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Motivation

1. Build "synthetic" entanglement structure from 
tensor network geometries? 
- Construct quantum error-correcting codes  
- Understand holography beyond CFTs (H2 geom.) 

2. Elucidate necessary assumptions for holography  
- Are randomness assumptions in TN necessary ?  
- Is a strongly interacting CFT necessary ?  
- How does integrability obstruct holography ?



Outline
1. Tensor network review.  

- States, expectation values & ( computer ) complexity 

2. Match-gate tensor network ( free-fermions ) 
- Majorana operators,  
- Covariance matrix, Wick’s theorem & n-point functions. 
- Parent Hamiltonian & nullifiers 
- Jordan-Wigner transformation, 5qubit code states 
- Efficient contraction. 
- Numerical results, interpretation 

3. Stabilizer tensor networks  
- Generalized Pauli group, 5qubit code states 
- Stabilizer states, Calculating n-point functions 
- Efficient contraction 
- Numerical results 

4. Conclusions and further work.
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U j
i  j

<latexit sha1_base64="9KRh4JEz2IZp1b5RtKv+WfKxlMY=">AAACIHicbZBPS8MwGMZT/876Z1WPXoJD8DRaEdTb0IvHCdYNtlrSLN2yJU1JUmGUfRKP6ofxJB71q3gx3Xpwmw8EHn7P+8KbJ0oZVdp1v6yV1bX1jc3Klr29s7tXdfYPHpTIJCY+FkzIdoQUYTQhvqaakXYqCeIRI61odFPkrSciFRXJvR6nJOCon9CYYqQNCp2q7Yc5nTwOYTdVNByGTs2tu1PBZeOVpgZKNUPnp9sTOOMk0ZghpTqem+ogR1JTzMjE7maKpAiPUJ90jE0QJyrIp4dP4IkhPRgLaV6i4ZT+3cgRV2rMIzPJkR6oxayA/2YF0UIwNbHneBTxhZN0fBnkNEkzTRI8uyjOGNQCFnXBHpUEazY2BmFJzacgHiCJsDal2qYtb7GbZeOf1a/q3t15rXFd1lYBR+AYnAIPXIAGuAVN4AMMMvAMXsGb9WK9Wx/W52x0xSp3DsGcrO9fy1ijhw==</latexit><latexit sha1_base64="9KRh4JEz2IZp1b5RtKv+WfKxlMY=">AAACIHicbZBPS8MwGMZT/876Z1WPXoJD8DRaEdTb0IvHCdYNtlrSLN2yJU1JUmGUfRKP6ofxJB71q3gx3Xpwmw8EHn7P+8KbJ0oZVdp1v6yV1bX1jc3Klr29s7tXdfYPHpTIJCY+FkzIdoQUYTQhvqaakXYqCeIRI61odFPkrSciFRXJvR6nJOCon9CYYqQNCp2q7Yc5nTwOYTdVNByGTs2tu1PBZeOVpgZKNUPnp9sTOOMk0ZghpTqem+ogR1JTzMjE7maKpAiPUJ90jE0QJyrIp4dP4IkhPRgLaV6i4ZT+3cgRV2rMIzPJkR6oxayA/2YF0UIwNbHneBTxhZN0fBnkNEkzTRI8uyjOGNQCFnXBHpUEazY2BmFJzacgHiCJsDal2qYtb7GbZeOf1a/q3t15rXFd1lYBR+AYnAIPXIAGuAVN4AMMMvAMXsGb9WK9Wx/W52x0xSp3DsGcrO9fy1ijhw==</latexit><latexit sha1_base64="9KRh4JEz2IZp1b5RtKv+WfKxlMY=">AAACIHicbZBPS8MwGMZT/876Z1WPXoJD8DRaEdTb0IvHCdYNtlrSLN2yJU1JUmGUfRKP6ofxJB71q3gx3Xpwmw8EHn7P+8KbJ0oZVdp1v6yV1bX1jc3Klr29s7tXdfYPHpTIJCY+FkzIdoQUYTQhvqaakXYqCeIRI61odFPkrSciFRXJvR6nJOCon9CYYqQNCp2q7Yc5nTwOYTdVNByGTs2tu1PBZeOVpgZKNUPnp9sTOOMk0ZghpTqem+ogR1JTzMjE7maKpAiPUJ90jE0QJyrIp4dP4IkhPRgLaV6i4ZT+3cgRV2rMIzPJkR6oxayA/2YF0UIwNbHneBTxhZN0fBnkNEkzTRI8uyjOGNQCFnXBHpUEazY2BmFJzacgHiCJsDal2qYtb7GbZeOf1a/q3t15rXFd1lYBR+AYnAIPXIAGuAVN4AMMMvAMXsGb9WK9Wx/W52x0xSp3DsGcrO9fy1ijhw==</latexit><latexit sha1_base64="9KRh4JEz2IZp1b5RtKv+WfKxlMY=">AAACIHicbZBPS8MwGMZT/876Z1WPXoJD8DRaEdTb0IvHCdYNtlrSLN2yJU1JUmGUfRKP6ofxJB71q3gx3Xpwmw8EHn7P+8KbJ0oZVdp1v6yV1bX1jc3Klr29s7tXdfYPHpTIJCY+FkzIdoQUYTQhvqaakXYqCeIRI61odFPkrSciFRXJvR6nJOCon9CYYqQNCp2q7Yc5nTwOYTdVNByGTs2tu1PBZeOVpgZKNUPnp9sTOOMk0ZghpTqem+ogR1JTzMjE7maKpAiPUJ90jE0QJyrIp4dP4IkhPRgLaV6i4ZT+3cgRV2rMIzPJkR6oxayA/2YF0UIwNbHneBTxhZN0fBnkNEkzTRI8uyjOGNQCFnXBHpUEazY2BmFJzacgHiCJsDal2qYtb7GbZeOf1a/q3t15rXFd1lYBR+AYnAIPXIAGuAVN4AMMMvAMXsGb9WK9Wx/W52x0xSp3DsGcrO9fy1ijhw==</latexit>

Xj
i �

i
j

<latexit sha1_base64="ChKr4Lf4BzH+k+vEAyohQceXcNo=">AAACInicbZDNSsNAFIUn/tb41+rSzWARXJVEBHVXdOOygrGFNg2T6bSddpIJMzdKCX0Ul+rDuBJXgm/ixknbhW09MHD4zr1w54SJ4Boc58taWV1b39gsbNnbO7t7+8XSwYOWqaLMo1JI1QiJZoLHzAMOgjUSxUgUClYPhzd5Xn9kSnMZ38MoYX5EejHvckrAoKBYshsBbw9wq8MEkGDQ5kGx7FScifCycWemjGaqBcWfVkfSNGIxUEG0brpOAn5GFHAq2NhupZolhA5JjzWNjUnEtJ9NTh/jE0M6uCuVeTHgCf27kZFI61EUmsmIQF8vZjn8N8sJSCn02J7jYRgtnATdSz/jcZICi+n0om4qMEicF4Y7XDEKYmQMoYqbT2HaJ4pQMLXapi13sZtl451Vriru3Xm5ej2rrYCO0DE6RS66QFV0i2rIQxQ9oWf0it6sF+vd+rA+p6Mr1mznEM3J+v4FD0SkKw==</latexit><latexit sha1_base64="ChKr4Lf4BzH+k+vEAyohQceXcNo=">AAACInicbZDNSsNAFIUn/tb41+rSzWARXJVEBHVXdOOygrGFNg2T6bSddpIJMzdKCX0Ul+rDuBJXgm/ixknbhW09MHD4zr1w54SJ4Boc58taWV1b39gsbNnbO7t7+8XSwYOWqaLMo1JI1QiJZoLHzAMOgjUSxUgUClYPhzd5Xn9kSnMZ38MoYX5EejHvckrAoKBYshsBbw9wq8MEkGDQ5kGx7FScifCycWemjGaqBcWfVkfSNGIxUEG0brpOAn5GFHAq2NhupZolhA5JjzWNjUnEtJ9NTh/jE0M6uCuVeTHgCf27kZFI61EUmsmIQF8vZjn8N8sJSCn02J7jYRgtnATdSz/jcZICi+n0om4qMEicF4Y7XDEKYmQMoYqbT2HaJ4pQMLXapi13sZtl451Vriru3Xm5ej2rrYCO0DE6RS66QFV0i2rIQxQ9oWf0it6sF+vd+rA+p6Mr1mznEM3J+v4FD0SkKw==</latexit><latexit sha1_base64="ChKr4Lf4BzH+k+vEAyohQceXcNo=">AAACInicbZDNSsNAFIUn/tb41+rSzWARXJVEBHVXdOOygrGFNg2T6bSddpIJMzdKCX0Ul+rDuBJXgm/ixknbhW09MHD4zr1w54SJ4Boc58taWV1b39gsbNnbO7t7+8XSwYOWqaLMo1JI1QiJZoLHzAMOgjUSxUgUClYPhzd5Xn9kSnMZ38MoYX5EejHvckrAoKBYshsBbw9wq8MEkGDQ5kGx7FScifCycWemjGaqBcWfVkfSNGIxUEG0brpOAn5GFHAq2NhupZolhA5JjzWNjUnEtJ9NTh/jE0M6uCuVeTHgCf27kZFI61EUmsmIQF8vZjn8N8sJSCn02J7jYRgtnATdSz/jcZICi+n0om4qMEicF4Y7XDEKYmQMoYqbT2HaJ4pQMLXapi13sZtl451Vriru3Xm5ej2rrYCO0DE6RS66QFV0i2rIQxQ9oWf0it6sF+vd+rA+p6Mr1mznEM3J+v4FD0SkKw==</latexit><latexit sha1_base64="ChKr4Lf4BzH+k+vEAyohQceXcNo=">AAACInicbZDNSsNAFIUn/tb41+rSzWARXJVEBHVXdOOygrGFNg2T6bSddpIJMzdKCX0Ul+rDuBJXgm/ixknbhW09MHD4zr1w54SJ4Boc58taWV1b39gsbNnbO7t7+8XSwYOWqaLMo1JI1QiJZoLHzAMOgjUSxUgUClYPhzd5Xn9kSnMZ38MoYX5EejHvckrAoKBYshsBbw9wq8MEkGDQ5kGx7FScifCycWemjGaqBcWfVkfSNGIxUEG0brpOAn5GFHAq2NhupZolhA5JjzWNjUnEtJ9NTh/jE0M6uCuVeTHgCf27kZFI61EUmsmIQF8vZjn8N8sJSCn02J7jYRgtnATdSz/jcZICi+n0om4qMEicF4Y7XDEKYmQMoYqbT2HaJ4pQMLXapi13sZtl451Vriru3Xm5ej2rrYCO0DE6RS66QFV0i2rIQxQ9oWf0it6sF+vd+rA+p6Mr1mznEM3J+v4FD0SkKw==</latexit>

⇢ja,jbia,ib
�ibjb

<latexit sha1_base64="QwNKzpvgxhEFwonwVfnemgoQY/k="></latexit><latexit sha1_base64="QwNKzpvgxhEFwonwVfnemgoQY/k="></latexit><latexit sha1_base64="QwNKzpvgxhEFwonwVfnemgoQY/k="></latexit><latexit sha1_base64="QwNKzpvgxhEFwonwVfnemgoQY/k="></latexit>



Factorization(s)
Pure state  

density matrix
⇢ h || i=

| i
Pure product state (ket)

Product state 
(similarly op.)

⇢ =
⇢A

⇢B

⇢ = ⇢A ⌦ ⇢B

⇢ = | ih |

| i = | 1i ⌦ . . .⌦ | ni
=

Dn D ⇥ n

D2
A ⇥D2

B D2
A +D2

B

... ...

| 1i

| ni

D2 D +D⇢ji =  i ̄
j

<latexit sha1_base64="MuqprUOhyKUpjwVuVlLJN/V7dag=">AAACNnicbVBNS8NAEN3Urxq/qh69LJaCp5KIoB6EohePFawtNGnYbDfttpts2N0IJeQX+Gs8qr/Ekyfx6t2LmzYH2/pg4M17MzDz/JhRqSzr3SitrK6tb5Q3za3tnd29yv7Bg+SJwKSFOeOi4yNJGI1IS1HFSCcWBIU+I21/fJP77UciJOXRvZrExA3RIKIBxUhpyavUTEcMuZfSrJeOMngFnVjSvIWOj0Sad1lv5FWqVt2aAi4TuyBVUKDpVX6cPsdJSCKFGZKya1uxclMkFMWMZKaTSBIjPEYD0tU0QiGRbjp9J4M1rfRhwIWuSMGp+ncjRaGUk9DXkyFSQ7no5eK/Xq4ozpnMzDnd98OFk1Rw4aY0ihNFIjy7KEgYVBzmIcI+FQQrNtEEYUH1UxAPkUBY6ahNnZa9mM0yaZ3WL+v23Vm1cV3EVgZH4BicABucgwa4BU3QAhg8gWfwCt6MF+PD+DS+ZqMlo9g5BHMwvn8BZHCtGA==</latexit><latexit sha1_base64="MuqprUOhyKUpjwVuVlLJN/V7dag=">AAACNnicbVBNS8NAEN3Urxq/qh69LJaCp5KIoB6EohePFawtNGnYbDfttpts2N0IJeQX+Gs8qr/Ekyfx6t2LmzYH2/pg4M17MzDz/JhRqSzr3SitrK6tb5Q3za3tnd29yv7Bg+SJwKSFOeOi4yNJGI1IS1HFSCcWBIU+I21/fJP77UciJOXRvZrExA3RIKIBxUhpyavUTEcMuZfSrJeOMngFnVjSvIWOj0Sad1lv5FWqVt2aAi4TuyBVUKDpVX6cPsdJSCKFGZKya1uxclMkFMWMZKaTSBIjPEYD0tU0QiGRbjp9J4M1rfRhwIWuSMGp+ncjRaGUk9DXkyFSQ7no5eK/Xq4ozpnMzDnd98OFk1Rw4aY0ihNFIjy7KEgYVBzmIcI+FQQrNtEEYUH1UxAPkUBY6ahNnZa9mM0yaZ3WL+v23Vm1cV3EVgZH4BicABucgwa4BU3QAhg8gWfwCt6MF+PD+DS+ZqMlo9g5BHMwvn8BZHCtGA==</latexit><latexit sha1_base64="MuqprUOhyKUpjwVuVlLJN/V7dag=">AAACNnicbVBNS8NAEN3Urxq/qh69LJaCp5KIoB6EohePFawtNGnYbDfttpts2N0IJeQX+Gs8qr/Ekyfx6t2LmzYH2/pg4M17MzDz/JhRqSzr3SitrK6tb5Q3za3tnd29yv7Bg+SJwKSFOeOi4yNJGI1IS1HFSCcWBIU+I21/fJP77UciJOXRvZrExA3RIKIBxUhpyavUTEcMuZfSrJeOMngFnVjSvIWOj0Sad1lv5FWqVt2aAi4TuyBVUKDpVX6cPsdJSCKFGZKya1uxclMkFMWMZKaTSBIjPEYD0tU0QiGRbjp9J4M1rfRhwIWuSMGp+ncjRaGUk9DXkyFSQ7no5eK/Xq4ozpnMzDnd98OFk1Rw4aY0ihNFIjy7KEgYVBzmIcI+FQQrNtEEYUH1UxAPkUBY6ahNnZa9mM0yaZ3WL+v23Vm1cV3EVgZH4BicABucgwa4BU3QAhg8gWfwCt6MF+PD+DS+ZqMlo9g5BHMwvn8BZHCtGA==</latexit><latexit sha1_base64="MuqprUOhyKUpjwVuVlLJN/V7dag=">AAACNnicbVBNS8NAEN3Urxq/qh69LJaCp5KIoB6EohePFawtNGnYbDfttpts2N0IJeQX+Gs8qr/Ekyfx6t2LmzYH2/pg4M17MzDz/JhRqSzr3SitrK6tb5Q3za3tnd29yv7Bg+SJwKSFOeOi4yNJGI1IS1HFSCcWBIU+I21/fJP77UciJOXRvZrExA3RIKIBxUhpyavUTEcMuZfSrJeOMngFnVjSvIWOj0Sad1lv5FWqVt2aAi4TuyBVUKDpVX6cPsdJSCKFGZKya1uxclMkFMWMZKaTSBIjPEYD0tU0QiGRbjp9J4M1rfRhwIWuSMGp+ncjRaGUk9DXkyFSQ7no5eK/Xq4ozpnMzDnd98OFk1Rw4aY0ihNFIjy7KEgYVBzmIcI+FQQrNtEEYUH1UxAPkUBY6ahNnZa9mM0yaZ3WL+v23Vm1cV3EVgZH4BicABucgwa4BU3QAhg8gWfwCt6MF+PD+DS+ZqMlo9g5BHMwvn8BZHCtGA==</latexit>

⇢ja,jbia,ib
= ⇢jaia⇢

jb
ib

<latexit sha1_base64="ki/p+fUW2T6XurNMWf86ByK6XX0="></latexit><latexit sha1_base64="ki/p+fUW2T6XurNMWf86ByK6XX0="></latexit><latexit sha1_base64="ki/p+fUW2T6XurNMWf86ByK6XX0="></latexit><latexit sha1_base64="ki/p+fUW2T6XurNMWf86ByK6XX0="></latexit>

 ~i =  i1 . . . in
<latexit sha1_base64="qhiowvhoZihFHVy9s2nyL9nk47E=">AAACPnicbZDLSsNAFIYn9R5vUZduBovgxpKIoC4E0Y3LCtYKpoTJdNoOncyEmZNCCXkKn8al+hQ+gStxK7hxekFs6w8Hfr5zDpzzx6ngBnz/zSnNzS8sLi2vuKtr6xub3tb2nVGZpqxGlVD6PiaGCS5ZDTgIdp9qRpJYsHrcvRr06z2mDVfyFvopaySkLXmLUwIWRd6hG6aGR3nYYzTnRYHP8QjwKChC0VRgfoEsIq/sV/yh8KwJxqaMxqpG3nfYVDRLmAQqiDEPgZ9CIycaOBWscMPMsJTQLmmzB2slSZhp5MO3CrxvSRO3lLYlAQ/p342cJMb0k9hOJgQ6Zro3gP/2BgSUEqZwJ3gcJ1MnQeu0kXOZZsAkHV3UygQGhQdh4ibXjILoW0Oo5vYpTDtEEwo2ctemFUxnM2tqR5WzSnBzXL64HMe2jHbRHjpAATpBF+gaVVENUfSIntALenWenXfnw/kcjZac8c4OmpDz9QNLabCL</latexit><latexit sha1_base64="qhiowvhoZihFHVy9s2nyL9nk47E=">AAACPnicbZDLSsNAFIYn9R5vUZduBovgxpKIoC4E0Y3LCtYKpoTJdNoOncyEmZNCCXkKn8al+hQ+gStxK7hxekFs6w8Hfr5zDpzzx6ngBnz/zSnNzS8sLi2vuKtr6xub3tb2nVGZpqxGlVD6PiaGCS5ZDTgIdp9qRpJYsHrcvRr06z2mDVfyFvopaySkLXmLUwIWRd6hG6aGR3nYYzTnRYHP8QjwKChC0VRgfoEsIq/sV/yh8KwJxqaMxqpG3nfYVDRLmAQqiDEPgZ9CIycaOBWscMPMsJTQLmmzB2slSZhp5MO3CrxvSRO3lLYlAQ/p342cJMb0k9hOJgQ6Zro3gP/2BgSUEqZwJ3gcJ1MnQeu0kXOZZsAkHV3UygQGhQdh4ibXjILoW0Oo5vYpTDtEEwo2ctemFUxnM2tqR5WzSnBzXL64HMe2jHbRHjpAATpBF+gaVVENUfSIntALenWenXfnw/kcjZac8c4OmpDz9QNLabCL</latexit><latexit sha1_base64="qhiowvhoZihFHVy9s2nyL9nk47E=">AAACPnicbZDLSsNAFIYn9R5vUZduBovgxpKIoC4E0Y3LCtYKpoTJdNoOncyEmZNCCXkKn8al+hQ+gStxK7hxekFs6w8Hfr5zDpzzx6ngBnz/zSnNzS8sLi2vuKtr6xub3tb2nVGZpqxGlVD6PiaGCS5ZDTgIdp9qRpJYsHrcvRr06z2mDVfyFvopaySkLXmLUwIWRd6hG6aGR3nYYzTnRYHP8QjwKChC0VRgfoEsIq/sV/yh8KwJxqaMxqpG3nfYVDRLmAQqiDEPgZ9CIycaOBWscMPMsJTQLmmzB2slSZhp5MO3CrxvSRO3lLYlAQ/p342cJMb0k9hOJgQ6Zro3gP/2BgSUEqZwJ3gcJ1MnQeu0kXOZZsAkHV3UygQGhQdh4ibXjILoW0Oo5vYpTDtEEwo2ctemFUxnM2tqR5WzSnBzXL64HMe2jHbRHjpAATpBF+gaVVENUfSIntALenWenXfnw/kcjZac8c4OmpDz9QNLabCL</latexit><latexit sha1_base64="qhiowvhoZihFHVy9s2nyL9nk47E=">AAACPnicbZDLSsNAFIYn9R5vUZduBovgxpKIoC4E0Y3LCtYKpoTJdNoOncyEmZNCCXkKn8al+hQ+gStxK7hxekFs6w8Hfr5zDpzzx6ngBnz/zSnNzS8sLi2vuKtr6xub3tb2nVGZpqxGlVD6PiaGCS5ZDTgIdp9qRpJYsHrcvRr06z2mDVfyFvopaySkLXmLUwIWRd6hG6aGR3nYYzTnRYHP8QjwKChC0VRgfoEsIq/sV/yh8KwJxqaMxqpG3nfYVDRLmAQqiDEPgZ9CIycaOBWscMPMsJTQLmmzB2slSZhp5MO3CrxvSRO3lLYlAQ/p342cJMb0k9hOJgQ6Zro3gP/2BgSUEqZwJ3gcJ1MnQeu0kXOZZsAkHV3UygQGhQdh4ibXjILoW0Oo5vYpTDtEEwo2ctemFUxnM2tqR5WzSnBzXL64HMe2jHbRHjpAATpBF+gaVVENUfSIntALenWenXfnw/kcjZac8c4OmpDz9QNLabCL</latexit>



Schmidt decomposition
Entangled  state | i =
| i =

X

j

p
pj |↵ji ⌦ |�ji

X

j

p
pj

|↵ji

|�ji
=

↵

�

j

DA ⇥DB s⇥ (DA +DB)

low entanglement states  
well approximated by  
low Schmidt rank s. 

Entanglement  
area law (low)

Basis for tensor network ansatz

+

 ia,ib = ↵ia,sa�ib,sb�
sa,sb

<latexit sha1_base64="ryVMsDk+K2xcR76v/FE8byjLlbI="></latexit><latexit sha1_base64="ryVMsDk+K2xcR76v/FE8byjLlbI="></latexit><latexit sha1_base64="ryVMsDk+K2xcR76v/FE8byjLlbI="></latexit><latexit sha1_base64="ryVMsDk+K2xcR76v/FE8byjLlbI="></latexit>



Tensor network ansatz(e)
Matrix Product States 

 (MPS)
Multi-scale Entanglement 
Renormalization Ansatz 

(MERA)

| i

Dn

...

n⇥ (D ⇥ s2)

U

U

U

U

U

U

U

U

U

U

U

U

|�i
|�i

|�i

|�i

|�i
|�i |�i

2n(2D4 +D)



Normalization and expectation values
Example: Matrix Product States (MPS) 

=:
<latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit> T

<latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit>

1 = h | i = Tr[Tn]
<latexit sha1_base64="v1jHNTIwtxzKaJRZCsLwK495/Gw=">AAACPXicbZDPSgMxEMaz/q3136pHL8EieJCyK4J6KBS9eKzQ2kJ3Ldk0bUOzyZLMCqX0JXwaj+pb+AKexKsHL6btHmzrBwMfv5mBmS9KBDfgee/O0vLK6tp6biO/ubW9s+vu7d8blWrKalQJpRsRMUxwyWrAQbBGohmJI8HqUf9m3K8/Mm24klUYJCyMSVfyDqcELGq5p34JB4LIrmA4SAzHgZ2GzOopL+GqblYfZNhyC17RmwgvGj8zBZSp0nJ/graiacwkUEGMafpeAuGQaOBUsFE+SA1LCO2TLmtaK0nMTDicfDXCx5a0cUdpWxLwhP7dGJLYmEEc2cmYQM/M98bw396YgFLCjPIzPIriuZOgcxkOuUxSYJJOL+qkAoPC4yxxm2tGQQysIVRz+xSmPaIJBZt43qblz2ezaGpnxauif3deKF9nseXQITpCJ8hHF6iMblEF1RBFT+gZvaI358X5cD6dr+nokpPtHKAZOd+/eMquaw==</latexit><latexit sha1_base64="v1jHNTIwtxzKaJRZCsLwK495/Gw=">AAACPXicbZDPSgMxEMaz/q3136pHL8EieJCyK4J6KBS9eKzQ2kJ3Ldk0bUOzyZLMCqX0JXwaj+pb+AKexKsHL6btHmzrBwMfv5mBmS9KBDfgee/O0vLK6tp6biO/ubW9s+vu7d8blWrKalQJpRsRMUxwyWrAQbBGohmJI8HqUf9m3K8/Mm24klUYJCyMSVfyDqcELGq5p34JB4LIrmA4SAzHgZ2GzOopL+GqblYfZNhyC17RmwgvGj8zBZSp0nJ/graiacwkUEGMafpeAuGQaOBUsFE+SA1LCO2TLmtaK0nMTDicfDXCx5a0cUdpWxLwhP7dGJLYmEEc2cmYQM/M98bw396YgFLCjPIzPIriuZOgcxkOuUxSYJJOL+qkAoPC4yxxm2tGQQysIVRz+xSmPaIJBZt43qblz2ezaGpnxauif3deKF9nseXQITpCJ8hHF6iMblEF1RBFT+gZvaI358X5cD6dr+nokpPtHKAZOd+/eMquaw==</latexit><latexit sha1_base64="v1jHNTIwtxzKaJRZCsLwK495/Gw=">AAACPXicbZDPSgMxEMaz/q3136pHL8EieJCyK4J6KBS9eKzQ2kJ3Ldk0bUOzyZLMCqX0JXwaj+pb+AKexKsHL6btHmzrBwMfv5mBmS9KBDfgee/O0vLK6tp6biO/ubW9s+vu7d8blWrKalQJpRsRMUxwyWrAQbBGohmJI8HqUf9m3K8/Mm24klUYJCyMSVfyDqcELGq5p34JB4LIrmA4SAzHgZ2GzOopL+GqblYfZNhyC17RmwgvGj8zBZSp0nJ/graiacwkUEGMafpeAuGQaOBUsFE+SA1LCO2TLmtaK0nMTDicfDXCx5a0cUdpWxLwhP7dGJLYmEEc2cmYQM/M98bw396YgFLCjPIzPIriuZOgcxkOuUxSYJJOL+qkAoPC4yxxm2tGQQysIVRz+xSmPaIJBZt43qblz2ezaGpnxauif3deKF9nseXQITpCJ8hHF6iMblEF1RBFT+gZvaI358X5cD6dr+nokpPtHKAZOd+/eMquaw==</latexit><latexit sha1_base64="v1jHNTIwtxzKaJRZCsLwK495/Gw=">AAACPXicbZDPSgMxEMaz/q3136pHL8EieJCyK4J6KBS9eKzQ2kJ3Ldk0bUOzyZLMCqX0JXwaj+pb+AKexKsHL6btHmzrBwMfv5mBmS9KBDfgee/O0vLK6tp6biO/ubW9s+vu7d8blWrKalQJpRsRMUxwyWrAQbBGohmJI8HqUf9m3K8/Mm24klUYJCyMSVfyDqcELGq5p34JB4LIrmA4SAzHgZ2GzOopL+GqblYfZNhyC17RmwgvGj8zBZSp0nJ/graiacwkUEGMafpeAuGQaOBUsFE+SA1LCO2TLmtaK0nMTDicfDXCx5a0cUdpWxLwhP7dGJLYmEEc2cmYQM/M98bw396YgFLCjPIzPIriuZOgcxkOuUxSYJJOL+qkAoPC4yxxm2tGQQysIVRz+xSmPaIJBZt43qblz2ezaGpnxauif3deKF9nseXQITpCJ8hHF6iMblEF1RBFT+gZvaI358X5cD6dr+nokpPtHKAZOd+/eMquaw==</latexit>

O
x

<latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit>

Oy
<latexit sha1_base64="Jvr44aCRDa+BY5JwNzcXBH1ro8E=">AAACEnicbZDLSsNAGIUnXmu8VV26GSyCq5KIoO6KbtxZ0dhCG8pkOmmHziXMTIQQ+ggu1YdxJW59AZ/FjZM2C9t6YODwnf+Hf06UMKqN5307S8srq2vrlQ13c2t7Z7e6t/+oZaowCbBkUrUjpAmjggSGGkbaiSKIR4y0otF1kbeeiNJUigeTJSTkaCBoTDEyFt3f9rJetebVvYngovFLUwOlmr3qT7cvccqJMJghrTu+l5gwR8pQzMjY7aaaJAiP0IB0rBWIEx3mk1PH8NiSPoylsk8YOKF/N3LEtc54ZCc5MkM9nxXw36wgRkqmx+4MjyI+d5KJL8KciiQ1RODpRXHKoJGwKAj2qSLYsMwahBW1n4J4iBTCxtbo2rb8+W4WTXBav6z7d2e1xlVZWwUcgiNwAnxwDhrgBjRBADAYgGfwCt6cF+fd+XA+p6NLTrlzAGbkfP0CNsyejQ==</latexit><latexit sha1_base64="Jvr44aCRDa+BY5JwNzcXBH1ro8E=">AAACEnicbZDLSsNAGIUnXmu8VV26GSyCq5KIoO6KbtxZ0dhCG8pkOmmHziXMTIQQ+ggu1YdxJW59AZ/FjZM2C9t6YODwnf+Hf06UMKqN5307S8srq2vrlQ13c2t7Z7e6t/+oZaowCbBkUrUjpAmjggSGGkbaiSKIR4y0otF1kbeeiNJUigeTJSTkaCBoTDEyFt3f9rJetebVvYngovFLUwOlmr3qT7cvccqJMJghrTu+l5gwR8pQzMjY7aaaJAiP0IB0rBWIEx3mk1PH8NiSPoylsk8YOKF/N3LEtc54ZCc5MkM9nxXw36wgRkqmx+4MjyI+d5KJL8KciiQ1RODpRXHKoJGwKAj2qSLYsMwahBW1n4J4iBTCxtbo2rb8+W4WTXBav6z7d2e1xlVZWwUcgiNwAnxwDhrgBjRBADAYgGfwCt6cF+fd+XA+p6NLTrlzAGbkfP0CNsyejQ==</latexit><latexit sha1_base64="Jvr44aCRDa+BY5JwNzcXBH1ro8E=">AAACEnicbZDLSsNAGIUnXmu8VV26GSyCq5KIoO6KbtxZ0dhCG8pkOmmHziXMTIQQ+ggu1YdxJW59AZ/FjZM2C9t6YODwnf+Hf06UMKqN5307S8srq2vrlQ13c2t7Z7e6t/+oZaowCbBkUrUjpAmjggSGGkbaiSKIR4y0otF1kbeeiNJUigeTJSTkaCBoTDEyFt3f9rJetebVvYngovFLUwOlmr3qT7cvccqJMJghrTu+l5gwR8pQzMjY7aaaJAiP0IB0rBWIEx3mk1PH8NiSPoylsk8YOKF/N3LEtc54ZCc5MkM9nxXw36wgRkqmx+4MjyI+d5KJL8KciiQ1RODpRXHKoJGwKAj2qSLYsMwahBW1n4J4iBTCxtbo2rb8+W4WTXBav6z7d2e1xlVZWwUcgiNwAnxwDhrgBjRBADAYgGfwCt6cF+fd+XA+p6NLTrlzAGbkfP0CNsyejQ==</latexit><latexit sha1_base64="Jvr44aCRDa+BY5JwNzcXBH1ro8E=">AAACEnicbZDLSsNAGIUnXmu8VV26GSyCq5KIoO6KbtxZ0dhCG8pkOmmHziXMTIQQ+ggu1YdxJW59AZ/FjZM2C9t6YODwnf+Hf06UMKqN5307S8srq2vrlQ13c2t7Z7e6t/+oZaowCbBkUrUjpAmjggSGGkbaiSKIR4y0otF1kbeeiNJUigeTJSTkaCBoTDEyFt3f9rJetebVvYngovFLUwOlmr3qT7cvccqJMJghrTu+l5gwR8pQzMjY7aaaJAiP0IB0rBWIEx3mk1PH8NiSPoylsk8YOKF/N3LEtc54ZCc5MkM9nxXw36wgRkqmx+4MjyI+d5KJL8KciiQ1RODpRXHKoJGwKAj2qSLYsMwahBW1n4J4iBTCxtbo2rb8+W4WTXBav6z7d2e1xlVZWwUcgiNwAnxwDhrgBjRBADAYgGfwCt6cF+fd+XA+p6NLTrlzAGbkfP0CNsyejQ==</latexit>

h |OxOy| i = Tr[TO
x

T d1TO
y

T d2 ]
<latexit sha1_base64="NfN1nrrUD54S2KCHGaWtSE2rZpM="></latexit><latexit sha1_base64="NfN1nrrUD54S2KCHGaWtSE2rZpM="></latexit><latexit sha1_base64="NfN1nrrUD54S2KCHGaWtSE2rZpM="></latexit><latexit sha1_base64="NfN1nrrUD54S2KCHGaWtSE2rZpM="></latexit>

=:
<latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit><latexit sha1_base64="ymGEHDLopDk8IzonF0MxydvDbu4=">AAACEXicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEbyAUHTjsopjC+1QMmmmDc1lSDJCGfoGLtWHcSVufQKfxY2Zdha29UDg8J3/hz8nShjVxvO+ndLS8srqWnnd3djc2t6p7O49apkqTAIsmVStCGnCqCCBoYaRVqII4hEjzWh4k+fNJ6I0leLBjBISctQXNKYYGYvury67lapX8yaCi8YvTBUUanQrP52exCknwmCGtG77XmLCDClDMSNjt5NqkiA8RH3StlYgTnSYTS4dwyNLejCWyj5h4IT+3cgQ13rEIzvJkRno+SyH/2Y5MVIyPXZneBTxuZNMfB5mVCSpIQJPL4pTBo2EeT+wRxXBho2sQVhR+ymIB0ghbGyLrm3Ln+9m0QQntYuaf3darV8XtZXBATgEx8AHZ6AObkEDBACDGDyDV/DmvDjvzofzOR0tOcXOPpiR8/UL6qCd0w==</latexit> T

<latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit><latexit sha1_base64="oHZMq4CTIf8yU0xyoop52q4CqI0=">AAACEHicbZDNSsNAFIUn9a/Wv6pLN8EiuCqJCOqu6MZlC40ttKFMpjft0PkJMxOhhD6BS/VhXIlb38BnceOkzcJWDwwcvnMv3DlRwqg2nvfllNbWNza3ytuVnd29/YPq4dGDlqkiEBDJpOpGWAOjAgJDDYNuogDziEEnmtzleecRlKZStM00gZDjkaAxJdhY1GoPqjWv7s3l/jV+YWqoUHNQ/e4PJUk5CEMY1rrne4kJM6wMJQxmlX6qIcFkgkfQs1ZgDjrM5ofO3DNLhm4slX3CuHP6eyPDXOspj+wkx2asV7Mc/pvlxEjJ9KyyxKOIr5xk4uswoyJJDQiyuChOmWukm9fjDqkCYtjUGkwUtZ9yyRgrTIwtsWLb8le7+WuCi/pN3W9d1hq3RW1ldIJO0Tny0RVqoHvURAEiCNATekGvzrPz5rw7H4vRklPsHKMlOZ8/itOdpg==</latexit>O
x

<latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit>

O
x

<latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit><latexit sha1_base64="3S2LsaEPggV05Tr96MAA7R0MiOQ=">AAACEnicbZDLSgMxGIUz9VbHW9Wlm2ARXJUZEdRd0Y07Kzq20A4lk2ba0FyGJCOWoY/gUn0YV+LWF/BZ3JhpZ2FbDwQO3/l/+HOihFFtPO/bKS0tr6yuldfdjc2t7Z3K7t6DlqnCJMCSSdWKkCaMChIYahhpJYogHjHSjIZXed58JEpTKe7NKCEhR31BY4qRsejupvvUrVS9mjcRXDR+YaqgUKNb+en0JE45EQYzpHXb9xITZkgZihkZu51UkwThIeqTtrUCcaLDbHLqGB5Z0oOxVPYJAyf070aGuNYjHtlJjsxAz2c5/DfLiZGS6bE7w6OIz51k4vMwoyJJDRF4elGcMmgkzAuCPaoINmxkDcKK2k9BPEAKYWNrdG1b/nw3iyY4qV3U/NvTav2yqK0MDsAhOAY+OAN1cA0aIAAY9MEzeAVvzovz7nw4n9PRklPs7IMZOV+/NSCejA==</latexit>



Beyond MPS and MERA

Computer memory required (norm & expectation values ) is 
exponential in the “tree-width” of tensor network graph.



Curse of polynomial tree-width

Most tensor networks have polynomial tree-width. 
Only 1D MPS (constant TW) and (1D) MERA-like (log n).



What tools can we use to 
run large tensor network 
experiments beyond H2?



Exactly solvable TN
Gaussian fermion states  
- Continuous parameter space. 
- Planar graph connectivity 
( otherwise inefficient )  
- Bond dimension d= 2  
- Free-fermion spectrum 
- Allows approximation Ising 
CFT lattice models.

Stabilizer states  
- Discrete parameter space.  
- Arbitrary graph connectivity  
- Flexible bond dimension  
  d = p prime 
- Flat spectrum 
- Exact QEC properties.

(nullifiers)
nj =

X

`

↵`
jm`

nj | i = 0
<latexit sha1_base64="KcY6aTdNenvU5UoX2eXFwnJxV+Y="></latexit><latexit sha1_base64="KcY6aTdNenvU5UoX2eXFwnJxV+Y="></latexit><latexit sha1_base64="KcY6aTdNenvU5UoX2eXFwnJxV+Y="></latexit><latexit sha1_base64="KcY6aTdNenvU5UoX2eXFwnJxV+Y="></latexit>

gj | i = | i
<latexit sha1_base64="dAoOIQ+4b3ITxNVL45janSZJXJs=">AAACPHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKAuhKIblxWsLXRKyaSZaWwmGZIzQil9CJ/GpfoYPoArcevGjellYS8/HPj5zjlwzh+mghvwvA8nt7S8srqWXy9sbG5t77i7ew9GZZqyKlVC6XpIDBNcsipwEKyeakaSULBa2L0Z9mtPTBuu5D30UtZMSCx5xCkBi1ruSdx6xIGdABykhuNAExkLhq8WwJZb9EreSHje+BNTRBNVWu5v0FY0S5gEKogxDd9LodknGjgVbFAIMsNSQrskZg1rJUmYafZHTw3wkSVtHCltSwIe0f8bfZIY00tCO5kQ6JjZ3hAu7A0JKCXMoDDFwzCZOQmii2afyzQDJun4oigTGBQeRonbXDMKomcNoZrbpzDtEE0o2MALNi1/Npt5Uz0tXZb8u7Ni+XoSWx4doEN0jHx0jsroFlVQFVH0jF7QG3p3Xp1P58v5Ho/mnMnOPpqS8/MHyUeuqA==</latexit><latexit sha1_base64="dAoOIQ+4b3ITxNVL45janSZJXJs=">AAACPHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKAuhKIblxWsLXRKyaSZaWwmGZIzQil9CJ/GpfoYPoArcevGjellYS8/HPj5zjlwzh+mghvwvA8nt7S8srqWXy9sbG5t77i7ew9GZZqyKlVC6XpIDBNcsipwEKyeakaSULBa2L0Z9mtPTBuu5D30UtZMSCx5xCkBi1ruSdx6xIGdABykhuNAExkLhq8WwJZb9EreSHje+BNTRBNVWu5v0FY0S5gEKogxDd9LodknGjgVbFAIMsNSQrskZg1rJUmYafZHTw3wkSVtHCltSwIe0f8bfZIY00tCO5kQ6JjZ3hAu7A0JKCXMoDDFwzCZOQmii2afyzQDJun4oigTGBQeRonbXDMKomcNoZrbpzDtEE0o2MALNi1/Npt5Uz0tXZb8u7Ni+XoSWx4doEN0jHx0jsroFlVQFVH0jF7QG3p3Xp1P58v5Ho/mnMnOPpqS8/MHyUeuqA==</latexit><latexit sha1_base64="dAoOIQ+4b3ITxNVL45janSZJXJs=">AAACPHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKAuhKIblxWsLXRKyaSZaWwmGZIzQil9CJ/GpfoYPoArcevGjellYS8/HPj5zjlwzh+mghvwvA8nt7S8srqWXy9sbG5t77i7ew9GZZqyKlVC6XpIDBNcsipwEKyeakaSULBa2L0Z9mtPTBuu5D30UtZMSCx5xCkBi1ruSdx6xIGdABykhuNAExkLhq8WwJZb9EreSHje+BNTRBNVWu5v0FY0S5gEKogxDd9LodknGjgVbFAIMsNSQrskZg1rJUmYafZHTw3wkSVtHCltSwIe0f8bfZIY00tCO5kQ6JjZ3hAu7A0JKCXMoDDFwzCZOQmii2afyzQDJun4oigTGBQeRonbXDMKomcNoZrbpzDtEE0o2MALNi1/Npt5Uz0tXZb8u7Ni+XoSWx4doEN0jHx0jsroFlVQFVH0jF7QG3p3Xp1P58v5Ho/mnMnOPpqS8/MHyUeuqA==</latexit><latexit sha1_base64="dAoOIQ+4b3ITxNVL45janSZJXJs=">AAACPHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKAuhKIblxWsLXRKyaSZaWwmGZIzQil9CJ/GpfoYPoArcevGjellYS8/HPj5zjlwzh+mghvwvA8nt7S8srqWXy9sbG5t77i7ew9GZZqyKlVC6XpIDBNcsipwEKyeakaSULBa2L0Z9mtPTBuu5D30UtZMSCx5xCkBi1ruSdx6xIGdABykhuNAExkLhq8WwJZb9EreSHje+BNTRBNVWu5v0FY0S5gEKogxDd9LodknGjgVbFAIMsNSQrskZg1rJUmYafZHTw3wkSVtHCltSwIe0f8bfZIY00tCO5kQ6JjZ3hAu7A0JKCXMoDDFwzCZOQmii2afyzQDJun4oigTGBQeRonbXDMKomcNoZrbpzDtEE0o2MALNi1/Npt5Uz0tXZb8u7Ni+XoSWx4doEN0jHx0jsroFlVQFVH0jF7QG3p3Xp1P58v5Ho/mnMnOPpqS8/MHyUeuqA==</latexit>



Matchgate tensors 
( Fermionic  Gaussian states) 

(a.k.a. free-fermions)



Fermionic Gaussian states
Majorana operators:

Anti-commutation: {mj ,mk}+ = 2�j,k
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Covariance-matrix: �j,k(⇢) = Tr
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Coherent (pure) Gaussian states:
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Quadratic Hamiltonian:

Gaussian unitary:
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Parent Hamiltonian
Pure gaussian states can be specified as ground states of a 
non-degenerate quadratic Hamiltonian

Upon block  diagonalization of the anti-hermitian matrix

Hg =
i
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The new fermionic operators are sometimes called nullifiers.  
They are linear combinations of the original ones.

Nullifiers: f̃k| i = 0
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Fermionic Wick’s theorem
For two pure fermionic gaussian states:

h�1|mx1
1 mx2

2 . . .mx2n
2n |�2i = h�1|�2iPf

�
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Where in terms of the covariance matrices, 

And Pf is the Pfaffian, which satisfies:
Pf(M)2 = det(M)
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Matchgate tensors
Pure gaussian states correspond to match-gate tensors 
when considering occupational basis.

| gi =
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1. Cyclic reordering of labels. 
2. Tensor product of two.  
3. Contraction of neighboring labels.

Efficient closed operations on match-gate tensors.

Contract Planar match gate TNs efficiently

Sergey Bravyi, Contraction of matchgate tensor networks on non-planar graphs  
arXiv:0801.2989 Contemporary Mathematics, Vol. 482, pp. 179-211 (2009)



Numerical experiments 
Matchgate TNs



Flat geometry H2 geometry

Single (tensor rank = 3)  
cyclic invariant tensor.  
Just one parameter left!
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Ising CFT entanglement

~ 1/6 log l
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Holographic pentagon code as 
a majorana dimer model

{0,1} input on 5-qubit code yields match gate tensors.

Covariance matrix
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Geodesic tracing of  
+-1 majorana correlations

1 qubit = 2 majorana (Jordan-Wigner transformation)



Stabilizer  
tensor networks 



Generalized Pauli group
X =

pX

j=1

|j + 1ihj|
<latexit sha1_base64="Ff1uDY7PPC2q0pMHfEjL3uSkozo="></latexit><latexit sha1_base64="Ff1uDY7PPC2q0pMHfEjL3uSkozo="></latexit><latexit sha1_base64="Ff1uDY7PPC2q0pMHfEjL3uSkozo="></latexit><latexit sha1_base64="Ff1uDY7PPC2q0pMHfEjL3uSkozo="></latexit>

Z =
pX

j=1

!j |jihj|
<latexit sha1_base64="IhsRAZituiMWNWRvHlDDzaWcUi8="></latexit><latexit sha1_base64="IhsRAZituiMWNWRvHlDDzaWcUi8="></latexit><latexit sha1_base64="IhsRAZituiMWNWRvHlDDzaWcUi8="></latexit><latexit sha1_base64="IhsRAZituiMWNWRvHlDDzaWcUi8="></latexit>

! = e2i⇡/p
<latexit sha1_base64="IQ73yfcgKhgFE/1Z6DXRwiwUEZQ=">AAACJ3icbZBLSwMxFIUzPmt9VQU3boJFcFVniqAuhKIblxWsLXTGkklv29BkMiQZoYzzZ1yqP8aV6NLf4cb0sbCtBwKH79wLNyeMOdPGdb+chcWl5ZXV3Fp+fWNza7uws3uvZaIo1KjkUjVCooGzCGqGGQ6NWAERIYd62L8e5vVHUJrJ6M4MYggE6UaswygxFrUK+74U0CX4EsNDWsYM+zE7ibNWoeiW3JHwvPEmpogmqrYKP35b0kRAZCgnWjc9NzZBSpRhlEOW9xMNMaF90oWmtRERoIN0dH+Gjyxp445U9kUGj+jfjZQIrQcitJOCmJ6ezYbw32xIjJRcZ/kpHoZi5iTTOQ9SFsWJgYiOL+okHBuJh63hNlNADR9YQ6hi9lOY9ogi1Nhu87Ytb7abeVMrly5K3u1psXI1qS2HDtAhOkYeOkMVdIOqqIYoekLP6BW9OS/Ou/PhfI5HF5zJzh6akvP9CwgZpaE=</latexit><latexit sha1_base64="IQ73yfcgKhgFE/1Z6DXRwiwUEZQ=">AAACJ3icbZBLSwMxFIUzPmt9VQU3boJFcFVniqAuhKIblxWsLXTGkklv29BkMiQZoYzzZ1yqP8aV6NLf4cb0sbCtBwKH79wLNyeMOdPGdb+chcWl5ZXV3Fp+fWNza7uws3uvZaIo1KjkUjVCooGzCGqGGQ6NWAERIYd62L8e5vVHUJrJ6M4MYggE6UaswygxFrUK+74U0CX4EsNDWsYM+zE7ibNWoeiW3JHwvPEmpogmqrYKP35b0kRAZCgnWjc9NzZBSpRhlEOW9xMNMaF90oWmtRERoIN0dH+Gjyxp445U9kUGj+jfjZQIrQcitJOCmJ6ezYbw32xIjJRcZ/kpHoZi5iTTOQ9SFsWJgYiOL+okHBuJh63hNlNADR9YQ6hi9lOY9ogi1Nhu87Ytb7abeVMrly5K3u1psXI1qS2HDtAhOkYeOkMVdIOqqIYoekLP6BW9OS/Ou/PhfI5HF5zJzh6akvP9CwgZpaE=</latexit><latexit sha1_base64="IQ73yfcgKhgFE/1Z6DXRwiwUEZQ=">AAACJ3icbZBLSwMxFIUzPmt9VQU3boJFcFVniqAuhKIblxWsLXTGkklv29BkMiQZoYzzZ1yqP8aV6NLf4cb0sbCtBwKH79wLNyeMOdPGdb+chcWl5ZXV3Fp+fWNza7uws3uvZaIo1KjkUjVCooGzCGqGGQ6NWAERIYd62L8e5vVHUJrJ6M4MYggE6UaswygxFrUK+74U0CX4EsNDWsYM+zE7ibNWoeiW3JHwvPEmpogmqrYKP35b0kRAZCgnWjc9NzZBSpRhlEOW9xMNMaF90oWmtRERoIN0dH+Gjyxp445U9kUGj+jfjZQIrQcitJOCmJ6ezYbw32xIjJRcZ/kpHoZi5iTTOQ9SFsWJgYiOL+okHBuJh63hNlNADR9YQ6hi9lOY9ogi1Nhu87Ytb7abeVMrly5K3u1psXI1qS2HDtAhOkYeOkMVdIOqqIYoekLP6BW9OS/Ou/PhfI5HF5zJzh6akvP9CwgZpaE=</latexit><latexit sha1_base64="IQ73yfcgKhgFE/1Z6DXRwiwUEZQ=">AAACJ3icbZBLSwMxFIUzPmt9VQU3boJFcFVniqAuhKIblxWsLXTGkklv29BkMiQZoYzzZ1yqP8aV6NLf4cb0sbCtBwKH79wLNyeMOdPGdb+chcWl5ZXV3Fp+fWNza7uws3uvZaIo1KjkUjVCooGzCGqGGQ6NWAERIYd62L8e5vVHUJrJ6M4MYggE6UaswygxFrUK+74U0CX4EsNDWsYM+zE7ibNWoeiW3JHwvPEmpogmqrYKP35b0kRAZCgnWjc9NzZBSpRhlEOW9xMNMaF90oWmtRERoIN0dH+Gjyxp445U9kUGj+jfjZQIrQcitJOCmJ6ezYbw32xIjJRcZ/kpHoZi5iTTOQ9SFsWJgYiOL+okHBuJh63hNlNADR9YQ6hi9lOY9ogi1Nhu87Ytb7abeVMrly5K3u1psXI1qS2HDtAhOkYeOkMVdIOqqIYoekLP6BW9OS/Ou/PhfI5HF5zJzh6akvP9CwgZpaE=</latexit>

Z†X†ZX = !
<latexit sha1_base64="FCveC708W6UV2dGrzs7RE24iCxc=">AAACMnicbZDLSgMxFIYz9VbrrerSTbQIrsqMCOpCKLpxWcHaoRdLJnM6DU0mQ5IRSunap3GpPou4Ere+gRvTC2Jbfzjw851z4Jw/SDjTxnXfnMzC4tLySnY1t7a+sbmV39650zJVFCpUcqn8gGjgLIaKYYaDnyggIuBQDbpXw371AZRmMr41vQSagkQxazNKjEWt/D6u3TdCEkWgsP/ratjHF7ghBUSklS+4RXckPG+8iSmgicqt/HcjlDQVEBvKidZ1z01Ms0+UYZTDINdINSSEdkkEdWtjIkA3+6NXBvjQkhC3pbIVGzyifzf6RGjdE4GdFMR09GxvCP/tDYmRkutBbooHgZg5ybTPmn0WJ6mBmI4vaqccG4mHAeKQKaCG96whVDH7FKYdogg1NuacTcubzWbeVI6L50Xv5qRQupzElkV76AAdIQ+dohK6RmVUQRQ9oif0gl6dZ+fd+XA+x6MZZ7Kzi6bkfP0AUZGp0Q==</latexit><latexit sha1_base64="FCveC708W6UV2dGrzs7RE24iCxc=">AAACMnicbZDLSgMxFIYz9VbrrerSTbQIrsqMCOpCKLpxWcHaoRdLJnM6DU0mQ5IRSunap3GpPou4Ere+gRvTC2Jbfzjw851z4Jw/SDjTxnXfnMzC4tLySnY1t7a+sbmV39650zJVFCpUcqn8gGjgLIaKYYaDnyggIuBQDbpXw371AZRmMr41vQSagkQxazNKjEWt/D6u3TdCEkWgsP/ratjHF7ghBUSklS+4RXckPG+8iSmgicqt/HcjlDQVEBvKidZ1z01Ms0+UYZTDINdINSSEdkkEdWtjIkA3+6NXBvjQkhC3pbIVGzyifzf6RGjdE4GdFMR09GxvCP/tDYmRkutBbooHgZg5ybTPmn0WJ6mBmI4vaqccG4mHAeKQKaCG96whVDH7FKYdogg1NuacTcubzWbeVI6L50Xv5qRQupzElkV76AAdIQ+dohK6RmVUQRQ9oif0gl6dZ+fd+XA+x6MZZ7Kzi6bkfP0AUZGp0Q==</latexit><latexit sha1_base64="FCveC708W6UV2dGrzs7RE24iCxc=">AAACMnicbZDLSgMxFIYz9VbrrerSTbQIrsqMCOpCKLpxWcHaoRdLJnM6DU0mQ5IRSunap3GpPou4Ere+gRvTC2Jbfzjw851z4Jw/SDjTxnXfnMzC4tLySnY1t7a+sbmV39650zJVFCpUcqn8gGjgLIaKYYaDnyggIuBQDbpXw371AZRmMr41vQSagkQxazNKjEWt/D6u3TdCEkWgsP/ratjHF7ghBUSklS+4RXckPG+8iSmgicqt/HcjlDQVEBvKidZ1z01Ms0+UYZTDINdINSSEdkkEdWtjIkA3+6NXBvjQkhC3pbIVGzyifzf6RGjdE4GdFMR09GxvCP/tDYmRkutBbooHgZg5ybTPmn0WJ6mBmI4vaqccG4mHAeKQKaCG96whVDH7FKYdogg1NuacTcubzWbeVI6L50Xv5qRQupzElkV76AAdIQ+dohK6RmVUQRQ9oif0gl6dZ+fd+XA+x6MZZ7Kzi6bkfP0AUZGp0Q==</latexit><latexit sha1_base64="FCveC708W6UV2dGrzs7RE24iCxc=">AAACMnicbZDLSgMxFIYz9VbrrerSTbQIrsqMCOpCKLpxWcHaoRdLJnM6DU0mQ5IRSunap3GpPou4Ere+gRvTC2Jbfzjw851z4Jw/SDjTxnXfnMzC4tLySnY1t7a+sbmV39650zJVFCpUcqn8gGjgLIaKYYaDnyggIuBQDbpXw371AZRmMr41vQSagkQxazNKjEWt/D6u3TdCEkWgsP/ratjHF7ghBUSklS+4RXckPG+8iSmgicqt/HcjlDQVEBvKidZ1z01Ms0+UYZTDINdINSSEdkkEdWtjIkA3+6NXBvjQkhC3pbIVGzyifzf6RGjdE4GdFMR09GxvCP/tDYmRkutBbooHgZg5ybTPmn0WJ6mBmI4vaqccG4mHAeKQKaCG96whVDH7FKYdogg1NuacTcubzWbeVI6L50Xv5qRQupzElkV76AAdIQ+dohK6RmVUQRQ9oif0gl6dZ+fd+XA+x6MZZ7Kzi6bkfP0AUZGp0Q==</latexit>

Xp = Zp = 1 = XX† = ZZ†
<latexit sha1_base64="81KEmo9BKOwi5842aLNp8xRnZDc=">AAACOnicbVC7TsMwFHV4lvAKMLJYVEiwVAlCAgakChbGIlEa0aaV47qpVTuObAepivoNfA0j8B3MTIiVjQWnzUBbjnSt43Pule49YcKo0q77bi0sLi2vrJbW7PWNza1tZ2f3XolUYlLHggnph0gRRmNS11Qz4ieSIB4y0ggH17nfeCRSURHf6WFCAo6imPYoRtpIHefYbyfwEj6MX8+UD/12q4uiiMhcN07x6zhlt+KOAeeJV5AyKFDrOD+trsApJ7HGDCnV9NxEBxmSmmJGRnYrVSRBeIAi0jQ0RpyoIBufNIKHRunCnpCmYg3H6t+JDHGlhjw0nRzpvpr1cvFfL1e0EEyN7Ck9DPnMSrp3HmQ0TlJNYjzZqJcyqAXMg4RdKgnWbGgIwpKaoyDuI4mwNnHbJi1vNpt5Uj+pXFS829Ny9aqIrQT2wQE4Ah44A1VwA2qgDjB4As/gFbxZL9aH9Wl9TVoXrGJmD0zB+v4F5K+rcg==</latexit><latexit sha1_base64="81KEmo9BKOwi5842aLNp8xRnZDc=">AAACOnicbVC7TsMwFHV4lvAKMLJYVEiwVAlCAgakChbGIlEa0aaV47qpVTuObAepivoNfA0j8B3MTIiVjQWnzUBbjnSt43Pule49YcKo0q77bi0sLi2vrJbW7PWNza1tZ2f3XolUYlLHggnph0gRRmNS11Qz4ieSIB4y0ggH17nfeCRSURHf6WFCAo6imPYoRtpIHefYbyfwEj6MX8+UD/12q4uiiMhcN07x6zhlt+KOAeeJV5AyKFDrOD+trsApJ7HGDCnV9NxEBxmSmmJGRnYrVSRBeIAi0jQ0RpyoIBufNIKHRunCnpCmYg3H6t+JDHGlhjw0nRzpvpr1cvFfL1e0EEyN7Ck9DPnMSrp3HmQ0TlJNYjzZqJcyqAXMg4RdKgnWbGgIwpKaoyDuI4mwNnHbJi1vNpt5Uj+pXFS829Ny9aqIrQT2wQE4Ah44A1VwA2qgDjB4As/gFbxZL9aH9Wl9TVoXrGJmD0zB+v4F5K+rcg==</latexit><latexit sha1_base64="81KEmo9BKOwi5842aLNp8xRnZDc=">AAACOnicbVC7TsMwFHV4lvAKMLJYVEiwVAlCAgakChbGIlEa0aaV47qpVTuObAepivoNfA0j8B3MTIiVjQWnzUBbjnSt43Pule49YcKo0q77bi0sLi2vrJbW7PWNza1tZ2f3XolUYlLHggnph0gRRmNS11Qz4ieSIB4y0ggH17nfeCRSURHf6WFCAo6imPYoRtpIHefYbyfwEj6MX8+UD/12q4uiiMhcN07x6zhlt+KOAeeJV5AyKFDrOD+trsApJ7HGDCnV9NxEBxmSmmJGRnYrVSRBeIAi0jQ0RpyoIBufNIKHRunCnpCmYg3H6t+JDHGlhjw0nRzpvpr1cvFfL1e0EEyN7Ck9DPnMSrp3HmQ0TlJNYjzZqJcyqAXMg4RdKgnWbGgIwpKaoyDuI4mwNnHbJi1vNpt5Uj+pXFS829Ny9aqIrQT2wQE4Ah44A1VwA2qgDjB4As/gFbxZL9aH9Wl9TVoXrGJmD0zB+v4F5K+rcg==</latexit><latexit sha1_base64="81KEmo9BKOwi5842aLNp8xRnZDc=">AAACOnicbVC7TsMwFHV4lvAKMLJYVEiwVAlCAgakChbGIlEa0aaV47qpVTuObAepivoNfA0j8B3MTIiVjQWnzUBbjnSt43Pule49YcKo0q77bi0sLi2vrJbW7PWNza1tZ2f3XolUYlLHggnph0gRRmNS11Qz4ieSIB4y0ggH17nfeCRSURHf6WFCAo6imPYoRtpIHefYbyfwEj6MX8+UD/12q4uiiMhcN07x6zhlt+KOAeeJV5AyKFDrOD+trsApJ7HGDCnV9NxEBxmSmmJGRnYrVSRBeIAi0jQ0RpyoIBufNIKHRunCnpCmYg3H6t+JDHGlhjw0nRzpvpr1cvFfL1e0EEyN7Ck9DPnMSrp3HmQ0TlJNYjzZqJcyqAXMg4RdKgnWbGgIwpKaoyDuI4mwNnHbJi1vNpt5Uj+pXFS829Ny9aqIrQT2wQE4Ah44A1VwA2qgDjB4As/gFbxZL9aH9Wl9TVoXrGJmD0zB+v4F5K+rcg==</latexit>

Order p unitary ops.

The generalized Pauli group on n qupits is generated by  
the X and Z operators on all n qupits. Up to phases, it has  
p2n elements p2n+1 with phases.



Stabilizer groups & states
A Pauli stabilizer group is a group, generated by commuting 
elements from the generalized Pauli group (and without "1).

S = hS1, . . . , Smi
<latexit sha1_base64="ZgvYWvDViyaS9sZMIeYbuWYVf3c="></latexit><latexit sha1_base64="ZgvYWvDViyaS9sZMIeYbuWYVf3c="></latexit><latexit sha1_base64="ZgvYWvDViyaS9sZMIeYbuWYVf3c="></latexit><latexit sha1_base64="ZgvYWvDViyaS9sZMIeYbuWYVf3c="></latexit>

If the m generators are independent, the stabilizer group 
defines a pn-m dimensional subspace, a unique state if  m=n.

Sj | i = | i
<latexit sha1_base64="FWMJTc63sQYkv1ShH/YcKTOmoM4=">AAACPHicbZDPSgMxEMaz9V+t/6oevQSLIAhlVwT1IBS9eKxobaFbSjZN29hssiSzQln6ED6NR/UxfABP4tWLF7PtHmzrBwMfv5mBmS+IBDfguu9ObmFxaXklv1pYW9/Y3Cpu79wbFWvKalQJpRsBMUxwyWrAQbBGpBkJA8HqweAq7dcfmTZcyTsYRqwVkp7kXU4JWNQuHt22H7BvJyDxI8NHviayJxi+mECcQpzBdrHklt2x8LzxMlNCmart4o/fUTQOmQQqiDFNz42glRANnAo2KvixYRGhA9JjTWslCZlpJeOnRvjAkg7uKm1LAh7TvxsJCY0ZhoGdDAn0zWwvhf/2UgJKCTMqTPEgCGdOgu5ZK+EyioFJOrmoGwsMCqdR4g7XjIIYWkOo5vYpTPtEEwo28IJNy5vNZt7UjsvnZe/mpFS5zGLLoz20jw6Rh05RBV2jKqohip7QM3pFb86L8+F8Ol+T0ZyT7eyiKTnfv+4lr0w=</latexit><latexit sha1_base64="FWMJTc63sQYkv1ShH/YcKTOmoM4=">AAACPHicbZDPSgMxEMaz9V+t/6oevQSLIAhlVwT1IBS9eKxobaFbSjZN29hssiSzQln6ED6NR/UxfABP4tWLF7PtHmzrBwMfv5mBmS+IBDfguu9ObmFxaXklv1pYW9/Y3Cpu79wbFWvKalQJpRsBMUxwyWrAQbBGpBkJA8HqweAq7dcfmTZcyTsYRqwVkp7kXU4JWNQuHt22H7BvJyDxI8NHviayJxi+mECcQpzBdrHklt2x8LzxMlNCmart4o/fUTQOmQQqiDFNz42glRANnAo2KvixYRGhA9JjTWslCZlpJeOnRvjAkg7uKm1LAh7TvxsJCY0ZhoGdDAn0zWwvhf/2UgJKCTMqTPEgCGdOgu5ZK+EyioFJOrmoGwsMCqdR4g7XjIIYWkOo5vYpTPtEEwo28IJNy5vNZt7UjsvnZe/mpFS5zGLLoz20jw6Rh05RBV2jKqohip7QM3pFb86L8+F8Ol+T0ZyT7eyiKTnfv+4lr0w=</latexit><latexit sha1_base64="FWMJTc63sQYkv1ShH/YcKTOmoM4=">AAACPHicbZDPSgMxEMaz9V+t/6oevQSLIAhlVwT1IBS9eKxobaFbSjZN29hssiSzQln6ED6NR/UxfABP4tWLF7PtHmzrBwMfv5mBmS+IBDfguu9ObmFxaXklv1pYW9/Y3Cpu79wbFWvKalQJpRsBMUxwyWrAQbBGpBkJA8HqweAq7dcfmTZcyTsYRqwVkp7kXU4JWNQuHt22H7BvJyDxI8NHviayJxi+mECcQpzBdrHklt2x8LzxMlNCmart4o/fUTQOmQQqiDFNz42glRANnAo2KvixYRGhA9JjTWslCZlpJeOnRvjAkg7uKm1LAh7TvxsJCY0ZhoGdDAn0zWwvhf/2UgJKCTMqTPEgCGdOgu5ZK+EyioFJOrmoGwsMCqdR4g7XjIIYWkOo5vYpTPtEEwo28IJNy5vNZt7UjsvnZe/mpFS5zGLLoz20jw6Rh05RBV2jKqohip7QM3pFb86L8+F8Ol+T0ZyT7eyiKTnfv+4lr0w=</latexit><latexit sha1_base64="FWMJTc63sQYkv1ShH/YcKTOmoM4=">AAACPHicbZDPSgMxEMaz9V+t/6oevQSLIAhlVwT1IBS9eKxobaFbSjZN29hssiSzQln6ED6NR/UxfABP4tWLF7PtHmzrBwMfv5mBmS+IBDfguu9ObmFxaXklv1pYW9/Y3Cpu79wbFWvKalQJpRsBMUxwyWrAQbBGpBkJA8HqweAq7dcfmTZcyTsYRqwVkp7kXU4JWNQuHt22H7BvJyDxI8NHviayJxi+mECcQpzBdrHklt2x8LzxMlNCmart4o/fUTQOmQQqiDFNz42glRANnAo2KvixYRGhA9JjTWslCZlpJeOnRvjAkg7uKm1LAh7TvxsJCY0ZhoGdDAn0zWwvhf/2UgJKCTMqTPEgCGdOgu5ZK+EyioFJOrmoGwsMCqdR4g7XjIIYWkOo5vYpTPtEEwo28IJNy5vNZt7UjsvnZe/mpFS5zGLLoz20jw6Rh05RBV2jKqohip7QM3pFb86L8+F8Ol+T0ZyT7eyiKTnfv+4lr0w=</latexit>

Tensors associated to stabilizer states are efficiently described and 
contracted. This is the content of the Gottesman-Knill theorem.

Aaronson, S., & Gottesman, D. (2004). Improved simulation of stabilizer circuits. 
arXiv:quant-ph/0406196 Physical Review A, 70(5), 52328. 



Checking entanglement wedge hypothesis 
with random stabilizer tensor networks



Checking entanglement wedge hypothesis 
with random stabilizer tensor networks



Checking entanglement wedge hypothesis 
with random stabilizer tensor networks



Punching holes



Recovery takes a hit for   
boundary close to hole



Conclusion
1. Tensor network structure does not immediately guarantee 

entanglement structure. 
- Fault free theory? Chaos needed ?  
- Fault bulk TI ? 

2. Stabilizer TN approximate entanglement features 
suggested by discrete geometry in holography. 
- Approxiamate of the entanglement wedge hypothesis. 
- Produce synthetic entanglement structures and QECs. 

3. Exactly solvable tensor networks provide a valuable tool 
for the study of tensor network holography.  
- What are your questions ?
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