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Interplay of strong electron correlation and electron-phonon interaction is one of im-
portant issues in the physics of low dimensional correlated electron systems. In order to
understand the interplay, we examine the optical properties of the one-dimensional (1D)
Hubbard-Holstein model at half-filling, by employing the dynamical density matrix renormal-
ization group (DMRG) technique. We discuss the effect of the electron-phonon interaction
on the single-particle spectral function and the optical absorption spectrum. The dynamical
DMRG data are compared with experimental data of 1D copper oxide Mott insulators.

§1. Introduction

The interplay of strong electron-electron correlation and electron-phonon (EP)
interaction has recently attracted much attention.1) One of the issues is to under-
stand the effect of the EP interaction on carriers introduced into a Mott insulator.
In the ground state of the Mott insulator, the on-site Coulomb repulsion makes the
charge distribution uniform, and then the EP interaction is irrelevant. However,
the mobile carriers created in the Mott insulator by chemical and/or photo dopings
induce the charge fluctuation, and thus the EP interaction is expected to play an
important role in various physical quantities.2)–9)

The charge gap in Mott insulators is a consequence of strong electron correlation
represented by large on-site Coulomb interaction. The correlation induces novel
phenomena in terms of the interplay of charge and spin degrees of freedom.10) In
one-dimensional (1D) Mott insulators, two particles created by photo-excitation,
i.e., an unoccupied site and a doubly occupied site of electrons, can move inside the
system without being disturbed by surrounding spins in the background. This is a
manifestation of a separation of the charge and spin degrees of freedom, called the
spin-charge separation inherent in 1D correlated electron systems. Optical responses
in the 1D Mott insulators are characterized by this phenomenon.11)–14) Therefore,
it is interesting whether the decoupling of spin and charge degrees of freedom is
robust or not in the presence of the EP interaction. This issue has been discussed
by examining the spectral function of the Hubbard-Holstein model.7),8)

The nature of the two particles in the photoexcited states is obtained by exam-
ining the linear susceptibility χ(1) with respect to the applied electric field, which
provides information on the dipole-allowed states with odd parity among the pho-
toexcited states. In addition to χ(1), the third-order nonlinear optical susceptibility
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χ(3) is useful to detect not only the odd-parity states but also the dipole-forbidden
states with even parity.15) Recently, large values of χ(3) have been reported for 1D
Mott insulators of copper oxides such as Sr2CuO3

16),17) from the electro-reflectance
measurement16) and the pump and probe spectroscopy.17) The analyses of χ(3) have
suggested that odd- and even-parity states are nearly degenerate with a large tran-
sition dipole moment between them. Theoretically, χ(3) in the 1D Mott insulators
has been examined by employing the numerically exact diagonalization technique
for small clusters of the Hubbard model at half filling.13) It has been shown that
odd- and even-parity states are almost degenerate in the same energy region and
that the degeneracy is due to the spin-charge separation and strong on-site Coulomb
interaction.18)

In the realistic parameter range of Sr2CuO3, there is an exciton that is a pair
of two particles, called holon and doublon, formed by long-range Coulomb interac-
tions.19),20) The exciton may be influenced by the EP interaction, since it has charge
fluctuation, in contrast to uniform charge distribution of the spin background. The
shape of the exciton peak is expected to be strongly dependent on the interaction.
However, there are only a few works on the relation between the exciton in the 1D
Mott insulator and electron-phonon interaction.21),22) In addition to the exciton, the
relaxation process of the photo-excited states in the Mott insulator may be affected
by the EP interaction as is the case of the exciton of semiconductors. This would
be reasonable since the spin degrees of freedom is expected to be separated from
the charge and thus direct coupling between charge and phonon may contribute to
the relaxation process. In 1D Mott insulators, it has been demonstrated that the
relaxation time to the original state before photoexcitation is ultra fast with a few
pico seconds. By combining the ultra fast relaxation and the large χ(3), the 1D Mott
insulators are expected to be available for optical switching devices in the future.
Therefore, inclusion of the phonon degree of freedom is inevitable when one tries to
fully understand photoexcitation phenomena in the 1D Mott insulators and to form
the basis for the future optical devices.

The effect of the EP interaction on the optical responses has also been an impor-
tant topic in the physics of high-temperature superconductors with two-dimensional
CuO2 plane. There are several theoretical works on this topics in terms of angle-
resolved photoemission spectroscopy (ARPES)23)–25) and optical conductivity.26) It
is also interesting how the difference of dimensionality influences on the effect of the
EP interaction.

In order to calculate dynamical properties in 1D strongly correlated electron
systems, a dynamical version of the density-matrix renormalization group (DMRG)
is very powerful.27)–33) In this paper, we will address the effect of EP interaction
on optical properties in the 1D Mott insulators, based on the dynamical DMRG
study of the Hubbard-Holstein model at half filling. In particular, we will focus on
the single-particle spectral function8) and the optical absorption.22) We find that
the single-particle spectral function is nicely interpreted by a simple superposition
scheme of spectra for a spinless carrier dressed with phonons. The superposition is
a consequence of robustness of the decoupling of spin and charge degrees of free-
dom against electron-phonon coupling. The optical absorption spectrum exhibits
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a peculiar behavior that the effect of the electron-phonon interaction on an exci-
ton is enhanced by increasing the on-site Coulomb repulsion. Phonon-assisted spin
excitation in the absorption spectrum is also investigated.

This paper is organized as follows. In §2, we introduce the Hubbard-Holstein
model and the dynamical DMRG to calculate the single-particle spectral function
and the current-current correlation function. In §3, the effect of the EP interaction
on the spectral function at half filling is discussed. It will be shown that the concept
of the wavefunction factorization between the spin and charge components manifests
even in the presence of the EP interaction. The current-current correlation function
is calculated in §4 and the relation between the strength of the on-site Coulomb
interaction and the EP interaction is discussed. The presence of phonon-assisted
spin excitations in the Hubbard-Holstein model is also demonstrated. A summary
is given in §5.

§2. Model and method

The Hubbard-Holstein model is a basic model to study the interplay between
electron correlation and EP coupling in cuprates.34),35) In order to examine physical
properties in the 1D Hubbard-Holstein model, we use dynamical DMRG technique,
which gives accurate numerical results for a given lattice.

2.1. Hubbard-Holstein model

The coupling between an electron and breathing phonons in the cuprates can
be mapped onto the Holstein- and Peierls-type interactions.35) Since the Holstein
interaction is stronger than the Peierls one, we consider the Hubbard-Holstein model
in one dimension. In addition, we introduce the nearest neighbor Coulomb repulsion
which leads to an exciton. The Hamiltonian is defined by

H = −t
∑
i,σ

(c†i,σci+1,σ + H.c.) + U
∑

i

ni,↑ni,↓ + V
∑

i

(ni − 1)(ni+1 − 1)

+ω0

∑
i

b†ibi − g
∑

i

(b†i + bi)(ni − 1), (2.1)

where c†i,σ (ci,σ) is a creation (annihilation) operator of an electron at site i with spin
σ, and b†i (bi) is a creation (annihilation) operator of a phonon at site i. This model
includes electron hopping, t, on-site and nearest-neighbor Coulomb repulsions, U
and V , respectively, phonon frequency, ω0, and EP coupling, g. Here, we neglect the
dispersion of the phonon in order to make our discussion simple. Keeping cuprates
in mind, we take U larger than the band width 4t. Here, we briefly mention how to
construct the model Hamiltonian in the case of the cuprates. The lower Hubbard
band of (2.1) corresponds to the Zhang-Rice singlet which is derived from a three-
band model for Cu 3dx2−y2 and O 2p orbitals with lattice distortion. The distortion
leads to changes of the hopping integral of an electron between neighboring Cu and
O orbitals. Due to the modulation of the hopping integral, the diagonal (Holstein)
term dominates in the effective Hamiltonian for the Zhang-Rice singlet in comparison
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with off-diagonal (Peierls) terms.34),35)

In (2.1), we have introduced the V -term, V (ni−1)(ni+1−1), instead of the stan-
dard notation, V nini+1. The present term prevents the localization of unoccupied
state (holon) and doubly occupied state (doublon) at the edge under open boundary
conditions, and thus reduces a boundary effect.

2.2. Dynamical DMRG

We apply the dynamical DMRG method to the calculation of the dynamical
quantity in terms of an operator A given by

I(ω) = − 1
π

Im
〈

0
∣∣∣∣A† 1

ω −H +E0 + iγ
A

∣∣∣∣ 0
〉
, (2.2)

where |0〉 denotes the ground state with energy E0, and γ is a small positive number.
We introduce a mixed-state density matrix which is composed of the ground state
|0〉, an excited state A |0〉, and Ncv correction vectors |ε〉 ≡ (ε+E0 −H + iγ)−1A |0〉
with ε = ω, ω+2γ, ω+4γ, ..., ω+2(Ncv−1)γ. By using these states simply denoted
by |ψn〉 with n = 1, 2, ..., Ncv +2, the density matrix of the system (or environment)
block is defined by ρ = Tr

∑
n pn |ψn〉 〈ψn|, where

∑
n pn = 1 and the trace is taken

for the environment (or system) states. We call |ψn〉 target states. WhenNcv = 2, we
have four target states: |ψ1〉 = |0〉 (obtained by the Lanczos method), |ψ2〉 = A |0〉,
|ψ3〉 = |ω〉, and |ψ4〉 = |ω + 2γ〉. The weight pn is taken to be equal for all the target
states in our calculations. We note that this choice is less sensitive to the spectral
weight. As a result, the mixed-state density matrix ρ contains information on not
only the ground state but also excited states contributing to the spectrum through
|ψn〉 (n > 1). The spectral weight (2.2) for the range of ω < ε < ω + 2(Ncv − 1)γ
is calculated after one DMRG run using ρ. The number of the eigenstates of ρ
retained for the next DMRG step is called the truncation number m. When we can
take sufficiently large m, it is possible to increase Ncv and scan a wide energy range
in one DMRG run. Usually, we take Ncv = 2, but in some cases we take much larger
Ncv, although we need largerm as expected. It is technically useful to note that good
numerical convergence is obtained when I(ω) for ω1 < ε < ω is smoothly connected
with that for ω < ε < ω2. Further, we comment on why the two targets for ω and
ω+2γ guarantee the precision of the spectra inside them. For this purpose, we take
an inner product between |ω〉 and |ω + 2γ〉, leading to

〈ω |ω + 2γ〉 =
∑
n

|〈0|A |0〉|2
(ω + γ +E0 − En)2 + 2γ(ω + E0 − En)i

, (2.3)

for small γ. This means that the inner product is relatively large for En−E0 ∼ ω+γ.
Thus, the information for |ε〉 around ε ∼ ω+γ can be renormalized by these targets.

In the present study, the correction vector |ω〉 = (ω + E0 − H + iγ)−1A |0〉 is
calculated by a modified version of the conjugate gradient method. This method is
powerful, but becomes slow when γ is less than 0.1t. When we need to take γ of the
order of 0.01t, it is better to expand |ω〉 in terms of approximate eigenstates of the
Hamiltonian constructed by the Lanczos iteration. In the following, we explain this
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Fig. 1. nLV dependence of the current-current correlation function χ(ω) for the extended Hubbard

model with U = 20t and V = 2t. We take L = 20, nLV = 100 (dashed line, m = 300), 200 (solid

line, m = 300), and 400 (open circles, m = 400).

approach. By using a complete set {|n〉}, the correction vector is expanded by the
following form,

|ω〉 =
∑

n

|n〉 1
ω + E0 − En + iγ

〈n|A |0〉 . (2.4)

We replace |n〉 with |ñ〉 obtained by using the Lanczos procedure. The dimension of
|ñ〉 is at most the order of 1000, which is determined by the number of the Lanczos
step. The reduction of the Hilbert space is a major approximation of this approach.
Here, we take A |0〉 as an initial vector of the Lanczos iteration in order to create a
set of vectors, {|ui〉}, for the tri-diagonal Hamiltonian matrix. This matrix is easily
diagonalized by a transformation matrix v. Since we have relations, v1,n = 〈ñ|A |0〉
and |ñ〉 =

∑
i vi,n |ui〉, |ω〉 can be approximately described by

|ω〉 ∼
∑

n

∑
i

vi,nv1,n

ω + E0 − Ẽn + iγ
|ui〉 , (2.5)

where Ẽn is the approximate eigenvalue given by the Lanczos method. It is noted
that the state |ui〉 has a dimension of the original superblock Hamiltonian, and thus
we can go to further numerical steps. The number of the Lanczos step, nLV, required
for realistic calculations are ranged from 100 to 1000 depending on the energy scale.
We show one example of numerical convergence in Fig. 1, where the current-current
correlation function of the extended Hubbard model (20-site chain with U = 20t and
V = 2t) is shown. In this case, the convergence is almost discontinuous as a function
of nLV, and then it is easy to check the reliability of calculation. We found that high-
energy structures beyond the charge gap are described by relatively small Lanczos
steps, while low-energy spin excitations require the order of 1000 iterations. This is
because in early steps of the Lanczos iteration, the eigenstates sparsely distribute at
wide energy range, and then the sparseness is lost by further iterations because of
inclusion of low-energy excitations.
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The treatment of infinite bosonic degrees of freedom is one of important topics
in numerical simulations. Here, we use two methods. One is that the original single
site is divided into fermionic and phononic sites, and the phonon sites are directly
treated. In this case, the phonon states per site, M , can be truncated up to 32
sites. The other one is the pseudo-boson method, where a boson operator with a
restricted Hilbert space is exactly transformed into a set of N hard-core bosons,
namely M = 2N . For instance, the boson operator with M = 4 is transformed into

b† = a†1 +
√

2a†2a1 + (
√

3 − 1)a†1a
†
2a2 (2.6)

with use of the two (N = 2) hard-core boson operators, a1 and a2. Then, step-
by-step renormalization of each boson is carried out. We have taken up to N = 4
hard-core bosons. We have checked consistency between the two methods.

In this paper, we examine two dynamical quantities. One is the electron-removal
single-particle excitation spectrum A(k, ω) at zero temperature that is given by re-
placing the operator A in (2.2) with an annihilation operator of an electron with
momentum k and up spin, ck,↑ and by changing ω to −ω. A(k, ω) is calculated by
the finite-system DMRG algorithm. Since the nearest-neighbor Coulomb repulsion
V has no net effects on A(k, ω) at half filling, we set V = 0. In this case, in order to
reduce boundary effects under the open boundary conditions, we introduce a poten-
tial −tni at the edges. We note that the momentum k is defined by k = nπ/(L+ 1)
with n = 1, 2, ..., L under the open boundary conditions. The momentum represen-
tation of cl,↑ is, thus, given by ck,↑ =

√
2/(L+ 1)

∑
l sin(kl)cl,↑.31) The system size

L is taken to be 20 lattice sites. It is noted that the spectrum for L = 20 is similar
to that for L = 120 without the edge potential. The DMRG bases are truncated up
to m = 400 states from the density matrix during finite-system DMRG processes.

We also examine the current-current correlation function χ(ω) that is given by
replacing A in (2.2) with the current operator j. The current operator j is defined
by

j = −it
∑
i,σ

(c†i,σci+1,σ − H.c.). (2.7)

The optical absorption spectrum is proportional to χ(ω)/ω2. In order to calculate
χ(ω), the infinite-system DMRG method27) is applied to an open boundary system.
We have also carried out the finite-system DMRG calculation for some data, and
this calculation quantitatively agrees with the infinite-system DMRG data. The
truncation number m is taken to be m = 300.

§3. Single-particle spectral function

It is well-known that the electron-removal spectral function in an 1D Mott in-
sulator shows two branches characterized by a spinon and a holon. This is one
of characteristics of the emergence of the spin-charge separation, and has been ob-
served in, for example, 1D cuprates like SrCuO2.37) Figure 2(a) shows the dynamical
DMRG result of A(k, ω) in the 1D half-filled Hubbard model (U = 10t and V = 0)
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Fig. 2. A(k, ω) for the 1D Holstein-Hubbard model at half-filling with U = 10t and V = 0.

(a) g = 0. (b) g = 0.5t and ω0 = 0.5t. The momentum is taken from π/21 to 11π/21.

without the EP coupling (g = 0). γ in (2.2) is taken to be γ = 0.1t, which is
small enough to resolve spinon dispersion of the order of the exchange interaction
J ∼ 4t2/U = 0.4t as well as phonon structures with the energy scale of ω0 set to be
0.5t below. The origin of energy is located at the center of the Mott gap. A single
peak at k ∼ π/2 separates to two branches toward k ∼ 0. These energy positions
are ω/t = −3.13 and −4.90 at k = π/21, which is the minimum momentum in the
calculation. The branch located in low (high) binding energy side is deduced to be
the spinon (holon) branch. Here, fine structures inside the branches come from the
finite size effect.

The presence of the two branches in the electron-removal spectral function of
a large U Hubbard model is qualitatively explained based on the Bethe anzats so-
lution38) at large U limit. In this limit, the wave function of all eigenstates can be
decomposed into the product of two wave functions representing the spin and charge
parts.39) The electron-removal spectral function is constructed by superposition of
a set of holon dispersions forming a cosine band with the width of 4t.40) The shaded
area in Fig. 3(a) exhibits the region where the spectral weight exists.

The superposition is a consequence of the spin-charge separation, because each
of the holon dispersions is characterized by one spinon momentum. Therefore, an
effective model of the spectral function, Aeff(k, ω), is constructed by putting the
spectral weight for a spinless fermion, Ah(p, ε) = δ(ε−2t cos p), on each of the holon
dispersions. Since a top of the cosine band is running along the spinon dispersion
εs(q+π/2) = −(πJ/2)| sin(q+π/2)| for −π/2 ≤ q ≤ π/2 (the upper-left edge of the
shaded area in Fig. 3(a)) with J = 4t2/U , Aeff(k, ω) is defined by

Aeff(k, ω) =
π/2∑

q=−π/2

Ah

(
k − q, ω + 2t+ εs

(
q +

π

2

))
, (3.1)
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Fig. 3. (a) Shaded area represents the region where A(k, ω) is finite in a 1D Mott insulator. The

darker the color is, the larger the weight is. Dashed (solid) line denotes a holon dispersion for

g = 0 (g �= 0). A dotted line is for a guide to the eye. (b) Aeff(k = 0, ω). Dashed (solid) line is

for the case of g = 0 (g = ω0 = 0.5t). A broadening γ = 0.1t is assumed.

except for constant energy shift. A dashed line in Fig. 3(b) shows Aeff(k = 0, ω).
The singularity of the spinon branch appears at ω = −πJ/2 ∼ −2πt2/U = −0.785t.
The singularity comes from the flatness of the spinon dispersion near k = 0. The
lineshape is consistent with the dynamical DMRG data in Fig. 2(a) except for the
singularity of the holon branch. The singularity of the holon branch is explained by
taking into account the phase string effect41) that is not included in (3.1).

Let us introduce the EP coupling. Figure 2(b) shows A(k, ω) at g = 0.5t and
ω0 = 0.5t. We find that the holon branch becomes broad due to the EP coupling,
while the spinon branch remains sharp. We also find a ‘peak-dip-hump’ structure
at the high-binding energy side of the spinon branch. The dip disperses followed by
the spinon branch.

In order to investigate the origin of the dip, the ω0 and g dependence of A(k, ω)
at k → 0 is shown in Fig. 4. The energy of the dip (hump) position decreases
with increasing ω0. The energy difference between the dip (hump) and the spinon
branch is estimated to be ω0, which means that the peak-dip-hump structure is due
to the phonon effect. Therefore, the origin of the peak-dip-hump structure provides
information on the effect of phonon. As g goes from 0.5t to larger values with
keeping ω0 = 0.5t, the spinon branch starts to broaden as seen in Fig. 4(b). The
weight of the spinon branch decreases linearly as a function of g for g ≥ ω0. For
g = t, the holon branch is completely smeared out. The peak-dip-hump structure
observed in Fig. 2(b) develops into multipeaks whose positions are ω/t = −3.13,
−3.61 
 −3.13 − ω0, and −4.09 
 −3.13 − 2ω0. Furthermore, a slight enhancement
of the low-binding energy side of the spinon branch is seen. The energy difference
between the enhancement and the band top (k = π/2) for g = 0 is estimated to
be ω0. Therefore, the three main peaks and the enhancement are also due to the
electron-phonon coupling.

In order to understand the calculated data, we first introduce a working hypoth-
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Fig. 4. A(k, ω) at k → 0. (a) ω0 dependence keeping g = 0.5t, and (b) g dependence keeping

ω0 = 0.5t. The spectra with g �= 0 are shifted so that the energy of the spinon branch is taken

to be equal.

Fig. 5. Single-particle spectral function Ah(p − π, ε) for the 1D Holstein model, i.e. a model for a

spinless carrier coupled with Einstein phonons (g = ω0 = 0.5t). A dashed line is a cosine band

with the width 4t.

esis that the decomposition of the wave function into the spin and charge parts, i.e.,
the decoupling of spin and charge, is still holding even in the presence of the EP
coupling. This hypothesis leads to the effective electron-removal spectral function
(3.1). Ah(p, ε) in this case, however, is not of a spinless free fermion, but of a spinless
fermion dressed with Einstein phonons. Figure 5 shows such a dispersion calculated
for an 1D Holstein model with g = ω0 = 0.5t. The calculated Ah(p−π, ε) splits into
low-lying peaks and an incoherent part.42)–45) The splitting occurs at the anticross-
ing point ε ∼ 1.5t that is away from the top of the band (p = π) by ω0. At ε ∼ 1.5t,
we find a tiny spectral weight with a flat dispersion coming from the phonon branch.

A dispersion with such a splitting seen in Fig. 5 is schematically plotted in
Fig. 3(a). Aeff(k = 0, ω) constructed from the dispersions is shown by a solid line in
Fig. 3(b). A peak-dip-hump structure clearly appears. The spectral weight lost by
the dip is transferred to a high-energy region. We find that the peak-dip-hump struc-
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ture obtained by using (3.1) is qualitatively consistent with the dynamical DMRG
data, indicating the justification of the working hypothesis. In other words, the
decoupling of spin and charge is robust against the EP coupling.8)

The data shown in Fig. 4(b) for g ≥ ω0 indicate the decrease of the spectral
weight of the spinon branch. As mentioned above, the spinon branch can be ex-
pressed by the superposition of the peak at ω ∼ 2t in Fig. 5. It has been shown that
the spectral weight of the peak decreases with increasing g.42)–45) Therefore, the
weight of the spinon branch decreases with increasing g. The multi-peak structure
as well as the slight enhancement of the low-binding energy side of the spinon branch
for g = t in Fig. 4(b) is also explained by the effective model (3.1).8)

Since the spectral weights obtained from (3.1) give reasonable interpretations for
the dynamical DMRG results, the working hypothesis that the decoupling of spin and
charge is present under the EP coupling seems to be justified. The robustness of the
decoupling leads to a difference between 1D and 2D systems in terms of the interplay
of strong electron correlation and EP coupling.8) In order to see the difference, we
introduce a dimensionless parameter λ = g2/ω0W with the noninteracting band
width W . There is a characteristic λ value, λ∗.46) For λ < λ∗, the lowest energy
excitation is weakly dressed with phonons. As λ approaches to λ∗, the excitation
loses its weight rapidly. Then, the dominant low-energy excitation moves to a heavily
dressed polaron. In the 1D Holstein model, λ∗ is estimated to be λ∗ ∼ 1.47),48) In the
1D Hubbard-Holstein model, the spinon branch loses its weight for λ∗ ∼ 1 (g∗ ∼ 1.4t)
as estimated from Fig. 4(b). This is because the spinon branch can be expressed by
the superposition of the spectra for the low-energy excitation of the Holstein model.
In 2D, on the other hand, λ∗ is close to 0.2 in the t-J-Holstein model with J = 0.3t,
while λ∗ > 0.6 in the Holstein model.2),23),49) This means that the AF correlation
helps the formation of the lattice polaron.4),50),51)

Finally, let us discuss the ARPES data for a 1D Mott insulator SrCuO2 in
the light of the dynamical DMRG data. In this compound, high-energy ARPES
experiments have been done, where the spinon and holon branches were observed.37)

Near the Γ point, the intensity of the holon branch is smaller than that of the
spinon branch. In addition, these branches do not exhibit singularities predicted by
the Hubbard model.40) The dynamical DMRG data appropriate for 1D cuprates is
shown in Fig. 4(b) with λ = 0.2535) (g = 0.707t and ω0 = 0.5t). The calculated
data is qualitatively consistent with the ARPES data except for the presence of the
dip. The dip may be washed away by the phonon dispersion or smeared out due to
finite-temperature effects.

§4. Current-current correlation function

In this section we examine the current-current correlation function that is related
to the optical absorption spectrum. We focus on both high-energy charge excitation
across the Mott gap and low-energy excitations inside the Mott gap.
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Fig. 6. g dependence of current-current correlation function χ(ω) for the 20-site half-filled Hubbard-

Holstein model with U = 10t. (a) V = t and (b) V = 3t.

4.1. High-energy charge excitations

Figure 6 shows χ(ω) in the energy region of Mott-gap excitations for various g
and V values of a half-filled Hubbard-Holstein model. We take L = 20, U = 10t, and
ω0 = 0.5t. The broadening factor is set to be γ = 0.2t, which is larger than the case
of the spectral function but still smaller than J and ω0. We note that, the larger
the value of γ is, the shorter computational time is. The magnitude of ω0 may be
three-times larger than the frequency of the breathing mode in cuprates.35)

For g = 0, the V dependence of the spectra has been studied intensively, and the
present data are consistent with the previous data:52) for V < 2t only a continuum
band exists, which is composed of nearly free holon and doublon, while for V ≥ 2t the
holon and doublon form an excitonic bound state. A pronounced peak at ω = 6.1t
in Fig. 6(b) corresponds to the exciton. Note that the spiky structures in Fig. 6(a)
come from the finite-size effect.

The effect of the EP interaction on the exciton is larger than that on the con-
tinuum band. For V < 2t and g > 0, the continuum band edge shifts toward lower-
energy region. This is because the holon and doublon are dressed with phonons,
leading to an energy gain of the photoexcited state. The second-order perturbation
expansion with respect to g for t = 0 gives an effective reduction of U by 2g2/ω0.
However, the shift in the DMRG data is smaller than 2g2/ω0. For instance, the
energy gain for V = t and g =

√
0.5t in Fig. 6(a) is about 0.5t, and this is smaller

than 2g2/ω0 = 2t. In this sense, we can say that the motion of holon and doublon
suppresses the effect of the EP coupling in the region of V < 2t.

For V ≥ 2t and g > 0, the exciton peak splits into multiple peaks. For g =
√

0.5t
in Fig. 6(b), these peaks are positioned at 5.38t and 5.85t. The energy difference
between them is 0.47t ∼ ω0, and thus it is expected that the exciton has a polaronic
feature. Because of the splitting, the line shape of the exciton is asymmetric. The
shape is different from that obtained by a classical treatment of phonons.21) The
energy gain of the exciton by g is still smaller than 2g2/ω0, even though the exciton
would be localized for V = 3t.

Next, we examine whether the effect of g on the exciton is enhanced or reduced
by U . For this purpose, we compare the spectra for U = 10t and 20t. It is usually
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Fig. 7. Current-current correlation function χ(ω) for the 20-site half-filled Hubbard-Holstein model

with V = 2t. U = 10t and U = 20t. (a) g = 0 and (b) g = 0.707t. The energy ω is shifted by

Δ = U − V − 4t2/V .

recognized that the parameter U = 10t is characteristic of strong electron-electron
correlation. Actually, for g = 0, the absorption spectra for these parameters are
almost the same. However, the line shape of the stress tensor correlation function,
i.e., the correlation with respect to an operator τ = t

∑
i,σ(c†i,σci+1,σ +H.c.), changes

dramatically even for 10t < U < 40t.52) As will be shown later, we can see quanti-
tative difference between the absorption spectra for U = 10t and 20t in the presence
of g. This means that the effect of g on the spectra is sensitive to the value of U .

Figure 7 shows comparison of χ(ω) between U = 10t and 20t. Here, V is taken to
be 2t, and thus the lowest-energy photoexcited state is an exciton. We take m = 300
and nLV = 100 ∼ 200. All of the correction vectors are targeted in one DMRG run.
In the figure, the energy ω is shifted by Δ = U − V − 4t2/V for comparison. When
g = 0, the two spectra are almost the same, while in the presence of g, the qualitative
difference of their lineshapes appears at the low-energy edge: the spectral weight of
the lowest-energy peak is largest for U = 10t, while the weight of the lowest-energy
peak is smaller than that of the second-lowest-energy peak in the case of U = 20t.
Therefore, the increase of U significantly changes the lineshape of the exciton in the
presence of g. This means that the effective electron-phonon coupling increases with
U .

Let us consider why U enhances the effect of the EP interaction on the exciton.22)

First of all, it would be useful for later discussion to introduce the exactly solvable
case of the holon-doublon model corresponding to U → ∞. In the large-V limit,
using a canonical transformation,53) we have the following result:

χ(ω) = − 1
πL

Im
∞∑
l=0

Al

ω −Ωl + iγ
, (4.1)

with Al = 8π(2g2/ω2
0)

l exp (−2g2/ω2
0)/l! and Ωl = U − V − 4t2/V − 2g2/ω0 + lω0.

We find that the spectral weight for the lowest-energy photoexcited state |n0〉,
A0 = 8π exp (−2g2/ω2

0), decreases exponentially as g increases. On the other hand,
the decrease of the spectral weights for higher-energy photoexcited states |nl〉 is
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suppressed by a factor (2g2/ω2
0)

l. When g > ω0/
√

2, A0 becomes smaller than A1

because of strong renormalization of |n0〉 due to large EP coupling. In this case, we
expect large expectation value of the phonon number for |n0〉, N0 = 〈n0|

∑
i b

†
ibi |n0〉.

In the following consideration, we assume this parameter region where |n0〉 is strongly
renormalized and A0 < A1. In the large-U limit, |n0〉 is composed of the bases with
one holon-doublon pair. As a result, phonons are spontaneously excited around the
pair, leading to large N0. On the other hand, when U decreases, the bases without
the pair enter into |n0〉. Since these bases represent homogeneous charge distribution,
N0 decreases as U decreases.

Next, we examine A0 as a function of N0 in order to understand the relation
between A0 and U . It is clear that the dominant contribution to the ground state
comes from |0〉 ∼ |AF 〉 |0), where |AF 〉 and |0) represent the antiferromagnetic state
and phonon vacuum, respectively, as long as the ground state is the Mott insulator.
In this case, A0 = |〈n0| j |0〉|2 is given by

A0 ∼
∣∣∣∣∣t

∑
i

〈n0|
(
|0, ↑↓〉i,i+1 − |↑↓, 0〉i,i+1

)
|0)

∣∣∣∣∣
2

, (4.2)

where the holon-doublon pair |0, ↑↓〉 is located on the i-th and (i+ 1)-th sites. This
equation shows the relation between A0 and N0. When N0 decreases, the weights
of the bases without phonons become dominant in |n0〉, and this effect increases A0.
According to the previous paragraph where we found that N0 decreases with decreas-
ing U , A0 increases with decreasing U . We have also confirmed U dependence of N0

and A0 by exact diagonalization on small clusters. Therefore, we can conclude that
the effect of the EP interaction on an exciton is very strong in 1D Mott insulators.

Let us compare the present DMRG results with the optical absorption spectrum
in the 1D cuprate Sr2CuO3.54) The absorption spectrum has asymmetric structure:
the high-energy side of the spectrum is broad, while the low-energy side is fitted
with a single Lorentzian function with a broadening factor of the order of 0.1 eV. In
addition, a flat part at the top of the absorption peak is seen (1.75eV � ω � 1.82eV).
The energy range 0.07 eV of this flat part is comparable to a phonon frequency of
the breathing mode seen in Ca1.8Sr0.2CuO3.55) We consider that the flat part is a
signature of multiple phonon peaks, although the clear peak structures would be
washed away by the phonon dispersion.

4.2. Low-energy spin excitations

Optical processes usually couple with the charge degrees of freedom. However,
once one introduces the EP coupling, spin excitations can appear in the optical
processes via lattice deformation. The excitations inside the Mott gap have been
discussed theoretically56) and observed experimentally57) in the 1D Mott insulator
Sr2CuO3. The observed low-energy excitation in the optical conductivity has been
interpreted as spinon excitations.57),58) The interpretation is based on the analyses
of the Heisenberg model to which a matrix element of the dipole transition coming
from the EP coupling is taken into account. Thus, it seems to be important to
check whether the Hubbard-Holstein model itself produces or not the phonon-assisted
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Fig. 8. Phonon-assisted spin excitations seen inside of the charge gap in χ(ω) for the 12-site half-

filled Hubbard-Holstein model with U = 10t and V = 3t. Fine and bold solid lines denote χ(ω)

with and without g, respectively. g = 0.25t, ω0 = 0.1t, and γ = 0.01t.

spinon excitations in the optical absorption. In order to investigate this, we need
to be careful of the magnitude of ω0. Since we are interested in the low-energy
region where spinon excitations occur, the relative magnitude of ω0 and exchange
interaction J is a crucial parameter. We take J ∼ 0.4t > ω0 ∼ 0.1t for the analysis
of Sr2CuO3.

Figure 8 shows low-energy excitations in χ(ω). Parameters are set to be U = 10t,
V = 3t, g = 0.25t, and ω0 = 0.1t, which satisfies J ∼ 4t2/(U − V − 4t2/V ) > ω0.
We take L = 12, m = 400, and γ = 0.01t. We need a small value of γ compared
with previous values (0.1t ∼ 0.2t) since the value of ω0 in this calculation is small.
All of the correction vectors with 0 ≤ ω ≤ 2t are targeted into the density matrix in
one DMRG run. Here, the maximum number of the Lanczos step for expansion of
each |ω〉 is taken to be nLV = 400. When g = 0, there is no excitation in the range
of order of J . With g, small weight appears in this range. The absolute magnitude
of the weight is 10−4 times smaller than the weight at an absorption edge near
ω = U − V − 4t2/V . This ratio is not far from experimental data. There are many
peaks in the figure, but these are due to finite-size effects. In the thermodynamic
limit, it is expected for the peaks to be continuous. The spectral weight starts from
ω = ω0 = 0.1t, being consistent with the previous theoretical calculations as well as
an experimental observation that the edge of the low-energy absorption starts from
ω = ω0. We also note that the spectra distribute with a width of πJ . This width
is also consistent with the width of spinon dispersion.57),58) This is a demonstration
of phonon-assisted spin excitations in the presence of EP interaction.
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§5. Summary

In order to understand the interplay of strong electron correlation and electron-
phonon interaction in 1D Mott insulators, we examine the single-particle excitation
spectrum as well as the current-current correlation function in an 1D Hubbard-
Holstein model at half-filling. We have employed the dynamical density matrix
renormalization group that is powerful for investigating dynamical properties in 1D
systems. We have found that the single-particle spectral function is qualitatively
explained by a simple superposition scheme of spectra for a spinless carrier dressed
with phonons. The superposition is a consequence of robustness of the decoupling
of spin and charge against electron-phonon coupling. The current-current correla-
tion function, which is related to the linear optical absorption spectrum, exhibits
a peculiar behavior that the effect of the electron-phonon interaction on an exci-
ton is enhanced by increasing the on-site Coulomb repulsion. The electron-phonon
coupling also induces low-energy excitations of the order of the antiferromagnetic
exchange interaction, but their weight is very small. We have compared the dynam-
ical DMRG data with experimental data of ARPES and optical absorption spectra,
and found that the DMRG data with EP interaction are able to qualitatively explain
the experimental data, except for dip structures coming from dispersionless phonon
assumed in the calculations. Inclusion of dispersive phonons would be a next step
to perform more quantitative comparison with the experiments.

As mentioned in §1, understanding the relaxation process is crucial for making
up of the basis for the use of 1D Mott insulators as optical devices. Based on the
results obtained in this paper, we expect that the EP interaction may also affect on
the relaxation process of the photo-excited states in the Mott insulators. A DMRG
study of the relaxation process is now in progress.
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