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Isocurvature perturbations 
•  Several matter components in the Universe 

•  Observational constraints on 

•  Non-Gaussianities from isocurvature modes ? 
–  If isocurvature modes exist, can they contribute to NG ? 
–  What could be their amplitude ? 

[ WMAP7+BAO+SN ] 
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 Primordial non-Gaussianities 

•  Adiabatic non-Gaussianities of local type 

 or 

•  Present observational constraints 

•  Detection of significant local NG would imply  
–  single field  inflation ruled out 
–  several degrees of freedom during inflation ? 

−10 < f local
NL < 74 (95% CL) [WMAP7: Komatsu et al.] 

Φ(x) = Φ̂(x) + fNL(Φ̂
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3

5
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Non-linear perturbations 

•  In a multi-fluid system, one can define  for each fluid 

•  Non-linear isocurvature perturbation  

•  Primordial entropy/isocurvature perturbation 

ζA = δN +
1

3(1 + wA)
ln

ρA

ρ̄A

SA,B = 3(ζA − ζB)

ρA = ρ̄Ae3(1+wA)(ζA−δN)



The curvaton scenario  

•  Light scalar field during inflation (when H > m) 

  which later oscillates (when H < m), and finally decays.  

•  Mixed curvaton-inflaton scenario: both inflaton and curvaton 
fluctuations contribute to the observable perturbations. 

Mollerach (1990); Linde & Mukhanov (1997) ; 
Enqvist & Sloth; Lyth & Wands; Moroi & Takahashi (2001) 

Decay 

DL & Vernizzi ’04; Ferrer, Rasanen & Valiviita ’04 + many others 



Post-decay perturbations   

•  Decay hypersurface: 

•  For each species:  

     

H = Γσ

∑

B

ΩBe3(1+wB)(ζB−−ζ) = 1 =⇒ ζ = ζ [ζB−]
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ρA+
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ζB−

Time 
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eβA(ζA+−ζ) = (1− fA)e
βA(ζA−−ζ) + fAe
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ΩA + γAσΩσ



Post-decay perturbations  

•  Up to third order, one can write  

 with the background-dependent coefficients  

ζA+ =
∑
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Post-decay perturbations  
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Post-decay perturbations  

•  Up to third order, one can write  

 with the background-dependent coefficients  
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∑
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Mixed curvaton-inflaton scenario 

Simple example: radiation + cdm + single curvaton 

•  After the decay (assuming        and   )   

•  Parameters:        ,              , 
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Curvaton perturbations 

•  During inflation: fluctuations        

•  Oscillating phase:  

•  On a constant energy density hypersurface  (subdominant curvaton)  

    
     

•  Using the conservation of         , one gets  
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“Primordial” perturbations 

•  Curvature perturbation 

•  Isocurvature perturbation 
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Power spectra  

•  Curvature:  

•  Isocurvature:  

•  Correlation:  

The observational constraint on       
is satisfied if   

PSc = (fc − r)2PŜ

C =
PSc,ζr√
PScPζr

= εf
√
Ξ, εf ≡ sgn(fc − r)

Pζr = Pζinf +
r2

9
PŜ ≡ Ξ−1 r
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9
PŜ
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PSc

Pζr
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(
1− fc

r

)2

Ξ

Ξ ! 1 or |fc − r| ! r (e.g. fc = 1, r # 1)



Bispectra 

•  Generalized bispectra: 

•  One substitutes 

•  In our case              , one finds 6 distinct coefficients:  

〈XI(k1)X
J(k2)X

K(k3)〉 ≡ (2π)3δ(Σiki)B
IJK(k1, k2, k3)

XI = N I
a δφ

a +
1

2
N I
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aδφb + . . .
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abN

JaNKb f̃ I,JK
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Bispectra 
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Bispectra 
•  Hierachies between all the 

coefficients ?  

•  For  

where      is the number of S indices 

•  For 
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Adiabatic trispectrum 
•  Adiabatic local trispectrum 

•  Assuming  

one gets 

with 

•  Constraints 

Tζ(k1,k2,k3,k4) = τNL [P (k13)P (k3)P (k4) + 11 perms] +
54
25

gNL [P (k2)P (k3)P (k4) + 3 perms]

−3.80 < gNL/106 < 3.88 (95% CL)

−3.2 < τNL/105 < 3.3 (95% CL)
[ Smidt et al. ‘10 ] 

〈ζk1ζk2ζk3ζk4〉c ≡ (2π)3δ(Σiki)T (k1,k2,k3,k4)

ζ = Naδφ
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1

2
Nabδφ

aδφb +
1

6
Nabcδφ

aδφbδφc + . . .

τNL =
NabNacN bNc

(NdNd)3
, gNL =

25

54

NabcNaN bN c

(NdNd)3



Trispectra 

•  Generalized trispectra: 

•  Substitute 

•  In our case 

〈XI
k1
XJ

k2
XK

k3
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k4
〉c ≡ (2π)3δ(Σiki)T
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NL ≡ 54

25
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z61
Ξ3 τ IJ,KL
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8 coefficients      , 9 coefficients   τ IJ,KL
NLg̃I,JKL

NL



Trispectra:          
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Trispectra:         
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Trispectra:         g̃I,JKL
NL

•  Hierarchy between the 
coefficients ? 

•  For 

•  For 
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CMB constraints 
•  Temperature anisotropies 

•  Angular bispectrum 

∆T

T
=

∑

lm

almYlm, alm = 4π(−i)l
∫

d3k

(2π)3

(
∑

I

XI(k)gIl (k)

)
Y ∗
lm(k̂)

〈al1m1al2m2al3m3〉 = Gm1m2m3
l1l2l3

bl1l2l3

Gm1m2m3
l1l2l3

≡
∫

d2n̂Yl1m1(n̂)Yl2m2(n̂)Yl3m3(n̂)

bl1l2l3 =
∑

I,J,K

(
2

π

)3 ∫
k21 dk1

∫
k22 dk2

∫
k23 dk3 gIl1(k1) g

J
l2(k2) g

K
l3 (k3)

BIJK(k1, k2, k3)

∫ ∞

0
r2dr jl1(k1r) jl2(k2r) jl3(k3r)



CMB constraints 
•  « Reduced » angular bispectrum 

•  Six different shapes  

•  Total bispectrum  

bl1l2l3 =
∑

I,J,K

f̃ I,JK
NL bI,JKl1l2l3

bI,JKl1l2l3
= 3

∫ ∞

0
r2drαI

(l1
(r)βJ

l2(r)β
K
l3)

(r) αI
l (r) ≡

2

π

∫
k2dkjl(kr)g

I
l (k)

βI
l (r) ≡

2

π

∫
k2dkjl(kr)g

I
l (k)Pζ(k)

Bl1l2l3 =
∑

i

f̃ (i)
NL B

(i)
l1l2l3

i = {(ζ, ζζ), (ζ, ζS), (ζ, SS), (S, ζζ), (S, ζS), (S, SS)}with 



CMB constraints 
•  Minimization of  

〈B,B′〉 ≡
∑

li

Bl1l2l3B
′
l1l2l3

σ2
l1l2l3

=
∑

li

(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

)2 bl1l2l3b
′
l1l2l3

σ2
l1l2l3

σ2
l1l2l3 ≡ 〈B2

l1l2l3〉 − 〈Bl1l2l3〉2 ≈ ∆l1l2l3Cl1Cl2Cl3

χ2 = 〈Bobs −
∑

i

f̃ (i)
NLB

(i), Bobs −
∑

i

f̃ (i)
NLB

(i)〉



CMB constraints 

•  6x6 Fisher matrix  

•  Error on the parameters 

•  To be compared with a single-parameter analysis 

•  Correlations:  

Fij ≡ 〈B(i), B(j)〉

∆f̃ i =
√

(F−1)ii

∆f̃ i = 1/
√

Fii

rij =
(F−1)ij√

(F−1)ii(F−1)jj



Conclusions 

•  Allowing for an isocurvature mode in addition to the 
adiabatic mode leads to additional local bispectra: 
–  one purely isocurvature shape 
–  four shapes from adiabatic-isocurvature correlations 

•  For the trispectrum, one finds in total nine     - like 
coefficients and eight    - like coefficients.  

•  Models with interesting hierarchies between the various 
coefficients.  

•  It would be interesting to try to constrain or measure 
these new shape coefficients by using the CMB data.  

τNL

gNL


