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[8-1] BCFT

For special choice of boundary conditions, a part of conformal 
symmetries are preserved. This is called the boundary conformal 
field theory (BCFT).      [Cardy 1984, .., McAvity-Osborn 1995, ….]

CFTd+1:    SO(2,d+1)             ex.  d+1=2 → Boundary State
Ｕ
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[8-2] Construction of AdS/BCFT

Boundary Condition

A gravity dual of a CFT on a manifold M with a boundary ∂M ? 

Generalizing the AdS/CFT, we argue that it is a gravity 
on an asymptoticaly AdS spacetime N  such that  ∂N=M∪Q .
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The gravity action in Euclidean signature looks like

The coordinate of Q and its induced metric are        and         . 

We define the extrinsic curvature and its trace
(      is a unit vector normal to Q.)

e.g.   Gaussian normal coordinate:
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Variation:

At the AdS boundary M,  we impose the Dirichlet boundary 
condition                  following the standard AdS/CFT argument.

On the other hand, at the new boundary Q,  we argue to require
the Neumann b.c. :

`boundary Einstein eq.’

Why Neumann b.c. ? 
(1) Keep the boundary dynamical.  New data at Q should not be required. 
(2) Orientifolds in string theory leads to this condition.

[cf.  Randall-Sundrum models]
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A Basic Example of AdSd+2/BCFTd+1

To preserve the boundary conformal symmetry, we should have

(T is the tension of Q). 

The boundary Einstein eq.  looks like                                       .

In this case, the action takes the following simple form 
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Now, note that the SO(2,d+1) symmetry of BCFT is the same as 
that of AdSd+1. Thusthe gravity dual of CFT on a half plane is 
given by  

If we assume the range                           , then the metric coincides 
with that of the pure AdSd+2. If we express the AdSd+1 by

and define  
then we indeed reproduce AdSd+2 metric
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To construct the gravity dual of BCFT, we specify the boundary Q 
by                  so that the spacetime N is given by                            .

In this metric, we find

and thus the tension of Q is given by 
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[8-3] AdS3/BCFT2 and Boundary Entropy

Boundary Entropy

The simplest case of AdS/BCFT is d=2. The BCFT2 has already 
been studied in detail from the field theory side. 

There are several types of boundary conditions with the 
boundary conformal invariance for a given CFT, labeled by α.

We write the corresponding boundary state as             .    αB

αα
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An interesting quantity in BCFT2 is called the boundary entropy
introduced by Affleck and Ludwig in 1991. This quantity 
measures the degrees of freedom at the boundary.  

They conjectured that this quantity decreases under the RG flow
like the central charge c in CFT2. This has been proved by Friedan 
and Konechny in 2004 and is called g-theorem.

Definition 1 (Disk Amplitude)
It is simply defined from the disk amplitude
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Definition 2 (Cylinder Amplitude)

Definition 3 (Entanglement Entropy)

In 2D BCFT, the EE generally behaves like

[Calabrese-Cardy 2004]

.0
),(

LE

L

HLcylinder eggBeBZ −

∞→

− ≈= βαβαβα

L

α β

Bulk Part Boundary    
Part 

CFT
Bdy
(α)

time

AB

l
.   loglog

6 αε
glcSA +=

[ ]
.    Tr    

,  logTr

B totA

AAAS
ρρ

ρρ
=
−=

Boundary    
Part Bulk Part 



Holographic Disk Partition Function(Def.1)

Previously, we found the gravity dual of BCFT on a half space.
We can map this by the AdS conformal transformation:

[Berenstein-Corrado-Fishler
- Maldacena 1999]

w.r.t the Poincare coordinate:

This maps the spacetime N as follows (in Euclidean signature)
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By evaluating the Euclidean action,

we obtain the holographic disk partition function

After a holographic renormalization, we finally find 
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Holographic EE (Def.2)

New Aspect in AdS/BCFT:  Minimal Surfaces can end on Q !

In our setup of AdS3/BCFT2,  the holographic EE is obtained as

Thus we reproduced the same 
boundary entropy: 
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Holographic Dual of Intervals (Def.3)

At a finite temperature            , there are two solutions (thermal 
AdS and AdS BH). The interval is defined by                     
and the Euclidean time is compactified as 

Low Temperature Phase (Thermal AdS3)

High Temperature Phase (BTZ BH)
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The boundary Einstein equation                                        leads to

Their solutions are given by    
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The Euclidean partition functions are evaluated as follows

The phase transition occurs 
when                                     
i.e.
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[8-4] Holographic g-Theorem

Consider the surface Q  defined by                in the Poincare metric

We impose the null energy condition for the boundary matter
i.e.                                for any null vector       .

[cf.  Hol. C-theorem:  Freedman-Gubser-Pilch-Warner 1999,  Myers-Sinha 2010]

For the null vector, 
we find the constraint  
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Thus we simply get                   from the null energy condition.
Let us define the holographic g-function by

Then it is easy to see

because                                      .

For d=2, at fixed points                 agrees with the boundary entropy.
For any dimension d, we find that            is a monotonically 
decreasing function of the length scale z.

This is our holographic g-theorem !
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Topological Censorship [cf. without boundary: 
Galloway-Schleich-Witt-Woolgar 99]

The g-theorem prohibits the static wormhole-like configuration 
in our AdS/BCFT:

z
N

BA
x

For any time t
(Static)



[8-5] Brane-world Holography

Consider a Poincare AdSd+2 and consider a finite cut off surface

as its boundary.  We impose the Neumann b.c. on the boundary.

In this setup,  a (d+1) dimensional gravity is localized on 
the boundary Q, called brane-world. [Randall-Sundrum 1999(RS2)]
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The effective Newton constant in the d+1 dim. gravity can be 
found via KK reduction: 
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If we consider the holographic EE in this setup,
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We can relate this to a black hole entropy in d+1 dim. gravity 
by considering a brane-world black hole, where we set
ΓA = d+2 dim. BH horizon,  ∂A= d+1 dim. BH horizon.

[Hawking-Maldacena-Strominger 2000,  Emparan 2006, 
Iwashita-Kobayashi-Shiromizu-Yoshino 2006,]

Area Law of EE in CFT

Gravity induced 
from Matter



AdS/BCFT and Brane-World (Double Holography)

We can apply the brane-world holography to AdS/BCFT as follows.
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[8-6] Codimension Two Holography

Setup of Wedge Holography
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Our Claim of Wedge Holography

d+2 dim. Classical Gravity 
on Wd+2

d+1 dim. Quantum Gravity 
on Q1∪Q2

d dim. CFT on ∑
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Codimension Two 

Holography !



Wedge Holography as A Limit of AdS/BCFT

Our wedge holography can be obtained by the zero width limit 
w→0 of the following AdS/BCFT setup:



HEE in Wedge Holography

HEE in our wedge holography can be obtained by taking
the previous zero width limit of AdS/BCFT.
It is given by a double minimization formula: 
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Calculation of HEE

We choose the subsystem A to be a d-1 dim. disk

In this case, the surface ΓA is found to be a part of sphere:

Thus the HEE is computed as follows:
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Example:  2d CFT  (d=2)

Our AdS4 wedge holography leads to the HEE (A= an interval):

By comparing with the well-known formula                               ,
we expect the central charge c is given by

Indeed, we can obtain the same value of central charge by 
combining the 3dim. Newton constant in brane-world holography:

with the Brown-Henneaux relation 

const.logsinh *
)4(

2

+⋅=
ε

ρ l
RG

RS
N

A

ε
lcSA log

3
=

.sinh3 *
)4(

2

RG
Rc
N

ρ
=

,sinh1 *
)4()3( RG

R
G NN

ρ
=

.
2
3

)3(
NG
Rc =

»
»
¼

º

«
«
¬

ª
¸
¹
·

¨
©
§=

−

++ ∫
1

0)2()1(
* cosh11   d, generalFor 

d

d
N

d
N R

d
GG

ρ ρρ



Free Energy on Sphere

.     oRestrict t      

)sinh(cosh

    ),cos(sinh

**

222222

222222
)2(

2

ρρ

ηηρρ

θθ

≤≤⇒

Ω+¸
¹
·

¨
©
§+=

Ω+¸
¹
·

¨
©
§+=+

- ρ

dd
R

Rd

dd
R
rRdrds

d

dd

　　　

,
8

1)(
8

1)2(
16

1
21 ∫∫∫ ∑∪

−−−Λ−−= Kh
G

TKh
G

Rg
G

I
N

QQ
N

W
N

G πππ

In the d=2 case (AdS4/CFT2), we find

.logsinhsinh
2

*
)4(

2
*

2)4(

2

ε
ρρ

ε
l

RG
R

RG
RI

NN
G ⋅+−=

.sinh3 *
)4(

2

RG
Rc
N

ρ
=

Agree with previous result εχε log)(
6

# 2 Σ+⋅= − cICFT



⑨ アイランド公式 と BH情報問題
(91) BH情報問題 とページ曲線
Hawkins輻射 (熱輻射) 蒸発 !
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逆に量子論が 正しい とする と
、 何 が期待 されるか ?
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は Pure State で 、
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、
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(92) アイランド公式

重力理論と 場の 理論 が結合 する 時空 を 考える :

鳳霞榊遼
→ 空間

我々 の 考えたい5etus.int

場の理論 動理論氊𣜌1
BH



- アイランド公式一一[ Pennington , Amberi -Engel tardeMarioH-

- Mayfield 2019 ]

場 高 動

○ 理論_ の Setup で の EE 高動は 、

次 の 公式で 計算 される
。
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アイランド公式 の 導出

(a)-1-05/31(FT + Brane -World Hob graphy
[ Almheiri - Maha ; an - Maldaana - Zhao 2019J
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(b) Replica WormHe [ Pennington -ShakeStanford - Yang

T [pfj の計算
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を 計算する と 、 アイランド 公式 が得 られる
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[宇賀神さんの セミナー参照]



(93) ページ無線の 導出し憥た𩺊側
(i) アイランド公式 を直接適用

BH の蒸発の Penrose図 アイランド公式による Sein計算
ー

ーー

T.me八

社i巧が非自明
-) 皛

nnn L な解
B)形・明 -_-×た が\i𨷻:き𥼣※だ物の 「 Is を自明な解
質 / T彡 (HawKing パラドクスHBL Headの 境界 を生む )



エン タングルメ がウェッジ (EW )

Ragtime以降 を 考える と
、

HBH の EW

嚙感蹰丬 HRaa の EW

駕欝鳶 巖𤎼晶べ
/ の 情報が含まれ ている !

stambringtima し

た 01085阿
情報問題 の解決

の シナリオ !



(ii) Ad 5/13 CFT t Brane -World Hobgraphy の適用
し矴 とか十
一

動の結ノーに 結合 さ選 長時門興
CFT CFTか

礴饕 驤は袈やや
下降 A t

な 日には
er する 面積は p

。 結合させる 輪増加
がいくAlif)

ページ曲線1
-

-_-
Time



(9-4) アイランド 公式 を 用いた計算例

AdS z Eternal BH の Radiation [ 19 日0.11077

AImheiri-Mahajan.luddau)

Jtgravityee (2次元動 の 1つ )

Ia = 武 5 wi ( 中 R +2ゆか) + Im
がwfs 5が 二

噐 = u → R tに。 → Ad5220
へ -4

d.IE/tfがここが 、

かが
、蒸気

がつい

T つじ =ピさ つじ



Ad52 Eternal B H + 熱沿 CFT CFT

- hath 2 重力 bat.tl

-_-

※※興灌 =欝長
n.in 選に越法に鋓が

い X
Ad Sz Thermal Flux

Hart k -Hawkins State
はた t さ 6



BH → a.GEb

Is
Rand → 6 2

_
b

た。-_-
が
-.-_

た。

{ saw)
「 Y dに 、ばばーね

Rani ' が喑ばよ)
と

した。窻 が皪𧄹、

総壷 が 塼蒋では 1 鬣鳳)
unser unser
眺
_

も理 がダが出ないの
4GW wexl変換



氎 → 橤巌咢・蘤
特に 、 書 の 1 ( San C ) の 場合に

、

an b + Elog ( 24等) が 1 となる
。

この 時 、 Sant 1帖的で t竽 =家、
一

注、○
GN のくり込み →がい

られad こ ら Raal t 5 Rad ここ で SBH



時間発展 し両側 を上方 へ ) を 考える と
、 以下の 2通り の 可能性

Island

iii.慫CFT Ad52 CFT (FT Adbz
した1

動 動 計算は
TF日 の結果 た0 と同じ

アイランド なし 、 t アイランド有り

ら、が がっばり刳 らが~ 2 5弘
も 話し 、 七 (か ? )



まとめ
- i

-.- Island
- en 、 一 - 1

,-_-韱、、堕

櫻" 率で鯯唯暻が1 2

-

TEDState

た。 堆ピエ洞唯熱燗 )
↳ Puritied by RadiationT


