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事の発端 Grapheneでの
Half-Integer Quantum Hall 効果の観測

K. S. Novoselov et al., Nature 438, 197 (2005).

Y. Zhang et al., Nature 438, 201 (2005).
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固体中のDirac電子？

• どんなときに出てくるか？

• 普通の電子と何が違うか？ 

• 何が面白いか？



Outline

1. Dirac fermion in graphene

2. Dirac fermion in α-(BEDT-TTF)2I3 

3. Dirac fermion in iron-based superconductors



1. Dirac fermions in graphene

出自のはっきりしたDirac電子



蜂の巣格子上の電子
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Dirac電子のHamiltonian
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通常の電子

本家Dirac電子との違い？

c→ vF  c / 300

2x2行列：擬スピン空間(A,B副格子)
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普通の電子と何が違うか？
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Chirality

k方向の”磁場”
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Chiralityの効果

後方散乱の消失

Landau準位

En = sgn n( ) 2evF
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T. Ando, T. Nakanishi, and R. Saito, 
J. Phys. Soc. Jpn. 67, 2857 (1998).



2. Dirac fermion in α-(BEDT-TTF)2I3 

bulkのDirac電子



有機導体α-(BEDT-TTF)2I3の構造

Courtesy of N. Tajima (RIKEN) 



電気抵抗の圧力依存性
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MI-transition 
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圧力下の理論計算
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第一原理計算
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Tight-binding model 

H. Kino and T. Miyazaki, J. Phys. Soc. Jpn. 75, 034704 (2006)  

S. Ishibashi et al, J. Phys. Soc. Jpn. 75 ,015005 (2006)  
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hoppingの圧力依存性



実験？

N. Tajima et al., PRL 102, 176403 (2009). 

T. Osada, JPSJ 77, 084711 (2008). 

ゼロエネルギーLandau準位！

面間磁気抵抗



正の磁気抵抗領域？

N. Tajima et al., PRL 102, 176403 (2009). 
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TM and T. Tohyama, J. Phys. Soc. Jpn. 
79, 044708 (2010)

Landau準位間遷移



Dirac coneの傾き？
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TM, T.Himura, and T. Tohyama, 
J. Phys. Soc. Jpn. 78, 023704 (2009)



面内磁気抵抗？

N.Tajima et al., JPSJ 75, 051010 (2006)
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Dirac電子のLandau準位構造＋相互作用



3. Dirac fermion in iron-based 
superconductors

軌道に関連したDirac電子



鉄系超伝導体

Y. Kamihara, T. Watanabe, M. Hirano, and H. Hosono,  
J. Am. Chem. Soc. 130, 3296 (2008) 

LaFeAsO1-xFx (1111) 

K.Ishida, Y.Nakai, and H.Hosono, 
J. Phys. Soc. Jpn. 78, 062001 (2009) 
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[1] Z.-A.Ren et al., Chin. Phys. Lett. 25, 2215 (2008) 
[2] Z.-A.Ren et al., Europhys. Lett. 82, 57002 (2008) 
[3] Z.-A.Ren et al., Mater. Res. Innovations 12, 106 (2008) 
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122     B+[(A1-xBx)Fe2As2]  
     (A=Ba,Sr,Ca, B=K,Cs,Na) 

111   LiFeAs, NaFeAs 

11     FeSe0.5Te0.5 



相図

S. Nandi et al., PRL 104, 057006 (2010)

Ba(Fe1-xCox) 2As2 Electron “doping” Ba1-xKxFe2As2 Hole “doping” 

H. Chen et al., Europhys. Lett. 85, 17006 (2009)



反強磁性相

5-band tight-binding model 
 [K. Kuroki et al., PRL 101, 087004 (2008)] 

Q = π ,0( )



反強磁性相におけるDirac電子？
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反強磁性相で現れるDirac電子！

P. Richard et al., Phys. Rev. Lett. 104, 137001 (2010).ARPES: BaFe2As2

kx ,ky( )exp = 0.785,0( )



反強磁性相のバンド分散

where we take the plus (minus) sign for s ¼" ð#Þ. The mean
field order parameters m!"

SDW are determined by solving the
mean field equations in a self-consistent way. Figure 1
shows the electron band structure calculated in the SDW
state with U ¼ 1:2 eV and J ¼ 0:25 eV, with the zero
temperature magnetic moment 1:0!B, which is close to
the value observed by neutron scattering in BaFe2As2 [13].

In the SDW state, Dirac points appear near the Fermi
energy. Those Dirac points exist on the kx axis and, in some
parameter region, on the ky axis as well but not at the high
symmetric points in the Brillouin zone. Since the Dirac
points appearing on the ky axis are not protected by topol-
ogy [6], we focus on the Dirac points on the kx axis. These
Dirac points are stable as long as the magnetic moment is
less than 3!B.

In order to investigate the physical properties of
the Dirac fermions, we derive the effective Hamil-
tonian around the Dirac point following Ref. [14], in
which the Dirac fermions in the organic conductor
#-ðBEDT-TTFÞ2I3 were analyzed. The effective
Hamiltonian is used to determine chirality and the
Landau level structure of Dirac fermions.

First we expand the Hamiltonian H k around the Dirac
point kc, denoting k ¼ kc þ $k,

Hk ¼ H kc
þ @H kc

@kx
$kx þ

@H kc

@ky
$ky þ . . . : (5)

(The spin index is suppressed hereafter.) Next, noting that a
Dirac point is formed by two eigenstates, we construct the
effective 2% 2 Hamiltonian using those two eigenstates
denoted by jk;&i. The general form of the effective
Hamiltonian is [14]

H eff
$k ¼

X

%¼0;x;y;z

$k ' v%&%; (6)

where ! ¼ ð&x;&y;&zÞ are the Pauli matrices and &0 is
the unit matrix. (We set @ ¼ 1.) The parameters v% are
determined by the following equation with # ¼ x, y:

hk; sj @H kc

@k#
jk; s0i ¼

X

%¼0;x;y;z

v#
%ð&%Þss0 : (7)

Figure 2(a) shows the energy band dispersion of the state
(shown in Fig. 1) along the kx axis. The Dirac points are at
kc ¼ ð&0:829; 0Þ. The positions of the Dirac points are
close to the values reported in angle resolved photoemis-
sion spectroscopy measurements [15]. The effective
Hamiltonian is given by

Hk ¼ ðEc & vx
0kxÞ&0 & ðvx

zkx&z þ vy
xky&xÞ; (8)

where Ec ( EF ¼ (20 meV, vx
0=a ¼ 0:286 eV, vy

x=a ¼
0:229 eV, and vx

z=a ¼ 0:672 eV, with a the lattice con-
stant. The nonzero value of vx

0 implies that the Dirac cone
is tilted in the kx direction. As a result, we expect a strong
anisotropy in the Fermi velocity.
Now we discuss chirality associated with Dirac fermi-

ons. In Figs. 2(b) and 2(d) the vector nk ) hk;þj!jk;þi
is shown around the two Dirac points. The vector field nk

shows a vortex configuration with vorticity of one. A
remarkable fact is that the two Dirac cones have the
same vorticity: The vector nk is rotated clockwise when
one goes around each Dirac point. In conventional Dirac
fermion systems, like graphene, two Dirac cones have the
opposite chirality by symmetry. The same is true for the
Dirac cones in#-ðBEDT-TTFÞ2I3. This unusual property is
understood by considering the chirality associated with the
hole band around the ! point, as shown in Fig. 2(c).
Although the energy dispersion around the ! point is
quadratic, and an energy gap lies between two relevant
bands, we can apply the above analysis in constructing the
effective Hamiltonian: In the quadratic dispersion case, the
parameters v% are linear functions with respect to kx or ky
with higher order corrections. Along the circle represented

by k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
¼ 0:1, we find H k ¼ ak&0 þ bk&z þ

ck&x, with ak ¼ (0:508k2x ( 0:475k2y, bk ¼ (0:191k2x þ
2:56k2y, and ck ¼ 2:80kxky. The winding is described by

the following vector: ðnx; nzÞ ¼ ðck; bkÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2k þ c2k

q
. As

shown in Fig. 2(c), the vector nk rotates counterclockwise

FIG. 1 (color online). Left panel: The crystal structure of
CaFe2As2. Middle panel: The electron band structure near the
Fermi energy in the SDW state. The unit cell is taken by the
square lattice formed by Fe atoms. Right panel: The magnifica-
tion of the band structure near the Dirac point indicated by the
circles in the left panel.
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5-band model + SDW mean field theory
Y. Ran et al., PRB 79, 014505 (2009).

E. Kaneshita, TM, and T. Tohyama, PRL 103, 247202 (2009).

TM, E. Kaneshita, and T. Tohyama, PRL 105, 037203 (2010).

U = 1.2eV, J = 0.25eV

H int =U njµ↑njµ↓
j ,µ
∑ + U − 2J( ) njµnjν

j ,µ<ν
∑

+J d jµα
† d jνβ

† d jµβd jνα
j ,µ<ν ,α ,β=↑,↓
∑ + J d jµ↑

† d jµ↓
† d jν↓d jν↑ + h.c.( )

j ,µ<ν
∑

kx ,ky( ) = 0.829,0( )



Dirac点まわりのHamiltonian

  

Hk = v0kx +
vxkx vyky

vyky −vxkx

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ Ec

vx / a = 0.672eV
vy / a = 0.229eV

v0 / a = 0.286eV

Hk = Hk0+δk
= Hk0

+ ∂H
∂kx

δkx +
∂H
∂ky

δky

Contact point周りで展開

Ec − EF = 20meV

A. Kobayashi et al., JPSJ 76, 034711 (2007).



Dirac電子があらわれるタネ Y. Ran et al., PRB 79, 014505 (2009).
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軌道間のhopping

XY

t
−t
t

−t

dZX dYZ XY

dZXdYZ

H = dZX
† k( ) dYZ

† k( )( )K k( )
dZX k( )
dYZ k( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟k

∑

K k( ) =
2t2 cos kx + ky( ) + 2 ′t2 cos kx − ky( ) 2t1 coskx − cosky( )

2t1 coskx − cosky( ) 2t2 cos kx + ky( ) + 2 ′t2 cos kx − ky( )
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟



Chirality

K k( ) = 4t
sin kx sin ky coskx − cosky
coskx − cosky − sin kx sin ky

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

t

−t

t

−t
Graphene bilayer

-1

-0.5

 0

 0.5

 1

-1 -0.5  0  0.5  1

k,+ = 1
2Ek Ek + ak( )

ak + Ek

bk

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ak = sin kx sin ky
bk = coskx − cosky

Ek = ak
2 + bk

2

nz = k,+ 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟
k,+ = ak

ak
2 + bk

2

nx = k,+ 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟
k,+ = bk

ak
2 + bk

2

kx

ky

2回転



反強磁性状態でのchirality
5-band model + SDW mean field theory
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実験？

ホール係数

熱起電力

低温でどちらも負
異なる温度で符号反転

少数、電子キャリア

N.Harrison and S.E. Sebastian, 
PRB 80, 224512 (2009).

量子振動の解析

M. Matusiak et al., PRB 81, 020510(R) (2010)



Simplified model
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Formula

ホール係数

熱起電力

σ xy =
e3Bz
Ω

−
∂fk

0( )

∂εk

⎛

⎝
⎜

⎞

⎠
⎟ τk

2vkx vkx
∂vky
∂ky

− vky
∂vky
∂kx

⎛

⎝
⎜

⎞

⎠
⎟

k
∑

RH = 1
Bz

σ xy

σ xx
2

S = 1
eT

1
Ω

−
∂fk
∂εk

⎛

⎝⎜
⎞

⎠⎟
εk − µ( )τ kvkx2

k
∑
1
Ω

−
∂fk
∂εk

⎛

⎝⎜
⎞

⎠⎟
τ kvkx

2

k
∑

σ xy
e( ) +σ xy

h( )

τ 2

τ

Jones-Zener formula



Sign change condition

S = −se + sh
den.( )

σ xy =
−σ xy

e +σ xy
h

den.( )
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結果
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Doping依存性？
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0

d"Nð"Þ ¼ !
!2

2"v2
sgnð!Þ ð7Þ

where Nð"Þ ¼ j"j=2"v2 is the density of states per spin in
clean systems.

Summarizing the analytical results so far obtained, in
Fig. 3, are shown the dependences on the Fermi energy, !,
of the orbital susceptibility, #, eq. (3c), the conductivity,
eq. (6) and the Hall conductivity, eq. (5c). In Fig. 4, the Hall
coefficient R=R0 and its inverse ðR=R0Þ!1 proportional to
effective carrier density are shown. It is to be noted that,
if the energy dependences of ! is present and ! % ", the
conductivity will be essentially independent of the Fermi
energy.20)

Extension of the present studies to $-ET2I3, which is
described by the ‘‘tilted Weyl equation’’,21,22) and Bi–Sb
alloys with strong spin–orbit interaction are interesting
targets to be studied.
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Landau levels?
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常磁性相？



Orbital chirality distribution
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Summary

α-(BEDT-TTF)2I3 

bulkのDirac電子系
Dirac電子系に特徴的な輸送現象

Iron-based superconductors
軌道に関連したDirac電子系
輸送現象に関与

Doping依存性？
Landau準位の観測？
超伝導との関係？



Appendix



Linear dispersion in graphene
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Derivation of Dirac Hamiltonian in graphene
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Dirac point

 

  

kx ,ky( ) = 0.7446,0.( )
E = 10.908eV

kx-axis ky-axis



Mass gap? Y. Ran et al., PRB 79, 014505 (2009) 

Q=(p,0) folding of the band

Px

M +1,+1( )
SDW ≠ 0

M +1,−1( )
SDW = 0


