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[8-1] BCFT

For special choice of boundary conditions, a part of conformal
symmetries are preserved. This is called the boundary conformal
field theory (BCFT).  [Cardy 1984, .., McAvity-Osborn 1995, ....]

CFTd+1: SO(2,d+1) ex. d+1=2 - Boundary State

N (L,~L,)|B)=0
BCFTd : SO(2,d)

CFT

Boundary



[8-2] Construction of AdS/BCFT

Boundary Condition

A gravity dual of a CFT on a manifold M with a boundary oM ?

=) Generalizing the AdS/CFT, we argue that it is a gravity
on an asymptoticaly AdS spacetime N such that ON=MUQ..

Q e

—-> Z




The gravity action in Euclidean signature looks like

Gibbons
-Hawking term

o 20+ L)+ j Joh(K+12,,).

167ZG Matter fields

Bulk matter flelds

localized on Q

The coordinate of Q and its induced metric are x“ and 4% .

We define the extrinsic curvature and its trace

_ _ g,ab n® is a unit vector normal to Q.
K,=Vn, K=h"K, .| )

e.g. Gaussian normal coordinate: ds* =dp” +h_, (p,x)dx"dx"

1
» Kab = Eaphab(p’x)’



Variation: ol =

70 ab
167zG-[\/7(K —Kh, —T2)5h

At the AdS boundary M, we impose the Dirichlet boundary
condition oh*’ =0 following the standard AdS/CFT argument.

On the other hand, at the new boundary Q, we argue to require
the Neumann b.c. :

Kab _Khab _Ta% — O

"boundary Einstein eq.’

Why Neumann b.c. ?

(1) Keep the boundary dynamical. New data at Q should not be required.
(2) Orientifolds in string theory leads to this condition.
[cf. Randall-Sundrum models]



A Basic Example of AdSd+2/BCFTd+1

To preserve the boundary conformal symmetry, we should have
0 0 _
I, «<h, = T,=-Th, (T is the tension of Q).
The boundary Einstein eq. looks like K, =(K-T)h, .

In this case, the action takes the following simple form

j J-g(R- 20)+ jQM(K—T).

167ZG



Now, note that the SO(2,d+1) symmetry of BCFT is the same as
that of AdSd+1. Thusthe gravity dual of CFT on a half plane is
given by x<0

ds’ w2 =dp” + COShz(gdede(dH).
If we assume the range —o0 < p <00 , then the metric coincides
with that of the pure AdSd+2. If we express the AdSd+1 by

—dt’ +dy’ +adw’
dSidS(d) = Rz[ 3 j)
Y
and define z=y/cosh(p/R), x=ytanh(p/R),
then we indeed reproduce AdSd+2 metric

o2 :R{—dﬁ +dz? + dx’ +dw2j

2
Z



To construct the gravity dual of BCFT, we specify the boundary Q
by © = P so that the spacetime N is given by —oo < p < p, .

1 R
In this metric, we find K , = — tanh P hab )
R R

and thus the tension of Qis givenby 7T = %tanh /;‘

W
A

= CFT | bdy




[8-3] AdS3/BCFT2 and Boundary Entropy

Boundary Entropy

The simplest case of AdS/BCFT is d=2. The BCFT2 has already
been studied in detail from the field theory side.

There are several types of boundary conditions with the
boundary conformal invariance for a given CFT, labeled by a.

We write the corresponding boundary state as ‘Ba> :

(0,0,---0,) =(0|0,0,---0,|B,)

Disk(a)



An interesting quantity in BCFT2 is called the boundary entropy
introduced by Affleck and Ludwig in 1991. This quantity
measures the degrees of freedom at the boundary.

They conjectured that this quantity decreases under the RG flow
like the central charge cin CFT2. This has been proved by Friedan
and Konechny in 2004 and is called g-theorem.

Definition 1 (Disk Amplitude)
It is simply defined from the disk amplitude

dey(a) =logg, , 8o = <O‘Ba >




Definition 2 (Cylinder Amplitude) L

2t o8, 5 g (LD

Boundary Bulk Part
Part

Definition 3 (Entanglement Entropy)

time
SA = _Tr[IOA log IOA] ) CFT T
p,=Tp. . . . A | Bay
In 2D BCFT, the EE generally behaves like (1)
] [
C
S,=—log—+logg,
\6 g} —— [Calabrese-Cardy 2004]
Bulkwlgart Boundary

Part



Holographic Disk Partition Function(Def.1)

Previously, we found the gravity dual of BCFT on a half space.
We can map this by the AdS conformal transformation:

2
X, TCX = [Berenstein-Corrado-Fishler
Xy = > 20 277 2.2
l+2cx+cx l+2cx+cx - Maldacena 1999]
2
. . ) , dz° +dx"dx,,
w.r.t the Poincare coordinate: ds” =R :
Z

This maps the spacetime N as follows (in Euclidean signature)

X . ) 2 2
~ = smh% ) o+ (z — 1y, sinh '[;j = (rD cosh ';)J
2 dim. Plane A part of round sphere (2 dim. disk)



X . p* D) ) p ? p ?
_ Sl . . * _ *
~ nh R T+ X +[z 7, sinh "y j = (rD cosh—R j



By evaluating the Euclidean action,

——— [ Ja(r-

1672G

we obtain the holographic disk partition function

2
I = R rD2 7 sinh(p, / R) +10g——&—l |
4G, \ 2¢ & r, R 2

After a holographic renormalization, we finally find

Svay = L pigi = 4'[();* = %Arctanh(RT).
N




Holographic EE (Def.2)

New Aspect in AdS/BCFT: Minimal Surfaces can end on Q!

In our setup of AdS3/BCFT2, the holographic EE is obtained as

Length | QY
S, = 5= _[_ dp
4G, 4G, TP«
_ Pu TP :5logi+ P

4G, 6 & 4G,

Thus we reproduced the same
boundary entropy:

_ P
dey — E
N




Holographic Dual of Intervals (Def.3)

At a finite temperature Iy, there are two solutions (thermal
AdS and AdS BH). The interval is defined by 0 <x <7 z,(=L)
and the Euclidean time is compactified as 7~ 7 +27 z,,

Tyerr =2m zy, )

Low Temperature Phase (Thermal AdS3)

2 2 2
dSZZRz(dT + dz h(z)dx } h(z)zl—(i) . (x~x+2mz))
29

22 W2zt z

High Temperature Phase (BTZ BH)

ds> :Rz(f(Z)drz + dz’ +dx22j, f(Z):l_(iJ _

z’ f(2)z" =z



The boundary Einstein equation K , =(K —T7T)h_, leadsto

dx RT

= (Low temp.)
dz  h(z)\h(z)— R°T’
x RT (High temp.)

dz JI-RT*f(z)

Their solutions are given by

RTZz
Z, \/h(z) —R’T”

x(z)=z, -arctan[ J (Low temp.)

RTz
2, N1-R°T?

x(z)=z, -arcsinh[ } (High temp.)



(b)

High temp.



The Euclidean partition functions are evaluated as follows

T C

I, =——: , (Low temp.
Y24 LTy, ( P,
T o .
[, = —chTBCFT —E. (High temp.)
~—~— T
— 2dey ‘ Sthermal — g CLTBCFT + Zdey

The phase transition occurs
when 7, (Low) =/, (High)

I.e.

A LT gepy

1
Ty = ———arctanh(RT)
7t

I /1 1 '
+— \/ —+—-arctanh®(RT) . thermal AdS; \
L4 =« | | | | RT

g:o g:oo



[8-4] Holographic g-Theorem

Consider the surface Q defined by x = x(z) in the Poincare metric

2 g2 2 —\2
dSZ:R{dz dt® + dx® + (dw) j

2
VA

We impose the null energy condition for the boundary matter
i.e. TYN°N">0 forany null vector N°.
[cf. Hol. C-theorem: Freedman-Gubser-Pilch-Warner 1999, Myers-Sinha 2010]
For the null vector, N' =1, N- :1/\/1+(x')2 . N* :x'/\/1+(x')2 :
we find the constraint

- R'X" .
Z(1+(xv)2)3/2 —

(K,—Kh,)N°N" =



Thus we simply get x''(z) <0 from the null energy condition.
Let us define the holographic g-function by

R . x(z)) R
lo z)= - Arcsinh = - 0.(2).
gg(z) 1G. ( . 1. p:(2)

Then it is easy to see Olog g(2) — x'(2)z —x(2) <0
Oz \/Z2 +x(z)’

because (x'z—x)'=x"z<0 .

b

For d=2, at fixed points log g(z) agrees with the boundary entropy.
For any dimension d, we find that ©-(2) is a monotonically
decreasing function of the length scale z.

# This is our holographic g-theorem !



Topological Censorship [cf. without boundary:
Galloway-Schleich-Witt-Woolgar 99]

The g-theorem prohibits the static wormhole-like configuration
in our AdS/BCFT:

For any time t
(Static)




[8-5] Brane-world Holography

Consider a Poincare AdSd+2 and consider a finite cut off surface

X1 _Boundary

Boundary:z =a.

as its boundary. We impose the Neumann b.c. on the boundary.

In this setup, a (d+1) dimensional gravity is localized on
the boundary Q, called brane-world. [Randall-Sundrum 1999(RS2)]



The effective Newton constant in the d+1 dim. gravity can be
found via KK reduction: h = the metric of

Js? = R? [a’z2 +hﬂvdx”dxvl — (d+1) dim. gravity
S = . :

2
VA

I :_167z(1?](vd+2) jdd+1x dz \/E(R(d”) +)

Rd J-ood_jj‘ddﬂx\/Z(R(dﬂ)_'_”.)
A

- d+2) J,
167Gy, ‘ T | Y
J‘dd+1x \/_(R(d+1)+ ) G](vd+1) G](Vd+2) (d—1)~ad_1

167ZG(d+1)

Brane-world Holography
Classical Gravity on AdSd+2
with Neumann b.c.

on the AdS boundary

~
Quantum Gravity on Rc|+1

== coupled with CFTd+1




If we consider the holographic EE in this setup,
Area Law of EE in CFT

—+ O™ )]

5 - AT,) R [ A(0A)

4G 4G\ (d-1)-a”
A(04) -3
~ 4G](vd+1) + O(Cl )
t Quantum corrections

Gravitational Entropy
in d+1 dim.

in d+1 dim.
" ! Gravity induced

from Matter

We can relate this to a black hole entropy in d+1 dim. gravity
by considering a brane-world black hole, where we set

[A =d+2 dim. BH horizon, A= d+1 dim. BH horizon.

[Hawking-Maldacena-Strominger 2000, Emparan 2006,
lwashita-Kobayashi-Shiromizu-Yoshino 2006, ]



AdS/BCFT and Brane-World (Double Holography)

We can apply the brane-world holography to AdS/BCFT as follows.

AdS/BCFT / \

CFTd+1 Bdy —
M
AdSd+2
// Brane-world
holography

CFTd+1 GraV|tyd+1

VI Q




[8-6] Codimension Two Holography

[Akal-Kusuki-Wei-TT 2020, Bousso-Wildenhain 2020]
Setup of Wedge Holography

Wedge

» Wd+2

—di* + dy? +dw2j

X as sy = RZL )

Z—&----- YQ'Z' .
AdSd+1 Poincare AdSd+2

p dS(2d+2) =

0= p, Rz(—dt2+dzz+dx2+dﬂ/2j

Z \‘y g

ds’ s =dp” + COSh2(§jdsde(d+l)a -p. < p < p..




Our Claim of Wedge Holography

d+1 dim. Quantum Gravity
d+2 dim. Classical Gravity 2 5, q1UQ2

on Wd+2 I I
d dim.CFTon
Quantum Gravity
on Qi1 (d+1dim.) ‘

Codimension Two

Classical

: «— CFTonl2 Holography !
Gravity (d dim.) grapny
on W
(d+2 dim.)

Quantum Gravity
on Q2 (d+1 dim.)




Wedge Holography as A Limit of AdS/BCFT

Our wedge holography can be obtained by the zero width limit
w—>0 of the following AdS/BCFT setup:

W

o)A

Y Adsbdy 02 _ X

Q1

Tension

Zv

MC AdSd+2

Tension T

Q2



HEE in Wedge Holography

HEE in our wedge holography can be obtained by taking
the previous zero width limit of AdS/BCFT.
It is given by a double minimization formula:

. ol Aac)
S, = Min Min ),
A4 M@ |r (d+2)
Va T4 4 | 2 4GN
67/1(41’2)2614_5@1:7,(4)\)7&1 - L
. Ya 2
d-1 dim Y% d-1dim

‘A ddim




Calculation of HEE

d—1
2 2 2
We choose the subsystem A to be a d-1 dim. disk ¥ T Z w; < [~

i=1
In this case, the surface ['A is found to be a part of sphere:

d—1
2 2 2 2
X +z+ E wr =1[".
i=l1

Thus the HEE is computed as follows:

R T 0 -1, 1(12—52)61/2_3/2
S = VOIS ™). X dp(coshE [ dé

h(p/R d-1
N cosh(p/R) 5

G s pd_sz*/Rdr(Coshr)d_l, d =odd
:pOU +p2(j N °

./ R B / .
q Iop dr(cosh r)d '.log—+const, d =even
\ £

Area Law ] Conformal Anomaly 7
1 -3 .
Po= 2y T ey Agree with
_T(d/2-1/2T(1-d/2) Jz the general form

Pa- Wr 1T TGI2—diDTd ]2 for d dim. CFT !



Example: 2d CFT (d=2)

Our AdS4 wedge holography leads to the HEE (A= an interval):

R . p
S, =—7sinh P -log— + const.
G( : R £ l
By comparing with the well-known formula S, = glOg; ,
we expect the central charge c is given by
3R* . \
¢ =—ysinh P
Gy R

Indeed, we can obtain the same value of central charge by
combining the 3dim. Newton constant in brane-world holography:

1 R . . p 1 o)
G](\f’) — G](VA') sinh R , For general d, G G(d”)-[ dp(coshRj
3R

with the Brown-Henneaux relation ¢ = GO
N




Free Energy on Sphere

ds’ai =dr’ + R’ sinh{%j(dé’z +cos” GdQY),

F=reo

=dp* + R’ coshz(%j(dnz +sinh” 7dQ’)

= Restrictto -p. < p<p..

= j\F(R 2A) -

o 167G, 872G, J01-02
In the d=2 case (AdS4/CFT2), we find
R’ P, R’ O, [
I, = _2G](v4) > sinh R G(4) sth-log;.

Agree with previous result ‘v y - —H.e? + EZ(Z) log e
6

R* . \
3 D sinh P :
Gy R

Cc =
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