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Introduction



Four-dimensional supergravity theories

» N = 2 supergravity

highly symmetric (controllable), dynamical (non-trivial), connectable to Seiberg-Witten, etc..

dictated by holomorphic functionals (prepotentials)

» N =1 supergravity

highly dynamical, less symmetric, connectable to (SUSY) GUTs, etc..

dictated by Kahler potential and superpotential

many ways to derive them from type II and heterotic string theories
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MOdUh |n N — 2 Supel’gl’aVIty Appendix

vector multiplet hypermultiplet
generic coord. of Hodge-Kahler coord. of quaternionic
ITA on Calabi-Yau complex moduli + RR
IIB on Calabi-Yau complex moduli + RR

Duality relations in A/ = 2 theories:

type IIA «+— type IIB T-duality, mirror symmetry
type II/CY3 +«— heterotic/[K3 x T?]  S-duality

Reduction to N/ = 1 supergravity is given in terms of orientifold planes
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WIIA,RR — ieqb Ga N e_B_Z‘]
CYs;

K*S = _log (g/ JAJ N
CYsj

WIIB,RR = ie¢/ Gg A

_ CYs

KCS:—log(i/ Q/\Q)
CYs

)
3
|

Hz A Q
CY3

Fn = an_l—Hg/\Cn_g = eBG

GA:G0+G2—|—G4—|—G6 GB:Gg
J/\J/\J:%Q/\ﬁ JANQ =0 = BAQ
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Question 1: Generic supersymmetric effective theory beyond Calabi-Yau geometry?
® condition on geometry from supersymmetry? --+ SU(3)-structure manifold Appendix
@ identify “light” modes?

® generic form of Kahler potentials and superpotentials?

dsig _ eQA(y)g,w dz* @ dz? + Gij dy’t & dyj

1 1 .
0 = (37; - Zwiab 7ab)77 - ZHz‘jkV‘?k?? +... =0
S\ = 1( ia.(b 1 - ijk) 4+ =0
— A Y Ui 6 ijk™ n T —
(d — HsA) (e %6 F) = 0 (d — HsA)F = J(source)

d(e4A_2¢ *6 Hg) = :F€4AFn A *6Fn—i—2
dHs; = 0
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Question 2: Modification of dualities among string theories by fluxes?
® T-duality (mirror symmetry) from (non-)Calabi-Yau to what?
® S-duality and U-duality symmetries?

® Find more non-trivial relations?

/\eventzwj\/[6 /\OddT*M6
e—B—z’J — 0
GA:G0+G2+G4—|—G6 GB:Gg
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Generically, a Calabi-Yau with non-trivial fluxes does not yield a supersymmetric solution...

How should we derive modified Kahler/superpotentials?

Extend geometrical information of compactified space
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Decompositions of spinors in type 11 supergravity theories

Decomposition of vector bundle on ten-dimensional spacetime:

TMig=T13DF
Ty 3: areal SO(1,3) vector bundle
F : an SO(6) vector bundle which admits a pair of SU(3) structures

10-dimensional spacetime itself is not decomposed yet, i.e., do not yet consider truncation of modes.

Decomposition of Lorentz symmetry:

Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16, = (2,4), @ (2,4); 162 = (2,4)2 @ (2,4)s

Decomposition of supersymmetry parameters (with a,b € C):
{ eia = & @ (an}) +¢L ® (ant) { eip = & ® (any) + &L @ (ant)
cfra = &5 @ (bn2) + &2 @ (bn3) eiip = 1 ® (ng) + &2 @ (bn?)
Set SU(3) invariant spinor n4 s.t. DT)nd =0 (4 =1,2): appenss

a pair of SU(3) on F (n1,n7) «— asingle SU3)on F (1L =n1 =)
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Requirement that we have a pair of SU(3) structures means there is a sub-supermanifold

1,9|4+4 1,9|16+16
N C M

( (1,9): bosonic degrees >

4+4: eight Grassmann variables as spinors of Spin(1,3) and singlet of SU(3)s

Equivalence such as

eight SUSY theory reformulation of type II supergravity

0

a pair of SU(3) structures on vector bundle F

0

an SU(3) x SU(3) structure on extended F' & F*
T

Entrance Gate to generalized geometry
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SU (3)-structure manifold with torsion

'§] Information from Killing spinor egs. with torsion D)5y = 0 (Icomplex Weyl 7-)

Invariant p-forms on SU (3)-structure manifold:

a real two-form J;; = F2i nl Vij N+
a holomorphic three-form €2;;, = —2¢ ' Yijk My

3 — _
dJ = §Im(W19)—|—W4/\J+W3 dQ2 = WhiJAJ+WoAJ+ W5 A

Five classes of (intrinsic) torsion are given as

component Interpretation SU (3)-representation
Wi JANAQ or QAdJS 191
Wo (dQ)5? 88
Wi (A3t + (dJ)g? 66
Wy JANdJ 333
Ws (d€2)>! 3d®3

In case of heterotic string, see, for instance, K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng, S.-T. Yau hep-th /0604137
T. Kimura, P. Yi hep-th /0605247 etc.
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Vanishing torsion classes in special SU (3)-structure manifolds:

hermitian Wi =Wy =0

balanced Wi=Wo=W;=0

special hermitian Wi =W =W,=W5=0

complex

Kahler Wl :WQ :Wg :W4:O

Calabi-Yau Wl WQ Wg W4 == W5 =0

conformally Calabi-Yau W; =Wy =W;5 =3W,4+2W5 =10

symplectic Wi =W3 =W, =0

nearly Kahler Wo=W3=Ws=Ws5=0

almost Kahler Wi=Ws=Ws=W5=0
almost complex

quasi Kahler Wy =W4=Ws5=0

semi Kahler Wiy=Ws=0

half-flat ImW; =ImWs =W, = W5 =0
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A simple example: half-flat manifold

A configuration of six-torus 7° in the presence of H-flux in | five-brane | solution:
g P

p

ds? =| dsZia + (d2')? + (d2?)? + (dy*)? |+ V{de? + (da™) + (dy')? + (dy?)?]
= Hs = #,dV = \dy' A dy? A da®
e? =V =\

\

Perform T-duality along all 2*-directions with respect to the Buscher's rule:

ds? = ds2., + (dFY)2 + (d32)% + (dy®)2 + V- 1(d7® — Myldy?)? + v{de 4 (dyh)? + (d;ﬁ)?}

H3:0 €2$:1

| B
Choose el =dz' +ivVdy! e? = dz2 + iV Vdy? ed = ——(dz® — \y'dy?) +idy?®

VV
Two- and three-forms: J = —id,,me™ Ae” and Q = el A e? A e3 with
2\
dJ = ——=dy' Ady> Ady> £0 and JAdT =0
: N Y Y Y F
dQ = ——=dz' AdZ* Ady' Ady?  ie, RedQ2#0 and ImdQ =0

7

This is a (torsionful) half-flat manifold — Entrance Gate to doubled formalism
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' Extensions of geometry

Generalized geometry
JonTMg wonT* Mg --» J+ on TMyzD T*My
“Cliff(6) pure spinor " on T Mg
--» “Cliff(6,6) pure spinor " on TMg ® T Mg

Evaluate spaces of @ to provide Kahler/superpotentials in supergravity

N.J. Hitchin

Doubled formalism
T% with B-field —-» T x T (with B-field)
Regard (T)-duality transformation as a part of transition function

Go beyond (non)-abelian gauged supergravity with B-field

and its duality transformation

C.M. Hull

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds -15/89 -



Generalized geometry



Mathematics: Generalized complex structures

Introduce a generalized almost complex structure J on TMy @& 1M, s.t.

J: TMsT "My — TM ;DT My
J? = —lag

: O(d, d) invariant metric L, s.t. JI'LT = L

Structure group on TMy; P T*My:

3L § GL(2d) s O(d, d)
J?= oy 0(d, d) > U(d/2.d/2)
TJe G UNdf2,d/2) N Us(d)2,d/2) > U(d/2) x U(d/2)
integrable J; o U(d/2) x U(d/2) —--» SU(d/2) x SU(d/2)
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Integrability is discussed by “(0,1)" part of the complexified TMy @ T*My:

1

ITA = A where A =v+ (is a section of TMy D T My

We call this A i-eigenbundle L 7, whose dimension is dim L 7 = d.

Integrability condition of 7 is

II[IL(v + ¢), (w4 )], = 0 v,w€eTMy  (,neT" My

v+ w+nlc = [v,w]+ Lyn — LuyC — %d(uvn — 1,C) : Courant bracket

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds
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Two typical examples of generalized almost complex structures:

I 0

J1 = 0 _17T w/ I? = —14: almost complex structure
0o —J! _

J2 = 70 w/ J: almost symplectic form

integrable J1 < integrable of I
integrable J5 <« integrable of J

On a usual geometry, J;; can be given by an SU(3) invariant (pure) spinor 7 as

Jij = =2inkvm,  A™me=0 4y #0
In a similar analogy, we want to find Cliff(6,6) pure spinor(s) ®.

*.") Compared to almost complex structures, (pure) spinors can be easily utilized in supergravity framework.
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Cliff(6,6) pure spinors

On TMg ® T*Mg, we can define Cliff(6,6) algebra and Spin(6,6) spinor &:
{I', 17} =0 {I",T;} =g, {[, T} =0
Irreducible repr. of Spin(6,6) spinor is a Majorana-Weyl
— a generic Spin(6,6) spinor bundle S splits to ST (Weyl)

Wey! spinor bundles ST are isomorphic to bundles of forms on T*Mg:
ST on TMg BT Mg ~ AT Mg
STonTMg®DT*Mg ~ N0dd T* Mg

Thus we often regard a Cliff(6,6) spinor as a form on A®e"/°dd T*)\(g
A form-valued representation of the algebra

[ =dz* A I'; =4
IF ® is annihilated by half numbers of the Cliff(6,6) generators:

— @ is called a pure spinor

cf.) SU(3) invariant spinor 7, is a Cliff(6) pure spinor: v"ny =0

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds -20/89 -



An equivalent definition of a Cliff(6,6) pure spinor is given by “Clifford action”:
(v+¢) - = vg,P+ (dz" AP w/ v: vector (: one-form

Define the annihilator of a spinor as

Ly = {v+(eTMsg®T*Mg|(v+()-® =0}

If dim Ly = 6 (maximally isotropic) — @ is a pure spinor
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Correspondence

Correspondence between pure spinors and generalized almost complex structures:

More precisely: J < a line bundle of pure spinor ®
') rescaling ® does not change its annihilator Lg

Then, we can rewrite the generalized almost complex structure as

Jins = (Re®4, 'y Re®y )

even forms: <\If_|_, (I)_|_> = U APy — Vs APy + Uy ADy — Wy A Dg

w/ Mukai pairing:
/ P & odd forms: <\I’_,<I>_> =W ANQ; — W3 ANO3+ VW A Ds

J is integrable «— 7 vector v and one-form ( s.t. d® = (vL+(A)®
generalized CY «— J® s pures.t. d® =0

“twisted” GCY «— 3® is pure, and H is closed s.t. (d — HA)® =0
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Clifford map between generalized geometry and SU (3)-structure manifold

A CIiff(6,6) spinor can also be mapped to a bispinor:

— 1 (k) ) 7 (k) i1+
C =) SO0 adem A Ndalt e = Zk'ql i Vg
k
On a geometry of a single SU(3)-structure, the following two SU(3, 3) spinors:
1 iqeei 1 _,;
oy = 77+®771 - ZZgnlﬁ’il---iknJrWl b= ]° !
k=0
et e i
Qo = L @n. = Zz_:ﬁn_%l...%mrfyl k= 89

Check purity: (6 +iD)7vjn, @nL = 0 = n, @nkv;(6 Fil);

One-to-one correspondence: ®q_ < J1, Pop — Jo

On a generic geometry of a pair of SU(3)-structure defined by (91,77 ): aspenci

1 —1] — —ivAv
Dy = 77+®77Jr = g(E”e j—chw)/\e a , ,
| ) e T e
by = ni@n% = —g(cLe_”—FicHw)/\(v—l—iv’)
b, = e_B(I)()j:
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Each & defines an SU(3, 3) structure on E. Common structure is SU(3) x SU(3).

(F is extended to E by including e=%)

Compatibility requires

<(I)_|_,V'q)_> = <6_|_,V'(I)_> — O fOF\V/V:33‘|‘€

(P4, @1) = (D, D)
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Hitchin functional

Start with a real form y; € A®e"/°4d F* (3ssociated with a real Spin(6,6) spinor )

Regard x ¢ as a stable form satisfying
1

a(xs) = =500 Prsxr) (s T oxgp) € AP @ AF

U — {Xfe/\even/oddF* : Q(Xf) <0}

Define a Hitchin function

1

H(xy) = \/—§Q(Xf) e N°F*

which gives an integrable complex structure on U

Then we can get another real form x ¢ and a complex form ®¢ by Mukai pairing

) | A OH (xy)
: — —dH l.e., — T a._
(XX 1) 1 (xr) Xf Dy s
-3 O = §(Xf‘|'7;f(f) H(®y) = i<q)f’$f>

Hitchin showed: @ is a (form corresponding to) pure spinor!

N.J. Hitchin math/0010054 math/0107101 math/0209099
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Consider the space of pure spinors ¢ ...

Mukai pairing (x,*) ——  symplectic structure

Hitchin function H(x) ——  complex structure

4

The space of pure spinor is Kahler (or, rather rigid special Kahler)!

Quotienting this space by the C* action & — \® for A\C*

--+ The space becomes a local special Kahler geometry with Kahler potential K':

e = H(®) = i(®,®) = i(2'F—2'F;) € A°F

Z! . holomorphic homogeneous coordinates
Fr . derivative of prepotential &, i.e., F; = 6’37/82,[

These are nothing but objects which we want to introduce in N' = 2 supergravity!
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Space of pure spinors &4 on F' @ F* with SU(3) x SU(3) structure

special Kahler geometry of local type = Hodge-Kahler geometry

e Bt = H((I)j:) = Z'<(I):|:,$i> = i(zfi?ﬂ—Zf_ﬁﬂ) c NOF*

For a single SU(3)-structure case:

1 . 1
q) - __ —B—1J — _1
o = —fe—BQ K = —1lo * QAQ
I AN

Structure of forms is exactly same as the one in the case of Calabi-Yau compactification!

We should truncate Kaluza-Klein massive modes from these forms to obtain 4-dimensional supergravity.
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Back_ to Physics: Reduction from “N =8" to "N =2"

As introduced, we want to obtain four-dimensional A" = 1,2 supergravity theories

Type IIA /TIB supergravity theories have 32 supercharges w/ field multiplets
1 gravity multiplet
— 6 gravitino multiplets <« should be truncated
15 vector multiplets
O  hypermultiplets
tensor multiplet

in the language of “N = 2" multiplets

Consider truncation of 6 gravitino multiplets in terms of group theoretical descriptions
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Field decompositions in ten dimensions

Let us discuss group-theoretical properties of massless fields

on a generalized tangent bundle 75 1 @ F' & F™* with SU(3) x SU(3) structure

First, consider decomposition of 8g, 8¢, 8y of SO(8) (i.e., light-cone gauge)

SO(8) —  SO(2) x SO(6) — SO(2) x SU(3)
8s — 4: 4 1 — 1101 1931 P31
2 2 2 2 2 2
8¢ — 4 1 D4 — 1:91 193 1931
2 2 2 2 2 2

8v — 1, ®&1_1 P 6 — 1%@1_%@30@50

Using this, consider the decompositions of (NS,R), (R,NS), (NS,NS) and (R,R) sectors...

ay, denotes a field in the SU(3) repr. a and 4-dimensional helicity b. T denotes an antisymmetric tensor.
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Fermions: (R,NS) and (NS,R) sectors:

SO8)L, x SO8)r —  SO(2) x SU(3), x SU(3)r

(1,1)4310(3,1)s 1©(3,1)_3:®(1,3),18(1,3),1

HA/HB (SS,SV) R +5,%3 27 2 272 +3 +3
D (3,3)% ® (3, 3)_% D (3,5)% S (g,g)_%

(1,1)43 1190(3,1),:®(3,1) . 1®(1,3)s _1®(1,3)_31

1B (8v, 8g) - ot 2 +3 33 3.3
D (3,3)% P (3, 3)% 57 (3,3)_% ¥ (g,g)_%

A (8y. 80) 3 (1,1)43419(3,1)18(3,1) 1 8(1,3) 310 (1,3)3 1
®(3,3) %GB (3,3) %@ (3,§)% 5> (g,g)%

(1,1),3: 2 gravitinos in gravity multiplet
2
(3,1),3 etc.: 6 gravitinos in gravitino multiplets
2

_ _ N _ (should not be included in N/ = 2 theory)
(3,1),1 etc.:  fermions in gravitino multiplets
2
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Bosons: (NS,NS) sector:
8y x8 = 1828®35 = (¢,Bun,Gun)

SO(S)L X SO(S)R — 50(2) X SU(3)L X SU(S)L

........................................................................................

Emvn =9unN +Bun -, A Al A -.
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Bosons: (R,R) sector:

SOB)L, x SO8)r —  SO(2) x SU(3), x SU(3)r

A Ay = A1)+ Aw,3) + Ao, ~ (1,1)0®(3,3)0® (3,3)0
AT = Apoy+Ap + Ay +Aae ~ (1,1)116(3,3)1 @ (3,3) 4

1B AT = Ao +Ap2 + Aoy +Aoe =~ (1,1)0®(3,3)0@ (3,3)0
AT = A+ A + Aws) ~ (1,1):® (3,310 (3,3)_1

where A, ) is a “4-dimensional” p-form and a “6-dimensional” g-form

RR field strength is G = d.AJ, whose gauge potential is C = e A w/ F =dC — Hs AC = e”G
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Reduction: effective theory with two gravitinos

— all repr. of the form (3,1),(3,1),(1,3),(1,3) (6 gravitino multiplets) are projected out!

type ITA multiplet | SU(3) x SU(3) repr. bosonic field content

gravity multiplet (1,1) G AT
tensor multiplet (1,1) B. ¢ A
vector multiplet (3,3) AT 607
hypermultiplet (3,3) 00~ Ay

type IIB multiplet | SU(3) x SU(3) repr. bosonic field content
gravity multiplet (1,1) Iu AL
tensor multiplet (1,1) B. ¢ Af
vector multiplet (3,3) AT 0@
hypermultiplet (3,3) 60T AS

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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In case of a tangent bundle 751 & F & F* w/ a

Ten-dimensional fields are decomposed as

Guv ! 1a2
Grn | Gui b (3+3)1 |
BN RE R (RO T R R

BMV§1T U, 1i%+3i%+2xgi%+6i%+8i%

Bun | Bui i (34 3)41

___________________________

@ ¢ 510
C,u élil
Cwr |
_____________ Ci +G+3)o
Covk (34 3)rp
Cunpe | Cujk 1r+ (34 3)41 + 841
Cijk (1+1)g+ (3+3)11+ (6+6)g
Co Co ' 1o
C,uy E ]-T
Cun Cui (3+3)11
_________________ Cij Lot (B+3)o+8
Cujir 1 3l(L+1)x14+ (3+3)11+ (6 +6)44]
CuMnNPQ | -
Cijkt/Cpuvki Lo + (34+3)0+ 8o
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Standard four-dimensional A/ = 2 supergravity = “absence of 6 gravitino multiplets”

ITA multiplets SU(3) repr. field contents
gravity multiplet 1 9w Cu ¥y,
tensor multiplet 1 B, ¢ Cijr A
vector multiplet 8+ 1 Cujk  Gi; Bij ¥,

hypermultiplet 6 Gij  Cijr ¥,

[IB multiplets SU(3) repr. field contents
gravity multiplet 1 9w Cujrr Yy,
tensor multiplet 1 B, Cun ¢ Co A
vector multiplet 6 Cujri Giz Y

hypermultiplet 8+1 Gij Bij Cij  Cijmr Y

Notice that all fields are still living on 10-dimensional space, i.e., all KK modes are included.
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Four-dimensional A = 2 and A/ = 1 superpotentials

Analyze potential (interaction) terms:

given in the supersymmetry transformation of 4-dimensional N/ = 2 gravitinos wﬁl

A 1 ;
Wy = U4 o = Yaur @0+ Yau- @ng o+
5¢Au — D/,LgA T i’Yu SAB £B A=1,2
i 1y y y y 5a;1_z-5:1:2 _5:c3
Sap = =ez2"VoygP O = r=1,2,3

) _59[33 _53:1 L 25:1;2

P*. N = 2 Killing prepotentials, which yield N/ = 1 superpotentials

M. Grafa, J. Louis, D. Waldram hep-th /0612237
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To get S4B, project the SUSY transformation (S\i!,L onto SU(3)-singlet parts from

1 _
oWy = Dpye— 96° ¢(7MPQRHPQR — 9'7PQHMPQ)T €

1 5—n
n.

In type IIB case (w/ F= = Fi + Fs + Fs, o(F ) = —F1 + F3 — F5):

e \ _ [ Dutk ) 1 €l nly'Diny L1 Vu€l Hige oy 0y
Sy, 4 D&% 2\ & 7' Din? 48 \ =, Hip v}
_ 1 _'Yu€2_ egb%fz’;---in ﬁl_')’ilmin"?i

8\ €l o (F 7 )igin Ty
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Then we obtain

S11 = %_1_’YiD¢77i—Z—8Hijkﬁl_’yijkni_ = —%<<I>_,d<l>+>
Sog = %ﬁzvil)ini—ké?‘(@jkﬁavijkni = %<<I>_,d$+>
S12 = éegbfi},inﬁl_’yilmi”ni = %<<I>_,g_>
So1 = # ¢J(‘7:)i_1,,.inﬁ2_’yi1"'i"77i = %<(I>_,g_>
F =dC—-HsNC = PG C = eBA Gt = dAJ

Summarizing information, we obtain (also for type ITA)

S IB) = = !
ap(1B) e —e2¢(4)<<13_,g_> e%K++¢(4)<<I>_,d<I>+>

11, < —elK++¢(4)<(I)_,d(I)_|_> —62¢(4)<(I)_,g_> )
8

5(4) (HA) ! K, e%K_+¢(4) <(I)+7 dCI)_> 62¢(4) <(I)+7 g+>
= —e —
AB 8 62¢(4)<(I)+’ g_|_> —G%K_+¢(4)<(I)_|_, d(I)_>
_ 244 1
g = e gu ¢ = ¢ JlogdetGy
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N = 1 superpotentials and Kahler potentials can be read as
0, = D&+ ief/2TW £ K = K, +K_+2¢p¥
Most generic form of A/ = 1 superpotentials on SU(3) x SU(3) structure:

Wiia = cos2ozew<<l>+,d<l>_> — Sin2ae_iﬁ<®+,d$_> + sin 2« e¢<<I>+, Q+>

Wis = —cos2aew<<1>_,dcl>+> —i—sin2ae_w<<1>_,d$+> — sin 2« e¢<<I>_,Q_>
G" = Go+ Go+ Gs+ Go G = Gi+G3+0Gs
Gt = dAT C=e5A F=dC—-—HsAC = G

Reducing to single SU(3)-structure by nt = n7 = 7., we obtain well-known forms:

200 = —ﬂ = E In WIIB WGVW = —ie¢<f3 — TH3, Q>

2
o= % d®_ =0in Wia + Wiarr = e¢<e—3—u7g+>
7 . E ./ —B—3
3= o GT =0 in Wia | Whalfflat = @<e . J,d(ReQ)>

a=cosae P2 bh=ginaeP/?2 = Co + ie™?
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Truncation from 10 to 4

We have obtained Kahler potentials and superpotentials
which should appear in four-dimensional N’ = 1, 2 supergravity theories

in the language of ten-dimensional fields:

e B+ — i<(1)i,$:|:> = i(th?ﬂ—th?ﬂ)

Whams = *£ cos? ozew<<I>i, d<I>¢> T sin? oze_w<<1>i, d5¢> + sin 2« e¢<<I>i, gi>

Next task is to find a suitable truncation of massive modes

by decomposition M; g = M; 3 Xxw Mg with T1 3 =TM; 3 and F=TMg
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We truncate ten-dimensional theory

with keeping only a finite number of light modes in the spectrum.

Generically, however, the distinction between heavy and light modes

in a Kaluza-Klein expansion on M; g = My 3 Xyw Mg is not straightforward!

Vv If Mg is a Calabi-Yau

All the field deformations give massless modes in four-dimensional viewpoint

Corresponding fields on Mg are harmonic and are finite in number

v If Mg is a generic geometry (w/ torsion)
Existence of finite number of harmonic forms are not guaranteed..

Instead, we assume existence of a certain finite-dimensional subspace of A*T™*Mgq

If there exists harmonic forms on Mg, we can evaluate the dimensions of the forms via Index theorem: T. Kimura arXiv:0704.2111
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Assumption the existence of finite-dimensional subset of p-forms:

AR C APT*Mg Uttt — U AL

finite

Note: the truncation should not break supersymmetry

--» special Kahler geometry on U should give special Kahler geometry on Ufinite

p

Mukai pairing (*,*) is non-degenerate on AL .

l.e., we require ¢ . .
if X c Uﬁnlte, then >A< c Uflmte
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First we introduce a set of basis forms (w/ Mukai pairing as symplectic structure):

even forms: X {wA,cNuB}, / <wA,cNuB> = 045, A,B = 0,...,b"
M

6
odd forms: ¥_ = {ak, "}, / (ak,B")y = 6k*, K,L = 0,...,b"
Mg
Using this, the pure spinors @ are expanded

o, = e_B(I)O+ = waA—SA(IJA

d_ = e Bo,_ = 2¥ax — FpX

The compatibility is read as (w/ usingVV = z+£ € E)
<wA,V-aK> = <wA,V-5K> = <cNuA,V-ozK> = <cNuA,V-ﬁK> = 0
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The truncated Kahler potentials by / (wa,w") =84" and (ag,B") = 6" are
Mg Mg

o~ K+ i (Dy, Dy ) i(TAgA—xA§A)

e N =i | (0B ) = i(ZFFk - 25T

RR fields are also expanded as

= oK + ,€r, ¢+ scalars
type ITA: ¢ 7 & ax é:ﬁN w/ ; Nf'L
A]L = A‘f‘wAJrAleB A{‘,AlB: vectors

Al = Awa +Ep B ¢4 €5 scalars

type IIB: ¢ ~ w/
AT = Al akx + AL 8"

AKX Aip: vectors

Convenient to define dual antisymmetric tensor fields of Ay and Ajg":
Ay = A = CEKag+ Cyp pr AY > Af = Clwa+ CopdB

fK — Chg gK — 6'2K fA — Cagp gA — 551
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The most general differential conditions which can be imposed on basis forms are

A ~A K KA K ~A
dag ~ px“wa+exaw ds™ ~ ¢ Twat+mT aw

K K ~A KA A oK
dwg ~ mPpag —exafl dwo” ~ —q¢ " axg+pr” 0

pr?, ¢®4, exa and m® 4 are (b 4+ 1) x (b~ + 1)-dimensional constant matrices

Not necessary to be closed as in Calabi-Yau

. WA O K pKA €KB
Introduce a notation X, = =B | Y= 5L and Q = LA mly, )

In terms of them the above differential condition is
d¥_ ~ 0¥, d¥, ~ 8,078 )" 1x_

S.i: the symplectic structures on U=

If we impose d? = 0 on the charged matrix as 9S,. 91 = 0= 91 (S_)"1Q, we obtain

KA L K AL A A A L AL
g ma” —mt aq? =0 prTear —exgap’r =0  prma” —exaq” =0

AK, B _ A KB _ B

g P — PP KYq —eaxqB P =0

K K K
ma“exkp —eaxkm - p=0  ma"pk
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Generation of mass terms

Kinetic terms |G,,|* generate mass terms via truncation of fields:

Type IIA:

Gop = dAap 1 ~ deAy +dy AT = DSwa + Dya

Df = dyAf + CEpr? + Cox g5

Dyy = 014121114 T 521( eax + Coxg m*™ 4

Type IIB:

Gopr1 = dAsp ~ deAF +dyA] = DEag + Do B%

DE = A — C#mE 4+ Cong?X

Dok = d4AF + Cear — Conpr?

Then charge matrices give massive modes of RR fields:

K A KA
CEAK m A PK q

ITA | massive A;j‘ massive Aﬁ‘ massive 02K massive Cox

IIB | massive Alff massive C3'  massive Aff massive Cs 4
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Four-dimensional potentials in type ITA

Type ITA Killing prepotentials P* in Sap w/ ¢7 =dA; +G{§R)w,4+(§(RR)AZDA:
1, .2 lK +o(4)

P —|—’L7D — e2 <(I)+7d(1) >

o bk 4™ A K | oA K A oK AK

= 2e? (—f)C eaxZ +X " ma Fx — Gap k2 + Gaq ffK)

4
P — e2¢( )/ <¢+’g+>
Mg

(4) ~ = ¢
— % [XA(G(RR)A +ear€” +ma"€x) + 9a(Grey + P K" + qAKfK)]

N = 1 superpotential Wrpa is given by

Wia = COSQOze"ﬂ/ <<I>+,d<I>_>—Sin2oze_w/

. . <<I>+,d$_>—|—sin2aed’(4)/ (®4,G7)
6 6

M
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Four-dimensional potentials in type IIB

Type IIB Killing prepotentials P* in Sap  w/ G~ = dAj + Gligax + G rryzB":

4
pl_ip? = _Qe%K++¢( )/ (®_,ddy)
Mg

1 (4)
— 2e2f+1¢ ( — X exaX? — 28 prGa + Frem™ 4X* + ?KCIKAQA)

3 _62¢(4) (®_,G7)
Mg

(4) ~ = 3
— —e [ZK(G(RR)K —exa€” +pi€a) + Ti (Grgy + " a€” — qKAgA)]

N =1 superpotential Wyp is given by

Whns = —COSZCEeiB/ <<I>_,d<I>+>—|—Sin2ae_w/
Mg M

(®_,ddy) —Sin2ae¢(4)/ (P_,G7)

Mg
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Generically, scalar potential V' in four-dimensional theory is

V = X (g“EDaW DyW — 3|W|2)

9.5 = 0a05(Ky + K_ +2¢W) DW = (04 + 0. K)W

Expanded the scalar potential V by “scalar fields” {X4, &4, €4, 25, €5 &5},
we would obtain non-trivial mass terms in A/ = 1 theory

--+ so-called moduli stabilization
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Summary of generalized geometry

» Introduce a pair of SU(3) structures on F' ~ SU(3) x SU(3) structure on F' @ F*
» Define generalized complex structures J;

» Construct Spin(6,6) pure spinors @

» Evaluate the space of pure spinors, and define Hitchin functional H(®4.)

» Derive Kahler potentials K+ and superpotentials Wira /118

» Truncation of ten-dimensional fields

Remaining problem of flux compactification in type ITA /IIB is...

to find concrete dimensions b* of (non-)harmonic forms on compactified geometry Mg!

— a (mathematical) future problem

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds -50/89 -



Doubled geometri



Supergravity on (twisted) torus with B-field

Start from low energy effective field theory for ten-dimensional string theory including

S = / dl%\/—ge—¢{7z + (V)2 — %HMNPHMNP}

H = dB

Consider the field theory compactified on (twisted) torus in the presence of B-field

VEV of three-form ‘H gives rise to the structure constant of a certain Lie algebra
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Decomposition of fields by Kaluza-Klein Compactification on a flat d-torus

ds® = gu(z,y)de* @ dz” + Gij(w, y) (dy' + V' (2, y)dat) @ (dy? + V7, (2, y)dz")

1 1 . .
B = 5[)’”,/(:1:, y)dat Adx” + Bi(z, y)dz! A dy' + §B¢j(a:, y)dy® A dy?

with Ansatz (truncation of massive KK modes)

I (2,Y) = Guu(x) Gij(z,y) = gi;(2) Vi(zy) = Vi)
B(z,y) = Bu(z) Bi(x,y) = Bui(z) Bij(x,y) = Bij(x)

1
o(z,y) = »(z) +§10g’detgij(x)‘
Reduced degrees of freedom to demonstrate manifest gauge invariance:

B = Bpui+ BV,
B, = By, + VB, — BV, V7,
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The reduced action in D-dimensions (w/ setting D = 10 — d):
S = /dDa:\/—g e_@{R + (V) — 1—12HWPHW’O

1 1
+ gL”VM./\/lJK LKLVMMLI — ZFJVL[JMJKLKLFLMV

This theory has U(1)2¢ gauge symmetry and a manifest global O(d, d) symmetry with

ki kj
9ij — Birg" Bij B g™’

Mip; = " scalar moduli matrix
_gZ Bkj 91.7
F' = dA" Al = Vi Hyyy = 0,By,— ~AlL,F’ l tati
— L= 5 pp = OuBup — S A, L1 ., T (cyclic permutations)
i
0 1
LY = © 7 . 0(d, d) invariant metric, VM, € O(d,d), M x L5 M7 = LV
1y 04

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds - 54 /89 -



Non-abelian gauge symmetry by considering a 2d-dimensional subgroup G of O(d, d):

The fundamental repr. of O(d,d) becomes the adjoint repr. of G under the embedding

r .
T; : generators of G with structure constant f; ;%

1

[T],TJ] = fIJKTK T] = —@[JKtJK < tJK: generators of O(d,d)
2

©;’% . embedding tensor

\
Then, D-dimensional theory with gauge symmetry G is

1
S = /de\/—ge_w{R+(V@)Q—EHWPH“W

1 1
+ LD M L DI MY = JF LM Ly PP gZW(./\/l)}

with covariantized form (W/ f]JK = f]JLLKL)
DMMIJ _ aHMIJ B ngLIA/i(MLJ B ngLJAfMIL
1 2g
F = dA4+gANA, H = dB—Etr(A/\F—l—?A/\A/\A)
W(M) — azMII/MJJ/MKK/ fIJKfI/J/K/ —|_ bMII/MJJ/LKK/ fIJKfI/J/K/

/ / /
—|— CMII LJJ LKK fIJKfI/J/K/ —|_ WO
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What is 777 «-- non-abelianized generators of gauge fields A/, = (V*,, B;)"

Z; . generators corresponding to V',
Tr >

X': generators corresponding to By,

Z:,Z;] = 71" Zi + hyje X*
T1.T)) = fr" Tk --» y X5X] =0

(X', 7] = 7 X"

\

rlmint =0 Jacobi
higma” =0 dHz =0
Tiz’j =0 invariance of /—g

Tijki structure constant of twisted torus

hijk:  VEV of NS three-form H;

twisted torus is introduced by vielbein dy* — 7% = n%(y)dy":
Gij(z,y) = gij(x) —  gap(®) ()15 (y)
gi;(dy' + Vi, dat) (dy? + VI, dz¥) —  gap(n® + V.da*) (n® + V°,dz")

1
dna _ _inca 77b/\nc
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Possibility of extension of the Lie algebra

[chZb: — 7-abCZc_l_habcAXVc
(X X% =0
[Xaazb: — Tachc

J

[ZmZb: — Tabc Zc"_ hachc
[Xa,Xb: — Qabc Xe¢ T Rabc Zc
[Xaa Zb — 7_abc X — Qacb Zc

Why should we study the additional structure constants Q. and R%%“?

Because they are related via T-duality transformations!
T-dual T-dual T-dual
habc ? Tabc ? Qabc 7 Rabc

J. Shelton, W. Taylor, B. Wecht hep-th/0508133 A. Dabholkar, C.M. Hull hep-th/0512005
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Geometries generated by T-duality transformations:

hape | flat torus w/ three-form flux
l T-duality transformation

7% | nilmanifold w/ non-trivial isometry group
l T-duality transformation

Q2. | T-fold: globally nongeometric, locally geometric, stringy
l T-duality transformation

R%%¢ | doubled geometry: even locally nongeometric, stringy

So far, we discussed effective theory compactified on d-dimensional space in the presence of flux.

In order to include the above information, we double the “dimensions of compactified geometry” and

study sigma model

— doubled formalism
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Doubled formalism

Glue two local patches of a conventional string background with transition function by

diffeomorphism
and

duality transformations
Let Y be fields in sigma model corresponding to coordinates y* on a torus 1.

In formulating CFT on T,

extra d coordinates ﬁ for a dual torus T are needed

These are conjugate to the winding number,

and are needed to write vertex operators such as e’*L' YL where Y, =Y — Y.

— Degrees of freedom of a sigma model are doubled from Y to {YZ,ENQ}
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Start with a sigma model on a space My with metric g;; and B-field B, ;:
1 ; | ; :
5 \2 2
This is extended to the action on a doubled space Moy w/ scalar moduli matrix M ;:

1 1
S = /—M[JdYI/\*dYJ = /—MABUA/\*nB
5 4 5 4

= Bz‘ k:lB , Bz’ kg YZ'
Mry = Jis ':g lj kg Y! = -
—g"" By g" Y;

Bai 0
nt = n?dY’, Mirr=nr* 64107, Ny = . .
_eaj Bji eaz

1
Bianchi identity (Maurer-Cartan eq.): dn” = —§fBCA n® An©

Self-duality constraint (to go back to conventional system): n” = LAP Mpe + n©

w/ O(d,d) invariant metric LA = (n#,n5)
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O(d, d)
O(d) x O(d)

M takes value in coset

This sigma model on doubled space My, has

O(d, d) global symmetry by g € O(d,d) w/ g cL“PgpB = LAP:

YI _ Y/I _ gij.]
(YY) — (YY) =g sn",(Y) g7

Mp(Y) — M7 (Y)=gr Mkr(Y)g",

Basis vector is kept invariant under the transformation: so-called “active transformation”

O(d) x O(d) local symmetry: n4;(Y) — n/41(Y) = h45(Y) n5(Y)
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A realization of fractional transformation of M;; = G;; + B;;:
A _
g_<@ f)) M—>(DM—|—@)(5M—|—A> !

© : gauge transformation of B-field B — B + 0
§ D,A: ordinary diffeomorphism on g;;

B3 : non-local transformation w/ mixing Y* and 17@ «-- duality trsf.
T-duality transformation (ex. d = 3 case):

1g—1T; T
15 lg—1;

() () ()

This action exchanges physical coordinates Y* with dual coordinates Y;
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A role of L: reduction of (co)tangent bundle of doubled space Moy

[AB _ <?7A7?73> _ <§L)d (I;d )7 717 = <dY1,dY‘]> = nl A LAB g’
d Yd

This implies T" Moy = TMy4 B T*My s.t.

i IV ) v 0

(AY',av;) = o — AV = o
n? = pirdy’ = o ad . = | 86 i |
eaz (d}/z — BZ] de) eaz (W — Bz] de)

a connection to generalized geometry
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A simple example: a flat torus with flux

Start from a flat three-torus T with B-field given by the following forms:

ds? = (dz)’ + (dy)” + (d2)’

H = dB = 3dxAdyAdz B = xdyANdz+ydz Adae + zdx A dy

Doubled vielbein and doubled metric are given as

( 1 0 0 :'0 O 0\
O 1 0:0 00
A e; 0 B O O 1 :0 0 O
= —e,) B e, — 7o T Ty 1o o0
’ x 0 —xi0 1 0
-y 0.0 O 1)
( 1 0 0 :0 O 0\
O 1 0:0 00
z 0 —=x:0 1 0
\ —y = 010 0 1 )
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Maurer-Cartan eq. of doubled vielbein n4 = ( 71 ) gives a structure constant f4g“:
Na
dn' = 0 dn® = 0 dn® = 0
di = 20" A7’ di, = 2n° Anm dijs = 20" An’
a ~ 1 b c
dn® = 0 dn, = —Ehabcn AN
[Zcm Zb] = hape X° hi2z = —2
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Periodicity of physical coordinates Y* and dual ones 17@

(,9,2) ~ (x+1L,y+22—y) T ~ x+1
(y,2,7) ~ (y+ 1,2+ 2,7 — 2) 7o~ T+1
(2,2,9) ~ (2+1,T+y,7—x) T~ T41

Existence of the non-trivial B-field is encoded in the redefinition of the dual coordinates by the actual

coordinates, when the latter are shifted.
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) Nilmanifold

Doubled vielbein by T-duality along z-direction:

( 1 0O 0'0 O O \
0 1 0:0 0 O
A A J —Yy 1.0 O 0
(777') I = (pz) BUBJ(,Oz) I — "'6""_"Z/J"(')":"]t"'o"":&"'
z 0 0:0 1 —=x
\ 0o 0 0i0 0 1
(MT)” = (Pz)IKMKL(Pz)LJ = (nT)IA(SAB(T/T)BJ
( 1+ y? + z2 —xy —yi 0 z —xz \
—xy 14224322 = '—2 0 —yz
_ Yo z .0 0 0 ..
- 0 —Z 01 0 y
z 0 O . 0 1 —x
\ —xz —yz 0!y —x 14a>4+4y?

Metric and B-field can be read from the doubled metric as

ds® = (da:)2—|— (dy)2 + (dz — ydaz—l—xdy)2
B = zdxz Ady H = dx Ady Adz
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a

Maurer-Cartan eq. of doubled vielbein n4 = ( 71 ) gives a structure constant f4g“:
Na
dnl =0 dn2 =0 dn3 = 2771/\772
dm = 2n° A7 dip = 23 A 7' dns = 0
a 1 a b c ~ 1 c b c
dn” = —=Twen AN dne = —3Tav 1 A7
2 2
(Za, Zb) = Tab” Ze (X Z)]) = 7% X" Tl = —2

a geometry with torsion, similar to half-flat manifold: a connection to generalized geometry

Periodicity of physical coordinates Y* and dual ones 171

(,9,2) ~ (x+1,y+22—y) T~ T+1
z ~ z+41 (z,z,y) ~ (z+ L, z+y,y — )

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds - 68 /89 -



1 0 0:'0 O 0 \
Zz 1 0:0 0 -z
—y 0 1'0 0
(n0)"s = (pup) 50" s(p0) "t = | Ggi T
O 0 0:0 1 O
\ 0 0 0:0 O 1 )

(MQ)U — (pyPZ)IKMKL(PzPy)LJ = (UQ)IA5AB(77Q)BJ

(1+7+Z Z —g 0 — 27 —xZ \
z 1 O O 0 —x
B g 0 1! 0 x 0
- o o o : 1 T 7
2y 0 x ! =% 142°432 _gz
\  —aZ —z 0! 7§ _gz 1+ 2>+ 75 )

Doubled vielbein ¢ is not a lower block triangular form, even though correct metric and B-field can be

read from M.
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local O(3) x O(3) transformation to describe correct form of doubled vielbein

)\ A A B (eq)® 03
(UQ) ;1 = h B(nQ) I = , .
—(eq)d’ (Bq)ji (eq)a
( 1 0 0 10 0 0 \
z 1 !
Vier Vi oo 0 ’
— Y 0 L__ 10 0 0
_ | Vilte? A/ w2 .
0 0 0 1 —Z m
_ Ty x : 1 2
v 1422 0 142 E 0 T 0
__ xZ . x - 2
\ . s 0 10 0 V1Fz )
(1 0 0 0 0 0 )
0 1 0 0 0 z
1422 ) \ \ 1422
0 0 0 ——= 0
R, = | Lha? o M2
0 0 0o 1 0 0
0 0 z__ 1 L 0
1422 ! 142
0 ——Z= 0O !0 0 1
\ V 1422 ! V 1422 )
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Metric and B-field can be read from the doubled metric as

ds® = (dac)2—|— n [(dy+§dx)2+ (dz—@daz)ﬁ

CL’2
B = 1fm2[—@'da¢/\dy—dy/\dz+§dz/\daz]
B 2 T e dund T dz Ady Adi+ dz A dz A dZ
= X z — o z €T z
(14 x2)? Y 1+ 2 Y Y 1+ x2

Both g;; and B;; are not well-defined functions of x.

They give however a good global description upon using the identification.

a

Maurer-Cartan eq. of doubled vielbein n4 = ( 71 > gives a structure constant f4g“:

Na
dn' = 0 dn® = 23 A 7' dn’ = 2n' A
dm = 2n2 A3 dnz = 0 dns = 0
a 1 ab ~ c ~ 1 be ~ ~
dn” = —562 cb A1 dn, = —5Qa M N Te
[Xa’ Xb] — Qabc XC [Za, Xb] — Qabc ZC Q123 — _2
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Periodicity of physical coordinates Y* and dual ones 17@

(x,y,2) ~ (x+1,y+2z,2—79) r ~ x+1
y ~ y+1 W, z,2) ~ (Y+1l,z+21—-2)
z ~ z+1 (z2,y) ~ G+LT+yy—2)

|dentification which shifts the ordinary coordinates Y* by a dual one Y; when identifying a base
coordinate x ~ x + 1.

This means that one should identify properly the B-field B;; and the metric g;;.
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Doubled geometry

Doubled vielbein by T-duality along (x, ¥, z)-directions:

(1 O 00 -z 7@y \
01 0% 0 -&
0 0 1'—y Z O
(T]R)AI — (Pzpypm)ABnBJ(Pmpypz)JI — "6"'0"'(')":'":[y'""g'""(')"'
0O 0 0:0 1 O
\0 0 0,0 0 1 )
(MR)” = (pypz), MKL(pmpy)LJ = (UR)IA 5AB(77R)BJ
( 1 0 0! 0 —z 7 A
o 1 0! z 0 —z
_ .00 r: -y T O .
N 0 z —y!147>+7 — 37 —3Z
-z 0 z . -y 1+ 7% + 22 7z
\ ¥ - 0. -3z —9Z 14347 )

Doubled vielbein ng is not a lower block triangular form, even though correct metric and B-field can be

read from Mpg.
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local O(3) x O(3) transformation to describe correct form of doubled vielbein

(er)“ 03
—(er)d’(Br)ji (er)d’

[ x1+7) x@y+2 xET-% 10 0 0 )
x(Zy—z) x(1+7) x@z+zT) 10 0 0
_ | xGEry)  x@E-@)  x(+Z) 10 0 0
—x@*+2) x@+72 xGE@-y 1 Z -7
x(@Ty -7 —x@+7) x@+yp) -z 1 7
\ xGF+y)  x@-3 Xx@+P§ -F 1 )
(147  F+F @ -§ -9 -F T+F  FwE-§
-2 149 §E4E | d-F -R- §E+d
M, — oy | FERY vEDE 14 E L FEAY  YESE @
—y? -2 Ty+z za—-y | 1+3  Ty+z zi—jy
Fg—z -2 -3 gr4+z | Tg—z 1+7  GE+7T
\ T+y E-F P -9 T+§ §E-F 147 )
1
X = po =

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds - 74 /89 -



2 1 2 2 2 _ ~ 1 \2
ds® = 1—|-§2—|—§2—|—’52[(d$) —‘,—(dy) +(dz) —I—(acda:—‘,—ydy—I—zdz)}
1 _ — -
B:—1+§2+g2+zz[zda:/\dy—l—xdy/\dz—kydz/\dx]

H::Xﬂéﬁde@ﬂwﬁ—(x4—2fﬁMAdzA&i+%@¢wMMAd§
+297dx Ady Ady + 2Z7dy Adz AdT — (x ' — 27°)dz Adx A dY

_(x*—2fyMAdyAda+m§mﬂuuAdz+mﬁ¢wMMAd4

1
1432 + 2 + 22

When the dual coordinates Y; are projected out (i.e., Y, = 0),

the geometry looks reduced to a torus without B-field.
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Maurer-Cartan eq. of doubled vielbein n4 = ( 71 ) gives a structure constant f4g“:
Na
dn' = 27 A 7 dn® = 27 AT dn’ = 27 A7
d’?hZO dﬁgzo dﬁgzo
dn® = ——R™ %, A 7. dii, = 0
[Xa,Xb] _ Rabc Zc R123 — _9
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Periodicity of physical coordinates Y* and dual ones 172

T~ z+1 (T,y,2) ~ (+1Ly+2,2-9)
y ~ y+1 (gazax) ~ (@+1,z+§5,x—2}
z ~ z+1 (z,2,y) ~ Z+1Lz+y,y—2)

Although the naive projection to the base space may seem to yield a flat torus with a trivial B-field, the
identifications required on Y; have an extreme effect on the field content.

These identifications involve 3-transformations related to the shift of a base coordinate Y* by Y.
These identifications entangle the metric and the B-field, without any relation to a geometric action on

the base coordinates Y, i.e., we obtain a fully nongeometric background.
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Summary of doubled formalism

» Start from scalar moduli matrix

» Introduce dual coordinates induced by B-field
» Extend Lie algebra

» Perform T-duality transformations

» Evaluate geometries

Extend to U-fold endowed with U-duality transformation (hidden symmetry)

Investigate quantum aspects of the doubled sigma model
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INSCUSSIONS



Discussions

» Find a way to analyze dimensions of moduli spaces

» Find relations between generalized geometry and doubled formalism

» Find application to moduli stabilization, landscape of flux vacua, etc.

» Study non-perturbative effects on generalized /doubled geometries

» Include D-branes (and orientifold planes) into generalized /doubled geometries

C. Albertsson, R.A. Reid-Edwards, TK “D-branes and doubled geometry” to appear...
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Appendix



Appendix: Search for supersymmetric backgrounds

Compactification Ansatz for the ten-dimensional spacetime:

M1,9 — M1,3 XW MG
ds%,g = GundzMda?N = €2A(y)9,uu dzt dz¥ + G;; dy* dy’

Maximal symmetry of M; 3 — (fermions) = 0

Supersymmetric vacuum « (§(fermions)) = 0
VA el 1 el
) éw = DM 9 — —¢€ ¢(7MPQRHPQR — 9’yPQHMpQ)'P 5
\IIM € 96 €
1 5—_”¢ Nq---Nn, N1 _ Ny---Np, 61
_ Z e 4 [(n — )yum —n(9 —n)dy vy }le...anPn )
A 02468 1 oy 1 ()"l
1,5,9 1+ io”
11B o 1
3,7 ; ; o
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Decomposition of Lorentz symmetry:

Spin(1,9) — Spin(1,3) x Spin(6) = SL(2,C) x SU(4)
16, = (2,4)1 @ (2,4)1, 16, = (2,4), @ (2,4),

Decomposition of supersymmetry parameters (with a,b € C):

{ efa = & @ (ani) + &L ® (anl) { e = &L @ (an}) + &L @ (anh)
efia = & @ (n?)+£ @ () etip = £ ® () + &2 @ (bn?)

Set SU(3) invariant spinor n? s.t. D(T)nf =0 (4=1,2):

spacetime M, 3 compactified space Mg
N =2: (&,€2) a pair of SU(3) (n},n3)
l l
N =1 (& =€ =¢&) a single SU(3) (n} =n% = n+)

back to spinor decompositions
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Four-dimensional A/ = 1 Minkowski vacua in type ITA hep-th/0509003

ITA a=0orb=0 (type A) a = be’ (type BC)
. Wy = H{Y =0
o B =FR =BT =FRY G B0
generic 3 3=
8 Wo=F® =F® =0 . ReWs = e?FY | ReWp = e9F) 4 o0 F®)
L ImW,y = | ImW, =
6 Ws = F 6 H§6) - W—H?EG) _______________________________________
3 Ws = 2W, = 72iH®) = 9¢ | Y = 2iW5 = —2i0A = 2d¢
(‘3A = 5@ =0 E W4 =0
NS-flux only (common to IIA, IIB, heterotic)
type A
Wi =W, =0, W3 # 0: complex
RR-flux only
type BC .
Wi =ImW,y = W3 =W, =0, ReW, # 0, W5 # 0: symplectic

For N =1 AdS, vacua: hep-th/0403049 hep-th/0407263 hep-th/0412250 hep-th /0502154 hep-th/0609124 , etc..

Tetsuji KIMURA: Generalized/Doubled /Nongeometric String Backgrounds -84 /89 -


http://www.slac.stanford.edu/spires/find/hep/wwwbrieflatex?rawcmd=FIND+KEY+6343953&FORMAT=www&SEQUENCE=
http://www.slac.stanford.edu/spires/find/hep/wwwbrieflatex?rawcmd=FIND+KEY+5814367&FORMAT=www&SEQUENCE=
http://www.slac.stanford.edu/spires/find/hep/wwwbrieflatex?rawcmd=FIND+KEY+5941300&FORMAT=www&SEQUENCE=
http://www.slac.stanford.edu/spires/find/hep/wwwbrieflatex?rawcmd=FIND+KEY+6084559&FORMAT=www&SEQUENCE=
http://www.slac.stanford.edu/spires/find/hep/wwwbrieflatex?rawcmd=FIND+KEY+6134840&FORMAT=www&SEQUENCE=
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Four-dimensional A/ = 1 Minkowski vacua in type IIB hep-th/0509003

back to Questions

IIB a=0orb=0 (type A) a = £ib (type B) a = £b (type C) ' (type ABC)
1 Wi =R =H{Y =0
8 Wy =
""""""""""""""""""""""" (53 1 S B T
£ = — g —
6 ) (©) (6);\}3 (6) o (6) (ex)
Ws =+ x Hy e‘bF3 = T Hy Ws = +e? % F
P FLY) = 2y = W),
— 3 = = —2i0A = —4i01 3 — —
S | Wa=2i= +2iH?) = 294 Zécp 1R w0 E® — oW = 294 e
— — = _ _ % % 3k
DA=0a =0 b — —4idloga = —id
- e¢F1(3) 2e¢’F5(3) & ¢
| = iWs5 = iW, = i0¢

NS-flux only (common to IIA, IIB, heterotic)
dJ £ iHs is (2,1)-primitive
= W, = 0: complex
both NS- and RR-flux
= F3 —ie ®Hs = —i %¢ G is (2,1)-primitive
Wi =Wy =Ws =W, =0, 2Ws = 3W4 = —60A: conformally CY
RR-flux only (S-dual of type A)
d(e=?®J) £ iFs is (2,1)-primitive

= W5 = 0: complex

(skip detail...)
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Appendix: Calabi-Yau compactifications of type II theories

NS-NS fields in ten-dimensional spacetime are expanded as

¢(£C,y) — Qp(x) B o
Griny) = 0" (@) @a)on(¥)s  Gnlty) = zzk(@(“’“)ﬁ;ﬁ? ) (v)

Ba(z,y) = Ba(x)+ b*(z)wa(y)
R-R fields in type IIA are
Ci(z,y) = C7()
Ca(z,y) = Cf(x)waly) + &5 (2)ax(y) — Ex(2)8% (y)
R-R fields in type IIB are

cohomology class basis

HOD Wq a=1,...,ALY
HO ¢ gt wa = (1, w,) A=0,1,... 40D
H(2:2) w0? a=1,..., 0D
HD Yk k=1,...,hZD
H®) (ag, %) K =0,1,...,h2D
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Four-dimensional type ITA N = 2 ungauged supergravity action of bosonic fields is

1 1 1
51(14/1 — / (——R*1+—ReNABFAAFB—|——ImNABFA/\*FB
My 3 2 2 2
—G At A #dP — hyy dg® A *dq”)
gravity multiplet (9 CY) 1
vector multiplet (Cf,v%, b%) a=1,...,hLD
hypermultiplet (zk, £k, gk) k=1,. 7h(2,1)
tensor multiplet (Ba, ¢, £, &) 1

Various functions in the actions:
B +iJ = (b* + iv®) w,

tw,

Kabc: / Wa N\ Wp N\ We
Mg

/Ca:/ Wa ANIANT = Koype'?v© K =

Mg M
1 apbre 1 byc
— 2 abeb0°b¢  SIC peD”b )C
ReN — 3 2 IH]N —
AP %Kabcbbbc _Kabcbc ) AP 6
3 / Wq N\ *Wp

) S
Gop =3 = 00 K"

/J/\J/\J
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KK = — log (%/
M

JAJAJ>

6

Kap = / W ANwp A J = Kupet©
M

JIANINANT = Kapev®vPv©

—4G b°
4G p

1+ 4Gabbabb
—4G "

|
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Four-dimensional type IIB N = 2 ungauged supergravity action of bosonic fields is

2

1 1 1

SI(;% — / (——R*1+—Re./\/lKLFK/\FL—{——ImMKLFK/\*FL
s 27 2
Gzt A «dz! = Ry AP A <)

gravity multiplet (G V) 1
vector multiplet (Vi 2F) k=1,... A3
hypermultiplet (0%, 0%, c%, pa) a=1,... AL
tensor multiplet (Bs, Ca, ¢, Cp) 1
Various functions in the actions:
O =2Far — FpE P =25 /20 Frr = 0.Fk
B /Xk NX7 B
K® = —log (z / QA Q) Gu=— = 0,107K®
Me /QAQ
,(Im?)KMZM(Im?)LNZN

= F 2
MKL KL+ 2 Z,N(Im?)NMZM

back to CY Moduli
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Appendix: Geometric objects on (a pair of) SU (3)-structure manifolds

_ a real two-form | J;; = F21¢ 77:Tt Yij N+
on a single SU(3): ---------m-mmmmmmmec T
a complex three-form | €, = —2¢ nT_ Vijk M

two real vectors | (v —v)" = n_ljfyi n?

] t=jtund Q=wAw+i)
(JAELQN | JP=j—vAd Q'=wA (v—i)

(j,w): local SU(2)-invariant forms

on a pair of SU(3):

If n # ni globally, a pair of SU(3) is reduced to global single SU(2) w/ (j, w, v,v’)
If n} = n7 globally, a pair of SU(3) is reduced to a single global SU(3) w/ (J, )

773 — c‘mi +CL(v+iv’)i% 771 e + el =1

cf.) a pair of SU(3) on TMg ~ an SU(3) x SU(3) on TMg ® T*Mg

back to pure spinors
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