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ubiquitous magnetic fields
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- inflation coupling between vector field
= phase transition & inflaton, electroweak or

(t < IO"Osec) QCD phase transition?
Martin & Yokoyama [0711.4304],
Bamba & Sasaki [0611701], ...

nucleosynthesis
of light elements

(t ~ Isec)

H, He 2nd order perturbation?
recom b| N ati on Ichiki + [0603631], ...

(t ~ 0.4Myr)

B|Mpc ~ 109G

beginning of galaxy
formation amplified by
astrophysical processes

(dynamo mechanism?)

present BiMpc ~ O(1UG)
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CMB fluctuation sourced from
rimordial magnetic fields (PMFs)

if PMF exists...
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Current bounds on the
primordial magnetic field

¢*using CMB power spectrum,
4 (WMAP7+ACBAR+BICEP

+QUAD) : Paoletti + [1005.0148]

¢*using CMB + matter power spectrum

) (WMAPS5+ACBAR+CBI
+Boomerang+2dFDR) :Yamazaki + [1001.2012]
) (CMB+BAO+HST+BBN+SN),

(+SDSS Ly-&) : Shaw + [1006.4242]

BiMpe < O(1)nG, ng ~ -3 (nearly scale invariant spectrum)
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CMB anisotropy £

expand with spin-weighted spherical harmonics:
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CMB anisotropy £

expand with spin-weighted spherical harmonics:

(2) (2)

(z) M pm T A3y
CEtm = — 9
(Z) a'%)
z) _  Q20m T A_2m
CBtm = — 9

»line-of-sight integration for k (|| 2)
»transform k (|| z) into the arbitrary direction

» transfer function
(derived from CPT)

d>k .
o = 47— [ s S Y P T

>primordial perturbation
»Z =S (:scalar),= V (:vector),=T (: tensor)

M) (k § : (A) ok
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CMB Bispectrum

3 3
define initial bispectrum: <H£(’\")(ki)> = (21)° F12% (kg ko, ka) (Z ki)
i=1

i=1
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CMB Bispectrum

3
(27)3 FMA223 (ky ko, k3)d (Z ki)

define CMB angle-averaged  p(zi12:2s) - 3 b by A3
: X1X2X3,01,02,3 mi ms  ms
blSp@CTI"Ul’\'\I mimams3

T TNT S IR = FSTEATIEA e s Sniics SESIEA TR Ca A A SR R i SHATEa TR ety IROC S
Y PP P P 2. P AT R S DT P T IR TR T BN DR R A O O SN PP B OB S A T

Z1Zo7 0 [.2 “dky, N
Bgfllxzzxg,)‘fl lo,ls — H dm (i) / (2ﬂ)3 T)E'n e)n (Kn) Z[Sgﬂ()\n)] N _5
| n= 1 A

3
define initial bispectrum: <H f(A"')(ki)>
i=1

(27T) 2\1[;2;\3(’\1 k2. ka)

A2\ L) — b b
Fgllgi 3(]‘1’]“2’]1,3) — Z ( mq mo mg ) |:H/d kl Ai Yv@m )]
mimoms
x FAA223 (kq ko, kg)d (E :k)

Only when primordial perturbations deviate from Gaussian
statistics, F has non zero value.



CMB bispectrum is a good tool for constraining on
non Gaussianity!!

(e.g.) the primordial O(x) = Oy (x) + Prp (%)
curvature perturbation = @y (x) = f [PL(x)? — (DL (x)?)]

ot . M' . 5
. . | ———
’ *%*from theories } *from observation

in all single-field inflation models local
—10 < fif™ < 74 (95%CL)

flocal _ 2 (1 _ 13~ 0,015 S SPEaa /
12 from WMAP-7yr data
) Creminelli & Zaldarriaga [0407059] 3 Komatsu + [1001 4538]
on the other hand, large PNG R——

can be induced from specific
models (multifield inflation,
cosmic string, ...)

—

we may obtain finer information
on the early Universe!!



CMB bispectrum is a good tool for constraining on
non Gaussianity!!

(e.g.) the primordial D(x) = O (x) + Py(x)
curvature perturbation = Oy (x) = [ [Py (x)* — (DL (x)?)]
N E— PN e
* . B USRS ——ttn |
{' *#from theories r *»*from observation
in all single-field inflation models

—10 < figeal < 74 (95%CL)

from WMAP-7yr data
i Komatsu + [1001.4538]

W——

we may obtain finer information
on the early Universe!!

5}

froeal — (1 =ny) = 0.015 BTSN

) Creminelli & Zaldarriaga [0407059]

on the other hand, large PNG
can be induced from specific
models (multifield inflation,

i cosmic string, ...)

W—
Magnetic fields also induce large non-Gaussianity

due TO Rl & (GGUSSian B)Z Brown, Crittenden [0506570]




Previous bounds from CMB bispectrum

) (from fnL < 100) : Seshadri + [0902.4066]
) (from fnL < 100) : Caprini + [0903.1420]
) (from |fnL| < 10) :Trivedi + [1009.2724]

“They neglect the complicated calculation (the angular
dependence) or don’t consider the vector- and tensor-

mode contribution”

We aim to find the exact formulae, curves of the
scalar, vector, and tensor CMB bispectrum and
constraint on PMFs
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Settings

metric (FLRW + perturbation): assume rotational-invariant Gaussian PMF:

Pp(k)

ds® = a,('r)Q[—d'r2 1+ 2hopdrda? + (Ope + hbc)da:bd.’l?c] (B,(K)B,(p)) = 2m)? P, (k)3(k + p)

Puk) =3 €€, @ =84 — Kok
scalar-vector-tensor decomposition: o=%1
Pg(k) =

(277)"8+S 2 (L)"”

F(nB/Z + 3/2)](1 Mpc kl Mpc

n(k) =1 k),
wa(k) = w @ (K)OP + > wM(K)OP

A=+1 : i
scaling relation of PMF:
Yab k) — X(O) k O(O) + X()\) k O(}‘) 4 X()\) 9 f F
ab ab
A==+1 A==%2 B’(x, 7) = B?(x)/a?

projection operator: energy momentum tensor (EMT) of PMF:

OP ™ = 71V o™ = ikge™> 70 L g A
Oq : A Og . o ~ PB— — B(x) = —p,Ap,
((z(l)))Gka = (k_QVavb 4 T,b) 6zk-x — <_kakb + T,b) ezk.x ‘ 877(14 0%
. . 0 =T5 =0,
O(:tl)ezk-x — _Z-e(:tl) (k)ezk-x . :
a | a o ) o | B2(x

¢(z:bt2)62k X — e((1:1|):2) (lA()ez'k-x ,

= p'y(ABcsg + ch)’



VeCtOI" mOde Of Ry Mack + [0105504], ..

If fix Gauge: 5, h(Y) = 0 andintroduce: hlY) = —A,
Gauge-invariant vector potential V=A-0hV)=A

and vorticity are written: 0 v_—A=v_-V

v: velocity perturbation



VeCtOI" mOde Of Ry Mack + [0105504], ..

If fix Gauge: 5, h(Y) = 0 andintroduce: hlY) = —A,
Gauge-invariant vector potential V = A-96,hlV) = A

and vorticity are written: 0 V_A=v_-V

v: velocity perturbation

Consider tight coupling limit: vy ~ vy = v,
namely Qy ~ Qp = Q

Einstein eq.:
o 167Gpy (MY + 1Y) +1157))
a a“k

Euler eq. of photon and baryon:

a’ kp OH(V)
1+ RQY +R—Q=—"1""8B
( ) a a4(P'y ‘|‘p'7)
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If fix Gauge: 5, h(Y) = 0 andinftroduce: Al = —A,
Gauge-invariant vector potential V=A-0hlV)=A
and vorticity are written: Q =v_—A=v_-V

v: velocity perturbation

Consider tight coupling limit: vy ~ vy = v,

namely Qy ~ Qp = Q

Einstein eq.:
\% \'% A\
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a a“k

Euler eq. of photon and bar'yon

1+RQ’+R Q= :

Lorentz force term: L = kIMY
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VeCtOI" mOde Of Ry Mack + [0105504], ..

If fix Gauge: 5, h(Y) = 0 andinftroduce: Al = —A,
Gauge-invariant vector potential V=A-0hlV)=A
and vorticity are written: Q =v_—A=v_-V

v: velocity perturbation

Consider tight coupling limit: vy ~ vy = v,

namely Qy ~ Qp = Q

Einstein eq.:
gty 107G+ T 4 T
a a’k Vorticity solution:

intial condition

Euler eq. of photon and bar'yon

Qk,7) =~ Bk, Tk :
(1—|—R)Q’+R Q= i T¥R)(p- oFpoo for k < kg
{‘a (p b -I-p Bk, T) = ( 5rc)és 0 P for £ > kg
Lorentz force term: L = kINMY k(p~,0+P~,0)



CMB intensity fluctuation of vector mode is sourced from (2 at
recombination epoch:

Doppler ISW

To
_ ATO / A
= —v7-n|T*+/ drV'-n
T

#*

2

QT* 'ﬁ



CMB intensity fluctuation of vector mode is sourced from () at
recombination epoch:

Doppler ISW Al = / d*0A (D), ()
— .ﬁ|;o+/ drV’' -1 &3k A e
vt | = [ G [ R )-8y, (0)
~ (2 -n

. L . X B(k, 7 )e ™ ks
line-of-sight integration



CMB intensity fluctuation of vector mode is sourced from () at
recombination epoch:

Doppler ISW Al = / d*AA[(R)Y, ()

3
= [ G [ R )-8y, (0)

X B(k, T, ) tHenTs

To
Ar(n) = —vﬂ,-ﬁ|:g+/ drV' - n
T

#*

~ ﬂ'r* 'ﬁ

line-of-sight integration

Through the coordinate
transformation and
hard calculation:

Vv . d3k £ /3 |4
ol = (=) [ 5 3 AV WENRTY () 1V2 Bk r) e

) V) ~ 7
(27) — 1 (k)—[(e_n!] NS
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Te NSOr MO d c Of A,y Lewis [0406096], ..

After neutrino decoupling, ['ly has finite value and compensates [1g

-Ry"(l6
-Tv: neutrino decoupling time
-Tg: PMF generation time

decompose metric into helicity state:

hap(k,7) = 3 €V (k,7)ely) (k)
A=12

12
Einstein eq.: €42 (e, r) + 26D (i r) + k2D (i, 7) ~ { 16nGa’ pyTIE," (k) TES TS )
a > Ty



Te NSOr MO d c Of A,y Lewis [0406096], ..

After neutrino decoupling, ['ly has finite value and compensates [1g

-Ry ~ 0.6
-Tv: neutrino decoupling time
-Tg: PMF generation time

decompose metric into helicity state:

hap(k.7) = Y €V (k,7)ely) (k)
A=12

12
Einstein eq.: €42 (e, r) + 26D (i r) + k2D (i, 7) ~ { 16nGa’ pyTIE," (k) TES TS )
a > Ty

ion: £ED (k1) = alkr)eE) Kk R
Solution: & (k,7) = alk, 7)) (k) fe2) ) - 5(12)(1{ T,,)NGR ln (+

a(k,7) { a(k=1)/a(T) (kT >1) |n|t|aI condltlon




Te NSOr Mo d c Of A,y Lewis [0406096], ..

After neutrino decoupling, ['ly has finite value and compensates [1g

-Ry ~ 0.6
-Tv: neutrino decoupling time
-Tg: PMF generation time

decompose metric into helicity state:

hap(k.7) = Y €V (k,7)ely) (k)
A=12

. . / / 9 (£2)
Einstein eq.: 639" (k, 1) + 226 (k, 7) + KD (k,7) ~ { 16nGa’ pyTIE," (k) g; BSTST)
a > Ty

Solution: €& (k,7) = a(k,7)¢&F?) (k)

,, 1 (kT < 1)

5(12)( ) " f(ﬂ)(k Tu) N6R In Bt

|n|t|al condltlon

¢(*2) survives passively and generates CMB anisotropy
through the ISWV effect = “passive mode”



CMB intensity fluctuation of tensor mode is sourced from h' (ISW):

T ~ A (T) /A~ % [
o = [ PasD@)Y, )

3 N
- / (gwl;a / d'n E ) f‘”(k)eiﬁ’(k)ﬁaﬁbl Yy (12)

A=12

ISW
TO 1
AT (1) ~ / ar Sy i

To
4 . . . / —i#k,n-’lf
line-of-sight integration 8 /0 dra'(k,7)e

) d3k * (1
= an-) [ G 3 ViV

Dy — _ <e+2>!]1/2 o d(k,7) jelx)
') = [(6—2)! /od 2v2  a?



CMB intensity fluctuation of tensor mode is sourced from h' (ISW):

T ~ A (T) /A % [
oo = [ EasD @)Y, @

/(d k / 2 [_ Y Ok naﬁb] Yim ()

A=12

ISW

AgT)(ﬁ) z/ dTthb)nanb

12

To
. . . . / —iflk nT
line-of-sight integration 8 /0 dro’(k,7)e

3 A
= an(=i) [ G5 3 AV BEV TP k)

A=12

Dy — _ (e+2>!]”2 o d(k,7) jelx)
') = [(6—2)! /od 2v2  a?

Also in scalar mode, “passive mode” dominates

R )Y (IR OTE )
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CMB intensity fluctuation of tensor mode is sourced from h' (ISW):

T ~ A (T) /A~ % [
o = [ PasD@)Y, )

3 N
- / ((217:){3 / d'n E ) 6‘*>(k>e£2’(k)ﬁaﬁb] Yy (12)

A=12

ISW

TO 1
AD (1) ~ / dr sy aty

To
4 . . . / —i#k,n-’l?
line-of-sight integration 8 /0 dra'(k,7)e

" o
= an-) [ G 3 ViV

Dy — _ <e+2>!]”2 o d(k,7) jelx)
') = [(6—2)! /od 2v2  a?

Also in scalar mode, “passive mode” dominates

a'.(X,%m X 47'('( _Z) / (277)3 Sgn : i

need the statistics of initial anisotropic stress of PMF [lg;



Bispectrum of magnetic anisotropic stress

Because B is Gaussian, bispectrum of g (< B®) is finite value:

3 kp )
(M Bab(k1)TTBed(k2)Mpeys(ks)) = (=4mpy0)~" | ] /0 ks dky, Pp(ky,) / d°k;,
n=1

xé(kl—k' +k3)0(ka — k5 + ki )d(ks — k3 + k5)

<5 Paa() Pho () Poy (K5) + {a = bor ¢ — dor e /]

the symmetric 7 terms under ’rhe permu’ra‘rlons of mdlces

scalar, vector and tensor parts of Tlg:

<H 1% (k > = (IIBap(k1)IBed(k2)IBeys(ks))
2T 1 s 1 A 1
8 ( k1ak1b 35 b)(_k2ck2d + §5c,d)(_k3ek3f + §Oe,f)
3
<H H%\;)(kn)> = (IIBab(k1)lIBca(k2)Ipes(ks))
n=1
Xlglael()_)‘l)(lgl)]gzce((i Az )(kz)kAgeG‘(f A3)(k3) (fOl‘ /\n = :I:l)

3
<H Hg‘t")(kn)> = (IIBab(k1)lBcd(k2)Ilpes(ks))
n=1

1 (. “ . N . N
xSea  (Ki)elg ™ (ka)er ™) (ka) (for Ay = £2)



CMB Bispectrum from PMF

3 o0 1.2 71
Z1Z273) H P Z An+Tn
B.(Xll.)(gzxz 2 32 33 47(- / (27'(')3 T)((n,ﬁ)n (l‘n) [Sgn()\n)] T
=1 An

(27r) Fpin23 (ky, ko, ks)
A1 Ao s N by fly (3 - 21, * = (An) (k 3
Foiity (b kasks) = 3 (00 =0 )] @ kna Y, (K Hg /(2m)
mimamasa n=1 n=1
1.expand all angular dependencies with sYim
M) (k) = anzem Yo (k)

eF(k) = Qjaa 1Y1m (k)

+2 3 "o (K * YR

el (k) = EMZ woYou (K)ag" o™ | 1p
magmyg

aglag = 4?7((—1)"15"1 -m

3 o0
5(Zki> = 8/0 y dy [H (=152 (kiy) Y7, ar, (K )] I, LaLs (Mll My Mi)



2. express their integrals with the Wigner symbols

4

21. N —81—89 85 T—83—84—S85 ll 12 15
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1=1 l5m535

3. sum up them over multipoles
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2. express their integrals with the Wigner symbols

4
] ’ —81—82 85 7T—83—84—S85 ll 12 15 l3 l4 l5
/d2kH3iY2‘im‘i (k) — Z Il]_ l2 l5 Il3 l4 15 (ml m2 m5 ) ( )

1=1 l5m535

3. sum up them over multipoles

Z ly Is g lz s g ly Iz L ls lg s le lg I3
MaMsme My s Me my Mg MMy myg My My ms mg 12 meg Mg M3

m7Imgmg
l1 lo 1
(Ll 13 l}; lz lz
mq Mo M3 l7 l8 lg ’

Z (_1) f:4li—m,- 15 ll l6 l6 l2 l4 l4 l3 l5
ms —1ny1 —1MNg mg —TnNog —1MNy myg —Tng —71Ny

o Iy 3 li la I3
— \my mo mas ly l5 lg

e Ve Via Ve Vi Vi Viia VYo Ve Vi Ve Ve Via Ve Ve Via Via Ve Ve Via Via Via Ve Ve Via Ve VeV

3 kp
= (=872py0) 7" [H /0 ki2dk;, Pp(k;,)

2 3 S S\ N SS’\ S’S" X\ N
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2. express their integrals with the Wigner symbols

b
7 ’ —81—892 85 —83—84—S85 l]. l2 l5 l3 l4 l5
[t = 3 st e (12 ) ( )

i=1 l5m535

3. sum up them over multipoles

Z ly Is g lrz ls g ly Iz L ls lg s le lg I3
MaMmsme My s Me my Mg MMy myg My My ms mg 12 meg Mg M3

m7msgimno
l1 lo 1
(Ll 13 li lz lz
mq Mo M3 l7 l8 lg ’

Z (_1) f:4li—m,~ 15 ll l6 16 12 l4 l4 l3 l5
ms —1y1 —Mg mg —TnNog —1MNy myg —Tng —71Ny

L a3 li I I3
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CMB reduced bispectra w.. = Jom
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CMB reduced biSPeCtra beveres = \/(2e1+1)(2(é722)(2el+3) (601 %2 €03>_1 Be,t,e,

of tensor intensity mode for ¢; = €2 # {5
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obs result: |fnL] < 100 = Bimpe < 2.6 - 4.4nG
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CMB reduced biSPeCtra beveres = \/(2e1+1)(2(é722)(2el+3) (601 %2 €03>_1 Be,t,e,
of tensor intensity mode for ¢; = €2 # {5
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Kk tighter than power spectrum constraints
K tighter by factor of 4 - 2 than Seshadri + [0902.4066]



Summary

0x0present the CMB bispectrum induced from the scalar,
vector and tensor modes of PMFs by taking into account
the full angular dependence

’:‘ﬁnd the roughly constraint :
from the current observational data

Ox‘future works
- if ng # -3...

- consider mode-coupling terms, polarizations



