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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 21 IntrodutionFinite-temperature Matrix Quantum Mehanis (MQM):

Z = Z dXdAe�SMQM; whereSMQM = 1g2 Z �0 dt8<:12tr DXI=1(DtXI(t))2 � 14tr DXI;J=1[XI(t);XJ(t)℄29=; :

� Dimensional redution of (1 +D) Yang-Mills theory (� = 1T )� This model is useful in many ontexts:* Blakstring/Blakhole phase transition via gauge/gravity orrespondene.* Multi-baryon system in the Sakai-Sugimoto model.K. Hashimoto and T. Morita, arXiv:1103.5688



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 3�� ��Motivation of this workWe would like to ompare the two approahes to study the matrix quantum mehanis:

Monte Carlo simulation O. Aharony et. al. hep-th/0406210,0508077, N. Kawahara, J. Nishimura and S. Takeuhi arXiv:0706.3517, 0710.2188� Feature : Non-perturbative. Any �nite N , D OK.� Demerit: N !1 limit is diÆult. Numerial errors.Cut o� (lattie spae) dependene.1=D expansion G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526� Feature: Non-perturbative, N � 1, D � 1� Demerit: The 1=D expansion is valid in D � N � 1 ase.The validity in N � D > 1 ase is subtle.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 4Large-N phase transition in the MQMPhase transitions happen in the MQM in the large-N limit.� Analogues of the on�nement/deon�nement phase transition.� Correspond to a blak string/blakhole phase transition via holography.This phase transition is know to be resolved at �nite N .�� ��Results� Is 1=D expansion valid at small D?Comparison of Monte Carlo results with the 1=D expansion.) Good agreement at low temperature even at small D.� Expliit alulation of the �nite-N resolution of the phase transition.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 52 E�etive ation via 1=D expansionOutline of the 1=D expansion:Our goal is to obtain an e�etive ation of A, by integrating out XI.G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526� Resale the adjoint salars XI to gXI, so that the ation SMQM isSMQM = Z �0 dt8<:12tr DXI=1(DtXI(t))2 � g24 tr DXI;J=1[XI(t);XJ(t)℄29=; :�We de�ne the following matrixMab;d = �14 fTr[�a; �℄[�b; �d℄ + (a$ b) + ($ d) + (a$ b)($ d)g�a (a = 1; 2; � � � ;N2 � 1) is the generator of SU(N).



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 6� The ation is rewritten as ( 1g2M�1ab;dBd = iXa;IXb;I, XI = N2�1Xa=1 �aXa;I)S = Z �0 dt�12tr (DtXa;I(t))2 � i2BabXa;I; Xb;I + 14g2BabM�1ab;dBd� :The degrees of freedom are A! N2; Bab ! N4; Xa;I ! DN2:Limit D � N � 1 ) Xa;I's degree of freedom is dominant.

Deompose Bab as Bab = i�2Æab + gbab(t), so that Z dtbaa(t) = 0.� beomes nonzero ) Xa;I beomes massive and does not ontribute at low energy.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 7We take the stati and diagonal gaugeA = diag(�1; �2; � � � ; �N)Order parameter for the on�nement/deon�nement phase transitionun = 1N trUn = 1N NXa=1 exp(in�a); whereU = P exp�i Z �0 dtA(t)� = diag(ei�1; � � � ; ei�N):We take the limit D ! +1, N ! +1, g ! 0 with D � N and �xed ~� = g2DN



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 8Integrate out XI and bab ) we derive the following e�etive ation for � and A:G.Mandal, M.Mahato and T.Morita. arXiv:0910.4526
Z = Z dXd�e�SMQM = Z d�d�e�Se�(�;fung)+O(1=D);Se�(�; fung)=DN2 = � �48T ~�13 + �2T + +1Xn=1 1n � 1D � exp��n�T �� junj2:

Low temperature (small T ) and small un ) we further integrate out �.We obtain the Landau-Ginzburg (LG) type e�etive ation.Se�(fung)=DN2 =3~�138T + b1ju1j4 + +1Xn=1 anjunj2;an =1n  1D � exp �n~�13T !! ; b1 = ~�133T exp �2~�13T ! ;



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 9�
 �	Phase struture of Se�(fung) at large N
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 10� Con�nement phase (T < T1): un = 0 for all n.� Deon�nement phase (non-uniform) (T1 < T < T2):u1 = p�a1=2b1 � 1=2, un = 0 for n � 2.� Deon�nement phase (gapped) (T2 < T ):u1 � 1=2, un 6= 0 for n � 2.� The transition at T1 = �logD~�13 �1 + 0:523D �+O(1=D2)��1:ju1j beomes tahyoni ) the phase transition is seond order.
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 11� The transition at T2 = � 1T1 � 1~�13 � logDD �16 + 0:137 logD + 0:293D �+O(1=D2)��1:Eigenvalue density of A = diag(�1; � � � ; �N) ) �(�) = 1N NXn=1 Æ(�� �n).If un = 0 (for n = 2; 3; � � � ), the density beomes �(�) = �2�f1 + 2ju1j os(��)g.If ju1j = 12;) ��� = ��� = 0.� is positive ) a further transition happens there.(Gross-Witten-Wadia type phase transition).Potential minimum in Se�(fung) at ju1j = 12) The phase transition is Gross-Witten-Wadiatype third order.
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 12�
 �	Resolution of the transitions through 1=N e�ets

We onsider the region ju1j < 12.) un an be regarded as independent variables:hjunji = R dunduynjunje�DN2SnR dunduyne�DN2Sn ; whereS1 = a1ju1j2 + b1ju1j4; Sn = anjunj2(n = 2)We derive the leading �nite-N e�ets in the path-integral hju1ji ! 8><>: p�2N (T ! 0)�(34)pN� � 3DlogD�14 (T = T1)hjunji = 12Nr �Dan; (T . T2; n = 2; 3; 4; � � � )The order parameters un are always non-zero. The transitions are resolved to rossovers.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 133 1=D expansion v.s. Monte Carlo simulation of MQMMonte Carlo simulation of the matrix quantum mehanis SMQM.Comparison with the results of the 1=D expansion.�
 �	Behavior of un at low temperatures (D = 6)
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� In the following, dots are the results from the Monte Carlo simulation of SMQM.� Curves in the plots are the results from the 1=D expansion up to T2.The Monte Carlo results agree with the 1=D expansion even in �nite N .



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 14�� ��Behavior of u1 around T1(*) left D = 2, right D = 6
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Numerial errors are large near T1 but we an see some similarities.We need a speial are to extrapolate the ritial temperature at large N from the �nite-NMonte Carlo data.First-order phase transition at D = 2?



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 15�� ��D dependene of the Critial TemperaturesPreliminary Monte Carlo results of ritial temperature T1;2 versus 1=D expansion.
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(*) the errorbar of the 1=D expansion's result is T1;2(1� 1=D2).



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 16� The ritial temperatures are onsistent.The di�erenes are j(MC data of SMQM)� (1/D expansion)j = O(1=D2).(the errorbar of the 1=D expansion's result is T1;2(1� 1=D2).)� There is an ambiguity in the Monte Carlo results of T1;2, whih omes from the extrapo-lation from �nite-N Monte Carlo results.� T2 � T1 for smaller D does not agree well. But the errors in the Monte Carlo are alsolarge and we need to investigate them further.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 17�
 �	Physial quantities in the on�nement phase (T < T1)We evaluate the following two quantities:R2 = Tg2N2 Z �0 trX2I (t)dtEDN2 = � 3T4g2N2D Z �0 tr [XI(t);XJ(t)℄2dt (Internal Energy)Large-N volume independene ) the T dependene is O(1=N2) at T < T1.(Monte Carlo results of SMQM for D = 6)
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 18Results from the 1=D expansion at T < T1:R2 =~�132 �1 + 0:2405D �+O(1=N2; 1=D2)EDN2 =~�13 �38 � 0:1476D �+ O(1=N2; 1=D2)These quantities also agree very well for various D (T = 0:5;N = 44):
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 194 Correspondene with GWW modelComparison of the Monte Carlo result of MQM SMQM with the GWW modelZGWW = Z dU exp�N2 gGWW(trU + trU y)� ; where U = P exp�i Z �0 dtA(t)�
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Third-order GWWphase transition at gGWW = 1.D. J. Gross and E. Witten, Phys. Rev. D 21, 446 (1980).hju1jiGWW = 8><>: gGWW2 (gGWW 5 1)1� 12gGWW (gGWW = 1)hjunjiGWW = 8><>: 0 (gGWW 5 1)�����1� 1gGWW�� 1n(n+ 1)P 0n �1� 2gGWW�+ 1n(n� 1)P 0n�1 �1� 2gGWW������ (gGWW = 1) (n = 2)

where Pn(x) = 12nn!dn(x2 � 1)ndxn =(Legendre Polynomial), P 0n(x) = dPn(x)dx .



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 20Tune the oupling gGWW suh that hju1(g(T ))jiGWW = hju1(T )jiMQM for eah temperature.(where hju1(T )jiMQM is the result of the MQM SMQM)� For this oupling g(T ), it turns out that hjun(g(T ))jiGWW � hjun(T )jiMQM is satis�ed forn = 2.� This agreement is trivial at high-temperature.But this agreement holds for any temperature at T > T2, inluding the region near T � T2.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 21Results of D = 6 (for SMQM)
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"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 225 Conlusion�We alulated the �nite N e�ets in the 1=D expansion and showed how the 1=N e�etsresolve the transitions.�We ompared the preditions from the 1=D expansion with Monte Carlo simulation. Wefound several good agreements at low temperature.! 1=D works even D � 2 and �nite (but large) N .� It seems that the 1=D expansion is available without the ondition D � N .�We have ompared of the Monte Carlo result of MQM SMQM with the GWW model) Agreement holds for any temperature at T > T2.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 23�� ��Further development� Finite N e�et vs. �nite string oupling e�et in holography.� Improvement of the numerial alulation near the ritial points.� Determination of the order of phase transition of MQM.� Numerial alulation of Se�(�; fung)! We an evaluate Se�(�; fung) for any temperature. (partially done)� E�ets of matter �elds on the on�nement/deon�nement phase transition.T. Azuma, T. Morita and S. Takeuhi, in progress



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 24�� ��Algorithm for the simulation of �nite-temperature matrix quantum mehanisWe adopt the stati diagonal gaugeA = 1�diag(�1; �2; � � � ; �N);where �p 2 (��; �℄ (p; q = 1; 2; � � � ;N).

We add the orresponding Fadeev-Popov term:Sf :p: = � NXp;q=1;p6=q log sin �����p � �q2 ���� ;We disretize the time diretion as t = (�t); 2(�t); � � � ; nt(�t)| {z }=� .Finally, we obtain the following disretized ation (with g2N = 1)(*) In the following, there is no summation unless we have �).Slat = N(�t) ntXn=1 tr 0�12 DXI=1� 1(�t)tr (XI(n+ 1)� UXI(n)U y)�2 � 14 DXI;J=1 tr [XI(n); XJ(n)℄21A+ Sf :p:;

whereU = exp(i(�t)A) = diag(ei�1=nt; ei�2=nt; � � � ; ei�N=nt), XI(n) = (salar �elds at t = n(�t)).



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 25�
 �	Updating XI(n) with heat-bath algorithmWe introdue the auxiliary �elds GIJ(n) and rewrite the ation (whereGIJ(n) = fXI(n); XJ(n)g):~S = N(�t)2 ntXn=1 tr 0B� X1�I<J�D �G2IJ(n)� 2GIJ(n)GIJ(n) + 4X2I (n)X2J(n)	| {z }=(GIJ(n)�GIJ (n))2�[XI(n);XJ(n)℄2+ 1(�t)2 DXi=1 �X2I (n+ 1) +X2I (n)� 2XI(n+ 1)UXI(n)U y	!+ Sf :p:;Updating the auxiliary �elds as'
&

$
%

� (GIJ(n))pp = WppN(�t) + (GIJ(n))pp; (diagonal; p = 1; 2; � � � ; N)� (GIJ(n))pq = Ypq + iZpqp2N(�t) + (GIJ(n))pq: (non-diagonal; p 6= q; p; q = 1; 2; � � � ; N)

where Wp; Ypq; Zpq are independent random numbers obeying normal Gaussian distributionP (Wp) = 1p2� exp �W 2p2 ! ; P (Ypq) = 1p2� exp �Y 2pq2 ! ; P (Zpq) = 1p2� exp �Z2pq2 !



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 26We further rewrite the ation as~S = �2Ntr (TI(n)XI(n)) + 4Ntr (SI(n)X2I (n)) + Sf.p.; whereSI(n) = (�t)2 XJ 6=IX2J(n);TI(n) = (�t)2 XJ 6=I(XJ(n)GIJ(n) + GIJ(n)XJ(n)) + 12(�t)(UXI(n� 1)U y + U yXI(n+ 1)U):Extrating the diagonal part (XI(n))pp as~S = 4N(SI(n))pp�(XI(n))pp � hp(SI(n))pp�2 + � � � ; wherehp = 148<:(TI(n))pp � 2Xq 6=pf(SI(n))qp(XI(n))pq + (SI(n))pq(XI(n))qpg9=;Updating the diagonal part (XI(n))pp as'
&

$
%

(XI(n))pp = Wpp8N(SI(n))pp + hp(SI(n))pp ; (diagonal; p = 1; 2; � � � ; N); wherehp = 14 8<:(TI(n))pp � 2Xq 6=pf(SI(n))qp(XI(n))pq + (SI(n))pq(XI(n))qpg9=; :



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 27Extrating the non-diagonal part (XI(n))pq (p 6= q) as~S = 4Npq ����(XI(n))pq � hpqpq ����2 + � � � ; wherepq = (SI(n))pp + (SI(n))qq; hpq = (TI(n))pq2 �8<:Xr 6=p(SI(n))pr(XI(n))rq +Xr 6=q(SI(n))rq(XI(n))pr9=;Updating the non-diagonal part (XI(n))pq (p 6= q) as'
&

$
%

(XI(n))pq = Xpq + iYpqp8Npq + hpqpq ; (non-diagonal; p 6= q; p; q = 1; 2; � � � ; N); wherepq = (SI(n))pp + (SI(n))qq; hpq = (TI(n))pq2 �8<:Xr 6=p(SI(n))pr(XI(n))rq +Xr 6=q(SI(n))rq(XI(n))pr9=; :�� ��Updating gauge �elds A with Metropolis algorithmGauge �elds' omponents �p are updated using aept-rejet proedure of Metropolis algo-rithm.



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 28�� ��Consisteny hek of the odeWe use the identity derived from the Shwinger-Dyson equation.0 = ntXn=1N2�1Xa=1 DXI=1 ��XaI (n) Z dMdAtr (taXI(n))e�S:ta = (basis of the SU(N) Lie algebra)tr (tatb) = Æab; N2Xa=1(ta)ij(ta)kl = ÆilÆjk � 1NÆijÆkl:N2�1Xa=1 tr (taA)tr (taB) = N2�1Xa=1 AjiBlk(ta)ij(ta)kl = AjiBlk(ÆilÆjk � 1NÆijÆkl)= tr (AB)� 1N trAtrB:The matries XI(n) are expanded as XI(n) = N2�1Xa=1 XaI (n)ta.We rewrite the Shwinger-Dyson equation as0 = ntXn=1N2�1Xa=1 DXI=1 Z dMdAtr (tata)e�S| {z }ntD(N2�1)e�S � ntXn=1N2�1Xa=1 DXI=1 Z dMdAtr (taXI(n)) �S�XaI (n)e�S:



"Monte Carlo studies of the phase transition of �nite-temperature large-N gauge theory", Takehiro Azuma, De. 28th 2011, 16:00 � 29Thus, we obtain (note that nt = �(�t))ntD(N2 � 1)he�Si = (N2 � 1)D�(�t) he�Si = * ntXn=1N2�1Xa=1 DXI=1 Z dMdAtr (taXI(n)) �S�XaI (n)e�S+The derivative of the ation is obtained as�S�XaI (n) = N(�t)tr fta (�[XJ(n); [XI(n); XJ(n)℄℄ + [A; [A;XI(n)℄℄� i(�t)([A;XI(n� 1)℄� [A;XI(n+ 1)℄)� 1(�t)2(XI(n+ 1) +XI(n� 1)� 2XI(n))�� :We obtain the relation (note that trXI = 0 due to hermitiity)D�(�t) �1� 1N2� = (�t) ntXn=1��� 1N tr [XI(n); XJ(n)℄2�+� 1N tr �� 1(�t)2(XI(n)XI(n+ 1) +XI(n)XI(n� 1)� 2X2I (n))� [A;XI(n)℄2�2iXI(n+ 1)�XI(n� 1)2(�t) [A;XI(n)℄��� :At (�t) and large N , it is rewritten asD�(�t) = 1N �Z �0 dt �tr (DtXI(t))2 � 2�tr [XI(t);XJ(t)℄2�� :


