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1 はじめに
Supersymmetry Qα は最後の「時空対称性」：
如何なる粒子 |p⟩ もその singlet 表現（不変）ではあり得ず，
必ず超対称相棒 (super-partner) Qα |p⟩ ̸= 0 が存在する．

[Qα, Q̄β̇] = 2(γµ)αβ̇P
µ

Qα |p⟩ = 0 → P µ |p⟩ = 0 → |p⟩ = |0⟩

この世界には最終的にはSupersymmetryが存在する．重力も存在する．
→ SUSY は SUGRA (Supergravity)でなければならない．

P µ : local symm. = gravity → Qα : local symm. = SUGRA

しかし，SUGRA は不変Lagrangianを書くことも自明でない．Super-

conformal Tensor Calculus が，その最も実用的な方法を与える．この講
義ではその基本構造の説明と実用的manualを与える．
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Poincaré SUGRA: u-associated derivatives 64

9 Gravity Multiplets 64

10 SUGRA version of f (R) gravity 65

11 Relation to superspace approach 65



6

2 SuperConformal Group SU(2, 2|1) and Its Yang-

Mills Theory
2.1 Conformal Group

massless理論では，エネルギー運動量テンソルΘµν は対称，tracelessに
とれる：

∂νΘµν = 0, Θµν = Θνµ, Θµ
µ = 0. (1)

この性質から次の多くの保存カレント・保存量の存在が導かれる：

Θµν : → Pµ =

∫
d3xΘµ0

Mµνρ = xµΘνρ − xνΘµρ : → Mµν =

∫
d3xMµν0

Dµ = xρΘρµ : → D =

∫
d3xD0

Kµν = 2xµx
ρΘρν − x2Θµν : → Kµ =

∫
d3xKµ0.

Dの変換D = ixρ∂ρの有限形はスケール変換:

D : xµ → x′µ = e−ρxµ, (2)



7

Kµ = i(2xµx
ρ∂ρ − x2∂µ)変換の有限形は，反転空間xµ/x2における並進

変換:

K : xµ → x′µ =
xµ + bµx2

1 + 2b · x + b2x2
⇐⇒ x′µ

x′2
=
xµ

x2
+ bµ. (3)

微分演算子表現 Pµ = i∂µ, Mµν = i(xµ∂ν − xν∂µ)とを用いて，
次の共形代数を満たすことが確かめられる:

[Mµν, Mρσ] = −i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ),

[Pρ, Mµν] = i(ηρµPν − ηρνPµ),
[Kρ, Mµν] = i(ηρµKν − ηρνKµ),

[D, Mµν] = [Pµ, Pν] = [Kµ, Kν] = 0,

[Pµ, D] = iPµ, [Kµ, D] = −iKµ,

[Pµ, Kν] = 2i(ηµνD −Mµν). (4)
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Lorentz group ←→ Conformal group

SO(D − 1, 1) SO(D
+1
, 2

+1
)

ηµν ηMN =


0 - 3 4 5

0-3 ηµν
4 −1
5 +1


[MMN , MRS] = −i(ηMRMNS − ηNRMMS − ηMSMNR + ηNSMMR)

Mµ4 =
1
2(Pµ −Kµ), Mµ5 =

1
2(Pµ +Kµ), M54 = D

↓
[iD, Pµ] = +1Pµ, [iD, (Mµν, D)] = 0, [iD,Kµ] = −1Kµ

Conformal (Weyl) weight: で整理すると分かり易い．

w = +1 : Pµ
w = 0 : Mµν, D

w = −1 : Kµ
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Conformal Algebra SO(D, 2) á la Weyl weights:

w = +2 : [Pµ, Pν] = 0

w = +1 : [Pρ, Mµν] = i(ηρµPν − ηρνPµ), [Pµ, D] = +iPµ
w = 0 : [Mµν, Mρσ] = −i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ)

[Pµ, Kν] = 2i(ηµνD −Mµν), [Mµν, D] = 0

w = −1 : [Kρ, Mµν] = i(ηρµKν − ηρνKµ), [Kµ, D] = −iKµ

w = −2 : [Kµ, Kν] = 0 .

(5)

以降D = 4.

SO(3,1)≃ SL(2;C) Weyl(chiral) spinor上の2× 2 Special Linear複素行列
SO(6) ≃ SU(4) → SO(4, 2) ≃ SU(2,2)

SO(4, 2)群 chiral spinor(4成分)上の4×4 γ0-unitary行列SU(2,2): ψ†1γ0ψ2

invariant.

Mµν =
1
2σµν = i14(γµγν − γνγµ)(=

i
2γµν),

Pµ = γµPR, (PR = 1
2(1 + γ5))

Kµ = γµPL, (PL = 1
2(1− γ5))

D = 1
2iγ5.
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2.2 SuperConformal (SC) Group SU(2, 2|1)

metric α =

(
γ0

1

)
, acting on Ψ =

(
ψ

φ

)
← 4-spinor (fermi)

← bose (1成分)

invariant Ψ†1αΨ2 = ψ†1γ0ψ2 + φ†1φ2

24 generators (supertraceless, α-hermitian)

MMN =
1

2

(
σMN

0

)
← 15 generators of SU(2, 2)

Σα̂ = 2

(
04 0

1 0 0 0 0

)
(α̂ = 1),

(
04 0

0 1 0 0 0

)
(α̂ = 2),(

04 0

0 0 1 0 0

)
(α̂ = 3),

(
04 0

0 0 0 1 0

)
(α̂ = 4),

Σ̄α̂ = (Σα̂)
T (α̂ = 1− 4), A = −1

4

(
14

4

)
(strA = 0)
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Using

[Σα̂, A] =
3
4Σα̂, [Σα̂, Σ̄

β̂] = (σMN)α̂
β̂MMN − 4δα̂

β̂A

and defining

Σα̂ =

(
Qα

S̄α̇

)
, Σ̄α̂ =

(
Sα Q̄α̇

)
= (Σβ̂)

†(γ0)β̂
α̂, (α, α̇ = 1, 2)

we find the SC algebra for the charges:

w = +1 : Pµ · · ·n = 0

w = 1/2 : Qα̂ · · ·n = ∓3
2

(
Qα

Q̄α̇

)
w = 0 : Mµν, D · · ·n = 0

w = −1/2 : Sα̂ · · ·n = ±3
2

w = −1 : Kµ · · ·n = 0

[iD, XA] = wXA

S,K はWeyl weightを下げる演算．
chiral weight n

[iA, XA] = i12nXA
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Superconformal SU(2, 2|1) algebra:

w = +2 : [Pµ, Pν] = 0

w = +3/2 : [Pµ, Q] = 0

w = +1 : {Q, Q̄} = 2γµPµ, [Pµ, A] = 0, [Pρ, Mµν] = i(ηρµPν − ηρνPµ),
w = +1/2 : [Q, Mµν] =

1
2σµνQ, [Q, A] = 3

4γ5Q, [S, Pµ] = γµQ,

w = 0 : [Mµν, A] = 0, [Mµν, Mρσ] = −i(ηµρMνσ − · · · ),
{Q, S̄} = −2iD + σµνMµν − 4γ5A, [Pµ, Kν] = 2i(ηµνD −Mµν),

w = −1/2 : [S, Mµν] =
1
2σµνS, [S, A] = −3

4γ5S, [Q, Kµ] = γµS,

w = −1 : {S, S̄} = 2γµKµ, [Kµ, A] = 0, [Kρ, Mµν] = i(ηρµKν − ηρνKµ),

w = −3/2 : [Kµ, S] = 0

w = −2 : [Kµ, Kν] = 0 .

(6)

using 4-component Q and S supercharges:

Qα̂ =

(
Qα

Q̄α̇

)
, Q̄α̂ = (Q†γ0)

α̂ =
(
Qα Q̄α̇

)
, Sα̂ =

(
Sα
S̄α̇

)
, S̄α̂ = (S†γ0)

α̂

以降 µ, ν, · · · → m,n, · · · 内部空間 flat indexに
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2.3 Yang-Mills Theory of SU(2, 2|1)
Anti-hermitian Generators of SU(2, 2|1): active operators, not repr. matrix

XA = i−1(Pm, Q, Mmn, D, A, S, Km)

≡ (Pm, Q, Mmn, D, A, S, Km)
w +1 +1/2 0 0 0 −1/2 −1

,

and write the algebra

[XA, XB} = fAB
CXC.

Define trf parameters εA and gauge fields hAµ :

εAXA = ξmPm + ε̄Q + 1
2λ

mnMmn + ρD + θA + ζ̄S + ξmKKm,

hAµXA = emµPm + ψ̄µQ + 1
2ω

mn
µ Mmn + bµD + AµA + φ̄µS + fmµKm.

Transformation of the field Φ by the active operator:

δ(ε)Φ = εAXAΦ
(
≡
∑
A

εA(XAΦ)
)

Covariant derivative

DµΦ = (∂µ − hAµXA)Φ = (∂µ − δ(hµ))Φ
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is defined by demanding the property

δ(ε)(DµΦ) = εADµ(XAΦ) ≡ Dµ(δ(ε̌)Φ)(ε̌ receiving no differenciation)

from which follows ゲージ場変換則：

δ(ε)hAµ = ∂µε
A + εBhCµ fCB

A ≡ (Dµε)
A (7)

∵ ) Writing hAµXA ≡ hµ, ε
AXA ≡ ε,

δ(ε)(DµΦ) = ∂µ(δ(ε)Φ)− (δ(ε)hµ)Φ− δ(ε)(ȟµΦ)
= ∂µ(εΦ)− (εhµ)Φ− εȟµΦ

εADµ(XAΦ) = Dµ(ε̌Φ) = ∂µ(ε̌Φ)− hµεΦ
→ (εhµ)Φ = (∂µε)Φ + hµεΦ− εȟµΦ
→ δ(ε)hµ = ∂µε + [ȟµ, ε]

i.e.,δ(ε)hAµ = ∂µε
A + εBhCµ fCB

A (8)

where Ǒ means that O is neither transformed by ∂µ nor XA.
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Curvature tensor (Field strength) RA
µν is defined by

[Dµ, Dν]Φ ≡ RA
µνXAΦ on ∀Φ

→ RA
µν = ∂νh

A
µ − ∂µhAν − hBν hCµ fCBA = ∂νh

A
µ −Dµh

A
ν

or Rµν = ∂νhµ − ∂µhν − [ȟµ, ȟν]

∵ )

[Dµ, Dν]Φ = ∂µDνΦ− δ(hµ)DνΦ− (µ↔ ν)

= ∂µ∂νΦ− ∂µ(hνΦ)−Dν(ȟµΦ)− (µ↔ ν)

= ∂µ∂νΦ− (∂µhν)Φ− ∂µ(ȟνΦ)− ∂ν(ȟµΦ) + hνȟµΦ− (µ↔ ν)

= −(∂µhν)Φ + hνȟµΦ− (µ↔ ν)

= (∂νhµ − ∂µhν)Φ + [ȟν, ȟµ]Φ (9)

Curvature 変換則

δ(ε)Rµν = [Řµν, ε]

δ(ε)RA
µν = εBRC

µνfCB
A
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Curvatures:

R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ

e.g.,↑— fQQ
Pm=−2iγm

R mn
µν (M) = 2∂νω

mn
µ − 2ω mc

ν ω n
µc + 4(fmνe

n
µ − fnνemµ) + 4iψ̄νσ

mnφµ,

Rµν(D) = 2∂νbµ + 4fnνenµ + 4ψ̄νφµ

Rµν(A) = 2∂νAµ − 8iψ̄νγ5φµ

R m
µν (K) = 2∂νf

m
µ − 2ω mn

ν fnµ − 2bνf
m
µ + 2iφ̄νγ

mφµ,

R̄µν(Q) = 2Dω
ν ψ̄µ + bνψ̄µ − 3

2iAνψ̄µγ5 + 2iφ̄νγme
m
µ,

R̄µν(S) = 2Dω
ν φ̄µ − bνφ̄µ + 3

2iAνφ̄µγ5 + 2iψ̄νγmf
m
µ,

with

Dω
ν ψ̄µ ≡ ∂νψ̄µ − i

4ω
mn
ν ψ̄µσmn,

Dω
νψµ ≡ ∂νψµ +

i
4ω

mn
ν σmnψµ,
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(and the same for φµ,) where antisymmetrization w.r.t. µ↔ ν implied like

Rµν(A) = (2∂νAµ − 8iψ̄νγ5φµ)anti-symm

= ∂νAµ − ∂µAν − 4i(ψ̄νγ5φµ − ψ̄µγ5φν)
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gauge場 変換則: ( SU(2, 2|1) group law と呼ぶ )

δemµ = ∂µξ
m + λmlelµ − ω mn

µ ξn − ρemµ + bµξ
m − 2iε̄γmψµ,

δω mn
µ = ∂µλ

mn + 2λmlω n
µl − 2(ξmKe

n
µ − ξnKemµ) + 2(fmµξ

n − fnµξm)
−2iε̄σmnφµ − 2iψ̄µσ

mnζ,

δbµ = ∂µρ− 2ξnKenµ + 2fnµξn − 2ε̄φµ + 2ψ̄µζ

δAµ = ∂µθ + 4iε̄γ5φµ − 4iψ̄µγ5ζ

δf m
µν = ∂µξ

m
K + λ mnfnµ − ω mn

µ ξK n + ρfmµ − bµξmK − 2iζ̄γmφµ,

δψ̄µ = Dω
µ ε̄ +

i
4λ

mnψ̄µσmn − 1
2ρψ̄µ +

1
2bµε̄ +

3
4iθψ̄µγ5 −

3
4iAµε̄γ5

−iζ̄γmemµ + iφ̄µγmξ
m
)
,(

δψµ = Dω
µε− i

4λ
mnσmnψµ − 1

2ρψµ +
1
2bµε +

3
4iθγ5ψµ −

3
4iAµγ5ε

+iemµγmζ − iξmγmφµ
)
,

δφ̄µ = Dω
µ ζ̄ +

i
4λ

mnφ̄µσmn +
1
2ρφ̄µ −

1
2bµζ̄ −

3
4iθφ̄µγ5 +

3
4iAµζ̄γ5

−iε̄γmfmµ + iψ̄µγmξ
m
K ,(

δφµ = Dω
µζ − i

4λ
mnσmnφµ +

1
2ρφµ −

1
2bµζ −

3
4iθφµγ5 +

3
4iAµζγ5

+ifmµγmε− iξmKγmψµ
)
,
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For inverse vierbein,

δe µ
m = −e µ

n e
ν
m (δenν)

= −e µ
n ∂mξ

n − e µ
l λ

l
m + ω µl

m ξl + ρe µ
m − bmξµ + 2iε̄γµψm.

Curvatureの group変換則 δRA
µν は、上のgauge場の変換則 δhAµ で、∂µε

A

を捨て、全ての hBµ を RB
µν に置き換えれば良い。

3 Local SC Algebra and Weyl Multiplet
上で与えたSC代数のYMゲージ理論は，非コンパクト群に基づき，負
計量ゲージ場を含むので，物理的にはナンセンス．また，Pm は，内部
空間の｀並進’変換で，時空における並進と無関係．この理論を物理的
に意味のある理論にし，Pmが時空における並進という意味を持たせる
ため，代数をdeform する．
これからやること：

[δQ(ε1), δQ(ε2)] =δP (ξ
m) ξm = −2iε̄1γmε2

→ δP̃ (ξ
m) = δGC(ξ

µ)−
∑
A′ ̸=P

δA′(ξ
µhA

′
µ )



20

w : generator XA gauge field hAµ
w = +1 : Pm emµ
w = 1/2 : Q ψµ
w = 0 : Mmn D A ωmnµ bµ Aµ

w = −1/2 : S φµ
w = −1 : Km fmµ

emµ , ψµ, · · ·の上で成立するよう順に要請．

→ curvatures Rµν(P ) Rµν(Q) Rµν(M) にconstraint

↓ ↓ ↓
ωµ

mn φµ fµ
m が dependent gauge場

ω(e, ψ, b)→ Q変換が，ω, φ, fに対しgroup lawからずれる．
代数 [Pm, Q], [Pm, Pn] だけ，SU(2, 2|1) algebraからずれる．

fPmQ
A′, fPmPn

A が ̸= 0で現れ，field dependent structure functionsを
与える．
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3.1 Deformation of SU(2, 2|1) algebra
GC transformation:

δGC(ξ
λ)hAµ = ∂µξ

λ·hAλ + ξλ∂λh
A
µ

= Dµ(ξ
λ·hAλ ) + ξλ(∂λh

A
µ −Dµh

A
λ )

= [Dµ(ξ ·h)]A + ξλRA
µλ

= δ(ξ ·h)hAµ + ξλRA
µλ ,

The last equality is because

Dµh
A
λ = ∂µh

A
λ + hBλ h

C
µ fCB

A

δ(ε)hAµ = (Dµε)
A = ∂µε

A + εBhCµ fCB
A

δ(ξ ·h)hAµ = ∂µ(ξ ·hA) + (ξ ·h)BhCµ fCBA.

Note that

δ(ξ ·h) = ξλhAλ XA = δP (ξ
m) +

∑
A′(̸=P )

δA′(ξ ·hA
′
),

ξm = ξλemλ,

ξ ·hA′ = ξλhA
′

λ = ξmhA
′

m
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Therefore, we have a key relation:

δP (ξ
m)hAµ = δGC(ξ

λ)hAµ −
∑
B′

δB′(ξ ·hB
′
)hAµ︸ ︷︷ ︸

def
= δP̃ (ξ

m)hAµ

−ξλRA
µλ.

Now, we deform the SU(2, 2|1) algebra so as to make a replacement

δP (ξ
m) → δP̃ (ξ

m) = δGC(ξ
λ)−

∑
B′

δB′(ξ ·hB
′
). (10)

First we note that, among the commutators [δA′, δB′] for A
′, B′ ̸= P , the

only one yielding δP in the RHS is [δQ(ε2), δQ(ε1)] = δP (−2iε̄1γmε2). So

we require first that

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γmε2

, (11)

holds on any independent gauge fields, and find constraints necessary for

that.
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3.2 On emµ
On emµ, we originally have

[δQ(ε2), δQ(ε1)]e
m
µ = δP (ξ

m)emµ,

= δP̃ (ξ
m)emµ − ξλR m

µλ (P ).

So it is necessary and sufficient to impose the constraint:

0 = R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ (12)

This can be solved by the M gauge field ω mn
µ and yields

ω mn
µ = ω mn

µ (e, ψ, b), (13)

so that ω mn
µ is no longer an independent gauge field. However, since the

constraint R m
µν (P ) = 0 is invariant under Mmn, D, A, S, Km, ω

mn
µ still

keeps the same transformation law as the original group transformation un-

derMmn, D, A, S, Km transformations. On the other hand, the constraint

R m
µν (P ) = 0 is not invariant under Q transformation, the Q transformation

of ω mn
µ becomes different from the original group transformation law:

δQ(ε)ω
mn
µ (e, ψ, b) = δgroupQ (ε)ω mn

µ + δ′Q(ε)ω
mn
µ . (14)
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The difference can be easily found by noting that the constraint R m
µν (P ) =

0 is of course an identity and Q-invariant if ω mn
µ there is replaced by

ω mn
µ (e, ψ, b), so that we have

0 = δgroupQ (ε)R m
µν (P ) + δ′Q(ε)ω

m
µ ν − δ′Q(ε)ω m

ν µ

= −2iε̄γmRµν(Q) + δ′Q(ε)ω
m
µ ν − δ′Q(ε)ω m

ν µ.

(Note that we are anticipating that emµ, ψµ, bµ will remain to be independent

gauge fields and receive no changes in the Q-transformation laws.) Solving

this (in a similar way to solve Christoffel symbol in terms of gµν), we find

δ′Q(ε)ωµmn = iε̄(γµRmn(Q)+γmRµn(Q)−γnRµm(Q)) ≡ iε̄Rµmn(Q). (15)

3.3 On ψµ

Noting

δQ(ε)ψµ = (∂µ +
i
4ω

mn
µ σmn +

1
2bµ −

3
4iγ5Aµ)ε (16)

and that ω mn
µ now receives an extra Q transformation δ′Q(ε) in addition to

the original group transformation δgroupQ (ε), we find that the [δQ, δQ] com-
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mutator on ψµ now reads

[δQ(ε2), δQ(ε1)]ψµ = [δgroupQ (ε2), δ
group
Q (ε1)]ψµ +

i
4

(
δ′Q(ε2)ωµ·σε1 − (1↔ 2)

)
= δP̃ (ξ)ψµ − ξ

mRµm(Q) +
i
4

(
δ′Q(ε2)ωµ·σε1 − (1↔ 2)

)
.

So we see that the condition

i
4

(
(iε̄2Rµmn(Q))σ

mnε1 − (1↔ 2)
)
= −2i(ε̄1γmε2)Rµm(Q) (17)

should hold. From this, after some calculation like Fierzing, we find a con-

straint

γρRµρ(Q) = 0. (18)

is necessary and sufficient condition for the [δQ, δQ] algebra Eq. (11) hold

on ψµ. With this new constraint, the extra Q transformation for ω mn
µ can

be simplified into

δ′Q(ε)ωµmn = 2iε̄γµRmn(Q) (= −2iR̄mn(Q)γµε). (19)
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The constraint (18), γµRµν(Q) = 0, is solved by the S-gauge field φµ:

0 = γµRµν(Q) = γµ
[
(∂ν +

i
4ων ·σ + 1

2bν −
3
4iγ5Aν)ψµ − (1↔ 2)

]
− iγµ(γµφν − γνφµ)

⇒ φµ = φµ(e, ψ, b, A).

So φµ now become dependent gauge field. Since the constraint γµRµν(Q) =

0 isMmn, D, A, S, Km invariant but not invariant underQ, theQ-transformation

of φµ is modified: After much computation, we find the extra Q transfor-

mation δ′Q(ε)φµ to be given by

δ′Q(ε)φµ = −
i

2

[
γmε

(
− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A)
)

+iγmγ5ε
1
2Rµm(A)

]
(20)

where

Rcov.mn
µν (M) ≡ R mn

µν (M) + 2i
(
ψ̄µγνR

mn(Q)− ψ̄νγµRmn(Q)
)

Rcov.
µm (M) = Rcov. np

µν (M)en
νηpm
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3.4 On Aµ and bµ

Noting

δQ(ε)Aµ = 4iε̄γ5φµ

δQ(ε)bµ = −2ε̄φµ,

and that φµ now receives an extra Q transformation δ′Q(ε) in addition to the

original group transformation δgroupQ (ε), we find that the [δQ, δQ] commutator

on Aµ now reads

[δQ(ε2), δQ(ε1)]Aµ = [δgroupQ (ε2), δ
group
Q (ε1)]Aµ + 4i

(
ε̄1γ5(δ

′
Q(ε2)φµ)− (1↔ 2)

)
= δP̃ (ξ)Aµ − ξmRµm(A) + 4i

(
(− i

2)(ε̄1γ5iγ
mγ5ε2)

1
2Rµm(A)− (1↔ 2)

)
= δP̃ (ξ)Aµ − ξmRµm(A) + 4i(− i

2)ξ
m1
2Rµm(A) = δP̃ (ξ)Aµ

This is automatic, so leading no new constraint!

On bµ, on the other hand, the condition

[δQ(ε2), δQ(ε1)]bµ = δP̃ (ξ)bµ (21)

requires a new constraint

− 1
12emµR

cov.(M)ρρ +
1
2R

cov.
µm (M) + 1

4R̃µm(A) = −Rµm(D). (22)
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This constraint can be shown to be rewritten into

Rcov.
νµ (M) + 1

2R̃µν(A) = 0. (23)

This is the necessary and sufficient condition for the [δQ, δQ] algebra Eq. (11)

to hold on bµ. Using this constraint, the extra Q transformation Eq. (20) of

φµ is simplified into

δ′Q(ε)φµ = −
i

4
γm
(
R̃µm(A) + iγ5Rµm(A)

)
ε.

The constraint Eq. (23) can be solved by the Km gauge field fmµ, which

now becomes a dependent field:

fmµ = fmµ(e, ψ, b, A). (24)

Since the constraint Eq. (23) is not Q-invariant and so fmµ also receives an

extra Q-transformation, which can be found in a similar way as above:

δ′Q(ε)f
m
µ = −

i

2
ε̄
(
σmνRcov.

µν (S) + emνR̃cov.
µν (S)

)
. (25)
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3.5 Resultant Local SC algebra and Weyl multiplet: sum-

mary

Now that theMmn, S andKm gauge fields ω mn
µ , φµ and f

m
µ have become

dependent fields, there no longer remain other independent gauge fields.

Thus the desired [δQ, δQ] algebra (11)

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γmε2 (26)

already holds on all the independent gauge fields emµ, ψµ, Aµ and bµ.

Now the resultant Local SuperConformal Algebra is as follows:

w : generator XA gauge field hAµ
w = +1 : Pm emµ
w = 1/2 : Q ψµ
w = 0 : Mmn D A ωmnµ bµ Aµ

w = −1/2 : S φµ
w = −1 : Km fmµ

ωmnµ , φµ, f
m
µ become dependent gauge field by the constraints, respectively:
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R̂µν
m(P ) = 0 → ωmnµ = ωmnµ (e) + i(2ψ̄µγ

[mψn] + ψ̄mγµψ
n)− 2e[mµ b

n],

with ωmnµ (e) ≡ −2eν[m∂[µeν]n] + eρ[men]σeµ
c∂ρeσc,

γνRµν(Q) = 0 → φiµ = − i
3γ

mR̂′µm(Q) +
i
12γµmnR̂

′mn(Q),

Rcov.
νµ (M) + 1

2R̃µν(A) = 0 → fµ
m = 1

4R̂
′
µ
m(M)− 1

8
˜̂
Rµ

m(A)− 1
24eµ

mR̂′(M) .

so that their trf laws are modified from the SU(2, 2|1) group law: δQ(ε) =

δgroupQ (ε) + δ′Q(ε) with

δ′Q(ε)φµ = −
i

4
γm
(
R̃µm(A) + iγ5Rµm(A)

)
ε

δ′Q(ε)ωµmn = 2iε̄γµRmn(Q)

δ′Q(ε)f
m
µ = −

i

2
ε̄
(
σmνRcov.

µν (S) + emνR̃cov.
µν (S)

)
The Pm transformation is replaced by P̃m trf

δP (ξ
m) = δGC(ξ

meµm)−
∑
A̸=P

δA(ξ
mhAm) (27)
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which defines SC covariant derivative D̂m(= Dc
m):

δP (ξ
m)ϕ = ξm(∂µ −

∑
A̸=P

δA(h
A
m))ϕ = ξmD̂mϕ. (28)

The local SC algebra still takes the same form as the SU(2, 2|1) one

[δA(ε
A), δB(ε

B)] =
∑
C

δC(ε
BεAfAB

C)

except for [δP , δQ] and [δP , δP ], for which

[δP (ξ
m), δQ(ε

Q)] =
∑

B′=M,S,K

δB′(ξ
mδ′Q(ε

Q)hB
′

m ) (29)

[δP (ξ
m
1 ), δP̃ (ξ

n
2 )] =

∑
A all

δA(ξ
m
1 ξ

n
2R

cov. A
mn ) .

ξmδ′Q(ε
Q)hB

′
m = εQξmfPmQ

B′ gives a NEW field-dependent structure function

Rcov. A
mn = fPnPm

A defines a NEW field-dependent structure function
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3.6 Covariant derivative and curvatures

振り返って見るに，Ā ≡ {Pm, A}

[X Ā, X B̄} = fĀB̄
C̄X C̄. (30)

(このfĀB̄
C̄は最終の構造関数). For any field ϕ carrying only flat indices,

Define

D̂µϕ = ∂µϕ− hAµXAϕ

∇µϕ = ∂µϕ− hĀµX Āϕ = D̂µϕ− emµ Pmϕ

As usual covariance requirement ∇µ for ∇µ,

X Ā(∇µϕ) = ∇µ(XAϕ)

determines the transformation law of gauge fields as

εB̄X B̄ h
Ā
µ ≡ δ(ε)hĀµ = ∂µε

Ā + εC̄hB̄µ fB̄C̄
Ā, (31)

and the commutator of ∇µ defines the curvature tensors Rµν
Ā in the form

[∇µ, ∇ν] = Rµν
ĀX Ā → Rµν

Ā ≡ 2∂[νh
Ā
µ] − hC̄ν hB̄µ fB̄C̄Ā. (32)
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These are quite normal up to here. Now SUGRA の特殊な要求: for ∀ϕ
carrying flat indices alone

∇µϕ = 0 =⇒ Rµν
Ā = 0

Curvature in SUGRA, R̂ab
Ā, is defined via the flat D̂a by

[D̂a, D̂b] = R̂ab
ĀX Ā ≡ R̂ab. (33)

計算無しに

eµa∇µϕ = D̂aϕ− P aϕ = 0 → P a = D̂a on ∀ϕ

→ R̂ab
Ā = [D̂a, D̂b]Ā = [P a,P b]

Ā = fab
Ā

よって R̂µν
Ā = e bνe

a
µfab

Ā = 2∂[νh
Ā
µ] − hC̄ν hB̄µ f ′B̄C̄

Ā, (34)

ここでf ′
B̄C̄

Āは，[P a, P b]交換子のfab
Ā 部分を除く意味で，この等号は

Rµν
Ā ≡ 2∂[νh

Ā
µ] − hC̄ν hB̄µ fB̄C̄Ā = 0 (35)

より，fabĀ 部分だけを分離すれば従う．
Curved indexも持つゲージ場hĀµに対しても，

δGC(ξ
ν)hĀµ = (ξνhν)

B̄X B̄h
Ā
µ − ξνRµν

Ā︸ ︷︷ ︸
=0
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だから，B̄ = {Pa, B} で PaとBを分離すれば，

ξaP a h
Ā
µ = δP (ξ)h

Ā
µ =

[
δGC(ξ

ν = eνaξ
a)− (ξahBa )XB

]
hĀµ (36)

，すなわち，P a変換は，先に定義した P̃a変換を与える．
D̂aϕの変換公式：(Conformal d’Alembertian □cϕ ≡ □̂ϕ = D̂aD̂aϕの計
算に必要）∀ϕの上で，

[XA, D̂a] = [XA,P a] = fAa
B̄X B̄

だから，P aを含まない変換δ(ε) ≡ εAXAに対し，

δ(ε)︸︷︷︸
εAXA

D̂aϕ = εAD̂a(XAϕ) + εAfAa
B̄X B̄ϕ. (37)

εAfAa
B̄は，例えば．δ(ε)hB̄µのεAeaµ 比例部分を見れば読み取れる．
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次節以降はKugo-Uehara notation
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Kugo-Uehara Ours

xm = (xk, x4) (xk, it)→ write xµ or −xµ
∂m = (∂k, ∂4) (∂k, −i∂t)→ write ∂µ or −∂µ

δmn, ∂m∂m ≡ □ −ηµν, −∂µ∂µ = −□
γm = (γk, γ4) (−iγk, γ0)→ write − iγµ or iγµ
γm∂m ≡ /∂ −iγµ∂µ = −i/∂
γmBm ≡ /B −iγµ(−Vµ) = +i /V

amn iaµν
γ5 γ5

σmn ≡ (1/4)[γm, γn] (1/4)[−iγµ, −iγν] = (i/2)σµν

C, Z, H, K, Bm, Λ, D C, χ, N, −M, −Vµ, λ, D
A, PRχ, F φ,

√
2ψ, F

(ψ̄R, ψ̄L),

(
ψR

ψL

)
(ψ, ψ̄),

(
ψ

ψ̄

)
Pm, A, D, Q Pµ/i, A/i, D/i, (1/2)Q/i

Mmn, Km, S −Mµν/i, −Kµ/i, −(1/2)S/i (negative signs!)

xm → xµ or −xµ の置き換えをする space優先のルールでは
εmnrs −iεµνρσ、−iεµνρσ (どちらも −i )

super変換parameter ε 2α
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4 Matter Multiplets and Invariant Action Formulas

4.1 Complex general multiplets

General complex multiplet in global SUSY:

V(x, θ) = C + iθ̄γ5Z − 1
2θ̄(H− iγ5K − γ5γ

µBµ)θ
−i(θ̄θ)θ̄γ5[Λ− i

2γ
µ∂µZ ] + 1

4(θ̄θ)(θ̄θ)[D −
1
2□̂C]

This can be generalized into local SC general multiplet

VA = [ CA
w
, ZαA
w+1/2

, HA
w+1

, KA
w+1

, BaA
w+1

, ΛαA
w+3/2

, DA
w+2

] = [(CA)] (38)

with arbitrary external Lorentz spinor indices A = (α1, ..., αm; β̇1, ..., β̇n).

Lowest Weyl weight component CAの一般的な変換を仮定：

δQ(ε)CA = 1
2ε̄iγ5ZA

δM(λab)CA = 1
2λ

ab(Σab)A
BCB = 1

2λ
ab(ΣabC)A

δD(ρ)CA = wρ CA ( ← 有限形C ′A = ewρCA)

δA(θ)CA = i
2nθ CA ( ← 有限形C ′A = e

i
2nθCA)

δS(ζ)CA = δK(ξ
m
K)CA = 0
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Lowest component CAのWeyl weight とchiral weight (w, n)で，multiplet

VAのWeyl weight, chiral weightと呼ぶ．S-, Km-変換はWeyl weightw を
下げる演算なので，CAはmultipletの中でwの一番低い成分場だという
定義により，CAのS-, Km-変換不変性がでる．
Higher componentsの 変換則は，（成分場の位相や係数の定義の不定性
を除いて）SC algebraから一意的に決まる．
1）w → w + 1/2 の場 ZαA:

δQCA ∼ ZA defines ZA. (39)

1-i) Q以外のX ′ ≡ (Mmn, D, A, S, Km)変換は代数とCAの変換則か
らunique.

δX ′ZA ∼ δX ′δQCA ∼ [δX ′, δQ]CA + δQ(δX ′CA) (40)

1-ii) Q変換 δQZAは，[Q, Q] = Pa, i.e.,

[δQ(ε1), δQ(ε2)] = ξaD̂a ξa = 1
2ε̄2γ

aε1 (41)

が一つ前の成分場CAの上で成り立つよう決める．



39

一般式

δQ(ε)ZA = 1
2 (SA + iγ5PA + VmAγm +AmAiγmγ5 + TmnAσmn) ε (42)

を書いて [Q, Q]CA = PaCAを要求すると，

AmA = D̂mCA, TmnA = 0 (43)

不定に残る場SA，PA VmAは，次のw + 1の成分場

(SA, PA, VmA)
define−→ (−KA, HA, BmA) (44)

この手続きを続けて，各段階のQ変換で不定に残る場がhigher compo-

nents場を定義し，

w + 1/2 : δQCA
def
=⇒ ZA

w + 1 : δQZA
def
=⇒ HA, KA, BmA

w + 3/2 : δQHA
def
=⇒ ΛA

w + 2 : δQΛA
def
=⇒ DA

δQDA変換の段階で，D̂mΛAだけで書けて不定項が残らず，DAがhighest

の成分場であることがわかる．
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最終的に次の変換則が得られる．

δQ(ε)CA = 1
2ε̄iγ5ZA

δQ(ε)ZA = (−1)A1
2

(
iγ5HA −KA − /B + /̂DCAiγ5

)
ε

δQ(ε)HA = 1
2ε̄iγ5( /̂DZA + ΛA)

δQ(ε)KA = −1
2ε̄( /̂DZA + ΛA)

δQ(ε)BmA = −1
2ε̄(D̂mZA + γmΛA)− 1

4Rab(Q)iγ5γmε(Σ
abC)A

δQ(ε)ΛA = (−1)A1
2(σ

abF̂abA + iγ5DA)ε
+1

8

{
γmε

(
Rab(Q)γm(Σ

abZ)A
)
+ γ5γmε

(
Rab(Q)γ5γm(Σ

abZ)A
)}

δQ(ε)DA = 1
2ε̄iγ5 /̂DΛA −

1
4ε̄
(
Rab(A) + γ5R̃ab(A)

)
(ΣabZ)A

+(−1)A1
4ε̄
{
iγ5(Σ

ab /B)A − (Σab /̂DC)A
}
R̂ab(Q)

where D̂a is the conformal covariant derivative and F̂abA is a field-strength-

like quantity given by

F̂abA = 2D̂[aBb]A + 1
2iϵabcd[D̂

c, D̂d]CA
= 2D̂[aBb]A + i

4εab
cdRcov.mn

cd (M)(ΣmnC)A
+1

2Rab(Q)ZA + 1
2wCARab(A)− 1

2nCAR̃ab(A).
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Other SC transformation: with δASK = δS(ζ) + δK(ξ
a
K) + δA(θ),

δASKCA = 1
2inθCA,

δASKZA =
(
1
2in−

3
4iγ5

)
ZAθ + i(n + wγ5)ζCA + iγ5σabζ(Σ

abC)A,
δASKHA =

(
1
2inHA + 3

2KA
)
θ + 1

2ζ̄ ((w − 2)iγ5 + in)ZA + 1
2ζ̄iγ5σab(Σ

abZ)A,
δASKKA =

(
1
2inKA −

3
2HA

)
θ + 1

2ζ̄ ((w − 2) + nγ5)ZA + 1
2ζ̄σab(Σ

abZ)A,
δASKBmA = 1

2inθBmA + 1
2ζ̄ ((w + 1) + nγ5) γmZA + 1

2ζ̄σabγm(Σ
abZ)A

+2inξKmCA + iεmnab(Σ
abC)AξnK,

δASKΛA = (−1)A+11
2

(
iγ5HA +KA + /BA − /̂DCAiγ5

)
(w + nγ5)ζ

+(−1)A1
2

(
Σab(iγ5H +K + /B − /̂DCiγ5)

)
A
σabζ

+
(
1
2in + 3

4iγ5
)
θΛA +

{
−(w + nγ5)γmZA + σabγm(Σ

abZ)A
}
ξmK ,

δASKDA = 1
2inθDA
+iζ̄(wγ5 + n)

(
ΛA + 1

2 /̂DZA
)
+ ζ̄iγ5σab

(
Σab(Λ + 1

2 /̂DZ)
)
A

−
{
2wD̂mCA + 2inBmA + 2(ΣmnD̂nC)A − iεmnab(ΣabBn)A

}
ξmK ,

注意）ΛAは，我々はδQHAの変換を使って定義したが，δQKAでもδQBmA
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を使っても定義できた．したがって，上の計算では

{Q, X ′} algebra on KA, BmA, DA
{Q, Q} algebra on DA
{X ′1, X ′2} algebra on all component fields

を使わなかった．よってこれらを全てチェックし確認しなければならな
い．All are confirmed.

Superconformal multiplets の任意の setをひっくるめてϕと記し，そ
の成分場ϕ = {ϕ1, ϕ2, · · · , ϕn}の関数CA(ϕ)を最初の成分とする SC

multiplet (general multiplet)

VA(ϕ) = [(CA(ϕ))] (45)

が存在するか？

先ず，任意の成分場ϕiの上で，SC algebra [XA, XB} = fAB
CXC が成

り立つ．今f (ϕ), g(ϕ)の上で成り立つと，積f (ϕ) · g(ϕ)や和f (ϕ) + g(ϕ)

の上でも成り立つことが示せるので任意の関数の上で成り立つことが
わかる．したがって，CA(ϕ)が，Lowest componentの変換則を満たして
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いれば，SC代数を用いる上の手続きで，次々とhigher componentsを決
めることが出来るので，VA(ϕ)の存在は保証される．
Lowest componentの変換則で唯一Non-trivialな条件は，S-, K-不変性
である．この条件はS-不変性

δS(ζ)CA(ϕ) = 0 (46)

を満たせば十分である．{S, S} = KなのでK-不変性は自動的に成り
立つ．
4.2 Covariant spinor derivative

Dα =
∂

∂θα
+ i(σm)αα̇θ̄

α̇∂m (47)

Local superconformal (SC) version

DαVA = [(ZαA)] exists or not? (48)

Note the S-trf law

δS(ζ)ZαA = i(w + n)ζαCA − i(σabζ)α(ΣabC)A,
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which leads for A = {β1 · · · βm; Γ̇} to

δS(ζ)Z(αβ1···βm);Γ̇ = −i(w + n +m)ζαCβ1···βm;Γ̇
δS(ζ)Zα

αβ2···βm;Γ̇ == −i
(
w + n− (m + 2)

)
ζαCαβ2···βm;Γ̇ (49)

So,

D(αVβ1···βm);Γ̇ =
[(
Z(αβ1···βm);Γ̇

)]
: SC-multiplet iff w + n = −m

DαVαβ2···βm;Γ̇ =
[(
Zα

αβ2···βm;Γ̇

)]
: SC-multiplet iff w + n = m + 2 (50)

Dα carries Weyl and chiral weights (w = 1/2, n = −3/2).
Similarly, for D̄α̇ by n→ −n

D̄(α̇Vβ̇1···β̇m);Γ =
[(
Z(α̇β̇1···β̇m);Γ

)]
: SC-multiplet iff w − n = −m

D̄α̇Vα̇β̇2···β̇m;Γ =
[(
Z α̇

α̇β̇2···β̇m;Γ

)]
: SC-multiplet iff w − n = m + 2 (51)

Note that these two conditions are not compatible, but that the second case

is empty for m = 0.
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4.3 chiral multiplet

The SC counterpart of the chiral multiplet condition D̄α̇ϕ = 0 in the global

SUSY case should look like

D̄α̇VA = [(PLZ)] = 0 (52)

In order for this condition to be covariant, this should be a SC multiplet.

From the condition , this is possible only when

Weyl and chiral weights (w, n) of VA satisfy w = n (53)

and

the index A is purely undotted spinors; A = (α1 · · ·αℓ) (54)

Or, we can see this condition more directly from the S-transformation lawof

this component PLZ
δS(ζ)PLZA = i(n− w)PLζCA − iσabPLζ(Σ

abC)A,
第２項は，σabPLが [ab]添え字についてselfdual，(ΣabC)AはAがpurely un-

dotted (right-handed)なら，anti-selfdualなので，a, bの縮約が消えるから．
この２条件を満たす場合 chiral multiplet

Σ
(w=n)
A=(α1···αℓ)

=
[
zA, PRχA, hA

]
(55)
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が存在し，general multipletに次の形で埋め込まれている．

V(ΣA) =
[
zA, −iPRχA, −hA, ihA, iD̂mzA, 0, 0

]
(56)

変換則: δQS = δQ(ε) + δS(ζ)

δQSzA = 1
2ε̄PRχA,

δQS(PRχ) = (−1)A
(
/̂DzAPLε + hAPRε +

{
2wzA − (Σabz)Aσab

}
PRζ

)
,

δQShA = 1
2ε̄ /̂D(PRχ)− ζ̄

{
(w − 1)PRχA + 1

2σab(Σ
abPRχ)A

}
.

4.4 chiral projection Π ∼ D̄2

The SC analogue to the rigid chiral projection D̄2V is

ΠVA =
[(
1
2(HA − iKA)

)]
This can be a SC multiplet only when the original VA satisfies

i) w = n + 2, and ii) A: purely undotted spinor indices (57)

since, then, the first component is S-inert:

δS(ζ)(HA − iKA) = −i(w − 2− n)ζ̄PLZA − iζ̄PLσab(Σ
abZ)A (58)
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The chiral multiplet ΠVA carries Weyl and chiral weights (w+1, n+3) =

(w + 1, w + 1), since Π ∼ D̄2 carries (w = 1, n = 3) and D̄α̇ carries

(w = 1/2, n = 3/2). So, it indeed gives the chiral multiplet

ΠVA =
[
1
2(HA − iKA), iPR( /̂DZA + ΛA), −1

2(DA + □̂CA + iD̂mBmA)
]

where □̂ is the conformal d’Alembertian □̂ ≡ D̂aD̂a.

4.5 linear multiplet

The complex linear multiplet LA is defined by the constraint

ΠLA = 0 (59)

so that it exists only for w = n + 2 and purely undotted A case:

L(w,n=w−2)
A=(α1···αℓ)

=
[
CA, ZA, HA, −iHA, BmA, PLΛA + /̂DPRZA, −□̂CA − iD̂mBmA

]
Real linear multiplet L, satisfying both conditions ΠL = 0 and Π̄L = 0,

can exists only for n = 0 and hence for w = 2 and no external Lorentz index

A:

Lw=2 =
[
C, Z, 0, 0, Bm, − /̂DZ, −□̂C

]
(60)
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with a constraint D̂mBm = 0, which can be solved in the form

Bm = e−1emµε
µνρσ
(
∂νaρσ − 1

4iψ̄νγρψσ C
)
− Z̄σmnψn (61)

The anti-symmetric tensor gauge field aµν have 4C2−4C1+4C0 = 6−4+1 = 3

off-shell degrees of freedom.

4.6 gauge field-strength multiplet: analog of D̄2DαV

W (w=n=3/2)
α = Π

(1,3)
Dα

(
1
2 ,−

3
2)

V (w=n=0)

=
[
λRα, −PR(σ ·F̂ − iD)αβ, (PR /̂Dλ)α

]
F̂µν = ∂µB

′
ν +

1
2ψ̄µγνλ− (µ↔ ν); B′µ ≡ emµBm − 1

2ψ̄µZ

D̂µλ = Dω
µλ− 1

2(σ ·F̂ + iγ5D)ψµ − 3
2bµλ−

3

4
iγ5Aµλ. (62)

Note that the conditions w + n = −m and w = n + 2 for Dα and Π

operations, respectively, are just met.
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4.7 Function formula

Holomorphic function g(Σ) of chiral multiplets ΣAi = [zAi, PRχAi, hAi ]:

g(Σ) =
[
g(z) ≡ g, χ′R g,

(
h′ − 1

4χ̄
′
Rχ
′
R

)
g
]

(63)

where

χ′R ≡
∑
i

PRχAi
∂

∂zAi
, h′ ≡

∑
i

hAi
∂

∂zAi
, etc, (64)

(g(z) にQ変換して，chiral multipletの変換表と比較してhigher compo-

nentsを次々求める．）
General function Φ(V) ≡ Φ of

general multiplets VAi = [CAi, ZAi, HAi, KAi, BmAi, ΛAi, DAi]:
C(Φ) = Φ(C) ≡ Φ,

Z(Φ) = Z ′Φ,H(Φ)

K(Φ)

Bm(Φ)

 =

[H′K′
B′m

 + 1
4Z̄
′

 −1iγ5
iγ5γm

Z ′]Φ
Λ(Φ) = · · · ,
D(Φ) = · · · .
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with

Z ′ =
∑
i

ZAi
∂

∂CAi
, H′ =

∑
i

HAi

∂

∂CAi
, etc, (65)

4.8 Invariant Action Formulas

Fully local superconformal invariant action formulas exist.

F-type invariant action formula applicable to scalar chiral multiplet

Σ =
[
z = 1

2(A + iB), PRχ, h = 1
2(F + iG)

]
with w = n = 3:∫

d4x
[
Σ(w=n=3)

]
F

=

∫
d4x e

(
h + 1

2ψ̄Lmγ
mχR + ψ̄Lmσ

mnψLnz + h.c.
)

=

∫
d4x e

(
F + 1

2ψ̄aγ
aχ + 1

2ψ̄aσ
ab(A− iγ5B)ψb

)
. (66)
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D-type invariant action formula applies to real vector multiplet

V =
[
C, Z, H, K, Ba, λ, D

]
with w = 2 and n = 0:∫

d4x
[
V (w=2)

]
D
=

∫
d4x
[
−ΠV (w=2)

]
F

=

∫
d4x e

(
D + □̂C − 1

2iψ̄aγ
aγ5(γ

bD̂bZ + λ)− 1
2ψ̄aσ

ab(H + iγ5K)ψb

)
=

∫
d4x e

(
D − 1

2ψ̄aγ
aiγ5λ− φ̄aγaiγ5Z + 1

3C
(
R + e−1ψ̄µRµ︸ ︷︷ ︸
=LSUGRA×(−2)

)
+ i

4ε
abcdψ̄aγbψc

(
Bd − AdC − 1

2ψ̄dZ
) )
. (67)

R = Rµν
mn(M)e ν

me
µ
m

∣∣
fmµ =φ=0

, Rµ = εµνρσγ5γνD
ω
ρψσ (68)
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5 Poincaré SUGRAs and Compensating Multiplets
There are three ways of SUGRA formulation, called

1) (old) minimal, 2) new minimal and 3) non-minimal SUGRAs.

They are different only in the non-dynamical auxiliary fields used and so in

their tensor calculi.

All those Poincaré invariant SUGRAs can be unifiedly understood from

the superconformal SUGRA approach. The former formulations result after

fixing the extraneous gauge freedom D, (A, ) S,Km from the latter. Those

gauge fixing is done by using compensating multiplet, without which the

SUGRA action cannot be written in a superconformal invariant way. The

different choices of the compensating multiplet lead to different SUGRAs:

(old) minimal : chiral compensator Σ0

new minimal : real linear compensator L0

non-minimal : complex linear compensator L0

(69)
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5.1 Old Minimal SUGRA

We first explain the (old) minimal formulation of Poincaré supergravity, in

the simplest pure SUGRA system. We take a chiral compensator with Weyl

and chiral weight w = n = 1:

Σ0 =
[
z0, χR0, h0

]
(70)

Then, Σ0Σ̄0 gives an real vector multiplet with w = 2 to which the D-term

action formula can be applied. Pure (Poincaré) supergravity Lagrangian:

Lpure SUGRA = −1
2

[
Σ0Σ̄0

]
D

(71)

Let us fix the extraneous D, A, S, Km gauges by the following conditions:

D : Rez0 =
√
3, A : Imz0 = 0,

S : χR0 = 0, Km : bµ = 0, (72)

where bµ is the D gauge field. Then, rewriting h0 = 1√
3
(S − iP ) and

Aµ = −2
3A

aux
µ ,

Σ0Σ̄0 = [ 3, 0, −2S, 2P, −2Aaux
m , 0, −1

3(S
2+P 2−Aaux 2

m )× (−2) ] (73)



54

Substituting this into Eq. (71) and applying the D-term formula (67), we

obtain

Lpure SUGRA = e
[
−1

2(R+e
−1ψ̄µε

µνρσγ5γνD
ω
ρψσ)−1

3(S
2+P 2−Aaux 2

m )
]
. (74)

S, P and Aaux
µ constitute the well-known minimal set of auxiliarly fields,

hence the name of minimal Poincaré supergravity.

Q transformation in the Poincaré SUGRA

Note that the local SUSY transformation in the resultant Poincaré SUGRA

is no longer the original Q trf in SC tensor calculus: The gauge fixing condi-

tion is not invariant under Q, but it is always possible to compensate. Recall

(δQ(ε) + δS(ζ))χR0 = /̂Dz0PLε + h0PRε + 2wz0PRζ

D̂µz0 = (∂µ − wbµ − 1
2iwAµ)z0 − 1

2ψ̄aχR0

Putting the gauge-fixing conditions z0 =
√
3, χR0 = 0 and bµ = 0 on the

RHS, and using w = 1, h0 =
1√
3
(S − iP ) and Aµ = −2

3A
aux
µ , we have

(δQ(ε) + δS(ζ))χ0 =
1√
3
(S − iγ5P + iγ5 /A

aux)ε + 2
√
3ζ
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Thus the Q transformation preserving the gauge-fixing condition is

δPQ(ε) = δQ(ε) + δS(
1
2ηε), η = −1

3(S − iγ5P + iγ5 /A
aux)ε (75)

identified with Q-transformation in old minimal Poincaré SUGRA.

5.2 New Minimal SUGRA

The compensator is a real linear multiplet L0 with Weyl weight w = 2.

Obvious candidate action for the pure SUGRA would be

Lpure SUGRA
?
= −1

2

[
L0

]
D

(76)

But this identically vanishes: just like∫
d4xd4θL0 =

∫
d4x

(∫
d2θ D̄2L0 + h.c.

)
= 0 (77)

in global SUSY case, we have also in this local case∫
d4x
[
L0

]
D
=

∫
d4x
[
ΠL0

]
F
= 0. (78)

Correct Lagrangian is given by

Lpure SUGRA = −1
2

[
L0 ln

( L0

Σ0Σ̄0

) ]
D

(79)
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where we have added an extra chiral multiplet Σ0 with weight w = 1. This

addition actually do not introduce extra degrees of freedom; indeed, we have

additional gauge symmetry under

Σ0 → eΛΣ0, Σ̄0 → eΛ̄Σ̄0, (80)

with chiral trf parameter Λ as the change vanishes:∫
d4x
[
L0(Λ + Λ̄)

]
D
=

∫
d4x
[
ΛΠL0

]
F
+ h.c. (81)

Using this gauge invariance, we can fix Σ0 = 1.

Using the component fields of L

L0 =
[
C0, Z0, 0, 0, B0m, − /̂DZ0, −□̂C0

]
(82)

the extraneous gauge D, S, Km gauges are fixed

D : C0 = 3, Additional gauge : Σ0 =
√
3/e,

S : Z0 = 0, Km : bµ = 0, (83)

Note that chiral A-gauge is not fixed since C0 is real. So new minimal

SUGRA retains the U(1) A gauge symmetry. Also, the B0m gauge field is
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constrained and so is rewritten in terms of the anti-symmetric tensor gauge

field aµν.

B0m = e−1emµε
µνρσ
(
∂νaρσ −

3

4
iψ̄νγρψσ

)
(84)

New minimal SUGRA also has this gauge symmetry.

6 Improved SC-Gauge Fixing: general YM-matter

coupled SUGRA
6.1 Fixing the extraneous gauges D,S,K

Consider the general matter coupled SUGRA system in the old minimal

formulation:

L = −1
2

[
ΣcΣ̄c Φ̃(S, S̄e

2VG)
]
D
+
[
Σ3
c g(S)

]
F
+
[
fab(S)W

a
αε

αβW b
β

]
F

(85)

Here a, b are YM group index, S denotes a set of chiral matter multiplets

{Si }. We here assume (without loss of generality) that only the compen-

sator Σc carries Weyl weight w = 1 while all matter Si’s carry w = 0. Now

we can explain another virtue of our superconformal tensor calculus. To

explain the point, we omit the YM interaction terms for a while.
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First, for the system with non-vanishing superpotential g(S), we eliminate

g(S) by redefining the compensator as g1/3(S)Σc ≡ Σ0, and rewrite the

Lagrangian into the following form using Φ ≡ Φ̃/ |g|2/3:

L = −1
2

[
Σ0Σ̄0Φ(S, S̄)

]
D
+
[
Σ3
0

]
F
, (86)

It is clear that the system depends only on the function

G ≡ 3 ln(Φ/3) = 3 ln(Φ̃/3)− ln |g|2

In this matter coupled system, the multiplet Σ0Σ̄0Φ(ϕ, ϕ̄) ≡ V in the D-

term has the following first two components:

C(V ) = |z0|2 Φ(z, z∗)
1
2Z(V ) = i |z0|2 (ΦiχiL − ΦiχRi) + iΦ (z0χL0 − z∗0χR0) ,

with notation Φ ≡ Φ(z, z∗), Φi ≡ ∂Φ(z, z∗)/∂zi, Φi ≡ ∂Φ(z, z∗)/∂z∗ i.

Recalling here that the invariant action formula took the form[
V (w=2)

]
D
= e
(
D + · · · − φ̄aγaiγ5Z + 1

3C
(
R + e−1ψ̄µε

µνρσγ5γνD
ω
ρψσ︸ ︷︷ ︸

=LSUGRA×(−2)

)
+ · · ·

)



59

we see that, to obtain the canonical form of Einstein-Hilbert as well as Rarita-

Schwinger action it would be best to take the gauge conditions realizing

C(V ) = 3, Z(V ) = 0. (87)

Therefore we take the following gauge conditions for the extraneous gauges

D, A, S, Km on the compensator Σ0 = [z0, χR0, h0] as [Kugo-Uehara1982]

D : Rez0 =
√
3Φ−1/2, A : Imz0 = 0,

S : χR0 = −z0Φ−1ΦiχRi, Km : bµ = 0. (88)

This gauge, called improved, or, KU gauge, is a very clever gauge. In

fact, Cremmer-Ferrara-Girardello-VanProeyen calculated by using the same

gauge condition as for the pure SUGRA’s case; then they have to do the

painful field-dependent field re-definitions corresponding to the Weyl rescal-

ing (D-), A- and S-gauge transformations. This laborious computation is

actually double: the same redefinition has to be done also in deriving the

SUSY trf law. All those calculation can be bypassed in this improved KU

gauge!
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6.2 Old Minimal SUGRA Action

1
2e
−1[Φ]

D
= Gij∇mzi∇mz

∗j +
{
Gijχ̄

j
L /∇χRi + h.c.

}
+ LSG

+
{
(Gikj + 1

2G
i
jGk)(χ̄

j
L /∇zkχRi)− Gij(ψ̄mL /∇ziγmχjL) + h.c.

}
−
{
Gijkl +

1
2G

i
kG

j
l − G

ij
m(G−1)mn Gnkl

}
(χ̄RiχRj)(χ̄

k
Lχ

l
L)

− 1
2G

i
j(χ̄

j
LγmχRi)(ψ̄nRγmψnL)

+ 1
8ε
mnkℓ(ψ̄mγnψk)

{
(Gi∇ℓzi − Gi∇ℓz

∗i) + 2Gij(χ̄
j
LγℓχRi)

}
+ ig̃

{
2GijT aki zk(χ̄

j
Lλ

a
L) +

1
2G

iT aji zj(ψ̄L · γλaR)− h.c.
}

+ e−1L[Φ]
aux. (89)

where ∇µ is covariant only under YM and LL gauge trf, i.e.,

∇µzi = ∂µzi − ig̃Ba
µT

aj
i zj,

∇µχRi = (∂µ +
1
2ω

mn
µ (e, ψ)σmn)χRi − ig̃Ba

µT
aj
i χRj, (90)

and notations are used

Gi ≡ ∂G(z, z∗)
∂zi

, Gij ≡
∂2G(z, z∗)
∂zi∂z∗j

, etc (91)
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and

LSG = −1
2

(
R + e−1ψ̄µε

µνρσγ5γνD
ω
ρψσ
)
,

e−1L[Φ]
aux. = −g̃GiT

aj
i zjD

a − Gijh̃ih̃∗j

− 3
∣∣∣h̃0z−10 − 1

3

(
Gij − 1

3GiGj
)
(χ̄iLχ

j
L)
∣∣∣2

+ 3
4

[
Am + 1

3i
(
Gi∇mzi − Gi∇mz

∗i + Gijχ̄iLγmχRi

)]2
,

h̃i ≡ hi − (G−1)jiG
kl
j χ̄RkχRl (92)

Next, the superpotential term:

e−1
[
Σ3
0

]
F
=
{
3z20h̃0 − z30Gihi − 6χ̄R0χR0z0 + 3ψ̄L · γχR0z

2
0 + ψ̄mLσ

mnψnLz
3
0 + h.c.

}
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Finally the YM kinetic term:

−1
4e
−1[fW 2

]
F

= Refab
(
−1

4F
a
µνF

b
µν − 1

2λ̄
a /∇λb

)
+ 1

4Imfab
(
iF a

µνF̃
b
µν − e−1∇µ(eλ̄

aiγ5γ
µλb)

)
+

{
1
4Refab(ψ̄mσ

µνγmλa)(F b
µν +

1
2ψ̄µγνλ

b)

− 1
2f

i
ab(χ̄Riσ

µνλaR)(F
b
µν +

1
2ψ̄µRγνλ

b
L) +

1
8fab(ψ̄L · γχRi)λ̄

a
Rλ

b
R

+
(
1
4f

ij
ab −

1
16f

i
ac(Ref )

−1
cd f

j
db

)
(χ̄RiχRj)(λ̄

a
Rλ

b
R)

− 1
16f

i
ac(Ref )

−1
cd f

j
db(χ̄RiσmnχRj)(λ̄

a
Rσmnλ

b
R)

+ 1
16f

i
ac(Ref )

−1
cd f

∗
db j(χ̄LjγmχRi)(λ̄

a
Rγmλ

b
L) + h.c.

}
+ e−1L[fW 2]

aux. (93)

where

e−1L[fW 2]
aux. = 1

2RefabD̃
aD̃b − 3

4iRefabAmλ̄
a
Rγmλ

b
L

− 1
4

{
hif

i
ab(λ̄

a
Rλ

b
R) + h.c.

}
D̃a ≡ Da + 1

2(Ref )
−1
ab

(
if ibcχ̄Riλ

c
R + h.c.

)
. (94)
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If we eliminate the auxiliary fields by plugging the solution of e.o.m.,

z−10 h̃0 =
1
3

(
Gij − 1

3GiGj
)
χ̄iLχ

j
L + eG/2

hi = (G−1)ji
[
Gklj χ̄RkχRl − 1

4f
∗
abjλ̄

a
Lλ

b
L − e−G/2Gj

]
Am = − i

3

[
Gi∇mzi − Gi∇mz

∗i + Gijχ̄
j
LγmχRi − 3

2Refabλ̄
a
Rγmλ

b
L

]
Da = 1

2(Ref )
−1
ab

[
g̃GiT b ji zj − if

i
bcχ̄Riλ

c
R + h.c.

]
(95)
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the auxiliary terms yields

e−1
{
L[Φ]
aux. +

[
Σ3
0

]
F
+ L[fW 2]

aux.

}
⇒ e−G

[
3 + Gi(G−1)ijGj

]
− 1

2g̃
2(Ref )−1ab (G

iT a ji zj)(GkT b lk zl)

+ e−G/2
{
ψ̄mLσ

mnψnL − Giψ̄L · γχRi +
1
4G

i(G−1) ji f
∗
ab jλ̄

a
Lλ

b
L

+
(
Gij − GiGj − Gk(G−1) lkG

ij
l

)
χ̄RiχRj + h.c.

}
+
{
i
2g̃G

iT a ji zj(Ref )
−1
a bf

k
bcχ̄Rkλ

c
R

− 1
4

(
Gi∇mzi +

1
2G

i
jχ̄

j
LγmχRi

)
Refabλ̄

a
Rγmλ

b
L

+ 1
32f

i
ab(G−1)

j
i f
∗
cd j(λ̄

a
Rλ

b
R)(λ̄

c
Lλ

d
L) +

3
32

(
Refabλ̄

a
Rγmλ

b
L

)2
− 1

4G
ij
k (G

−1)kl f
l
ab(χ̄RiχRj)(λ̄

a
Rλ

b
R) + h.c.

}
(96)

6.3 remarks

The minimal system posseing the canonical kinetic terms should have

G ji = −δji , fab = δab

⇒ G = −ziz∗i − ln |g(z)|2 (97)
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Recall

G = 3 ln
Φ̃(z, z∗)

3
− ln |g(z)|2 (98)

So, the minimal sysytem has the function Φ̃

3 ln(Φ̃(z,z
∗)

3 ) = −
∑
i

ziz
∗i ≡ −K(z, z∗) (99)

If we call this Kähler potential, then the D-term action looks like

L = −1
2

[
ΣcΣ̄c 3e

−K(S,S̄e2VG)/3
]
D
+
[
Σ3
c g(S)

]
F
+
[
W a

αε
αβW a

β

]
F

(100)

That is, Kähler potential appears in the exponent in the old minimal SUGRA.

Now the scalar potential of the system is given by

V = e−G
(
−Gi(G−1)ijGj − 3

)
(101)

For the above minimal system,

e−G = e
∑
i ziz

∗i |g(z)|2, Gi = −zi −
g∗i
g∗
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Substituting this we obtain

V = e
∑
i |zi|2

(∣∣gi + z∗ig
∣∣2 − 3 |g|2

)
= e

∑
i
ziz
∗i

M2

(∣∣∣∣gi(z) + z∗i

M 2
g(z)

∣∣∣∣2 − 3

M 2
|g(z)|2

)
(102)

In the last line we recovered the Planck mass M (Note dim g(z) =3). Note

that negative contribution comes from the compensator auxiliary field h0.

7 Relation between different compensator SUGRAs
See S. Ferrara, L. Girardello, T. Kugo and A. Van Proeyen, “Relation Be-

tween Different Auxiliary Field Formulations ofN = 1 Supergravity Coupled

to Matter,” Nucl. Phys. B 223 (1983), 191-217

General system in new minimal SUGRA:

Lnew minimal =

[
L

{
ln

(
f (L, Si, S̄

iemigRVRe2g̃V )

S0S̄0

)
+ gRVR

}]
D
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8 Covariant spinor derivative and vector deriva-

tives in Poincaré SUGRA: u-associated deriva-

tives
See the Section 4 of Ref.[2].

9 Gravity Multiplets
There are Superconformal multiplets called

scalar curvature multiplet R (chiral) :

R(1,1) = Σ−10 ΠΣ̄0

Ricci tensor multiplet Ea (general) :

E(1,0)
a = [(Aa)]

P =

[(
Aa − ψ̄aiγ5λS +

3

4
λ̄Siγ5γaλS

)]
Weyl tensor multiplet W

(3/2,3/2)
αβγ (chiral) :

Wαβγ =
[(

(σab)αβRab(Q)γ
)]

(103)

containing scalar curvature R, Ricci tensor Rµν and Weyl tensor Cµνρσ,

respevtively, (in the F -component, vector Bma component, and χδαβγ com-
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ponent).

See P. K. Townsend and P. van Nieuwenhuizen, “Anomalies, Topological

Invariants and the Gauss-Bonnet Theorem in Supergravity,” Phys. Rev. D

19 (1979), 3592.

10 SUGRA version of f (R) gravity
See S. Cecotti, “HIGHER DERIVATIVE SUPERGRAVITY IS EQUIVA-

LENT TO STANDARD SUPERGRAVITY COUPLED TO MATTER. 1.,”

Phys. Lett. B 190 (1987), 86-92.

11 Relation to superspace approach
Superspace formulation of Superconformal SUGRA was first given rather

recently by Butter in Ref.[7]. The relation between the Superconformal

tensor calculus approach and superspace approach was clarified in detail in

Refs.[5] and [6].
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my homepage URL: http://www2.yukawa.kyoto-u.ac.jp/˜taichiro.kugo/
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