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Supersymmetry

九後「ゲージ場の量子論」の convention に従う。

Table I. Wess-Baggerとの換算表

Ours Wess-Bagger

pµ, xµ, ∂µ same pµ, xµ, ∂µ

ηµν = ηµν = diag(+1,−1,−1,−1) −ηµν , −ηµν
εµνρσ ε0123 = +1 same εµνρσ

ψα, ψ̄
β̇ same ψα, ψ̄

β̇

εαβ = εα̇β̇ = iσ2 same εαβ, εα̇β̇

εαβ = εα̇β̇ = iσ2 −εαβ, −εα̇β̇
σµ, γµ same σµ, γµ

σµ, γµ −σµ, −γµ

γ5 iγ5

σµν , σ̄µν 2iσµν , 2iσ̄µν

thus, □, σµ∂µ, σ̄
µ∂µ −□, −σµ∂µ,−σ̄µ∂µ

Standard spinor index position:

4-component Majorana Ψ

Ψ =

(
ψα

ψ̄α̇ = εα̇β̇(ψβ)
∗

)
, Ψ̄ ≡ Ψ †γ0 = (ψα ψ̄α̇ ) = ΨTC. (1)

2-component Weyl spinors

at right-end: ψα, ψ̄α̇,

at left-end: ψα, ψ̄α̇, (2)

so that

ψϕ ≡ ψαϕα, ψ̄ϕ̄ ≡ ψ̄α̇ϕ̄
α̇,

ψσµϕ̄ ≡ ψα(σµ)αβ̇ϕ̄
β̇, ψ̄σ̄µϕ ≡ ψ̄α̇(σ̄µ)

α̇βϕβ,

ψσµνϕ ≡ ψα(σµν)
β
α ϕβ, ψ̄σ̄µνϕ̄ ≡ ψ̄α̇(σ̄µν)

α̇
β̇
ϕ̄β̇. (3)

Formulas:

(σµ)
αβ̇ ≡ εαγεβ̇δ̇(σµ)γδ̇ = (εσµε

T )αβ̇ = (σ̄µ)
β̇α. (4)
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ψαϕβ = −1
2εαβ(ψϕ) + ψ(αϕβ), ψ̄α̇ϕ̄β̇ = 1

2ε
α̇β̇(ψ̄ϕ̄) + ψ̄(α̇ϕ̄β̇),

ψαϕβ = −1
2ε

αβ(ψϕ) + ψ(αϕβ), ψ̄α̇ϕ̄β̇ = 1
2εα̇β̇(ψ̄ϕ̄) + ψ̄(α̇ϕ̄β̇). (5)

Ordering change

ψϕ = ϕψ, ψ̄ϕ̄ = ϕ̄ψ̄,

ψσµϕ̄ = −ϕ̄σ̄µψ,

ψσµσ̄νϕ = ϕσν σ̄µψ, ψ̄σ̄µσνϕ̄ = ϕ̄σ̄νσµψ̄,

ψσµνϕ = −ϕσµνψ, ψ̄σ̄µνϕ̄ = −ϕ̄σ̄µνψ̄. (6)

hermitian conjugation

(ψϕ)† = ϕ̄ψ̄,

(ψσµϕ̄)
† = ϕσµψ̄, (ψ̄σ̄µϕ)

† = ϕ̄σ̄µψ,

(ψσµσ̄νϕ)
† = ϕ̄σ̄νσµψ̄,

(ψσµνϕ)
† = ϕ̄σ̄µνψ̄. (7)

Fierz (4-components)

(Ψ̄1Ψ2)(Ψ̄3Ψ4) = −1

4

[
(Ψ̄11Ψ4)(Ψ̄31Ψ2) + (Ψ̄1γ5Ψ4)(Ψ̄3γ5Ψ2)

+(Ψ̄1γ
µΨ4)(Ψ̄3γµΨ2)− (Ψ̄1γ

µγ5Ψ4)(Ψ̄3γµγ5Ψ2)

+1
2(Ψ̄1σ

µνΨ4)(Ψ̄3σµνΨ2)
]
. (8)

This yields 2-component Fierz formulas:

(Ψ̄1PR
L
Ψ2)(Ψ̄3PR

L
Ψ4) = −1

2

[
(Ψ̄1PR

L
Ψ4)(Ψ̄3PR

L
Ψ2)

+
1

4
(Ψ̄1PR

L
σµνΨ4)(Ψ̄3PR

L
σµνΨ2)

]
. (9)

(Ψ̄1PR
L
Ψ2)(Ψ̄3PL

R
Ψ4) = −1

2

[
(Ψ̄1PR

L
γµΨ4)(Ψ̄3PL

R
γµΨ2)

]
. (10)

e.g.,

(θψ)(θϕ) = (θψ)(ϕθ) = −1
2

[
(θθ)(ϕψ) +

1

4
(θσµνθ)(ϕσµνψ)

]
= −1

2(θθ)(ϕψ),

(θσρψ̄)(θσλϕ̄) = −(θσρψ̄)(ϕ̄σ̄λθ) = +1
2(θθ)(ϕ̄σ̄λσρψ̄) =

1
2(θθ)

(
ηλρϕ̄ψ̄ − iϕ̄σ̄λρψ̄

)
,

(θψ)(θ̄ϕ̄) = −1
2(θσ

µθ̄)(ϕ̄σ̄µψ) = +1
2(θσ

µθ̄)(ψσµϕ̄) (11)
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Vector multiplet field:

V = [C, χ, M, N, Vµ, λ, D]

= C + iθ̄γ5χ− 1
2 θ̄(N − iγ5M − γ5γ

µVµ)θ

−i(θ̄θ)θ̄γ5[λ− i
2γ

µ∂µχ] +
1
4(θ̄θ)(θ̄θ)[D − 1

2□C]
= C + iθχ− iθ̄χ̄− 1

2(θθ)H− 1
2(θ̄θ̄)H̄ + (θσµθ̄)Vµ

+i(θθ)θ̄[λ̄− i
2 σ̄

µ∂µχ]− i(θ̄θ̄)θ[λ− i
2σ

µ∂µχ̄] +
1
2(θθ)(θ̄θ̄)[D − 1

2□C],
(12)

where

H ≡ N − iM, H̄ ≡ N + iM. (13)

Chiral multiplet field ϕ: constrained by D̄α̇ϕ = 0

ϕ = exp(−iθ/∂θ̄)[φ+ θ
√
2ψ + θθF ]

= φ+ θ
√
2ψ + θθF + (θσµθ̄)(−i∂µφ)

+i(θθ)θ̄[−1
2 σ̄

µ∂µ
√
2ψ] + 1

2(θθ)(θ̄θ̄)[−
1
2□φ]

= [φ, −i
√
2PRψ, −iF , −F , −i∂µφ, 0, 0] (14)

Anti-chiral multiplet field ϕ̄:

ϕ̄ = [φ∗, i
√
2PLψ, iF∗, −F∗, i∂µφ

∗, 0, 0] (15)

(real) Linear multiplet field:

L : constrained by DDL = D̄D̄ L = 0

= C + iθχ− iθ̄χ̄+ (θσµθ)Vµ

+i(θθ)θ̄[ i2 σ̄
µ∂µχ]− i(θ̄θ̄)θ[ i2σ

µ∂µχ̄] +
1
2(θθ)(θ̄θ̄)[

1
2□φ]

= [C, χ, 0, 0, Vµ, iγ
µ∂µχ, □C] (16)

with Vµ constrained by ∂V = 0, which is solved as

V µ = εµνρσ∂νaρσ,

δaµν = −1
2 ᾱσµνγ5χ (17)

3



Supersymmetry transformation law:

Vector multiplet: in 4-component notation

δC = iᾱγ5χ,

δχ = (−iγµVµ − ∂µCγ5γ
µ +M + iγ5N)α,

δM = ᾱλ− iᾱγµ∂µχ,

δN = iᾱγ5λ+ ᾱγ5γ
µ∂µχ,

δVµ = iᾱγµλ+ ᾱ∂µχ,

δλ = − i
2σ

µνα(∂µVν − ∂νVµ) + iγ5Dα,

δD = ᾱγ5γ
µ∂µλ. (18)

This reads, in 2-component notation,

δC = iαχ− iᾱχ̄,

δ

(
χ

χ̄

)
=

(−iσµ(Vµ − i∂µC)ᾱ + iHα
−iσ̄µ(Vµ + i∂µC)α− iH̄ᾱ

)
,

δH = −2iᾱλ̄− 2ᾱσ̄µ∂µχ,

δH̄ = 2iαλ+ 2ασµ∂µχ̄,

δVµ = i(ασµλ̄+ ᾱσ̄µλ) + (α∂µχ+ ᾱ∂µχ̄),

δ

(
λ

λ̄

)
=

(− i
2σ

µνα(∂µVν − ∂νVµ) + iDα

− i
2σ

µνᾱ(∂µVν − ∂νVµ)− iDᾱ

)
,

δD = ασµ∂µλ̄− ᾱσ̄µ∂µλ. (19)

Noting the embedding formula of chiral and antichiral into vector:

chiral anti-chiral

C = φ, C = φ∗,

χ = −i
√
2ψ, χ̄ = +i

√
2ψ̄,

H = −2F , H̄ = −2F∗,

Vµ = −i∂µφ, Vµ = +i∂µφ
∗,

other compts. = 0 other compts. = 0, (20)

the vector susy transformation law leads to
δφ =

√
2αψ,

δψ = −i
√
2/∂φᾱ +

√
2Fα,

δF = −i
√
2ᾱ/̄∂ψ,


δφ∗ =

√
2ᾱψ̄,

δψ̄ = −i
√
2/̄∂φ∗α +

√
2F∗ᾱ,

δF∗ = −i
√
2α/∂ψ̄,

. (21)
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Multiplication law:

Function of vector multiplet fields Φ(Vi)

In 4-component notation,

CΦ = Φ(Ci),

χΦ = χ′Φ(Ci),MΦ

NΦ

VΦµ

 =


M ′

N ′

V ′
µ

− 1

4
χ̄′

 iγ5

1

γµγ5

χ′

Φ(Ci),

λΦ =
[
λ′ + 1

2(N
′ + iγ5M

′ − γ5γ
µV ′

µ + i/∂C ′)χ′ − 1
4χ

′(χ̄′χ′)
]
Φ(Ci)

DΦ =

[
D′ + 1

2(N
′N ′ +M ′M ′ + V ′µV ′

µ + ∂µC ′∂µC
′)− λ̄′χ′ + 1

2 χ̄
′i/∂χ′

−1
4 χ̄

′(N ′ + iγ5M
′ − γ5γ

µV ′
µ)χ

′ + 1
16(χ̄

′χ′)(χ̄′χ′)

]
Φ(Ci) (22)

In 2-component notation, this reads

CΦ = Φ(C),(
χΦ

χ̄Φ

)
=

(
χi

χ̄i

)
Φi,

HΦ = HiΦi − 1
2χiχjΦij

H̄Φ = H̄iΦi − 1
2 χ̄iχ̄jΦij

VΦµ = ViµΦi +
1
2χiσµχ̄jΦij(

λΦ

λ̄Φ

)
=

(
λi

λ̄i

)
Φi +

1
2

( H̄iχj − (Vµ − i∂µC)iσ
µχ̄j

Hiχ̄j + (Vµ + i∂µC)iσ̄
µχj

)
Φij

−1
4

(
χi(χ̄jχ̄k)

χ̄i(χjχk)

)
Φijk

DΦ = DiΦi +
[
1
2

(
HiH̄j + (V µ − i∂µC)i(Vµ + i∂µC)j

)
−(λiχj + λ̄iχ̄j) +

1
2(χii/∂χ̄j + χ̄ii/̄∂χj)

]
Φij

+
[
− 1

4(χiχj)H̄k − 1
4(χ̄iχ̄j)Hk +

1
2(χiσ

µχ̄j)Vkµ

]
Φijk

+1
8(χiχj)(χ̄kχ̄l)Φijkl (23)
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Function of chiral multiplet fields W (ϕi)

φW = W (φi),

ψW = ψ′W (φi) = ψiW
i,

FW =
[
F ′ − 1

2ψ
′ψ′
]
W (φi) = FiW

i − 1
2ψiψjW

ij(φi). (24)

By the help of chiral-to-vector embedding formulas, the general function formula Φ(Vi)

for vector multiplets leads to the following formula for K(ϕi, ϕ̄
j):

CK = K(φ, φ∗) ≡ K,

χK = −i
√
2ψiK

i, χ̄K = +i
√
2ψ̄iKi,HK

H̄K

VKµ

 =

 −2FiK
i + ψiψjK

ij

−2F∗iKi + ψ̄iψ̄jKij

−i∂µφiK
i + i∂µφ

∗iKi + ψiσµψ̄
jKi

j

 ,

(
λK

λ̄K

)
=

(
i
√
2
[
(ψiF∗j + i/∂φiψ̄

j)Ki
j −

1
2(ψ̄

jψ̄k)ψiK
i
jk

]
−i

√
2
[
(ψ̄iFj + i/̄∂φ∗iψj)K

j
i −

1
2(ψjψk)ψ̄

iKjk
i

])

1
2DK =

(
∂µφi∂µφ

∗j + 1
2(ψiiσ

µ∂µψ̄
j + ψ̄jiσ̄µ∂µψi) + FiF∗j

)
Ki

j

+1
2

(
i(ψ̄kσ̄µψi)∂µφj − (ψiψj)F∗k)Kij

k

+1
2

(
i(ψkσ

µψ̄i)∂µφ
∗j − (ψ̄iψ̄j)Fk

)
Kk

ij

+1
4(ψiψj)(ψ̄

kψ̄l)Kij
kl (25)
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Super Yang-Mills

gauge transformation:

ϕ→ ϕ′ = eiΛϕ, ϕ̄→ ϕ̄′ = ϕ̄e−iΛ†
,

e−2V → e−2V ′
= e+iΛ†

e−2V e−iΛ, e2V → e2V
′
= e+iΛe2V e−iΛ†

. (26)

In Wess-Zumino gauge:

V = (θσµθ̄)Vµ + i(θθ)θ̄λ̄− i(θ̄θ̄)θλ+ 1
2(θθ)(θ̄θ̄)D. (27)

Wα ≡ 1

8
D̄D̄(e2VDαe

−2V )

= e−iθ/∂ θ̄[iλα − θαD + 1
2(σ

µνθ)αFµν + (θθ)(σµDµλ̄)α
]
,

WαWα

∣∣
θθ

= e−iθ/∂ θ̄2(θθ)
[
λi /Dλ̄− 1

4(FµνF
µν + iFµνF̃

µν) + 1
2D

2
]

(28)

where

Dµλ̄ = ∂µλ̄− i[Vµ, λ̄],

Fµν = ∂µVν − ∂νVµ − i[Vµ, Vν ]. (29)

ϕ̄e−2V ϕ
∣∣
(θθ)(θ̄θ̄)

=(θθ)(θ̄θ̄)
[
Dµφ∗Dµφ+ ψ̄iσ̄µDµψ + F∗F

+
√
2i[(ψ̄λ̄)φ− φ∗(λψ)] + tot.der.

]
(30)

where

Dµφ = ∂µφ− iVµφ, Dµφ
∗ = ∂µφ

∗ + iφ∗Vµ,

Dµψ = ∂µψ − iVµψ. (31)

Formula

(σµθ̄)α(θσ
ν θ̄) = +1

2(θ̄θ̄)(σ
µσ̄νθ)α

(σµθ̄)α(θ̄λ̄) = −1
2(θ̄θ̄)(σ

µλ̄)α

θα(θ̄λ̄)(θσ
µθ̄) = +1

4(θθ)(θ̄θ̄)(σ
µλ̄)α. (32)
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Table II. Kugo-Ueharaとの換算表

Kugo-Uehara Ours

xm = (xk, x4) (xk, it) → write xµ or −xµ
∂m = (∂k, ∂4) (∂k, −i∂t) → write ∂µ or −∂µ

∂m∂m ≡ □ −∂µ∂µ = −□
δmn −ηµν

γm = (γk, γ4) (−iγk, γ0) → write − iγµ or iγµ

γm∂m ≡ /∂ −iγµ∂µ = −i/∂
γmBm ≡ /B −iγµ(−Vµ) = +i /V

amn iaµν

γ5 γ5

σmn ≡ (1/4)[γm, γn] (1/4)[−iγµ, −iγν ] = (i/2)σµν

C, Z, H, K, Bm, Λ, D C, χ, N, −M, −Vµ, λ, D
A, PRχ, F φ,

√
2ψ, F

(ψ̄R, ψ̄L),

(
ψR

ψL

)
(ψ, ψ̄),

(
ψ

ψ̄

)
Pm, A, D, Q Pµ/i, A/i, D/i, (1/2)Q/i

Mmn, Km, S −Mµν/i, −Kµ/i, −(1/2)S/i (negative signs!)

xm → xµ or −xµ の置き換えをする space優先のルールでは

εmnrs −iεµνρσ、−iεµνρσ (どちらも −i )
super変換 parameter ε 2α

§1. Superconformal group SU(2, 2|1)

4D Conformal Group: SO(4, 2) ∼= SU(2, 2)

If the system has only massless particles, the energy momentum tensor Θµν can be chosen

to be symmetric and traceless:

∂νΘµν = 0, Θµν = Θνµ, Θµ
µ = 0. (33)

Then we can have the following conserved currents and charges:

Θµν : → Pµ =

∫
d3xΘµ0

Mµνρ = xµΘνρ − xνΘµρ : → Mµν =

∫
d3xMµν0
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Dµ = xνΘνµ : → D =

∫
d3xD0

Kµν = 2xµx
ρΘρν − x2Θµν : → Kµ =

∫
d3xKµ0. (34)

(Note that this Kµ has opposite sign to that of van Nieuwenhuizen.) Or, in terms of the

differential operators, they can be expressed (by replacing Θµ0 → i∂µ) as

Pµ = i∂µ, Mµν = i(xµ∂ν − xν∂µ),

D = ixρ∂ρ, Kµ = i(2xµx
ρ∂ρ − x2∂µ). (35)

Identifying

δxµ = (iaρPρ + i12ε
ρσMρσx

µ + iρD + ibρKρ)x
µ, (36)

we find

δxµ = −aµ + εµρx
ρ − ρxµ + (−2bρxρx

µ + bµx2) (37)

The finite Kµ transformation is the translation in the inverted space:

xµ → x′µ =
xµ + bµx2

1 + 2b · x+ b2x2
↔ x′µ

x′2
=
xµ

x2
+ bµ. (38)

They satisfy the following 4D conformal algebra:

[Mµν , Mρσ] = −i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ),

[Pρ, Mµν ] = i(ηρµPν − ηρνPµ),

[Kρ, Mµν ] = i(ηρµKν − ηρνKµ),

[D, Mµν ] = [Pµ, Pν ] = [Kµ, Kν ] = 0,

[Pµ, D] = iPµ, [Kµ, D] = −iKµ,

[Pµ, Kν ] = 2i(ηµνD −Mµν). (39)

This 4D conformal group is in fact identical with the extended Lorentz group SO(4, 2) in 6

dimensions with metric

ηab =

 ηµν

−1

+1

 , (40)

for which the generators Mab = −Mba (a, b = 0, 1, · · · , 5) satisfy

[Mab, Mcd] = −i(ηacMbd − ηbcMad − ηadMbc + ηbdMac). (41)

This is easily seen if we identify the Lorentz generators in the extra dimensions labeled by 4

and 5 as

Mµ4 ≡ 1
2(Pµ −Kµ), Mµ5 ≡ 1

2(Pµ +Kµ), M54 ≡ D. (42)
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By considering the spinor representation, this algebra is also seen to be isomorphic with

SU(2, 2). The generators Γ a of the Clifford algebra for SO(4, 2), satisfying

Γ aΓ b + Γ bΓ a = 2ηab, (43)

can be represented, for instance, by the following 8× 8 matrices:

Γ µ = γµ ⊗ σ1 =

(
0 γµ

γµ 0

)
,

Γ 4 = iγ5 ⊗ σ1 =

(
0 iγ5

iγ5 0

)
,

Γ 5 = 14 ⊗ (−σ2) =

(
0 i14

−i14 0

)
. (44)

The “chirality” matrix (analogous to γ5 in 4 dimension) is given by

Γ7 = iΓ 0Γ 1Γ 2Γ 3Γ 4Γ 5 = 14 ⊗ σ3 =

(
14 0

0 −14

)
. (45)

The Lorentz generators Mab of SO(4, 2) are then represented by

Mab =
i
4 [Γa, Γb] =

1
2

(
σab 0

0 σ̄ab

)
,

σa=µ,b=ν = σµν , σµ4 = γµγ5, σµ5 = γµ, σ54 = iγ5

σ̄a=µ,b=ν = σµν , σ̄µ4 = γµγ5, σ̄µ5 = −γµ, σ̄54 = −iγ5. (46)

For the 8 component Dirac spinor

Ψ =

(
ψ

ϕ

)
, (47)

the invariant spinor inner-product is given by Ψ̄Φ ≡ Ψ †AΦ with a metric matrix

A = iΓ 0Γ 5Γ7 = γ0 ⊗ 12 =

(
γ0 0

0 γ0

)
, A† = A = A−1. (48)

Indeed, Γa are hermitian under this metric, Γ †
aA = AΓa, so are the SO(4, 2) generators Mab:

A−1M †
abA =Mab i.e., γ0σ†

abγ
0 = σab. (49)

Clearly the 4-component Weyl spinor ψ (or ϕ) gives an irreducible representation of the

Lorentz group SO(4, 2), for which the Lorentz group element Λ = exp( i2ε
abMab) is repre-

sented by

exp( i4ε
abσab). (50)

10



These 4 × 4 matrices belong to SU(2, 2) since σab are traceless and hermitian under the

metric a ≡ iγ0γ5 (which has two +1 and two −1 eigenvalues). Moreover, Since 6× 5/2 = 15

σab exist and give a complete set for such traceless and hermitian 4×4 matrices, any SU(2, 2)

matrix is expressed in the form Eq. (50) (at least in the neighborhood of the identity) and

so we have the isomorphism of the algebra SO(4, 2) ≃ SU(2, 2).

With this isomorphism SO(4, 2) ≃ SU(2, 2), we thus find a simple 4 dimensional repre-

sentation for the 4D conformal group:

Mµν = 1
2σµν ,

Pµ = γµPR, (PR = 1
2(1 + γ5))

Kµ = γµPL, (PL = 1
2(1− γ5))

D = 1
2iγ5. (51)

We have seen that the 4D conformal algebra SO(4, 2) ≃ SU(2, 2) can be represented

by traceless 4 × 4 matrices Mab = 1
2σab acting on a 4-component spinor ψ. Then it is

clear that it can be extended to the superconformal algebra SU(2, 2|1) acting on a (4+1)-

component super-spinor (ψ, φ) by adding another single component φ (which should have

opposite statistics to the original component ψ). SU(2, 2|1) is defined to be a supergroup

consisting of 5× 5 matrices (of unimodular superdeterminant) which leave the innerproduct

ψ†
1γ0ψ2 + φ†

1φ2 (52)

invariant. Clearly, there are 24 independent generators as a whole, which we can take, for

instance,

Mab =
1
2

(
σab 0

0 0

)
, A = −1

4

(
14 0

0 4

)
,

Σα = 2

(
04 0

δjα 0

)
, Σ̄α = 2

(
04 δαi

0 0

)
, (53)

Note that a diagonal (supertraceless) matrix A appears here. This gives the defining repre-

sentation of SU(2, 2|1) algebra. From this we can easily find the following albebra written

in 6 dimensional notation:

[Σ, Mab] =
1
2σabΣ, [Σ̄, Mab] = −1

2Σ̄σ
ab

[Σ, A] = +3
4Σ, [Σ̄, A] = −3

4Σ̄, [Mab, A] = 0,

{Σ, Σ} = {Σ̄, Σ̄} = 0, {Σ, Σ̄} = σabMab − 4A. (54)

(The U(1) charge A is defined to coincide with van Nieuwenhuizen and A = 3
4R for Sohnius’s

charge R.) where, in confirming the last relation {Σ, Σ̄} = σabMab − 4A, we need the

11



completeness relation
1
4

[1
2(σ

ab) j
i (σab)

l
k + δ j

i δ
l

k

]
= δ l

i δ
j

k . (55)

This shows that Σ is an SU(2, 2) ≃ SO(4, 2) spinor generator and Σ̄ charge is its conjugate,

so that they can be decomposed into two 2-component Weyl spinors in 4-dimension as follows:

Σ =

(
Qα

S̄α̇

)
, Σ̄ = Σ†γ0 = (Sα, Q̄α̇). (56)

Clearly, these 15+4+4+1 = 24 matrices again span a complete set of 5×5 (supertraceless)

matrices and give the whole generators of SU(2, 2|1) superconformal algebra. The SU(2, 2|1)
group acts on the 5 component super spinor as

exp i
(1
2θ

abMab + θA+ ε̄Σ + Σ̄ε
)(ψ

φ

)
(57)

(where ψ is an SU(2, 2) spinor field and φ a single component field and they should be

fermion and boson (or vice versa), respectively, since the spinor transformation parameter ε

is Grassmann odd) with ε̄ = ε†γ0, which leaves invariant the innerproduct with metric

α ≡
(
γ0

1

)
. (58)

Indeed, the generators in the exponent

ε̄Σ + Σ̄ε = 2

(
0 ε

ε̄ 0

)
(59)

satisfies the hermitisity under this metric α:

(ε̄Σ + Σ̄ε)†α = α(ε̄Σ + Σ̄ε). (60)

Rewriting Eq. (54) into 4 dimensional notation, we find the following algebra in addition

to the SO(4, 2) ≃ SU(2, 2) subalgebra:

[

(
Q

S

)
, Mµν ] =

1
2σµν

(
Q

S

)
, [

(
Q

S

)
, A] = 3

4γ5

(
Q

−S

)
,

[Q, Pµ] = 0, [Q, Kµ] = γµS,

[S, Pµ] = γµQ, [S, Kµ] = 0,
, [

(
Q

S

)
, D] = i12

(
Q

−S

)
,

[A, Mµν ] = [A, Pµ] = [A, Kµ] = [A, D] = 0,

{Q, Q̄} = 2γµPµ, {S, S̄} = 2γµKµ,

{S, Q̄} = 2iD + σµνMµν + 4γ5A, ({Q, S̄} = −2iD + σµνMµν − 4γ5A).

(61)

12



§2. Yang-Mills theory of superalgebra

Consider a superalgebra whose generators (devided by i), XA = TA/i satisfying

[XA, XB} = f C
AB XC . (62)

For definiteness, we here mean by XA always an operator acting on any fields Φ, for which

the infinitesimal transformation is given by

δ(ε)Φ = εΦ, ε ≡ εAXA, (63)

where εA are the transformation parameters. Introduce the gauge field by

hµ = hAµXA. (64)

The covariant derivative

DµΦ ≡ (∂µ − hµ)Φ = ∂µΦ− δ(hµ)Φ (65)

is defined by a property

δ(ε)(DµΦ) = εADµ(XAΦ) = Dµ(δ(ε̌)Φ), (66)

(ε̌は、微分 ∂µを受けないとする意。）from which follows the transformation law of gauge

field:

δ(ε)hµ = ∂µε+ [ȟµ, ε], → δ(ε)hAµ = ∂µε
A + εBhCµ fCB

A. (67)

This is because

δ(ε)(DµΦ) = ∂µ(δ(ε)Φ)− (δ(ε)hµ)Φ− δ(ε)(ȟµΦ)

= ∂µ(εΦ)− (εhµ)Φ− εȟµΦ

εADµ(XAΦ) = Dµ(ε̌Φ) = ∂µ(ε̌Φ)− hµεΦ

→ (εhµ)Φ = (∂µε)Φ+ hµεΦ− εȟµΦ

→ δ(ε)hµ = ∂µε+ [ȟµ, ε]

i.e.,δ(ε)hAµ = ∂µε
A + εBhCµ fCB

A (68)

where Ǒ means that O is neither transformed by ∂µ nor XA.
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The curvature tensor (field strength) is defined by

[Dµ, Dν ]Φ ≡ RA
µνXAΦ on ∀Φ

→ RA
µν = ∂νh

A
µ − ∂µh

A
ν − hBν h

C
µ fCB

A = ∂νh
A
µ −Dµh

A
ν

or Rµν = ∂νhµ − ∂µhν − [ȟµ, ȟν ]

∵) [Dµ, Dν ]Φ = ∂µDνΦ− δ(hµ)DνΦ− (µ↔ ν)

= ∂µ∂νΦ− ∂µ(hνΦ)−Dν(ȟµΦ)− (µ↔ ν)

= ∂µ∂νΦ− (∂µhν)Φ− ∂µ(ȟνΦ)− ∂ν(ȟµΦ) + hν ȟµΦ− (µ↔ ν)

= −(∂µhν)Φ+ hν ȟµΦ− (µ↔ ν)

= (∂νhµ − ∂µhν)Φ+ [ȟν , ȟµ]Φ (69)

The curvature tensor is covariant as usual:

δ(ε)Rµν = [Řµν , ε] → δ(ε)RA
µν = εBRC

µνfCB
A

Note) When the transformation by XA is linearly realized on the fields Φi, then it is

possible to use the representation matrix tA instead of the active operators XA as adopted

above. We should, however, note that the operator XA is represented by a transposed matrix

or by right multiplication:

XAΦ
i = (tTA)

i
jΦ

j = Φj(tA)j
i (70)

in order for the same structure constant appears as above:

[XA, XB} = fAB
CXC ↔ [tA, tB} = fAB

CtC (71)

This is because

XAXBΦ
i = XA(t

T
B)

i
jΦ

j = (tTB)
i
jXAΦ

j = (tTB)
i
j(t

T
A)

j
kΦ

k = (tTBt
T
A)

i
kΦ

k

[XA, XB}Φi = (XAXB − (−1)ABXBXA)Φ
i = (tTBt

T
A − (−1)ABtTAt

T
B)

i
jΦ

j =
(
[tTB, t

T
A}
)i

jΦ
j

=
(
[tA, tB}T

)i
jΦ

j = Φj
(
[tA, tB}

)
j
i

= ΦjfAB
C(tC)j

i = fAB
C(tTC)

i
jΦ

j = fAB
CXCΦ

i (72)

Or, this is simply owing to the fact that the right multiplication of matrix preserves the

multiplication order of the operator actions:

XAXBΦ
i = XAΦ

k(tB)k
i = Φj(tA)j

k(tB)k
i = Φj(tAtB)j

i (73)
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Superconformal Algebra:

[Pρ, Mµν ] = i(ηρµPν − ηρνPµ),

[Pµ, D] = iPµ, {Q, Q̄} = 2γµPµ,

[Mµν , Mρσ] = −i(ηµρMνσ − ηνρMµσ − ηµσMνρ + ηνσMµρ),

[Pµ, Kν ] = 2i(ηµνD −Mµν),

{S, Q̄} = 2iD + σµνMµν + 4γ5A,
(
{Q, S̄} = −2iD + σµνMµν − 4γ5A

)
.

[Kρ, Mµν ] = i(ηρµKν − ηρνKµ),

[Kµ, D] = −iKµ, {S, S̄} = 2γµKµ,

[Q, Mµν ] =
1
2σµνQ,

(
[Q̄, Mµν ] = −1

2Q̄σµν
)
,

[Q, D] = i12Q, [Q, A] = 3
4γ5Q, [S, Pµ] = γµQ,(

[Q̄, D] = i12Q̄, [Q̄, A] = 3
4Q̄γ5, [S̄, Pµ] = −Q̄γµ

)
,

[S, Mµν ] =
1
2σµνS,

(
[S̄, Mµν ] = −1

2 S̄σµν
)
,

[S, D] = −i12S, [S, A] = −3
4γ5S, [Q, Kµ] = γµS,(

[S̄, D] = −i12 S̄, [S̄, A] = −3
4 S̄γ5, [Q̄, Kµ] = −S̄γµ

)
. (74)

Superconformal (anti-hermitian) generators and trf parameters and gauge fields:

XA = i−1(Pm, Q, Mmn, D, A, S, Km)

≡ (Pm, Q, Mmn, D, A, S, Km),

εAXA = ξmPm + ε̄Q+ 1
2λ

mnMmn + ρD + θA+ ζ̄S + ξmKKm,

hAµXA = emµPm + ψ̄µQ+ 1
2ω

mn
µ Mmn + bµD + AµA+ φ̄µS + fm

µKm.

(75)

From the SC algebra table (74), let us calculate

[ȟν , ȟµ] ≡ [ȟBν XB, ȟCµXC ] = hCµh
B
ν f

A
BC XA. (76)

Note that

[δ(ε1), δ(ε2)] = [εB1 XB, ε
C
2XC ] = εC2 ε

B
1 [XB, XC}

= εC2 ε
B
1 f

A
BC XA = δ(εA3 = εC2 ε

B
1 fBC

A). (77)

In the following, all the gauge fields are understood not transformed by XA, though the

check symbol Ǒ is omitted:

[e·P , 1
2ω ·M + bD] = (enω

nm + emb)Pm,
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[ψ̄1Q, Q̄ψ2] = (−2iψ̄1γ
mψ2)Pm,

[12ω1 ·M , 1
2ω2 ·M ] = 1

2(ω
ml
1 ω n

2l − ωnl
1 ω

m
2l )Mmn,

[e·P , f ·K] = 2e·fD − 1
2 [2(e

mfn − enfm)]Mmn,

[ψ̄Q, S̄φ] = −2ψ̄φD + 1
2(−2iψ̄σmnφ)Mmn + 4iψ̄γ5φA,(

[φ̄S, Q̄ψ] = +2φ̄ψD + 1
2(−2iφ̄σmnψ)Mmn − 4iφ̄γ5ψA

)
,

[f ·K, 1
2ω ·M + bD] = (fnω

nm − fmb)Km,

[φ̄1S, S̄φ2] = (−2iφ̄1γ
mφ2)Km,

[ψ̄Q, 1
2ω ·M + bD + AA] = ψ̄(− i

4σ ·ω + 1
2b−

3
4iγ5A)Q,(

[12ω ·M + bD + AA, Q̄ψ] = Q̄(− i
4σ ·ω − 1

2b+
3
4iγ5A)ψ

)
,

[φ̄S, e·P ] = −iφ̄γmemQ,
(
[e·P , S̄φ] = −iQ̄γmemφ

)
,

[φ̄S, 1
2ω ·M + bD + AA] = φ̄(− i

4σ ·ω − 1
2b+

3
4iγ5A)S,(

[12ω ·M + bD + AA, S̄φ] = S̄(− i
4σ ·ω + 1

2b−
3
4iγ5A)φ

)
,

[ψ̄Q, f ·K] = −iψ̄γmfmS,
(
[f ·K, Q̄ψ] = −iS̄γmfmψ

)
,

(78)

Curvatures: RA
µν = 2∂νh

A
µ+h

B
µ h

C
ν fCB

A (上の結果から読み取ると、以下の表式はhBµ h
C
ν fCB

A

部分が皆符号が逆のようだ。これで、Kugo-Ueharaとは合っているのだが、要 convention

チェック。）

R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ,

R mn
µν (M) = 2∂νω

mn
µ − 2ω mc

ν ω n
µc + 4(fm

νe
n
µ − fn

νe
m
µ) + 4iψ̄νσ

mnφµ,

Rµν(D) = 2∂νbµ + 4fn
νenµ + 4ψ̄νφµ

Rµν(A) = 2∂νAµ − 8iψ̄νγ5φµ

R m
µν (K) = 2∂νf

m
µ − 2ω mn

ν fnµ − 2bνf
m
µ + 2iφ̄νγ

mφµ,

R̄µν(Q) = 2Dω
ν ψ̄µ + bνψ̄µ − 3

2iAνψ̄µγ5 + 2iφ̄νγme
m
µ,

R̄µν(S) = 2Dω
ν φ̄µ − bνφ̄µ +

3
2iAνφ̄µγ5 + 2iψ̄νγmf

m
µ, (79)

with

Dω
ν ψ̄µ ≡ ∂νψ̄µ − i

4ω
mn

ν ψ̄µσmn,

Dω
νψµ ≡ ∂νψµ +

i
4ω

mn
ν σmnψµ, (80)

(and the same for φµ,) where antisymmetrization w.r.t. µ↔ ν like

Rµν(A) = (2∂νAµ − 8iψ̄νγ5φµ)anti-symm
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= ∂νAµ − ∂µAν − 4i(ψ̄νγ5φµ − ψ̄µγ5φν)

(81)

変換則: δ(ε)hAµ = ∂µε
A + εBhCµ fCB

A

δemµ = ∂µξ
m + λmlelµ − ω mn

µ ξn − ρemµ + bµξ
m − 2iε̄γmψµ,

δω mn
µ = ∂µλ

mn + 2λmlω n
µl − 2(ξmKe

n
µ − ξnKe

m
µ) + 2(fm

µξ
n − fn

µξ
m)

−2iε̄σmnφµ − 2iψ̄µσ
mnζ,

δbµ = ∂µρ− 2ξnKenµ + 2fn
µξn − 2ε̄φµ + 2ψ̄µζ

δAµ = ∂µθ + 4iε̄γ5φµ − 4iψ̄µγ5ζ

δf m
µν = ∂µξ

m
K + λ mnfnµ − ω mn

µ ξK n + ρfm
µ − bµξ

m
K − 2iζ̄γmφµ,

δψ̄µ = Dω
µ ε̄+

i
4λ

mnψ̄µσmn − 1
2ρψ̄µ +

1
2bµε̄+

3
4iθψ̄µγ5 − 3

4iAµε̄γ5

−iζ̄γmemµ + iφ̄µγmξ
m
)
,(

δψµ = Dω
µε−

i
4λ

mnσmnψµ − 1
2ρψµ +

1
2bµε+

3
4iθγ5ψµ − 3

4iAµγ5ε

+iemµγmζ − iξmγmφµ

)
,

δφ̄µ = Dω
µ ζ̄ +

i
4λ

mnφ̄µσmn +
1
2ρφ̄µ − 1

2bµζ̄ −
3
4iθφ̄µγ5 +

3
4iAµζ̄γ5

−iε̄γmfm
µ + iψ̄µγmξ

m
K ,(

δφµ = Dω
µζ −

i
4λ

mnσmnφµ +
1
2ρφµ − 1

2bµζ −
3
4iθφµγ5 +

3
4iAµζγ5

+ifm
µγmε− iξmKγmψµ

)
, (82)

For inverse vierbein,

δe µ
m = −e µ

n e
ν

m (δenν)

= −e µ
n ∂mξ

n − e µ
l λ

l
m + ω µl

m ξl + ρe µ
m − bmξ

µ + 2iε̄γµψm. (83)

Curvature の group変換則 δRA
µν は、上の gauge場の変換則 δhAµ で、∂µε

Aを捨て、全ての

hBµ を RB
µν に置き換えれば良い。

§3. Deformation of the SU(2, 2|1) algebra

δGC(ξ
λ)hAµ = ∂µξ

λ ·hAλ + ξλ∂λh
A
µ

= Dµ(ξ
λ ·hAλ ) + ξλ(∂λh

A
µ −Dµh

A
λ )

= [Dµ(ξ ·h)]A + ξλRA
µν

= δ(ξ ·h)hAµ + ξλRA
µν , (84)

17



The last equality is because

δ(ε)hAµ = (Dµε)
A

δ(ξ ·h)hAµ = ∂µ(ξ ·hA) + (ξ ·h)BhCµ f A
BC . (85)

Note that

δ(ξ ·h) = δP (ξ
m) +

∑
A′( ̸=P )

δA′(ξ ·hA′
),

ξm = ξλemλ,

ξ ·hA′
= ξλhA

′

λ = ξmhA
′

m (86)

Therefore, we have a key relation:

δP (ξ
m)hAµ = δGC(ξ

λ)hAµ −
∑
B′

δB′(ξ ·hB′
)hAµ︸ ︷︷ ︸

≡ δP̃ (ξ
m)hAµ

−ξλRA
µλ. (87)

Now, we deform the SU(2, 2|1) algebra by making a replacement

δP (ξ
m) → δP̃ (ξ

m) = δGC(ξ
λ)−

∑
B′

δB′(ξ ·hB′
). (88)

First we note that, among the commutators [δA′ , δB′ ] for A′, B′ ̸= P , the only one yielding

δP in the RHS is [δQ(ε2), δQ(ε1)] = δP (−2iε̄1γ
mε2). So we require first that

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γ

mε2, (89)

holds on any independent gauge fields, and find constraints necessary for that.

3.1. On emµ

On emµ, we originary have

[δQ(ε2), δQ(ε1)]e
m
µ = δP (ξ

m)emµ,

= δP̃ (ξ
m)emµ − ξλR m

µλ (P ). (90)

So it is necessary and sufficient to impose the constraint:

0 = R m
µν (P ) = 2∂νe

m
µ − 2ω mn

ν enµ + 2bνe
m
µ + 2iψ̄νγ

mψµ (91)

This can be solved by the M gauge field ω mn
µ and yields

ω mn
µ = ω mn

µ (e, ψ, b), (92)
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so that ω mn
µ is no longer an independent gauge field. However, since the constraintR m

µν (P ) =

0 is invariant under Mmn, D, A, S, Km, ω
mn

µ still keeps the same transformation law as the

original group transformation underMmn, D, A, S, Km transformations. On the other hand,

the constraint R m
µν (P ) = 0 is not invariant under Q transformation, the Q transformation

of ω mn
µ becomes different from the original group transformation law:

δQ(ε)ω
mn

µ (e.ψ, b) = δgroupQ (ε)ω mn
µ + δ′Q(ε)ω

mn
µ . (93)

The difference can be easily found by noting that the constraint R m
µν (P ) = 0 is of course an

identity and Q-invariant if ω mn
µ there is replaced by ω mn

µ (e, ψ, b), so that we have

0 = δgroupQ (ε)R m
µν (P ) + δ′Q(ε)ω

m
µ ν − δ′Q(ε)ω

m
ν µ

= −2iε̄γmRµν(Q) + δ′Q(ε)ω
m

µ ν − δ′Q(ε)ω
m

ν µ. (94)

(Note that we are anticipating that emµ, ψµ, bµ will remain to be independent gauge fields

and receive no changes in the Q-transformation laws.) Solving this (in a similar way to solve

Christoffel symbol in terms of gµν), we find

δ′Q(ε)ωµmn = iε̄(γµRmn(Q) + γmRµn(Q)− γnRµm(Q)) ≡ iε̄Rµmn(Q). (95)

3.2. On ψµ

Noting

δQ(ε)ψµ = (∂µ +
i
4ω

mn
µ σmn +

1
2bµ −

3
4iγ5Aµ)ε (96)

and that ω mn
µ now receives an extra Q transformation δ′Q(ε) in addition to the original group

transformation δgroupQ (ε), we find that the [δQ, δQ] commutator on ψµ now reads

[δQ(ε2), δQ(ε1)]ψµ = [δgroupQ (ε2), δ
group
Q (ε1)]ψµ +

i
4

(
δ′Q(ε2)ωµ ·σε1 − (1 ↔ 2)

)
= δP̃ (ξ)ψµ − ξmRµm(Q) +

i
4

(
δ′Q(ε2)ωµ ·σε1 − (1 ↔ 2)

)
. (97)

So we see that the condition

i
4

(
(iε̄2Rµmn(Q))σ

mnε1 − (1 ↔ 2)
)
= −2i(ε̄1γ

mε2)Rµm(Q) (98)

is necessary and sufficient for the [δQ, δQ] algebra Eq. (89) hold on ψµ. Applying Fierz,

and noting then that only (ε̄1γ
ρε2) and (ε̄1σ

ρσε2) terms appear by the antisymmetry under

1 ↔ 2, we find the LHS to be

− 2

4 · 4
[
(ε̄1γ

ρε2)σ
mnγρRµmn(Q) +

1
2(ε̄1σ

ρσε2)σ
mnσρσRµmn(Q)

]
(99)
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so that the condition is rewritten into

σmnγρRµmn(Q) = 16iRµρ(Q)

σmnσρσRµmn(Q) = 0. (100)

Multiplying the first equation by γρ and using γρσmnγρ = 0, we immediately find a constraint

γρRµρ(Q) = 0. (101)

Once this holds, various identities for Rµν(Q) follows:

1. εmnrsγnRrs(Q) = 0 (102)

2. Rµmn(Q) = 2γµRmn(Q) (103)

3. σmnγργµRmn(Q) = 8iRµρ(Q) (104)

4. σmnσρσγµRmn(Q) = 0 (105)

Proof)

1. εmnrsγn ∝ γ5γ
mrs = γ5[γ

mγrs − (ηmrγs − ηmsγr)]

2. Rµmn(Q) = γµRmn(Q) + γmRµn(Q)− γnRµm(Q)

= 2γµRmn(Q) = 2γmRµn(Q) (by identity 1.)

3. σmnγργµRmn(Q) = (−iγnγm)γρ ·γmRnµ(Q) = −iγn(−2γρ)Rnµ(Q)

= +2iγn(γn)Rµρ(Q) = +8iRµρ(Q)

4. σρσγµ = linear combi. of γτ (τ = ρ, σ, µ) and γ5γτ

while σmnγ·Rmn(Q) = 0 (106)

Now by the identities 2. – 4., both the conditions in Eq. (100) are seen to be satisfied, so

that the constraint γµRµν(Q) = 0 in Eq. (101) alone is necessary and sufficient condition for

the [δQ, δQ] algebra Eq. (89) hold on ψµ. By the identity 2., the extra Q transformation for

ω mn
µ now takes a simple form:

δ′Q(ε)ωµmn = 2iε̄γµRmn(Q) (= −2iR̄mn(Q)γµε). (107)

The constraint (101), γµRµν(Q) = 0, is solved by the S-gauge field φµ:

0 = γµRµν(Q) = γµ
[
(∂ν +

i
4ων ·σ + 1

2bν −
3
4iγ5Aν)ψµ − (1 ↔ 2)

]
− iγµ(γµφν − γνφµ)

⇒ φµ = φµ(e, ψ, b, A). (108)
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So φµ now become dependent gauge field. Since the constraint γµRµν(Q) = 0 isMmn, D, A, S, Km

invariant but not invariant under Q, the Q-transformation of φµ is modified:

0 = δQ(ε)(γ
µRµν(Q)) = γµδgroupQ (ε)Rµν(Q) + (δQ(ε)e

µ
m )γmRµν(Q)

+ i
4γ

µ
[
(δ′Q(ε)ω

mn
ν )σmnψµ − (µ↔ ν)

]
− i(4δµν − γµγν)δ

′
Q(ε)φµ (109)

where

δQ(ε)e
µ
m = 2iε̄γµψm

δgroupQ (ε)Rµν(Q) =
( i
4Rµν(M)·σ + 1

2Rµν(D)− 3
4iγ5Rµν(A)

)
ε (110)

Using Eq. (107), we find (µ↔ ν) term (δ′Q(ε)ω
mn

µ )γµσmnψν vanishes by the identity:

γµσmn∀η(∀ε̄γµRmn(Q)) = 0. (111)

Indeed,

(ε̄γµR mn(Q))(ϕ̄γ
µσmnψν) = −1

4

[∑
A

(ε̄ΓAψν)(ϕ̄γ
µσmnΓAγµRmn(Q))

]
(112)

whereas ΓA = 1, γ5 terms vanish by γµσmnγµ = 0, ΓA = γρ, γργ5 terms vanish by the

identity 3. in Eq. (105) since γµσmnγργµRmn(Q) = γµ · 8iRµρ(Q) = 0, and ΓA = σρσ term

vanish by the identity 4.

By Fierzing similarly, we find

i

4
(ϕ̄γµσmnψµ)(δ

′
Q(ε)ω

mn
ν ) =

i

4
(ϕ̄γµσmnψµ)(iε̄Rν mn)

= −1

4
(ψ̄µσ

mnγµϕ)(ε̄Rν mn)

=
1

16

[∑
A

(ψ̄µσ
mnΓARν mn)(ε̄Γ

Aγµϕ)
]

=
1

16

[
(ψ̄µ σ

mnγρRν mn︸ ︷︷ ︸
= 16iRνρ(Q)

)(ε̄γργµϕ) + (ψ̄µ σ
mnγργ5Rν mn︸ ︷︷ ︸

−16iγ5Rνρ(Q)

)(ε̄γ5γ
ργµϕ)

]
= i
[
(ϕ̄γµγρε)(ψ̄µRνρ(Q))− (ϕ̄γµγργ5ε)(ψ̄µγ5Rνρ(Q))

]
(113)

(ϕ̄γmRµν(Q))(δQ(ε)e
µ
m ) = (ϕ̄γmRµν(Q))(2iε̄γ

µψm) = −2i(ϕ̄γmRµν(Q))(ψ̄mγ
µε)

= −2i(−1

4
)
[∑

A

(ϕ̄γmΓAε)(ψ̄mγ
µΓARµν(Q))

]
=
i

2

[
(ϕ̄γmγρε)(ψ̄m γµγρ︸︷︷︸

→ [γµ, γρ] = 2δµρ

Rµν(Q)) + (ϕ̄γmγ5γ
ρε)(ψ̄m γµγρ︸︷︷︸

→ 2δµρ

γ5Rµν(Q))
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+1
2(ϕ̄γ

mσabε)(ψ̄m γµσab︸ ︷︷ ︸
[γµ, σab] = 2i(δµaγb − δµb γa)

Rµν(Q))
]

= i
[
(ϕ̄γmγρε)(ψ̄mRρν(Q)) + (ϕ̄γmγ5γ

ρε)(ψ̄mγ5Rρν(Q))

+ i
2(ϕ̄γ

mσabε)ψ̄m(γbRaν(Q)− γaRbν(Q)︸ ︷︷ ︸
γνRab(Q)

)
]

= −i
[
(ϕ̄γmγρε)(ψ̄mRνρ(Q))− (ϕ̄γmγργ5ε)(ψ̄mγ5Rνρ(Q))

]
−1

2
(ϕ̄γmσabε)(ψ̄mγνRab(Q)) (114)

The first two terms just cancel the i
4
(ϕ̄γµσmnψµ)(δ

′
Q(ε)ω

mn
ν ) in Eq. (113), we thus find

Eq. (109) leads to

−i(4δµν − γµγν)δ
′
Q(ε)φµ = i

4γ
µσmnεRµν mn(M) + 1

2γ
µεRµν(D)− 3

4iγ
µγ5εRµν(A)

−1

2
γµσmnε(ψ̄µγνRmn(Q)) (115)

In the last term, the factor ψ̄µγνRmn(Q) can be replaced by ψ̄µγνRmn(Q) − ψ̄νγµRmn(Q)

owing to the identity Eq. (111), γµσmn∀η(∀ε̄γµRmn(Q)) = 0. Then, defining covariantized

R mn
µν (M) by

Rcov.mn
µν (M) ≡ R mn

µν (M) + 2i
(
ψ̄µγνR

mn(Q)− ψ̄νγµR
mn(Q)

)
, (116)

the last term can be absorbed into the Rµν mn(M) term and we obtain:

δ′Q(ε)φµ = − i

2
(δνµ −

1
6γµγ

ν)Rνε = − i

2
(Rµ − 1

6γµγ ·R)ε

Rµ ≡ i
4γ

µσmnεRcov.
µν mn(M) + 1

2γ
µεRµν(D)− 3

4iγ
µγ5εRµν(A). (117)

This quantity (Rµ − 1
6γµγ ·R)ε can be much simplified if we use the Bianchi identity.

The Bianchi identity is

0 = εµνρσ[Dν , Rρσ] = εµνρσ
(
∂νRρσ − [hµ, Rρσ]

)
.

→ εµνρσ
(
∂νR

A
ρσ − hBµR

C
ρσf

A
BC

)
= 0. (118)

This reads for A = Pm

0 = εµνρσ
(
∂νR

m
ρσ (P )− ω m

ν nR
n

ρσ (P ) + enνR
mn

ρσ (M)

+ bνR
m

ρσ (P )− emνRρσ(D) + 2iψ̄νγ
mRρσ(Q)

)
. (119)

Again, the last term can be absorbed into the Rcov.mn
ρσ (M) term, and using the constraint

R m
ρσ (P ) = 0, we have an identity

εµνρσ
(
Rcov.m

ρσ ν (M) + emνRρσ(D)
)
= 0, (120)
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or, equivalently,

εµνρσRcov.m
ρσ ν (M) = −2R̃µα(D). (121)

where tilde is generally defined by

R̃µν ≡ 1
2ε

µνρσRρσ, (note that
˜̃
R µν = −Rµν) (122)

Writing Eq. (120) into the form

Rcov.
rs nm(M) + (cyclic in rsn) +Rrs(D)ηmn + (cyclic in rsn) = 0, (123)

and adding the same form term with the indices s,m interchanged, we have

Rcov.
[rs,nm](M) +Rcov.

[rm,ns](M) = −(R(D)η)rsmn+snmr+rmsn+mnsr+2nrms (124)

with

Rcov.
[rs,nm](M) ≡ Rcov.

rs nm(M)−Rcov.
nmrs(M) (125)

Then adding to Eq. (124) the same identity with indices r, s, n replaced by n, r, s and sub-

tracting the one replaced by by s, n, r, we find

Rcov.
[rs,mn](M) = ηrmRsn(D)− ηsmRrn(D)− ηrnRsm(D) + ηsnRrm(D) (126)

Contracting by εarsm and using the identity Eq. (121), we obtain

ε abc
m Rcov.

na bc(M) = −2R̃mn(D). (127)

Contraction with ηrn gives yet another identity

Rcov.
µν (M)|antisymm. part ≡ 1

2(R
cov.
µν (M)−Rcov.

νµ (M)) = −Rµν(D), (128)

where

Rcov.
µν (M) ≡ Rcov.mn

µρ (M)e ρ
m enν . (129)

Using these identities Eqs. (121), (127) and (128), as well as

γµσmn = i(δµmγn − δµnγm)− εµmnrγ
rγ5, (130)

we can compute (Rµ − 1
6γµγ ·R)ε into the following form

(Rµ − 1
6γµγ ·R)ε = γmε

(
− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A)
)

+iγmγ5ε
1
2Rµm(A) (131)

Thus the extra Q transformation δ′Q(ε)φµ is given by

δ′Q(ε)φµ = − i

2
(Rµ − 1

6γµγ ·R)ε

= − i

2

[
γmε

(
− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A)
)

+iγmγ5ε
1
2Rµm(A)

]
(132)
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3.3. On Aµ and bµ

Noting

δQ(ε)Aµ = 4iε̄γ5φµ

δQ(ε)bµ = −2ε̄φµ, (133)

and that φµ now receives an extra Q transformation δ′Q(ε) in addition to the original group

transformation δgroupQ (ε), we find that the [δQ, δQ] commutator on Aµ and bµ now reads

[δQ(ε2), δQ(ε1)]Aµ = [δgroupQ (ε2), δ
group
Q (ε1)]Aµ + 4i

(
ε̄1γ5(δ

′
Q(ε2)φµ)− (1 ↔ 2)

)
= δP̃ (ξ)Aµ − ξmRµm(A) + 4i

(
(− i

2)(ε̄1γ5iγ
mγ5ε2)

1
2Rµm(A)− (1 ↔ 2)

)
= δP̃ (ξ)Aµ − ξmRµm(A) + 4i(− i

2)ξ
m 1
2Rµm(A) = δP̃ (ξ)Aµ OK!

[δQ(ε2), δQ(ε1)]bµ = [δgroupQ (ε2), δ
group
Q (ε1)]bµ − 2

(
ε̄1(δ

′
Q(ε2)φµ)− (1 ↔ 2)

)
= δP̃ (ξ)bµ − ξmRµm(D)

−2(− i
2)× 2(ε̄1γ

mε2)
(
− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A)
)

= δP̃ (ξ)bµ − ξmRµm(D)

−ξm
(
− 1

12emµR
cov.(M)ρρ +

1
2R

cov.
µm (M) + 1

4R̃µm(A)
)

(134)

Thus, the [δQ, δQ] commutator on Aµ requires no constraint but that on bµ requires a con-

dition

− 1
12emµR

cov.(M)ρρ +
1
2R

cov.
µm (M) + 1

4R̃µm(A) = −Rµm(D) (135)

which leads, by separating the symmetric and antisymmetric parts and using Eq. (128), to

Rcov.
µm (M)|symm. part = 0,

−1
2Rµm(D) + 1

4R̃µm(A) = −Rµm(D). (136)

The latter condition is rewritten into

Rµm(D) = −1
2R̃µm(A) or → R̃µm(D) = +1

2Rµm(A). (137)

If Eq. (128) is used, these two conditions can be rewritten into a constraint

Rcov.
νµ (M) + 1

2R̃µν(A) = 0. (138)

This is the necessary and sufficient condition for the [δQ, δQ] algebra Eq. (89) to hold on bµ.

Then the extra Q transformation Eq. (132) of φµ is simplified into

δ′Q(ε)φµ = − i

2

[
γmε 1

2R̃µm(A) + iγmγ5ε
1
2Rµm(A)

]
δ′Q(ε)φµ = − i

4
γm
(
R̃µm(A) + iγ5Rµm(A)

)
ε. (139)
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The constraint Eq. (138) can be solved by the Km gauge field fm
µ, which now becomes a

dependent field:

fm
µ = fm

µ(e, ψ, b, A). (140)

Since the constraint Eq. (138) is not Q-invariant and so fm
µ also receives an extra Q-

transformation, which can be derived in the same way as above:

δ′Q(ε)f
m
µ = − i

2
ε̄
(
σmνRcov.

µν (S) + emνR̃cov.
µν (S)

)
. (141)

3.4. Resultant modified SU(2, 2|1) algebra

Now that the Mmn, S and Km gauge fields ω mn
µ , φµ and fm

µ have become dependent

fields, there no longer remain other independent gauge fields. Thus the desired [δQ, δQ]

algebra (89)

[δQ(ε2), δQ(ε1)] = δP̃ (ξ
m), with ξm ≡ −2iε̄1γ

mε2 (142)

already holds on all the independent gauge fields emµ, ψµ, Aµ and bµ.

This implies that

Proposition: For all the transformations other than P̃m transformation, (which we

denote by primed index X ′ henceforth, X ′ ∈ {Q, Mmn, D, A, S, Km}), the commutators

[δY ′(εY
′
), δX′(εX

′
)] =

∑
C

δC(ε
X′
εY

′
f C
X′Y ′ ) (143)

of the same form as the original SU(2, 2|1) algebra, still hold. Note that when Pm appears

in the C sum, it is always understood to stand for P̃m.

Proof) For the case X ′ = Q and Y ′ = Q, we have already seen that [δQ(ε2), δQ(ε1)] =

δP̃ (ξ
m) holds and so the Proposition holds. So it is enough to prove it for the other cases in

which either X ′ or Y ′ is not equal to Q. We assume X ′ ̸= Q without loss of generality.

Since the Mmn, D, A, S, Km transformations are the same as the original group trans-

foramtions even for the dependent gauge fields, we clearly have

[δY ′(εY
′
), δX′(εX

′
)]hGµ =

∑
C

δgroupC (εX
′
εY

′
f C
X′Y ′ )hGµ +δ

Q
Y ′

∑
Z′=M,S,K

εX
′
δ′Q(ε

Y ′
)hZ

′

µ f
G

X′Z′ (144)

on any independent gauge fields hGµ . The second extra Q transformation terms may exist only

when Y ′ = Q and only for the dependent gauge fields hZ
′

µ with Z ′ ∈ {M, S, K}. However

we show that this term is in fact absent. Consider the Weyl weights of the generators.

The generator G for the independent gauge fields is one of P, Q, D, A carrying weights

1, 1/2, 0, 0, respectively. The sum of the weights of the generators X ′ and Z ′, w(X ′) +

w(Z ′), should be w(G) in order for the structure constant f G
X′Z′ to be non-zero. But, since
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w(G) ≥ 0, w(X ′) ≤ 0 (recall X ′ ̸= Q) and w(Z ′) ≤ 0, the only possibility satisfying this

condition is w(G) = w(X ′) = w(Z ′) = 0, which corresponds to the cases G ∈ {D, A},
X ′ ∈ {M, D, A} and Z ′ = M . But, the commutators [X ′, Z ′] for such cases can yield only

M since [{M, D, A}, M ] ∝ M , so that f G
X′Z′ = 0 for G ∈ {D, A}. Therefore the group

law holds. q.e.d.

Proposition:

[δP̃ (ξ
m), δA′(εA

′
)] =

∑
B all

δB(ε
A′
ξmf B

A′Pm
) + δQA′

∑
B′=M,S,K

δB′(ξmδ′Q(ε
A′
)hB

′

m ) (145)

Proof) Straightforward calculation using

δP̃ (ξ
m) = δGC(ξ

λ = ξme λ
m )−

∑
B′

δB′(ξ ·hB′
) (146)

leads to the above result. First, using

δGC(ξ
λ)hAµ = ∂µξ

λ ·hAλ + ξλ∂λh
A
µ , (147)

we derive, for field-independent ξλ case,

[δGC(ξ
λ), δA′(εA

′
)] = −δA′(ξλ∂λε

A′
). (148)

For the field-dependent case, we derive

[δGC(ξ
λ = ξme λ

m ), δA′(εA
′
)] = −δA′(ξλ∂λε

A′
)− δGC

(
ξmδA′(εA

′
)e λ

m

)
(149)

where

δA′(εA
′
)e λ

m = −e ν
me

µ
n

(
δA′(εA

′
)enν

)
= −εA′

hCmf
Pn

A′C e µ
n . (150)

Next we have

[−δB′(ξmhB
′

m ), δA′(εA
′
)] = −

∑
C

δC(ε
A′
ξ ·hB′

f C
A′B′ ) + δB′(ξmδA′(εA

′
)hB

′

m ) (151)

where

δA′(εA
′
)hB

′

m = δA′(εA
′
)(e µ

m hB
′

µ )

= −εA′
hCmf

Pn

A′C hB
′

n + δB
′

A′ ∂mε
A′

+ εA
′
hCmf

B′

A′C + δQA′δ
′
Q(ε

A′
)hB

′

m . (152)

Using these we can show the Proposition. q.e.d.

Proposition:

[δP̃ (ξ1), δP̃ (ξ2)] =
∑
A

δA(ξ
m
1 ξ

n
2R

A
mn) +

∑
B′=M,S,K

δB′
(
δ′Q(ξ1 ·ψ)ξ2 ·hB

′ − δ′Q(ξ2 ·ψ)ξ1 ·hB
′)
(153)
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or, equivalently,

[δP̃ (ξ1), δP̃ (ξ2)] =
∑
A

δA(ξ
m
1 ξ

n
2R

cov. A
mn ) (154)

Proof) Straightforward calculation. First show, for field-independent ξλ case,

[δGC(ξ
ρ
2), δGC(ξ

λ
1 )] = δGC((ξ1 ·∂)ξλ2 − (ξ2 ·∂)ξλ1 ) (155)

[δB′(ξm2 h
B′

m ), δGC(ξ
λ
1 )] = δB′

(
(ξ1 ·∂ ξm2 )hB

′

m

)
(156)

Next, for the field-dependent case, we derive

[δGC(ξ
n
2 e

ρ
n ), δGC(ξ

m
1 e

λ
m )] = δGC

(
ξm1 ξ

n
2 (∂ne

λ
m − ∂me

λ
n )
)

(157)

[δB′(ξm2 h
B′

m ), δGC(ξ1 ·e)] = δB′
(
(ξ1 ·∂ ξm2 )hB

′

m

)
−
∑
C

δGC

(
(ξ2 ·hB

′
)(ξ1 ·hC)f Pn

B′C e λ
n

)
(158)

Using these, we derive

[δP̃ (ξ2), δGC(ξ1 ·e)] = δGC

(
ξm1 ξ

n
2 (∂ne

λ
m − ∂me

λ
n )
)
−
∑
B′

δB′
(
(ξ1 ·∂ ξm2 )hB

′

m

)
+
∑
B′,C

δGC

(
(ξ2 ·hB

′
)(ξ1 ·hC)f Pn

B′C e λ
n

)
(159)

Using the previous Proposition, we have

[δP̃ (ξ2),
∑
B′

δB′(ξ1 ·hB
′
)] =

∑
B′,C(all)

δC
(
(ξ1 ·hB

′
)ξm2 f

C
B′Pm

) +
∑

B′=M,S,K

δB′(ξm2 δ
′
Q(ξ1 ·ψ)hB

′

m )

+
∑
B′

δB′(ξm1 δP̃ (ξ2)h
B′

m ) (160)

where

ξm1 δP̃ (ξ2)h
B′

m = ξm1 (ξ2 ·∂)hB
′

m − ξm1
∑
A′

δA′(ξ2 ·hA
′
)hB

′

m

= ξm1 (ξ2 ·∂)hB
′

m +
∑
A′,C

{
(ξ2 ·hA

′
)(ξ1 ·hC)f Pn

A′C hB
′

n − δB
′

A′ (ξ1 ·∂)(ξ2 ·hA
′
)

−(ξ2 ·hA
′
)(ξ1 ·hC)f B′

A′C − δQA′δ
′
Q(ξ2 ·hA

′
)hB

′

m

}
. (161)

Using these we can show the Proposition. q.e.d.

Also note

Rcov. A
mn = RA

mn −
(
δ′Q(ψn)h

A
m − δ′Q(ψm)h

A
n

)
(162)
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§4. N = 1 Superconformal Tensor Calculus

4.1. Matter multiplets

The general, or so-called vector, (complex, unconstrained) superconformal multiplet V
corresponding to the superfield

V (x, θ) = C + iθ̄γ5Z − 1
2 θ̄(N − iγ5M− γ5γ

µVµ)θ

−i(θ̄θ)θ̄γ5[Λ− i
2γ

µ∂µZ] + 1
4(θ̄θ)(θ̄θ)[D − 1

2□C] (163)

in the rigid supersymmetry case, is now denoted by V = [C,Z,N ,M,Vm, Λ,D]. (Real vector

multiplet is denoted as V = [C,Z,N,M, Vm, λ,D], by using the corresponding roman letters.)

The basic quantum numbers of the superconformal matter multiplet are Weyl weight w and

chiral weight n, which are defined through the transformation law of the first component C:

[δD(ρ) + δA(θ)] C(x) = (wρ+ 1
2inθ) C(x). (164)

This vector multiplet V exists for any Weyl and chiral weights w, n (and even VA with arbi-

trary external Lorentz index A = (α1, · · · , αn; β̇1, · · · , β̇m). On the contrary, the constrained

type multiplets can exist only for particular values of (w, n) (and for particular external

Lorentz indices A). For instance, the chiral multiplets exist only when they carry the same

values of Weyl and chiral weights, w = n (and only with purely undotted spinor indices

A = (α1, · · · , αn)).

Here we do not give the transformation laws for the vector multiplet V , but give those

for the chiral multiplet ϕ = [z, χ, h] possessing no external Lorentz index, which is embedded

into the vector multiplet as follows:

V(ϕ) = [ z, −iχR, −h, ih, iDc
mz, 0, 0 ]. (165)

The chiral multiplet transforms under Q, S, D and A as

δQSDA z ≡ (δQ(ε) + δS(ζ) + δD(ρ) + δA(θ)) z =
1
2 ε̄RχR + (wρ+ 1

2iwθ)z

δQSDA χR = /Dcz · εL + hεR + 2wzζR + [(w + 1
2)ρ+ i(12w − 3

4)θ]χR

δQSDA h = 1
2 ε̄L /D

cχR + (1− w)ζ̄RχR + [(w + 1)ρ+ i(12w − 3
2)θ]h, (166)

and inert under Km, where D
c
m denotes conformal covariant derivative:

Dc
mz = (∂m − wbm − 1

2iwAm)z − 1
2 ψ̄RχR

Dc
mχR =

(
Dω

m − (w + 1
2)bm − i(12w − 3

4)Am

)
χR

−( /Dcz · ψLm + hψRm)− 2wzφRm (167)

with local Lorentz covariant derivative Dω
m.
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4.2. Invariant action formula

F-term formula: applicable to chiral multiplet with weight w = n = 3, ϕw=n=3

= [ z= 1
2(A+iB), χR, h=

1
2(F+iG) ]

IF =

∫
d4x

[
ϕ(w=n=3)

]
F
=

∫
d4x e

[
h+ 1

2 ψ̄Lmγ
mχR + ψ̄Lmσ

mnz ψLn + h.c.
]

=

∫
d4x e

[
F + 1

2 ψ̄mγ
mχ+ 1

2 ψ̄mσ
mn(A− iγ5B)ψn

]
(168)

The full superconformal invariance of this action can be confirmed by checking only the S-

invariance , since the GC(P ) and LL(M) invariance together with D, A and K invariances

are manifest; the non-trivial Q-invariance automatically follows from (the commutator of)

GC and S invariances.

The next action formula can be derived from this. Since the chiral projection (analogue

of D̄D̄V ) of real vector multiplet V with Weyl weight w = 2 gives a chiral multiplet ΠV

with weight w = n = 3:

ΠV = [ 12(H − iK), i /DcZL + ΛR, −1
2(D +□cC + iDc

mB
m) ] (169)

We can apply the above F-term formula to this chiral multiplet ΠV and obtain

D-term formula: applicable to real vector multiplet V = [C, Z, H, K, Bm, λ, D ] with

weight w = 2 n = 0:

ID =

∫
d4x

[
V(w=2, n=0)

]
D
=

∫
d4x [−ΠV ]F

=

∫
d4x e

[
D − 1

2 ψ̄mγ
miγ5λ− φ̄mγ

miγ5Z + 1
3C
(
R + e−1ψ̄µR

µ
)

+1
4iε

mnklψ̄mγnψk

(
Bl − AlC − 1

2 ψ̄lZ
)]

(170)

where

R = R mn
µν (M)e ν

me
µ
n , Rµ = εµνρσγ5γνD

ω
ρψσ . (171)

4.3. N = 1 SUGRA Lagrangian

One may have wondered in the above why we consider such a superconformal frame-

work possessing rather large local symmetry while we want supergravity which has only

local Poincaré invariance. We can now answer to this question. All the possible theories of

Poincaré supergravity can be obtained from our superconformal framework simply fixing the

gauges for the extraneous gauge symmetries, dilatation D, chiral A, conformal supersym-

metry S and special conformal Km symmetries. Then, we need special matter multiplet(s)
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called compensator, whose component fields are used to fix those extraneous gauges. Choos-

ing different type of multiplet as the compensator yields a different formulation of Poincaré

supergravity: namely, chiral multiplet compensator leads to (old) minimal formulation, (real)

linear multiplet compensator to new-minimal formulation and complex linear multiplet com-

pensator to Breitenlohner formulation. One of the virtue of the superconformal framework

is that all those different formulations of Poincaré supergravity can be dreived in a unified

way from this unique framework. There is another and more important advantage in the

superconformal tensor calculus actually, which we explain shortly.

We explain only the (old) minimal formulation of Poincaré supergravity. Pure (Poincaré)

supergravity Lagrangian is given by

Lpure SUGRA =
[
ΣΣ̄

]
D

(172)

where Σ is a chiral multiplet with weight w = n = 1, the compensator of the (old) min-

imal formulation. Denoting the components of this compensator as Σ = [A, ψR, F ], the

extraneous D, A, S, Km gauges are fixed by the following conditions:

D : ReA =
√
3, A : ImA = 0,

S : ψR = 0, Km : bµ = 0, (173)

where the last bµ is the Weyl (D) gauge field. Then, writing F = 1√
3
(S − iP ) and Aµ =

−2
3A

aux
µ , ΣΣ̄ takes the form

ΣΣ̄ = [ 3, 0, −2S, 2P, −2Aaux
m , 0, −1

3(S
2 + P 2 − Aaux 2

m ) ] (174)

Substituting this components expression into Eq. (172) and applying the D-term formula,

we actually obtain the following action of pure supergravity:

Lpure SUGRA = e
[
R + e−1ψ̄µR

µ − 1
3(S

2 + P 2 − Aaux 2
m )

]
. (175)

S, P and Aaux
µ constitute the well-known minimal set of auxiliarly fields, hence the name of

minimal Poincaré supergravity.

If one considers more general matter coupled system, the Lagrangian would take the form

L =
[
ΣΣ̄ Φ̃(ϕ, ϕ̄)

]
D
+
[
Σ3W (ϕ)

]
F
, (176)

omitting the possible gauge fields. Here ϕ denotes a set of matter multiplets {ϕi }. Now we

can explain another virtue of our superconformal tensor calculus, as promised above.
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First, we note that we can eliminate the superpotential term by redefining the com-

pensator as W 1/3(ϕ)Σ → Σ, and rewrite the Lagrangian into the following form using

Φ ≡ Φ̃/ |W |2/3:
L =

[
ΣΣ̄ Φ(ϕ, ϕ̄)

]
D
+
[
Σ3
]
F
, (177)

In this matter coupled system, the multiplet ΣΣ̄ Φ(ϕ, ϕ̄) ≡ V in the D-term has the following

first two components:

C(V ) = |A|2 Φ(z, z∗)
1
2Z(V ) = i |A|2 (Φiχ

i
L − ΦiχRi) + iΦ (AψL −A∗ψR) , (178)

with notation Φi ≡ ∂Φ(z, z∗)/∂zi, Φi ≡ ∂Φ(z, z∗)/∂z∗ i. Therefore, to obtain the canonical

form of Einstein-Hilbert as well as Rarita-Schwinger action R + e−1ψ̄µR
µ, it would be best

to take the gauge conditions for the extraneous gauges D, A, S, Km as?

D : ReA =
√
3Φ−1/2, A : ImA = 0,

S : ψR = −AΦ−1ΦiχRi, Km : bµ = 0. (179)

Indeed, in this superconformal gauge, we have C(V ) = 3 and Z(V ) = 0, yielding the desired

canonical Einstein-Hilbert and Rarita-Schwinger action R+e−1ψ̄µR
µ from the beginning, as

is seen from the D-term action formula. Note that this is really the power of superconformal

tensor calculus. In the Poincaré tensor calculus, there is no freedom of choosing those gauges!

From the superconformal viewpoint, the Poincaré tensor calculus is just the tensor calculus

obtained from the superconformal one by choosing the Poincaré gauge fixing conditions

Eq. (173). It is a good gauge conditions for pure supergravity system, but is ridiculous

one for the matter coupled system. There is, however, no other way in the Poincaré tensor

calculus, since there are no extraneous gauge freedom. Compare this simplification with

the big calculation performed by Cremmer, Ferrara, Girardello and Van Proeyen? using the

Poincaré tensor calculus. The first thing the latter authors had to do was 1) Weyl rescaling

of the vierbein and other fields, 2) chiral rotations of the fermion fields, and 3) recombination

of Φ̃ and the superpotential W into the Kähler potential 1
3K = ln(Φ̃/ |W |2/3). The first and

second tasks are simply bypassed here by the above D and A gauge conditions and the third

was the task performed in one line already in Eq. (177).

31


