw) = lim

lim —— (trpy, — trpv oy )

= tr py log pv — tr py log pw

Each term in the RHS can be computed by a Path integral on the n sheet cover of the

cylinder with the bdy condition specifying the excited states .
W) w) V)

TN o re
n — 1 P— P p—
tI‘pVﬁ [t i |
T n Inx




Replica trick (2)

D e (O|WT (o)

] e

ot I et R
W (0)[0)

~ ~

N~ N~ —

T=-0 i T=-w i T=-
W) W) V)

= Each cylinder is mapped to a plane by the exponential map. The excited states are mapped to 0, and o~.

- State operator correspondence:  |V) =V (0)|0) (V| = (0|VT(c0)

We can express each term by a 2n point function on the conical space.

(V1 (000)V(00) [Ty W (00k)W (0k))s
(V(00)V(0))s, (W (c0)W(0)) 5"

T

trov ol | =
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\‘.Tk
5o

The n sheeted plane is further mapped to Sl X Hd— L ds?, a: = dr* + du® +sinh® u dQ%_,

T ~ T+ 2mn
Xk

O

Onthe S x H% 1, two operators lived in the same sheet in the n-sheeted plane get close to each other Tk — Tk
in the small interval limit 85 — O .

v

Tk :(Qk—l—l)’ﬁ—FQ{)

v

7 = (2k + 1) — 0y

m—) We can expand the 2n point functions Gn in this OPE channel to obtain the leading behavior.
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By using the OPEs n times, the 2n point functions can be expressed as a sum over all
exchanges of internal operators O1,---O,, .

- Each term with the fixed internal operators scales like g{jzi AO; - This sum is regarded
as an expansion of G2n with respect to the subsystem size x

*In the small subsystem size limit x->0, the effects of light operators dominate in the
correlation function.



No nontrivial internal operator exchange

NVAVAYS V4
i (i (— 1

The first term in the expansion comes from the exchange of the n identity operators.
If we keep only this term, the correlation function gets factorized = <VJTV> <WTW> n—1

The contribution of this part in the relative entropy is vaninshing because

Sn(pv||pw) = 10g(VTV)gn — 1og<WTW)En — 0 in the n->1 limit



Single operator exchange

NV VA N4
1

The next contribution comes from the single lightest operator exchange.
However, this term is zero because one point functions in a CFT is vanishing.

mm=)  First non trivial contribution comes from double operator exchange.



After the summation the leading part of the 2n point function is given by

(n —2)

Goy = (C@VVC'OWW | 5 CéWW) ,]C(AO,J n) :EZAO

f(A@, H) comes from the sum of two point functions of the internal
operators

f(Ap,n) = Z(O(’r =27k)O(T = 21m)) g1 5 ga—1

k.m

One can analytically continue this,

f(Ap,n) = (n—1)

From this, we obtain the formula.



Example(1):Relative entropy in free boson theory

e Lashkari computed the relative entropy between two chiral vertex
operators p_ = glaX(2), Vs = o1BX (2) in 2d free boson theory,

(a = B)*(rz)* + o(a?)

Ll —

S(pv,llev,) = (a — B)*(1 — mx cot mx) =

By using our formula, this leading behavior is explained by the exchange of the U(1) current
operator, J, =:0X(z) with the conformal dimension A!] — ] Civ. v .—a
and the gamma function factor=1/3.
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Ex(2):Relative entropy from the modular Hamiltonian

* The relative entropy between an excited states V and the ground state in 2d has been

calculated in the somewhat different way by using the modular Hamiltonian, ex sianco casini Hung

| S(pvllpo) = A(K) — AS

K = —log py :27r/02mdcb [COS@_M)_COS(”)] Too A(K) = (V|K|V) — (0| K|0)

sin(7x)

/\ S isthe difference of entanglement entropy. When there are no primary operator
lighter than the stress tensor ,we can compute /\ S in the small x limit from the vacuum

conformal block. Then 4
S(pvilpo) = EA%/(’”)AL
This is a special case of our formula, S (py || pw ) = i(AV _ AW)Q(M:)‘l

15¢
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Ex(3):Relative entropy between two generalized free fields

Generalized free fields =The CFT dual of bulk free scalar fields.

The correlation functions of the generalized free fields are calculated as if they are free
fields (ie Wick contractions).

This property allows us to compute the relative entropy between two generalized free fields
without using the general formula,

T(2)L(2A +1)
T'(2A + 3)

S(ovlew) = 1= [(VIW)]?] (wa)*2

We checked this result can be reproduced from the general formula.



Comparison with holographic results

* When one of the states is vacuum, we can compare our results with
the holographic predictions ie, area of the RT surface on
corresponding dual geometry.

 When the stress tensor is the lightest operator with non zero
expectation value, the dual space time is AdS black brane,

L2 B Zd d
ds® = — [dz" + T'(z)(dr* + r*dQ?)] T(z) = (1 + 4_4;1;)

~2




Comparison with holographic results

€V is the energy density of the black brane

e We can calculate the area of the bulk minimal surface perturbatively in €y,

72 dQy_o T(d—1) 7"
2041 (d+1)T(d + 1) L1

Sa=8y+eyS; +e€, Sy + - S, = 2,62
By using
d+1 TI'(d+1) Ld—1

C
T d—1 ﬂ.d/QI‘(d + %) l}f)—l

We found an agreement with the CFT result.



Comparison with holographic results

* In order to derive this result, we need to know the first non linear part of
the bulk gravity equation. This is in contrast to the fact that the first law

is related to the linearized EOM.

e Our computation suggests that somehow CFT correctly knows about the

non linear part of the bulk equations.

We also found similar agreement when the lightest operator is spin O
/spin 1, which corresponds to nontrivial scalar/ vector hair in the bulk.



Rewrltlng CFT entrOpy hOlOgraphlca”y[workm progress with Agon, Sarosi ?]

* In the computation so far, we only focused the effect of lightest
primary operator.

“ It is also possible to include the contributions of descendants.

Using OPE block / Bulk integral correspondence we can interpret the
result as an integral of the bulk two point function on the RT surface of
Pure AdS [=> Talk on Wednesday].



Relative entropy of two disjoint intervals



Relative entropy of two disjoint intervals

* |t is also possible to calculate the relative entropy of two disjoint
intervals.

* The replica trick used previously is not efficient to derive this.

e [nstead we use what we call first law trick, which enable us to read off
the form of the modular Hamiltonian from the entanglement entropy.

* The resulting relative entropy is roughly given by the difference of
the connected part of the two point function of the lightest operator.



First law trick in the single subsystem case e wsscen:

Lewkowitz Suh] [Dong Harlow Wall] [Leichnauer: private communication]

We start from the entanglement entropy of pyi : Sa(pw) = —ca()tr[pw O]*

Slightly deform the density matrix : Pw — pw + 0p
5SA (pw) = —CA(l)tr[5p0]<O>W — tl”[Kg/ép]

Since this is true for any deformation 5)0 , we can read off the modular Hamiltonian from it

Ky =—ca(l)(O)w Oa

S(pvllpw) = AKw) — AS = ca()((O)v — (O)w)*
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First law trick in the single subsystem case(2)

* By using this trick, it is possible to identify the form of the first
asymmetric part of the relative entropy,

S(ov|low) = S (pv ||pw) + DA (VIO|V) — (W]O|W))? [(V|O|V) + 2(W|O|W)]

where  S®(pv||pw) is the leading symmetric result.

* We can check this against the exact result for a class of states in 2d
CFTs.



Relative entropy of two disjoint subsystems

—
¥/

Sau(pw) = Salpw) + Se(pw) — Iw (4, B)
A BT WA oy We find that in the small subsystem limit, {4, — 0

the mutual information of the excited state is given by

_ A AT(E)T(2A +1) 2

| AR =Wt T ((W0408|W) = (W[O4[W)(W|O5|W))
¥/

= Cap(la,l)(MYg)?

Cf. [ Wolf Verstraete Hastings Cirac] 32



Relative entropy of two disjoint subsystems

Kaup = Ka + KB

W

O4A0p — (O4)wOp — (OB)wO4
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Relative entropy of two disjoint subsystems

Saus(pvilpw) = Salpv|lpw) + Se(pv||ew)

teap|(Mip — Mip)? —2M i ((O)y — (O)w)?]



Relative entropy of two disjoint subsystems

Saus(pvilpw) = Salpv|lpw) + Se(pv||ew)

teap|(Mip — Mip)? —2M i ((O)y — (O)w)?]

N\

Asymmetric under the exchange V < W

Although the relative entropy for a single interval starts from the symmetric term, the part involving both A
and B contains the asymmetric part from the beginning.
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Conclusions

 We found a formula for relative entropy in small subsystem size limit

e The formula reproduces several known results, including holographic
Ones.
We also derived an expression of relative entropy of two disjoint interval.

Several works in progress: Relative entropy in 2D YM, 3D CS, between

Conformal interfaces[with Numasawa Ryu Wen], Numerical computation
[with Nakagawa], the effects of descendants| with Agon].
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