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2 SuperConformal Group SU(2,2|1) and Its Yang-

Mills Theory
2.1 Conformal Group
massless BlER Cl&, TRILF—H#HENET > VIV O, IR, traceless T
ENd
0"0,, =0, O, =0,, ©§=0. (1)

ZDOWBNOIRDEZ L DIREALV Vb - REEDFEILEILNS
O,: — P,= / A’z
Muy,=2,0,,—1,0,,: — M, = /d%MWO
D,=2"0,,: — D= / d*xDy
K. = 22,2"0,, — :UQQW = K, = /CZSZCICMQ.

D DEWD = ixld, DHRIXA T — VA

D: a2t —at=elak (2)
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K, = i(2x,2r0, — x°0,) BHOHRIPIX, KERZEME /o2 1281 5l

It [ 2 I v

Ko almat= 1+562b-+;fb2x2 = mogtV O
oA FRE P, = 0, M, = i(z,0, — x,0,) &Z2HWNWT,
RO IR w3 Z L BN ONS:
M, Moyl = —i(n,Myo — 1pMus — Mo My + 1o M),
:Ppa Mw] = i(anPV - npuPM),
:Kpa MMV] - i(”puKu - npuKu),
:Dv M/ﬂ/] — [P/w Pv] - [K/w Kz/] = 0,
P, D|=iP, |K,, D|=—K,,
P, K] = 2i(nuD — My,). (4)




Lorentz group <—  Conformal group

SO(D —1,1) SO(D, 2)
17 41
0-3 4 5
0-3( nuw
Ny nun = 4 —1
5 +1

(Myn, Mps| = —tmyrMys — anveMars — nusMyr + nvsMarr)
MMZ%(P/L_KM)v Mu5:%(PM+Ku>a Msy =D
!
[iD, PM] = +1PM7 [iD, (MW, D)] = (), [iD, KM] = _1KM
Conformal (Weyl) weight: THEH$T L5005\,
w=+1: P,
w=0 : M,, D
w=—1: Ku



Conformal Algebra SO(D, 2) & la Weyl weights:
w=+2 : Py, P =0
w=+1 : [Pp, MW] — i(anPV — anPM>, [P/u D] = +iP,
: [M/wv MpO] — _i<77ﬂvaa — anMua - WOMvp + UuaMup) (5>
[Puv KV] - 27:<77,LWD - Muu>7 [M/w’ D] =0
w=-1: [K,, M,|=1n,,K,—n,K,), K, D] =—iK,
[Km K,)=0.

w =70

w=—2:

DD = 4.
SO(3,1)~~ SL(2;C) Weyl(chiral) spinor M 2 x 2 Special Linear 432174

SO(6) ~ SUM4) = SO(4,2) ~ SU(2,2)
SO(4,2)#% chiral spinor(4/%4) LD 4 x4 yg-unitary 13751 SU(2,2): Iy

invariant.

M, = %OW = Z&(%ﬁv - ”Vu%t)(: %V/W)a
Pu — fy,uPRa (PR — %(1 + 75»
Ku — /YMPLa (PL — %(1 - /75)>



2.2 SuperConformal (SC) Group SU(2,2|1)

< 4-spi fermi
metric o= | : acting on WV = 4 Spl‘DO\I’ (fermi)
1 © | < bose (1%57)

invariant qj];Oé\IJQ = @Dhowg + go]igaz
24 generators (supertraceless, a-hermitian)

1
Myn = 5 (OMN O) < 15 generators of SU(2,2)
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Using

Sa, Al =350, [Sa, 97 = (6MV) My n — 46,°A
and defining

2ig = <Q&> : 2 = (Sa Qd) — (ZB>T<70>B&7 (de - 172)

Ga
we find the SC algebra for the charges:

w=+1 = P, oomn =20

w=1/2 : Qa ---nz?%(?ﬁ)

w =10 : My, D ---n=0

w=-1/2 : S ceem = %

w=-1 : K, T
D, X4 =wXy

S, K ¥ Weyl weight % F1J 5 L.
chiral weight n
[iA, XA] — i%nXA
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Superconformal SU(2,2|1) algebra:

w=+2 P, P]=0

w=+3/2 P, Q=0

w=+1 : {Q, Q} =29"P,, [Py, Al=0, |P), My =1i(m,P, —nub,),

w=+1/2 : Q, M,uy] = %UW/Q Q, Al = % 5Q, |5, PM] - VMQa

w=0 o My A =0, (M, Myg) = =il M =)
{Q,S} = —2iD + 0" M,, — 4y A, P, K,| = 2i(n,D — M,,),

w=-1/2 : 1S, M) = 50,5, S, Al = =378, [Q, K,] =,.5,

w= —1 : {S, S} — Q’VMKM, [KM, A] — O, [pr Muy] — i(npuKu o npuKu)a

w=—-3/2 : K, S]=0

w=-2 K, K,)=0.

using 4-component () and S supercharges:

Qa = <gz> , QY = (QM)" = (QO‘ Qa> , Sq = (gﬁ) , S = (STy)"

PABE v, -0 — . NERZE[E] flat index IZ
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2.3 Yang-Mills Theory of SU(2,2|1)

Anti-hermitian Generators of SU(2, 2|1): active operators, not repr. matrix

XA — Z._l(Pma Q: an; D7 Aa S: Km)

(Pm, Q, My, D, A, S, K)
w+1 +1/2 0 0 0 -1/2 -1

and write the algebra

(X, Xp} = fa“Xe.

Define trf parameters €4 and gauge fields hﬁ:
Xy =E"P,, +EQ + N M, + pD + 0A + (S + LK,
hiXa=e"Py+1,Q+iw, " My, +b,D+ A,A+¢,S+ [ K,
Transformation of the field ® by the active operator:
5(e)d =e'Xa0 (=) M(XaD))
A

Covariant derivative

D,® = (8, — hyX2)® = (8, — 6(hy.))®
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is defined by demanding the property
0()(D,®) = e D, (Xa®) = D,,(5(£)®P)(£ receiving no differenciation)
from which follows 77— V52 #iH]

5(5)]1/{? 0, + 5thf 4= (D,e)* (7)

") Writing hﬁXA = hy, Xy =e,

0(e)(D,®) = 0,(5()®) — (6(2)hy)® — 0(e)(hy, D)
= 0,(eP) — (eh,)® — 5th<I>
e4D, (X a®) = D, (£0) = 0,(6D) — h,ed
— (eh,)® = (9,&)® + h,ed — eh,®
— 0(e)h, = O, + [hy, €]
ie.d(e)h;, = 0, + R fop™ (8)

where O means that O is neither transformed by 0y, nor X 4.
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Curvature tensor (Field strength) Ry}, is defined by

Dy, D)@ = R, X4® on VO
= By, = 0okl — 04 — )by fop™ = Ouhil — Dyhi)
or R, =0dh,—0,h,— |h,, N
[D,, D,]J® =9,D,® — 6(h,)D,® — (11 <+ v)

= 0,0,® — 0,(h,®) — D, (h,®) — (1 < V)
= 0,0,® — (0,h,))® — 0,(h,®) — 0, (h,®) + h,h,® — (11 < V)
= —(0,h,)® + hyh,® — (1 <> V)
= (Ovhy — 0,y @ + |hyy, | D (9)

Curvature Z #u 01|

5<5)RW — [R/Wv 5]
5<€>R;1V — gBRSVfCBA
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Curvatures:

R, (P)=20,", — 2w, e, + 2b,e" T 22¢V*ymwﬂ

v o
e.g.,L foolm=—2iym

R,,"" (M) =20,w,"" — 2w, w," +4(fhe", — fle") + 4dith,a™ g,

RW(D) 20,0, + 41" enu + 4ip,,

R(A) =20,A, — 8ith, 50,

R, (K)=20,f"—2w,"" fuu — 2b,f", + 210,70,

Ro(Q) = 2wau by — 2iAD,As + 200, e,

Ry(S) = 2D 0, — bypu + 51 A00,75 + 200,y [,

DCVUZZ,U = 5’%2“ - iwumnﬁzugmm
Df% = @% + i%mn(fmn%,
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(and the same for ¢,,,) where antisymmetrization w.r.t. p <+ v implied like

R,UV(A> — (QayAu - 8i&u75@,u)anti—symm
— aVA,u — a,uAV — 47’(¢V7590u - ¢M7590V)



saugelm 2RI ( SU(2,2|1) group law & -3 )

= 0,™ + \"ey, — w,""&n — pe’, + 0,8 — 2iey™ Yy,

dw,™ = DA™ + 22w " — 2(ERe", — Ee™) + 2(fTEm — f1.EM)
—2i€0""p,, — 2i1p,0""C,

0by = Oup — 26 ey + 21" &n — 280, + 20,¢

0A, = 0,0 + 4igysp,, — 472@%75@

0f™ = 0l + A" frp — w,""Exn 4 Iy — bult — 21" oy,

0thy = D3E 4+ IN""u0mn — 500 + 5buE + 200,75 — 31 A5
—iCyme", + 10 mE™),

(&DM — 5 — —)\m”amnwu 2,017&# lbus -+ 29751&# — zA 1Y5€E
+ie" Y — 1" vm%)

0@y = D¢+ TN 00 mn + 5000 — 30,C — 2109,75 + 21A,C5
_iEmeTL -+ Zﬁ;u”%%&%»

(6 = D¢ — N 0pnop + 5090 — 50 — 300,75 + 314,75
+if T YmE — IR m W)

18
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For inverse vierbein,

de ' = —e e V(de")

= —enuamgn — ellu)\lm + wmiulgl + pemu o bmgﬂ + QZéfyluwm

Curvature @ group 2241 5Rﬁy 1%, LD gaugef DA HEH] 5h;j1 T. 0"
2T, &TDh) % R}, ITESHMANTRW,

3 Local SC Algebra and Weyl Multiplet
ETHEZXSCREDOYM T — V8GRI, JEar X7 MNIZHEHDE, &
R —VGEr 00T, WEZIEF VR VR, 2, P, X, HER
7R D Al E T AHRT, WRRZEIZ B A & MR, 2 OB = YELY
IZERDO D BHEmIZL, P, BREIZBIT 2 WD ERE -5
728, RE % deform § 5.
ZNhoRsHrZ L

0q(e1), dglea)] =0p(£™) & = —2ie1y"ey |
— 0p(€") = dac(€") — > Su(&'hy)

AIAP
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w . generator X4 gauge field hﬁ

w=+1 P, €,
w=1/2 Q Y,
w =20 . M, D A w," b, A,
w=—1/2: S O
w=—1 K,, I

e, Yy, - D ETHILT % & D HICEF.
R

—  curvatures R, (P) R, (Q) R, (M) (Z constraint

Loy
Wy Pu [ 73 dependent gauge %

w(e, P, b) — QZEMD, w, @, fIZX L group law 1 H 31 5.
RE [P, Q, [P, B, 721, SU(2,2|1) algebraBn> o $ 15,

fr o, fr.p,A D34 0TEN, field dependent structure functions %
G525,



3.1 Deformation of SU(2,2|1) algebra

GC transformation:
dcc(ENhy = 0,8 hy + £ 0\h
= Dy(6Mhy) + N Orh} — Dyhy)
= [Du(&- W + € Ry,
_5(5 h>hA+€ Ru)\ )
The last equality is because
D,k = 0,k + hEhS fop”
0(e)hy = (De)* = 0,e™ + R foi
O(&-h)hyy = 0,(§-h") + (€ h>Bhfo
Note that

5(E-h) =Ry Xa=0p(€™) + > du(&-hY)
Al(£P)

& f e’
e

21
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Therefore, we have a key relation:
Sp(E™M R = bac(€hy = dp(&hP)ht Ry,

N\ 7

Y op(E™) N

Now, we deform the SU(2,2|1) algebra so as to make a replacement

op(§™) — 0p(E") = dgo(€ 253/ & (10)

First we note that, among the commutators |04, dp/| for A’ B" # P, the
only one yielding ép in the RHS is [0¢g(e2), dg(e1)] = dp(—2ig1y™er). So
we require first that

00(e2), 0gler)] = 0p(€™), with " = —2ig1y"e

(1D

holds on any independent gauge fields, and find constraints necessary for
that.
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3.2 On e”L

On e”,, we originally have
0g(e2), dg(e1)]e”, = dp(E™)e",,
my,m A m
- 6f)<€ )6 ,u_‘g R,u)\ <P>
So it is necessary and sufficient to impose the constraint:

0=R,"(P) =20," — 2w, ey, + 2b,e", + 2ip,y" Y, (12)

jn%

This can be solved by the M gauge field w,™" and yields

w, " =w,""(e,,b), (13)

so that w,™" is no longer an independent gauge field. However, since the

constraint R J"(P) = 0 is invariant under My, D, A, S, K, w,™" still
keeps the same transformation law as the original group transformation un-
der M,,,, D, A, S, K,, transformations. On the other hand, the constraint

R J"(P) = 0is not invariant under @) transformation, the @) transformation
of w,/™

. becomes different from the original group transtormation law:

0g(e)w,™ (e, 1, b) = 5goup(6)wﬂm” + 0p(e)w,™. (14)
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The difference can be easily found by noting that the constraint R J"(P) =

mn

. there is replaced by

0 is of course an identity and @Q-invariant if w
w,""(€e,1,b), so that we have

0=05""(e)R,"(P)+dge)w,”, — dple)w,”

jn% BV VoK
= —21e7"R,,,(Q) + 5&2<5)Wumu - %(5)%7”#'

(Note that we are anticipating that e"s Yy, by will remain to be independent
gauge fields and receive no changes in the Q-transformation laws.) Solving
this (in a similar way to solve Christoftel symbol in terms of g, ), we find

522(5>wumn = 1&(Vu Rinin(Q) +Ym Ryn(Q) = ¥ By (Q)) = 1€R i (Q)- (15)

3.3 On vy,
Noting
0Q(e) Wy = (Op + 3w, O + b, — SisA,)e (16)
and that w ™" now receives an extra @) transformation dg(¢) in addition to
the original group transformation 65" (¢), we find that the [dg, dg] com-



mutator on 1, now reads
[0 (2), dglen)]t = (65" (e2), 05" (e)]thy + 1 (0p(e2)wy o1 — (1 < 2))
=05V, — "Ry (Q) + 4(5Q(52>Wu'051 — (1< 2))

So we see that the condition

i8R (Q)) a1 = (1.0 2)) = =2i(E7"02) (@) (17)

should hold. From this, after some calculation like Fierzing, we find a con-
straint

VR (Q) = 0. (18)
is necessary and sufficient condition for the |d¢g, dg] algebra Eq. (11) hold

on ¢, With this new constraint, the extra ) transtormation for w,™" can

be simplified into

00 (E)wpmn = 2087, Rn(Q) (= —2i R (Q),8). (19)




26
The constraint (18), 7R, (Q) = 0, is solved by the S-gauge field ¢,

0 =7"Ru(Q) = y"[(0y + qwp-0 + 3by = 3ivA0)1hy = (1 > 2)] = iv" (yupr = 1)
= Pu= ¢M<€7wvbv A)

So ¢, now become dependent gauge field. Since the constraint ¥R, (Q)) =

0is M,,,, D, A, S, K, invariant but not invariant under ), the Q-transformation

of ¢, is modified: After much computation, we find the extra @) transfor-

mation dq(€)w,, to be given by

7; m COV. COV. D
SolE)pn = 51" (= em R (M) + L5 (M) 4+ LRy (A))

+17" 56 5 Rum(A)] (20)
where

R ™ (M) = Ry, ™ (M) + 20 (§,7B™(Q) — R (@)
REg (M) = R (M )e,
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3.4 On A, and b,
Noting

0o(e)A, = 4igvysp,
0g(e)b, = —2&p,,
and that ¢, now receives an extra @ transformation d¢)(€) in addition to the

original group transformation 65" (¢), we find that the [dg, dq] commutator

on Au now reads

0q(ea), dg(e1)] A, = [05°"(e2), 05" (e1)] Ay + 4i(E175(0g (e2)) — (1 4> 2))
- 5ﬁ(€)Au - meum<A) + 4i(<_%>(5_175i7m’7552> %Rum(A> — (1 2)
— 5]3(5)14# — meum<A> + 4i(_%>£m%Rum<A> — 5]3<€>Au
This is automatic, so leading no new constraint!
On b, on the other hand, the condition

0¢(€2), dg(e1)]by = dp(E)by, (21)

requires a new constraint

— e R (M) + SR (M) + { Ry A) = —Ryn(D). (22)

2+ tum
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This constraint can be shown to be rewritten into

RO (M) + 1R, (A) = 0. (23)

This is the necessary and sufficient condition for the [d¢g, d¢g| algebra Eq. (11)
to hold on b,. Using this constraint, the extra () transformation Eq. (20) of
¢, 1s simplified into

i~ .
5/Q(5>90,u — _17 (Rum(A) + 275Rum<14>)5°

The constraint Eq. (23) can be solved by the K, gauge field f"}, which
now becomes a dependent field:

fl=1"(e, ¥, b, A). (24)
Since the constraint Eq. (23) is not Q-invariant and so f" also receives an
extra (J-transformation, which can be found in a similar way as above:

(

S(e) fm = —55( o™ R (S) + ™ RO(S)). (25)
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3.5 Resultant Local SC algebra and Weyl multiplet: sum-
mary
Now that the M,,, S and K, gauge fields w,"", ¢, and "} have become
dependent fields, there no longer remain other independent gauge fields.
Thus the desired [dg, dg| algebra (11)

0q(e2), 0gler)] = 0p(€™), with " = —2ig1y"e (26)

already holds on all the independent gauge fields e, 1, A, and b,.
Now the resultant Local SuperConformal Algebra is as follows:

w . generator X 4 gauge field hﬁ
w=+4+1 P, eff
w=1/2 Q Y,
w =0 . M,, D A w" by Ay
w=-—1/2 S O
w=-1 K, I

wy"s pu, 1, become dependent gauge field by the constraints, respectively:
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Ry"(P)=0 — wi™ =w(e) +i(2tp,7"y" +?Em%¢”) 2e b,
with w,"(e) = —2e” m(? e nl 4 eplmenlo eucﬁ €oes
VR(Q) =0 — ¢l =—y"R (Q)+ 12mmll%”’”"b(62>,
ROV(M)+1iR,(A) =0 — f," =1R ™M) - 8RM (A) — Le,"R'(M).

so that their trf laws are modified from the SU(2,2|1) group law: dg(e) =
0 " (€) + dp(e) with
P~ |
5@(5)@@ = —Zv (Rum(A) + 275Rum(A))5
6&2( E)Wpmn = QiéfyMRmn(Q)
( )fm _ __€< mz/Rcov (S) 4+ emyézoyv.(sn

The P,, transformation is replaced by P, trf
Sp(€™) = dac(€™el) — Y 6al€"hi)) (27)

ALP
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which defines SC covariant derivative D,,(= D, ):
p(EM)p = ™0 — Y Salhiy))d = E" Do, (28)

A4P

The local SC algebra still takes the same form as the SU(2,2|1) one

[6a(”

Z 5c(ePe fap”)

except for [dp, dg| and [dp, dp|, for which

[6p(E™), 0o (e” > GplEm,e)hl) (29)
B'=M,S K

Sp(E), =) Sal&lG R M
A all

§m5b(5Q)hﬁl = gl¢m fmeB’ gives a NEW field-dependent structure function
RV A = fp p 4 defines a NEW field-dependent structure function
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3.6 Covariant derivative and curvatures

IROR->THBIZ, A={P,, A}
X4, X} = fas" Xe (30)

(2D f415C 3B DREEREE). For any field ¢ carrying only flat indices,
Define

D¢ = 0,6 — hi} X a9
Vb = 0udp — i X 46 = Dyop — € P
As usual covariance requirement V, for V.
X 4(Vup) = V(X 49)
determines the transformation law of gauge fields as
5 X5 hﬁ = 5(5)]121 = 0, + eohffB@A, (31)

and the commutator of V, defines the curvature tensors RWA in the form

V.. VJ)=R,'X; — R,'=20,h—hShl et (32)
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These are quite normal up to here. Now SUCGRA DRfk75: 25K, for V¢
carrying flat indices alone

Vip=0 = RM/_‘:O
Curvature in SUGRA, f{ab‘zl, 1s defined via the flat 15@ by

AN

[ﬁa, ﬁb] — RabAXA =R ab- (33)
D+ﬁ‘n ) \—
'V, =Dy — Pup=0 — |P,=D, on V¢

— RabA — [ﬁaa ﬁb]A — [Paa Pb]A — fabA

& oT Ry =elellfu =20,k — hSRY e, (34)
ZZT LA, [Py, Py REBTD f0 Jﬁﬁﬂﬂanﬂef, ZDEEI
R, =20,k — hShY fpe =0 (35)

L0, fabA HR T2 = BT NIXE S
Curved index HHf 27 — /i@hf} XL TH,

Sac(€)hit = (€h,)P X ght — & R,

=0



726, B={P,, B} TP, & BTN
EPyhyy = Sp(E)hy) = [Sac(€” = €l€") — <fahB>XB} by (36)

, Tibb, P, AMIX, RIIEHELZPEHMESZ 3.
ﬁaqb DL Z ¢ (Conformal d’ Alembertlan (19 = qu = ﬁaﬁa(b D&t
IZE) Vo D kT,

[XAaﬁ ] [XAa ] anBXB
s, P, aEERWEHG(e) =XKL,
3e) Do = Do (X 40) + e 4.5 X 50. (37)

EAXA

a1, BIRIE. 0(e)h? D el HliRsy & R FHEAMN 2.
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Kugo-Uehara

Ours

Lm = <CC]€, ZC4>

(z", it) — write 2 or —x,,

Om = (Ok, O4) (O, —10;) — write 9, or —0"
Omns  OmOm =0 —Nyw, —0,0" = -0
Y = (Y5, Ya) (—i7", 4%) = write — iy or i,
YmOm = @ —Z‘Vﬂaﬂ = —i)
YmBm = B iy (=V) =+
Uy o
5 5
omn = (1/4)[ym, (1/4)[=in", —in"] = (i/2)"™
C, Z, H, K, B,,, A\, D C, x, N, =M, =V, \, D
A, Pax, F oy V2, F
o VR TR
i, (1) v (1)
P,, A, D, Q P,Ji, Ali, D/i, (1/2)Q/i
My, Ky S M, /i, —K,/i, —(1/2)S/i (negative signs!)

5mm’s

DE XM Z % T B space B DIL— )L Tl
—i€upon —IEMPT (EDBOEH —i )

super 2 # parameter e

200
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4 Matter Multiplets and Invariant Action Formulas

4.1 Complex general multiplets
General complex multiplet in global SUSY:

V(x,0) =C+ 072 — 20(H — iv:K — 457" B,,)0

—i(00)35[A — 1979, 2] + 1(00)(06)[D — YOIC]

1
2
This can be generalized into local SC general multiplet

Va=|Ca, Zaa, Ha, Ka, Boa, Naa, Da]=|[Ca) (38)

w  w+l/2 w+l w+l w+l w+3/2 w2

with arbitrary external Lorentz spinor indices A = (au, ..., tun; Bi, .., Bn).
Lowest Weyl weight component C4 @ —f&H) 72 2 #1 % € -
00(€)Ca = 3Ei7524
5M(Aab>c = 3A"(Za)4"Cs = A" (SaiC) 4
op(p)Ca=wpCa  (+ ABRIPC, =e""Cy)
0A(0)Ca=1in0Cy  (+ ARIEC, = e3"C,)
05(C)Ca = 0k (€ )Ca =0
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Lowest component C4 ® Weyl weight & chiral weight (w, n) T, multiplet
V4 @D Weyl weight, chiral weight & FEE. S- K- Z #1113 Weyl weightw %
NIFBHEFELDT, Cyldmultiplet DFTw D —FE WK D52 & WD
EFIZKD, CaDS- K, EHAZENEINTS.

Higher components @ ZE#HIIE, (735 DAL LR D EZE D A ENE
ZFR\WT) SC algebrad» o —EWIZIRE 5.
D w—w+1/2 D Z,a:

00Ca ~ Z4 defines Z4. (39)
1) QUND X' = (M,,,, D, A, S, K,,) IR L Cy DEHH] D

o unique.

Ox1Za4 ~ Ox100Ca ~ [0xr, 60]Ca + 0(6x:Ca) (40)
1) Q2848 60241, [Q, Q] = P, ie.,
0g(e1), Sg(e2)] = €Du £ = 157" (41)

M—DRTDR D CA D ETR UMD OPD S,
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it
00(8) 24 = 2 (Sa+ 15Pa + Viuuy" + Apain™ s + Trnac™) e (42)
ZEWT[Q, QICa =P Ly EKkT DL,

AmA — 2A)mCA; TmnA =0 (43>
AEIZER DG SA, PaVaald, IROw+ 1D
(S, Py Vi) “HE (i Ha, Boun) (44)

ZDFHE Mt T, SBED QAW TAEIZIK S %D higher compo-
nents %% €% U,

w+1/2: 5QCA g Z4

oot HA) ICA) BmA
w+3/2: 0QH 4 g Ay

w+ 2 5QAA d:ef> D 4

SoDAZEHLDEE T, DAy 72V TEF TAREEDTE S 9, Dy hVhighest
DG THDH I hbrs.

w—+1: 5QZA



40

AN ZIRD AT o N 5.

0g(e)Ca = %éi%ZA
()24 = (1)L (i75Ha — Ka — B+ PCains)e
do(e)Ha = L6ins(PZa+ Aa)
do(e)Ka = —La(DZa+ Ay)
0g(e)Bua = —26(DunZa+ Ymha) — TR(Q)ivsyme(X7C)
0o(e)\4 = (—1>A%(0abﬁabA+i75DA)5
+H{ Ve (Rap(@)1m(Z 2) 4) + Y57me (Ran( Q)15 7m(E2) 4) }
0g(e)Dy = %5i751b/\A — 28(Rup(A) + 5 Ru(A)) (27 2) 4
+H(=1)M{ins (2 B)a — (S"PC)a} Ra(Q)

where f)a is the conformal covariant derivative and ]:ab A 1s a field-strength-
like quantity given by
Fupa = Qﬁ[aBbA + lieabcd[bc DYCy
= 2D, Bya + L R (M)(L00C) 4
+3Rb(Q) 24 + 2wCa R (A) — InCaRu(A).
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Other SC transformation: with d 45 = d5(¢) + 05 (E%) + d4(6),

045KCa

OASKZA =

t
-
|

0AsKHA

0Ask A =

045Kk Bima

0asxNa

04skDa

LinfC 4,

1N — 1275) Z A0 + z(n =+ ’LU%KCA -+ i%%bC(ZQbC)Aa
nH A + %/CA) 0+ %Cj ((w —2)iys +1in) Z4 + %C_i'VSUab(ZabZ)Av
inKa —3Ha) 0+ 3¢ (w — 2) + ny5) 24 + 5Cou(S2) 4,
1B + 5C ((w+ 1) + nys) ymZa + %C_Uame@abZ)A

+2inE mCa + /Lgmnab(zabC’)A‘SK?

(— 1)A+11 (iysHa + Ka+ Ba — ZDCAZ%) (w + n7y5)¢

—I—(—l)A% (Zab(w57-[ + K+ B — ZDCZ%))AUabC

+ (%m + %i%) ON 4 + {—(w + nY5)YmZa + Uan(ZabZ)A}ﬁqf?a
%m@m

+i(wys +n) (Aa+ 3P Za) + (insow (SN +3PZ2)),
—{2wD;Ca + 2inBya + 2(SynD"C) 4 — i€ mnan(SB") 4 }ER,

Mlb—\ [\DlH DN | —

TERD) Aald, Tex oM DEHEHioTRER LD, 60KATH 5B
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o THERTEZ. LEB->T, LOFETIX

{Q, X'} algebra on K4, B4, Da

{Q, Q} algebra on Dy

{ X1, X3} algebra on all component fields
LR, Lo TINo2e2TF vy UKERLZRITNIER S 7
W, All are confirmed.

Superconformal multiplets DIEE D set Z Vo< 52O Thp &L, £
DR d = {d1, 09, , 0, DEAELCA(0) ZHMI DK & T 5 SC

multiplet (general multiplet)
Va(@) = [Ca(9)) (45)

PIEAES B 10 2

3, EEDBSYE ;D ET, SCalgebra [X4, Xp} = fap®Xc DYk
0315, % f(6), 9(0) D LTHD ok, BIG)-g(6) PHL(6) + 9(0)
DETEWY DI EHVRELDTERDEED LTHOILDZ LA
M5B, UhoT, Ca(e)hd, Lowest component DI % ji 7= L T
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WL, SCRE&EZHWS EDOFHKEE T, ¥R~ & higher components %
DB ENHERDDT, Va(op) DIFEIFRIEE NS,

Lowest component D Z 1 HI| TME— Non-trivial 72 5&M:1%, S-, K-A~Z2 M
THd. ZDERMEFS-AZLN

05(¢)Cal¢) =0 (46)

- IE 0 ThHhB. {S, S = KBRDTK-AEMWIETHEIZKD
YASS
4.2 Covariant spinor derivative

P B
D, = ' moao'z& m 1
o= o ()00 (47)

Local superconformal (SC) version

DV =[Za4) exists or not? (48)

Note the S-trf law
5S(C>Zou4 — Z(UJ =+ n)CaCA - i<0ab<)@(zabC>Aa
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which leads for A = {#1--- Bm; '} to

05(C) 2 gyt = —UW + 1+ mM)CaChy g i
5S(§>Zaa52---ﬁm;f == —1 (w +n — (m + 2>)C@Caﬂg---ﬁm;F (49>

S0,

DVt = | Zasroyt )+ SCmultiplet iff w +n = —m

DO‘VQBZ.,%;F = [(ZO‘O@W@”T)_ . SC-multiplet iff w+n =m + 2 (50)

D,, carries Weyl and chiral weights (w = 1/2,n = —3/2).
Similarly, for D4 by n — —n

DV, =
DVt =

:(Z(aﬁl...gm);pj . SC-multiplet iff w —n=—-m

:(Zdo'zﬁ'z--ﬂ'mf)} . SC-multiplet iff w —n =m+2(51)

Note that these two conditions are not compatible, but that the second case

is empty for m = 0.
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4.3 chiral multiplet
The SC counterpart of the chiral multiplet condition Dy¢ = 0 in the global
SUSY case should look like

DiVy = (PLZ) =0 (52)
In order for this condition to be covariant, this should be a SC multiplet.
From the condition , this is possible only when
Weyl and chiral weights (w, n) of V4 satisfy w =n (53)
and
the index A is purely undotted spinors; A = (aq - - - ay) (54)

Or, we can see this condition more directly from the S-transformation lawof

this component P, Z
55<C)7DLZA — z(n — w)PLCCA — anbPLC(ZabC>A,
2 HIE, 0uPLD abl TN A T DWW Tselfdual, (39°C) 4 1% ASpurely un-
dotted (right-handed) 7% &, anti-selfdual 72 DT, a, bDHEFIDHZ BN 6.
Z D 25 M%7z 3 5E chiral multiplet

(w=n)

X (ageap = 245 PrXAs ha) (55)
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DIFAE L, general multiplet IZIRDETHDIAFEF N T WS,
V(Z4) = [24, —iPrXA, —ha, iha, iDyza, 0, 0] (56)

%T@EU 5@5 — 5@(8) + 55(C)
00sz4 = 2EPRXA;
5@5(73}{)() = (—1)A (ZDZAPUS + hAPRé + {szA — (ZabZ>AUab}PRC) )

0gsha = %éiDUDRX) — ¢{(w — 1)Prxa + 30a(S"Prx)a} -

4.4 chiral projection II ~ D?

The SC analogue to the rigid chiral projection D?*V is
V4 = (3(Ha—iKa))
This can be a SC multiplet only when the original V4 satisfies
i) w=mn+2, and ii) A: purely undotted spinor indices (57)
since, then, the first component is S-inert:

6s(O)(Ha —ika) = —i(w — 2 = n)(PLZs — ilProa(SPZ)s  (58)
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The chiral multiplet 1TV 4 carries Weyl and chiral weights (w41, n+3) =
(w + 1, w + 1), since II ~ D? carries (w = 1,n = 3) and Dy carries
(w=1/2,n=3/2). So, it indeed gives the chiral multiplet

11V, = [%(HA—i/CA), iPR(ﬁzA—i—/\A), —%(DA—I—GCA—FiﬁmBmA)}

where [ is the conformal d’Alembertian [1 = 15“75&.

4.5 linear multiplet
The complex linear multiplet £ 4 is defined by the constraint

[IL4 =0 (59)
so that it exists only for w = n + 2 and purely undotted A case:

ﬁ;w:?;w;i)) = |Ca, 24, Ha, —1Ha, Ba, Prha+ PPrZa, —0C4 — iDy B
Real linear multiplet L, satisfying both conditions IIL = 0 and IIL = 0,
can exists only for n = 0 and hence for w = 2 and no external Lorentz index
A:
L"=*=|[C, 7,0, 0, By, -PZ, —0C] (60)
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with a constraint D,,B™ = 0, which can be solved in the form
B, = e_lemusﬁ‘”m ((%apa — iigﬁy%mj C) — Z0m" (61)

The anti-symmetric tensor gauge field a,,, have 41Co—4C1+4Cy = 6—44-1 = 3
off-shell degrees of freedom.

4.6 gauge field-strength multiplet: analog of D°D,V

W(w:n:3/2) — I D, V(w:n:())
“ (1,3),1 3

(57_2)
= [ARa, —Pr(0-F —iD)ss, (PRPA).]
F, = (%B’V - %&u%)‘ — (> v); BL = eZLBm — %&MZ

A . 3
Dy\ = DX —3(0-F + i D)y, — 3b,\ — Zz‘%AMA. (62)
Note that the conditions w +n = —m and w = n + 2 for D, and II

operations, respectively, are just met.



49

4.7 Function formula
Holomorphic function ¢(33) of chiral multiplets 3 4. = |24., PrX4,, kA, |:

9(2) = [9(2) =9, xz9, (M —iXrXR) 9] (63)

where

XR = Z PrX A, 75— 82 Z ham— 8zA ete, (64)

(g(z) ITQZEHL ’C, chiral multlplet @7?]%%% & g U T higher compo-
nents 2 {K2 Kb 5.)

General function (V) = ® of

general multiplets V4. = [Ca,, Za,, Ha,, Ka., Bma,, Aa,, Da.l:

C(®)=d(C) =9,

Z2(®) = Z' 0,
H(P) H' —1
K(®) | = K'|+32' | iy | 2|0
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with

0 0
Z = Za w5 = | 6

4.8 Invariant Action Formulas

Fully local superconformal invariant action formulas exist.

F-type invariant action formula applicable to scalar chiral multiplet
Y =|z=%(A+iB), Prx, h =3(F +iG) | withw =n =3

/ diz[S==Y] = / dire (h + 201" xR + YL YLz + h.c.)

= / d4a:e(F + 5%a7"X + 590 ™ (A — i%B)wb)- (66)
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D-type invariant action formula applies to real vector multiplet
V=|C Z H, K, B,, \, D| with w =2 and n = 0:

/d =21 /d4x[—nv<w2>}F

— / D 1+ 00 — —zwa*y *y5(fy DbZ + A) — zﬁaaab(H + i’y5K)¢b)
= / — 5PV 1A — @y i Z + 3O (R + e %Rﬁ)
—LSUGRAX (—2)

+ Le Dy (By — AaC — 34 2) )

R=R,"(M)e,el

g RE=P 0D (69
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5 Poincaré SUGRAs and Compensating Multiplets
There are three ways of SUGRA formulation, called

1) (old) minimal, 2) new minimal and 3) non-minimal SUGRAs.

They are different only in the non-dynamical auxiliary fields used and so in
their tensor calculi.

All those Poincaré invariant SUGRAs can be unifiedly understood from
the superconformal SUGRA approach. The former formulations result after
fixing the extraneous gauge freedom D, (A,) S, K, from the latter. Those
gauge fixing is done by using compensating multiplet, without which the
SUGRA action cannot be written in a superconformal invariant way. The
different choices of the compensating multiplet lead to different SUGRAs:

(old) minimal : chiral compensator >},
new minimal :  real linear compensator Ly (69)

non-minimal : complex linear compensator £
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5.1 0Old Minimal SUGRA

We first explain the (old) minimal formulation of Poincaré supergravity, in
the simplest pure SUGRA system. We take a chiral compensator with Weyl
and chiral weight w =n = 1:

Yo = |20, Xro, ho| (70)

Then, Y02 gives an real vector multiplet with w = 2 to which the D-term
action formula can be applied. Pure (Poincaré) supergravity Lagrangian:

Lpure SUGRA — _% [ Z020 ] D (71)
Let us fix the extraneous D, A, S, K,, gauges by the following conditions:
D: Rez = V3, A Imzy=0,

S Xxro=0, K, : b,=0, (72)
where b, is the D gauge field. Then, rewriting hy = %(S — ¢P) and
A, = —2AR

YoSo = [3, 0, =283, 2P, —2A%%, 0, —5(S%+ P* — AW%) x (=2)] (73)
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Substituting this into Eq. (71) and applying the D-term formula (67), we
obtain

[,pure SUGRA — € [—%<R+6_1&M€MVpOW5WVD;)¢J)—%<S2+P2—A2}3X2>}. <74)

S, P and A}™ constitute the well-known minimal set of auxiliarly fields,
hence the name of minimal Poincaré supergravity.

() transformation in the Poincaré SUGRA

Note that the local SUSY transformation in the resultant Poincaré SUGRA
is no longer the original ¢) trf in SC tensor calculus: The gauge fixing condi-
tion is not invariant under (), but it is always possible to compensate. Recall

(50(€) + 65(C))xro = P2PLe + hoPre + 2wzPr(
f?uzo = (0, — wb,, — %iwAM)zo — %@aXRO
Putting the gauge-fixing conditions zy = v/3, xro = 0 and b, = 0 on the
RHS, and using w = 1, hg = %(S —iP)and A, = —%A‘Z“X, we have

(dg(e) + d5(Q))x0 = J5(S — s P + iy A" )e + 2/3¢
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Thus the () transformation preserving the gauge-fixing condition is

0o(e) = 0g(e) + 0s(3ne), n=—5(S —insP +ipsA™)e  (75)
identified with ()-transformation in old minimal Poincaré SUGRA.

5.2 New Minimal SUGRA
The compensator is a real linear multiplet Ly with Weyl weight w = 2.
Obvious candidate action for the pure SUGRA would be

{?

ﬁpure SUGRA = _% [ LO } D (76>
But this identically vanishes: just like

/ d*xd*0 Ly = / d*x ( / d*0 D*Ly + h.c.> = (77)
in global SUSY case, we have also in this local case
/d4x[LO}D:/d4x[nLO}F:o. (78)

Correct Lagrangian is given by

L
_ 1 0
£pure SUGRA — 73 [ LO 11”1(2020) }D <79)
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where we have added an extra chiral multiplet >y with weight w = 1. This
addition actually do not introduce extra degrees of freedom; indeed, we have
additional gauge symmetry under

20 — GAZO, 20 — GAZO, <80)

with chiral trf parameter A as the change vanishes:

/d4x[L0(A+A)}D:/d4x[AHLO}F+h.c. (81)

Using this gauge invariance, we can fix >y = 1.
Using the component fields of L

LO — [C()a ZO7 07 Oa BOma _ZADZ()a _IjCO} (82>
the extraneous gauge D, S, K, gauges are fixed
D: Cy,=3, Additional gauge :  ¥g = +/3/e,
S: Zy=0, Kyn: 0,=0, (83)

Note that chiral A-gauge is not fixed since C is real. So new minimal
SUGRA retains the U(1) A gauge symmetry. Also, the By, gauge field is
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constrained and so is rewritten in terms of the anti-symmetric tensor gauge

field ay,,.
—1 vpo 3. -
BOm — € em,uglu : (ayapa — lzwl/fypwa) <84>
New minimal SUGRA also has this gauge symmetry.

6 Improved SC-Gauge Fixing: general YM-matter

coupled SUGRA

6.1 Fixing the extraneous gauges D, S, K

Consider the general matter coupled SUGRA system in the old minimal
formulation:

L=-1 [zciccﬂs, Ge2Ve) } . [22 g(S) } o [ fab<5)wggaﬁwg} (89

Here a,b are YM group index, .S denotes a set of chiral matter multiplets
{S;}. We here assume (without loss of generality) that only the compen-
sator Y. carries Weyl weight w = 1 while all matter .S;’s carry w = 0. Now
we can explain another virtue of our superconformal tensor calculus. To
explain the point, we omit the YM interaction terms for a while.
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First, for the system with non-vanishing superpotential g(S), we eliminate

g(S) by redefining the compensator as ¢'/3(S)E, = ¥, and rewrite the

Lagrangian into the following form using ® = @/ | g|2/ 5.

+{28}F, (86)

£ =—1 25, 0(8,9) }D

It is clear that the system depends only on the function

G =3In(d/3) = 3In(d/3) — In|g|’

In this matter coupled system, the multiplet 3yXg ®(¢, ¢) = V in the D-
term has the following first two components:

C(V) = |2o]* ®(z,2")
LZ(V) =i 20 (Pt — Dixry) + 0P (20x10 — 2 XRo) »
with notation ® = (2, 2%), ' = 9P(z,2*)/0z;, O; = 0P(z,2*)/0z*".
Recalling here that the invariant action formula took the form
[V = e(D + o = @i Z + 5O (R + e e 57, Dyipy) + -+ )

=L3UGRA X (—2)
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we see that, to obtain the canonical form of Einstein-Hilbert as well as Rarita-
Schwinger action it would be best to take the gauge conditions realizing

C(V)=3, Z(V)=0. (87)

Therefore we take the following gauge conditions for the extraneous gauges
D, A, S, K,, on the compensator >y = |20, Xro, ho] as |Kugo-Ueharal982]

D: Rezy = V302 A Imzy =0,
St xro=—200 ' ®'xp;,  Kn:o b, =0. (88)

This gauge, called improved, or, KU gauge, is a very clever gauge. In
fact, Cremmer-Ferrara-Girardello-VanProeyen calculated by using the same
gauge condition as for the pure SUGRA’s case; then they have to do the
painful field-dependent field re-definitions corresponding to the Weyl rescal-
ing (D-), A- and S-gauge transformations. This laborious computation is
actually double: the same redefinition has to be done also in deriving the
SUSY trf law. All those calculation can be bypassed in this improved KU
cauge!
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6.2 Old Minimal SUGRA Action

%e_l [CD}D = Q;szivmz*j + {Q;XiVXRi + h.c. } + Lsq
+{(G]" + 365G (A Yarxri) — GV zvmxy) + hoc. )
- {gli:]l + %gli;gzj - gmg_l)?ggz}()ZRiXRj)()Z]f,XD
-3 i(XiVmXRi)(QLnR’YmenL)
1 mnM(??m%lbk){(givezz — GV + 29;-()_({%)(}{@')}
+ zg{QQZTak (XA + %gii}ajzj(@h - YAR) — he. }

felol® (89)
where V, is covariant only under YM and LL gauge trf, i.e.,
V,zi = 0,z — z'gBanjzj,
Vixwi = (O + 3w (e, ) omn)xri — 1§ BT xwj, (90)
and notations are used
* 2 «
G — agézz ) Gi = aaifg,;ff ) ete (91)
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and

Lsc = —5(R+ e e 57, D),
6_15[@] _ _ggzj—;ajsza o Q;hzh*]

| i 2
—3lhozy ' — 3(Gi; — 3G:G;) (Xpxi)
— . . . . 2
+ % Am -+ %Z (gzvmz@ — gzvmz*z + g;f&ﬂ/mXRz)} )
hi — (G116 Xrixw (92)

>

7

Next, the superpotential term:

e ! [23] {320 — 20G'hi — 6XRoXR0%0 + 3UL - YXR0Z) + Ymro " Parz) + hc. }
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Finally the YM kinetic term:
—ie W],
= Refu(—1F5 F, — sA°Y )
+ llmfa (ZF“ F' — eV (e)\“z’yw”)\b))

Uv= v
{ Refab(@bmalw m)‘a)< 2¢u7uAb>
-3 ;bmawx mw% LEn(0L - YXR) NGNS

+ (11% 16 <Ref)cd fdb) (XRzXRJ)()\R)\b)
— 16 ac(Ref>cd fdb(XRZJmnXRJ>( Umn)‘%)

+ E CZLC(Ref)c_d f;bj(féLﬂmXRi)( Cf{’ym)\[i) + h.c. }

+ 6_1,6 fW2 (93)

aux.

where
e LU — 1Ref,, DD — 3iRe fuy A A ym AL

) - Z{hzfab (ARAR) + h.c. }
D = D + §(Ref) gy (ifsxridg + huc.). (94)
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If we eliminate the auxiliary fields by plugging the solution of e.o.m.,
2 tho = 3(Gij — 36:9)) xixi, + €7
hi = (G {gjkl)_(RkXRl — i ML — e_g/zgj]
Ap =1L {givmzi — GiVinz" + GiXi YmXri — %Refabﬂ‘mmkﬂ

D® = L(Ref),, {gg"Tszj — i fl XRiAR + h.c.} (95)



the auxiliary terms yields
{ELJX +[58]+ EW}
T[3+GiG 1G] — 35*(Ref) p (G'T 2))(G T} =)
+ e_g/2{1;mLUmn¢nL — G'Yr, - yxri +3G°(G7Y)] fabjACL)\L
(97 = G'67 — GGG ) xnivw + he. |
+ {896 T 2 (Re ) bk X
—1 (inmzz +1g! mmel) Re fupAEymAL

+ B G] F OEA EAD) + 2 (RefudiymAL)
— 1 /i;j(g_ D fh (trixR; ) (AEAR) + h.c. } (96)

6.3 remarks

The minimal system posseing the canonical kinetic terms should have

G/ = —dl, fabz ab
=  G=—zz"—1In|g(2)|? (97)
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Recall 3

@ S
=32 B2 1) (98)
So, the minimal sysytem has the function ®

31n(@) = — Z 22" = —K(z, 2" (99)

1

[f we call this Kahler potential, then the D-term action looks like

L= 3| nSe 3 KESHOR] g Ixtg(s)| + [waertws] - (100)

That is, Kahler potential appears in the exponent in the old minimal SUGRA.
Now the scalar potential of the system is given by

V=eY(-Gi(G )G —3) (101)
For the above minimal system,

e~ — ezt lg(2)|%, G = —z — i
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Substituting this we obtain
V=SB (g4 gl —31gf)
221 2 3
i 2
- “apl@f) o

In the last line we recovered the Planck mass M (Note dim g(z) =3). Note
that negative contribution comes from the compensator auxiliary field hy.

Z*Z

17290)

g'(z) +

7 Relation between different compensator SUGRASs
See S. Ferrara, L. Girardello, T. Kugo and A. Van Proeyen, “Relation Be-

tween Different Auxiliary Field Formulations of N = 1 Supergravity Coupled
to Matter,” Nucl. Phys. B 223 (1983), 191-217
General system in new minimal SUGRA:

L Sia S’Z migRVR 2§V
['nevv minimal — [L {hl (f< ’ SGS, - >) + gRVR}]
0~0 D
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8 Covariant spinor derivative and vector deriva-
tives in Poincaré SUGRA: wu-associated deriva-

tives
See the Section 4 of Ref.[2].

9 Gravity Multiplets

There are Superconformal multiplets called

scalar curvature multiplet R (chiral) :
R = v oI5,

Ricci tensor multiplet E, (general) :
EM = [A) = KA@ — PaivsAs + ZASZ'%%AS)]
Weyl tensor multiplet Wégﬁ/f’g/ 2 (chiral) :
Wapy = [( (Uab)oaﬁRab(Q>v )} (103)

containing scalar curvature R, Ricci tensor R, and Weyl tensor C), s,
respevtively, (in the F-component, vector By, component, and Xsas, com-
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ponent).
See P. K. Townsend and P. van Nieuwenhuizen, “Anomalies, Topological
Invariants and the Gauss-Bonnet Theorem in Supergravity,” Phys. Rev. D

19 (1979), 3592.

10 SUGRA version of f(R) gravity

See S. Cecotti, “HIGHER DERIVATIVE SUPERGRAVITY IS EQUIVA-
LENT TO STANDARD SUPERGRAVITY COUPLED TO MATTER. 1.,
Phys. Lett. B 190 (1987), 86-92.

11 Relation to superspace approach

Superspace formulation of Superconformal SUGRA was first given rather
recently by Butter in Ref.[7]. The relation between the Superconformal
tensor calculus approach and superspace approach was clarified in detail in

Refs.[5] and [6].
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my homepage URL: http://www2.yukawa.kyoto-u.ac.jp/ taichiro.kugo/
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