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Abstract

Positronium is the bound state of electron and positron. In its ground state there are two differnt

states. One is spin singlet state, described as 1S0-state, and the other is spin triplet state, described

as 3S1-state. There exists spin-spin interaction between electron and positron. This makes an energy

splitting between the two states of positronium, which is called hyperfine structure. The theory of

quantum electrodynamics predicts the value of the hyperfine structure to be ∆ν = 203.381 GHz. To

measure the hyperfine structure is a good experiment for a test of quantum electrodynamics.

Experimentally to determine the hyperfine structure, we need to put positronium in static magnetic

field and give oscillating magnetic field of microwave frequency over positronium. So we did some prelim-

inary measurement on positron and microwave engineering, which are mandatory for the measurement

of the hyperfine structure. And we obtained some results and techniques on them.
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Chapter 2

Principle of Experiment
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2.1.2 Transition by Static Magnetic Field and Microwave
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Figure 2.1: The energy splitting by static magnetic field
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)

]

(2.8)

P1,−1 = P1,1 (2.9)

2.1.3 Resonance Line Shape

�;���
E ' �
�>]�� ^G�
�����%�
l4$
"�� � � 2γ r
s_� �;lM�L��� � � 2γ r�sL]2�>�GW Ps ���
�
µ
.L]�� ( 5����:�
��{�5 6 Ps x�K � ����O�P���� NS,m �
�
!I"0J�&

' ��WL5���� Ps x�K � ���� 
���
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Figure 2.2: The Resonance Line Shape

��� .M" ' �;�
µ�.�� PT ��d#�4�>^:���
EI9:�¯5 6

PT =
P1,1N1,1 + P1,−1N1,−1 +

(

P1,0 − λ10,2

λ1,0

)

N1,0

N0,0 +N1,0 +N1,1 +N1,−1
(2.10)

�:��]�r;sM� Resonance Line Shape ����F�6>�����4�����L]2¹>H2JLK�H#�2W4H�{L�0� " '�� �	��{�/M

^�6 Appendix C ]�
���Ì�X Z 5;�>^��;� Microwave �7���
� �`j4k;lM�%z�{
8���z¯{L���%�I"�J�&L5�6Æ�Ò �2+;,��4� 2.45 GHz ��S	�I]�WI5 Magnetron ] ��¢4W�5��7�M� Resonance Line Shape ��

z;��$
5�j
k
lM��z�{
87� 8000 Gauss ���;5�6M�7�����I�2¨�5���&���� Z 9�8�t ��
�EM5��I^���W#5 '�( ��d� �4�>^���µ � W�5��;�:�4�I{�5�6

PT = A
B1

2

(B0 −B0r)
2

+ 1
4Γ

2
(2.11)

A =
x2

256h2

(g′µBB0r)
2

f01
2

λ10,2

λo

(2.12)

Γ =
B0rγ

2f01
=

B0r

4πf01

[ (

2 − x2

4 − x2

)

λo +
x2

4 − x2
λp

]

(2.13)

B0r =
h

g′µB

√

∆νf01 (2.14)

h = 2πh̄ (2.15)

��� Resonance Line Shape ����-��;] Fig 2.2 ���;W06G$$�
���G�	������\#5 Microwave � 2.45 GHz

S����4��$ ��� 2.33GHz S����4��5 '0( �!� (��*+�� ��­_®��2a��>�I��� ��Y �MJ�&M5G���

2����
��NC
\;�4�����#�;5 6
�2� B�C"!$# ��� +
,��L�%H�J Å�9:��5 2γ r
sM� Event �M�2µ".M]�%�&#�7)�'#W#5����	� hfs ]�� (

5;���?�;��{�5 6

2.2 Design of Experiment

Positronium Hyperfine Structure ��h
i;�
��� Ps � 2γ r�s��2�
l;�L�05�µ�.L](
%�;Ì
/�&4�#��]�@"A
�$B�� ' �M�%���0+*)4�
�;S
����^:��"�J#
�� 2γ r
s>]�
��;Ì��G&0�I�,+�^ Z 6It ' �4lL]%S;����^:�
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Magnetron Waveguide

Dummy Load

Frequency Counter

Cavity Power Meter

Directional Coupler

Figure 2.3: The schematic diagram of microwave system

� ¢>8>RL50� Z 6;
4���������4�0h
i���D
E#$ Setup ]����IW45�6 ·
¼ g��;� Magnetic Field ]�§#xI8
RM5������ Ps ]�§#x#8�R��	��y�
 ( 5 Cavity � Microwave System �7r�s��I�05 2γ ]�����W�5?��
M� 3

N0�I�;506

2.2.1 Magnetic Field

h
i�� D;EI$7j;k
lM��z�{�8�� 2000 Gauss ���I�%+,);�
� 8000 Gauss D
E;���;5�6M�7�I�>^����2z
$
S	�I]GÅ�5 '0( ����� �G"�J
��� B���� � ��X���J�&�5��2z�£�k��>] ��¢4W#5%6M�2��£�k���� Ç �7=�Ê
5 Cavity ]���n�W#5��;�?�����������	�It ' �;iI" ' j4k
lL]$S��4W#5%�7���7��+4,��%ªM"%J�&L5%6

2.2.2 Cavity and Microwave System

Microwave §	��+
,	� � ��"%J7 ;¡
£$.! #"��#��57£���¤%¥ ¦��0$ Z ����5 Magnetron ] �
¢
W�5 6�t'
Positron ]�§#xI8�RL5 #!$ 22Na ]&%(')
*'�� Microwave +�j4k
lL] � ¢M8>RM52l�, ��"�J Cavity ]) :�W�506 Microwave System ����-�] Fig 2.3 ���IW%6

Magnetron ��S	�*-7��.�/#$ � OM]�"�J
�¯�	��/�1�
)0�1 (320& �$1�44W#5��;�:�4��{�$0&�64" ' ��H
J�� � �4��5�� Magnetron ��S��
|>]��4n>"��

)0�1 (620& K�
4y>����54�71�4�W#5;���:���!7��L�%/
&71�4>]��I5 6It ' S	���7���
��K 
4y ��hI" ' &��%�M� Directional Coupler ����u�S��>]98�8*E '�Ç �
Frequency Counter ����h�W#5 6

2.2.3 γ-Ray Coincidence Detection

8�J��7j
k�l#� Microwave ����:�; � ¢�� Ç Ps � 2γ r
s�W�5G����
������"�	
�]:=�ÊM5�63<�® 22NaZ 9>= S#8?� ' Positron ��?N#�% &!'�( �I�;5I��"
J
� Electron ���7�"�;O
PM� Ç r
s�W#50�%�M� r
s
�6=3S�8?��5 2γ � Back-to-Back �	@�ANS�WL��B�X���5%6M�7� 2γ ] Photomultiplier (PMT) � Detect

W#5 64
0���N-�] Fig 2.4 �	��W�6
���	� �:� data ]�C#D�W45�$M9�� PMT ] 2

¼
1 %¯�G"�J ��%�¢���W#5��?/4&�6M�?�M��l#,_� :*"��E W6F��G�����4� +�^`6
t ' �;| Z 92� Noise ]���{�57C�\%½��IHI{2� Z N�k
l#�KJ#LM]KM�\�$0&I�>^:�

W#5 '0( � PMT �3N;�!O;X�����£�k�� Z 97�3P�Q�\�J
� �	6
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Figure 2.4: The schematic diagram of experimental apparatus

2.2.4 Problems

��-��0�����#�;57��� ¼ � g��0+
,>]�����W�5%�4� ' ���	� B g�$����M� Â
Ã�g
$����#$�S�������J �
5;������$45064
��>]�d;Ð Z 9	��]�
�H�JU6"8�W45��7�I�;5G��� Æ ������@�A�����
L"%J
�#��^¿6

1. Positron – from creation to annihilation –

=�p #!$ 22Na
Z 9 =3S48?�¯5 Positron �4S
�4�>^�$�
;f>] �MW;� Z 6����Lm�� Electron ���;S

���>^:�	:�; � ¢4W#50� Z 6;
���]�6��L" ' Cavity ����8G���
L��U9�i�W�5%� Z 6
2. 2γ Detection Using ADC System
' C�A���� PMT � 2γ ]�� ^ C�\0�4����u;�4��$�&
6 #!$4Z 9 Positron �6=3S48�� ' ��& ^ ���
�$L Z �;
���] Trigger �7"�J ADC ���
L��	7����I� 2γ Coincidence ]�� ^ Z 6

3. Output of Electromagnet
� �����2z�£ k����2¨�5 ��&��K.��>]���Ê�57D�E��4�;5%6��I{
57C�\���i!S����7z"S��#]��! %�%���
L�� �;¢4W2�4Ì��7& Z 6

4. Waveguide and Coaxial Line

Magnetron
Z 97S��>8?��5 Microwave ]"��L��;"�J Cavity ��#�$�8>RM5�� Z 637����I�	� Z N�%& ��$�&$�	
���S;�4��^:��W �4Ì���& Z 6

5. Dummy Load Using SiC

£���¤%¥ ¦ Z 97� Microwave ��'  ;�>� H�JLK�-�.;��% & $�K �%�4��5�6M���I]�A#�	S�W�C4\0���
S�����% & �0u�(>8?��5 Z X Z 9G$%&
64�2��S���]�)�W '�( � Dummy Load ]�94�M"%$�\2��Ì;$M9
$�&0�M�;
�����S�^?W ÊM{ Z 6

6. Magnetron

£ �L¤%¥7¦0��*,+L8`�;J0&�5 Magnetron �0S
���M^`$ � � Microwave ]0S��;"7J�&�5�� Z 6 Positro-

nium ����iM� Microwave ] � ¢L8�RL5 '0( � §;¨!���>]�-/.4W Ê>{ $�� Z 6
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Chapter 3

Passage of Positron through the Air

­¯®���������m0����\45 Positron �K@����M]���ÊM5 '0( ���!V4���>^?$G+;,M]�¹I$�H ' 6%+
,#�����	�
 ���4� Fig. 3.1 ���>^?$;K��7����5�6

PMT PMT

Source

x cm

10 cm

Figure 3.1: Measurement of 2-gamma

���2�
� Source � 22Na �����	� x �2c>]�µNE�J�
:N�� PMT � Coincidence ]��05
����������� 2γ �
�
�>]�h;i�W�5 6%h
i � V��4
��! ���
 u�V0���;5%6#849���� Å¯9:� '�� (�� �%1��L]����`� #�� Fit W
5;���?�/���Mm0����\45 Positron ������i
�>]�� ( 5�6

Fit �2º;»�� Fig. 3.2 ����^:��$�����x�KL" ' Positron ���;��� 1

e
��$�5������

1.08 ± 0.09

��$�H ' 6It ' � Fit ��� � �*�	6¯�7"%J�dI�2�;c>]�
���J
�w�¿6
χ2 27.444616

Freedom 3

Reduced χ2 9.148206
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Figure 3.2: Measurement of 2-gamma
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Chapter 4

2γ Trigger of Positronium Decay

Hyperfine Structure � h�i��
� ' H%J;��h;i��  ��#S;�2� � � � VM]�EMW#5 Z ]�
���K�5 '�( �;� 2γ

Decay � Event Rate �4S���� � �4�
5 Z ]�5>H�J�� �ÀD�E��4�;5 6%
 �����G�0N
&�J0a�:;g��0¹4$
H ' h
i���N�&�J>t4� ( 5�6 Hyperfine Structure �2h4i����;����{�5�F�� Positronium (Ps) � 2γ � Decay "'

Event C�\�]�½�� S#82$;\ �4Ì�$I9G$�&46��;$ Background ��"�JU6!E�9:��5 ������V��>I �	�4��506
• Accidental Background (Room Background etc.)

• Ps 3γ Decay

• 1275 keV γ-Ray from 22Na

Ps � Decay W�5 � ��� � Ps ��� � ��Q#�³R#S	�#t7H�J0&�5#�:"0J%/�&��G��� 2γ � Back-to-Back ��=!S
8³��5G6G

��� 2 N
� Detector ] Positron Source ]��I8?R
��
 Z &���XUR�� � {��G
��_9:� Coincidence

]G½�5��M�³� Background ( .M� Room Background) ] �¯97WI���:���I{;5�64" Z "�$���9�� 3γ Decay

�6=3S#8���5 3 N�� γ ��^	� 2 N0��Q>�GR#S Back-to-Back �4�#H ' �`�Mt ' � Ps ]�x�K�W#5 '�( �
Positron � 22Na

Z 9I=3S�8?��50�I�GQ��?R�S 
 � ��=3S�8?��5 1275 keV � γ-Ray (See Fig. 4.1) � 1

N�� Detector �0n �	� Ps
Z 92� γ ��K>^
���`N�� Detector ��nLH ' ��W#5��7� Detector � Count ]


�J�& ' C4\0�4� 2γ-Decay � 
%u#\2��N Z $�&46

;��� ADC Spectrum K�
 � �¯�;�`� γ-Ray � Energy � Data ] Cut W#5;���:���
�#{�5�F¯� 2γ

Decay � Event C�\�]�½�� S;
�^0� 6"E ' 6�
�"%J
��
�� Event Rate ]���Ê ' 6

Na22 τ1/2 =2.063 year

τ1/2 =0.1 psec

β+
(545 keV)

γ (1275 kev)

Figure 4.1: Decay Scheme of 22Na
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Figure 4.2: PMT calibration.

Table 4.1: PMT calibration factor

PMT Calibration Factor [keV/ch]

PMT 0 0.5988 ± 0.0093

PMT 1 0.4680 ± 0.0006

PMT 2 0.4724 ± 0.0058

4.1 PMT Calibration

t�Y���y ( � Photomultiplier Tube (PMT) ��.��>]���Ê ' 6��;Ê ' PMT � PMT 0, 1, 2 � 3
¼ �

�;5064
��! 0�I� PMT ��� 2 inch � NaI Scintilator ����\>9:��JI576
PMT � High Voltage �0�"V4�>I �¿�I�;5%6

PMT 0; 1660 V

PMT 1; 1400 V

PMT 2; 1540 V

Source �7"%J 137Cs, 60Co ����A 22Na ]G¢�& ' 6

4.1.1 Caliblation

137Cs � 662 keV � 60Co � 1173 keV �L�9A 1333 keV � 22Na � 511keV (Positron Electron Pair

Annihilation) �#� A 1275 keV � γ-Ray ] ��H�J PMT � Calibration ]�¹I$4H ' 6

��!  �M� ADC Spectrum � Photoelectron Peak ��1
��W�5�� ��+0] Gaussian � Fit "��

0�����

c � Pedestal
Z 9 Caliblation " ' 6;
��2º4» Fig. 4.2, Table 4.1 �	��W�6

4.1.2 Resolution

Calibration ]�WL5���{%��¹�$�H ' Gaussian Fitting �2u�(>]7¢4&0J�� �	#�% &�'�( ��1�W�5 PMT �
Resorution ]�� ( 5;��������{
5 6
�³��9�� Resolution R ��� Pedestal

Z 9 Peak t���� ADC Channel
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Table 4.2: Resolution of PMT

Energy [keV] PMT 0 Res. [%] PMT 1 Res. [%] PMT 2 Res. [%]

511 7.524 ± 0.118 8.724 ± 0.163 7.830± 0.188

662 6.214 ± 0.106 7.874 ± 0.116 6.576± 0.148

1173 5.298 ± 0.192 6.462 ± 0.900 5.530± 0.440

1275 5.986 ± 0.154 6.150 ± 0.338 5.566± 0.192

1333 4.646 ± 0.130 6.386 ± 0.410 6.062± 0.452

�>] G � Gaussian �2u�(M] σ �G"�J

R =
σ

G

�
� (�' 6�
0� º;»M] Table 4.2 �Mt�� ( J�� �	6
�2� º;»��;� ADC Spectrum �#�
H�J Data ] Cut W�5��%�
¢4&�5 6

4.1.3 The End of The Calibration

�:��� PMT � N�&�J4� ·4¼ g4$���Ó��6D�t
H ' ���M� Ps 2γ Trigger ��N;&�J4��[����%n +�^0� BIH'���� m 1
� ��$�� Z 2γ Trigger � Photoelectron Peak � Æ tG�¯��© 50 Channel � � Y;��J�&L5��

�G]2§"
4" ' 6 Æ t��LK�� Run 	���� Pedestal ��Y���J�&#5;���?�I��H ' � ����
�����
�� Z �IB�H '

��� Pedestal �2Y;�;�UR4&
�
& 10-20 Channel �����	� ��� H4� ;3<0�I{ $�&�6�
G��� Log Note ]�
�/
"�J!'I5I�7� PMT ��./�
��Ê����IH ' ADC Channel � 2γ Trigger � ��H ' ADC Channel ����$4H
J�&M5���� �;§���" ' 6 Æ t��4� [����������L"7JMK>^?� � +��?$"�
"�64" Z "�� 2γ Trigger �2+;,����
Caribration Í�� '0( � Data ]�½IH�J0&�$�&�S#��+ Z � Pedestal WI9?½IH�J0&�$�& Run K2�;HGJ
����� H
� A�H>�
�?" ' 6
�?� Z �¿�M� � Section 4.1 �0º���&
&UM��#$������;
�^�&�^:X�\0��W�6

4.1.4 Calibration Again

Ps Decay � 2γ Trigger � Data Taking �4�;�0�#9 Z y ( 
�� Set ��� Calibration ¢�� Data ]�½�5
�
]���� ' �%�;�

0� Data ����� Calibration ]�W#5����`�M" ' 6 Pedestal ]�½�H�J���5 Run �2
>^:�
$0& Run ���;H ' � �M�0d����>^:� Calibration W45;�;����" ' 6

• Pedestal ]�½�H�J
��5 Run �0N�&�J���� PMT 0 � 1275 keV � Photoelectron Peak ��� PMT 1

� PMT2 � 511 keV � Photoelectron Peak �;��
��! 0� Calibration " ' 6

• Pedestal ]7½�H2J4&4$;& Run ��N�&�J��L�;
��UH Ç �
¹I$4H ' Run � Pedestal � � ��]�
��
Pedestal �7"�� PMT 0 � 1275 keV � Photoelectron Peak �;� PMT 1 � PMT2 � 511 keV �
Photoelectron Peak ���;
��! 0� Calibration " ' 6

�2��+��D���0N�&�J����;t>���
���;$ &�6
" Z "�� Calibration Factor ��� Run 	��³����
2�IQ�S%µ�.
�;$ Z H ' �%�M��C0& ' &��I«��4� +�^��GB�^�6
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4.2 Coincidence of PMT 1 and PMT 2; Run 1

4.2.1 Set up and Logic

PMT 1 � PMT 2 ] 22Na Source ]7�>8�R4� 
 Z &���XUR4� � {7� Ps � 2γ Decay ]��4hI" ' 6�
0�� � Set-Up � Fig. 4.2.1 �	�I"%J���5�6#t ' �;
�� Logic � Fig. 4.4 �	�L"%J
��5 6
Source � PMT 1 � PMT 2 �;m;V�� � &�J��_�������#��^�� PMT ��m���0 Z 9 ��Y�9�"�J
�M5�6

PMT 1 � PMT 2 � Source
Z 9 10 cm �#"�J4��52���;�³��� 3γ Decay �,
�E0$;&4�>^:� � Z N Count

Rate �����#��? �?$I9%$0&���^��
W#5 '�( �>��506#t ' �0+ )�� Hyperfine Structure � h�i����#�7±
^ Microwave �7�;�
��� 2.45 GHz �4���³�;
��>��{ Cavity �0/���� 15 cm � � ���;5�64" ' ��H2J
�
PMT 1 � PMT 2 �0V;�
�0© 20 cm � � �0V��I] � Z	� Ì�$M9�Y��M�2�#�M�0K�6�����n��;J
�L�7�#��^
$ Set-Up �;" ' 6��
�4�>^�� � Source � PMT ��m
�!0 Z 9�Y¯9 "7J���5%6��:�_K?+,)��2h4iM]�6����
n�� ' º;»��#�;5 6

Logic � ·;¼ g��4���³� ' C�A�� PMT 1 � PMT 2 � Coincidence � ADC Gate ] � ��� PMT 1 �
PMT 2 � ADC Spectrum ]�½�576 PMT 0 ��� Coincidence � Ç ��h
iM� '0( �;�>�³� Æ �2l���� PMT

0 � Coincidence � OFF ��"0J
��506 Delay � Raw Signal � Gate � Timing �;X�RI� '�( �;n���J
�;506

Na Source22

Photomultiplier TubePhotomultiplier Tube

Figure 4.3: Set up for the coincidence of PMT 1 and PMT 2.

PMT.0

800 nsec ADC 0.ch

PMT.1

1000 nsec ADC 1.ch

PMT.2

1000 nsec ADC 2.ch

Gate

Gate

ELR

ADC
420 nsec

2.5 secµ

4.0 secµ

15 mV

15 mV

70 mV

Figure 4.4: Logic circuit for 2γ trigger.
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Figure 4.5: ADC spectrums of PMT 1 and PMT 2 of Run 1. We aimed to take the data of 2γ decay

events, however these spectrums have many events which energy is larger than 511 keV. This shows the

presence of γ-ray of 1275 keV in the spectrums.

4.2.2 Data and Ananlysis

��� Set � Data ]�½IH ' ( ��� Data Taking ] Run 1 ���UF4���?��W�5 ) 6 Trigger Rate � 33.51±0.23

Hz �4��H ' 6M������Å¯9:� ' PMT 1 � PMT 2 � ADC Spectrum � Fig. 4.5 �	�#" ' 6 (a) � PMT

1 � (b) � PMT 2 � Spectrum �4��506
�2� Spectrum ]�
I5#� 511 keV �#�7K Energy ��z>{2& Event �#��5��;�³��u Z 576 1200-1300 keV

�M�0��+�� Peak ���;5;��� Z 9G��<>9 Z � 1275 keV � γ-Ray K(
�J�&#5�6

;������0�� PMT 1 � Energy ]0����0�� PMT 2 � Energy ]�½��	� Scatter Plot ]�"�J!' ' 6�


�;� Fig. 4.6 �4��5�6
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Figure 4.6: Scatter plot of PMT 1 and PMT 2.
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Table 4.3: Event rate of Run 1 with Cut. N Cut means Narrow Cut, and W means Wide Cut.

Cut Event/Trigger Count Rate [Hz]

No Cut 1 33.51

N Cut 0.0799 2.68

W Cut 0.5409 18.13

Spectrum over 511 keV

511 keV ]�� E�5��L^�$ Event ��N;&�J�6�E�5�6 Fig. 4.6 � Scatter Plot
Z 9�� PMT 1, PMT 2 �� ��� 511 keV ]�� E�5#�>^�$ Event �
Q �³R�S�$;&�6�" ' �>H�J;�L���M���
�#� PMT � 1275 keV

� γ ]0�MKI^����#� PMT � Ps � Decay ]�
�J�&I5I�D6!E�9:��5%6 1275 keV � γ ]��;X;$�&>�>^��
Geometry ]�6!E#5 Z ��t ' � 1275 keV ] Cut W#5?�	
>]�6!E�$
\ �;Ì;$M9G$�&�6

Data Cut

511 keV ���#� γ ]�
�J0&L5 Event ��<>9 Z � 2γ Decay Event ���4$�&;�7�M�

0� Event ] Cut "'0� � Count Rate ]���ÊM5��;�G��" ' 6
Narrow Cut

PMT 1 �M� A PMT 2 �¯� K2� Photoelectron Peak � Event C�\�]�½�� S�W 6M�:�M�	
�K��;+;�
511 keV � γ ]�½���S0RM5 Cut ���;5�6%½ � S4" ' Region ���!V4�>I �¿�I�;5�6

PMT Low Limit – High Limit (keV)

PMT 1 463 – 582

PMT 2 470 – 572

�³����
2�	  ��� PMT � Resolution ]�K��?�;� ����� 99 % � Event ]�½�5 '�( � 511 keV
Z 9

�	��� 3σ ��V
��� Compton Edge
Z 9��>]�
�&�J�&#5 Event � �Iy45%��]0$ �?W '�( � 511 keVZ 9�V���� 3σ ���4$¯� 2σ ]�½�H ' 6

Trigger ��1�W#5;�2� Event ��� �#�
����A Count Rate � Table 4.3 ��tI� (�' 6

Wide Cut

PMT 1 ����A PMT 2 �¯� K7� Photoelectron Peak �"V�� Energy � Event ]G½¾� S�W�6M�7��l
���
� 3γ Decay � Event K �Iy�5G��� PMT 1 � PMT 2 � Coincidence ]�½�H�J�&I5 '�( ��

���;�;t>� ���?$ &¯�D6!EI9���5%6 ½¾� S4" ' Region � ��V��>I �¿�I�;506

PMT High Limit (keV)

PMT 1 582

PMT 2 572

�:�I� 511 keV
Z 9��	�4� 3σ ½�H2J4��5�6

Trigger ��1�W#5;�2� Event ��� �#�
����A Count Rate � Table 4.3 ��tI� (�' 6
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4.3 1275 keV Cut Geometry; Run 2

Na Source22

Photomultiplier 2Photomultiplier 1

P
hotom

ultiplier 0

Pb

Figure 4.7: Set up for 1275 keV γ trigger.

4.3.1 Set up

d�� PMT 1, 2
Z 9��0/�1 22Na Source ��
�E0$0&I�I^:� Geomotry ] Fig. 4.7 ���M^?��" ' 6
�%���

K PMT 1 � PMT 2 � Coincidence ]�½I576 Fig. 4.7 ��� PMT 0 � � Z �;J0&#5��������2h
i����#�³�
� �;X�$�&�64t ' �M� � Data Taking � �>H ' Logic K Fig. 4.4 � 
4y����
506 PMT 0 � Coincidence

� OFF ��"%J���5�6

4.3.2 Data and Analysis

�:����Å�9�� ' PMT 1 ����A PMT 2 � ADC Spectrum � Fig. 4.8 �	�L" ' 6L�?��]�
I5#��� Fig.

4.5 �	%�Ê�J 511 keV ���M� Event ���4$¯�`$;H�J0&M5 6�" ' �LH2J����;5�� � � 1275 keV � γ ] Cut

��{�J�&M506
��� � � Trigger Rate � 8.534±0.059 Hz ����H ' 60�2� Data ��[
�;� Section 4.2 � 
2Á4��¹#$�H ' 6

Narrow Cut

Photoelectron Peak ���I� Event C�\�]G½¾� S4" ' 6�
�� Region �0�"V��>I �¿�I�;5 6
PMT Low Limit – High Limit (keV)

PMT 1 467 – 576

PMT 2 472 – 568

�7� Region ]���R"C B 2;K Section 4.2 ��
 Á;���;5�6
Trigger ��1�W#5;�2� Event ��� �#�
����A Count Rate � Table 4.4 ��tI� (�' 6

Wide Cut

Photoelectron Peak �"V�� Energy ���M� Event C�\�]�½�� S4" ' 6�
�� Region ���!V4�>I ���
�;5�6#t ' Trigger ��1�W45;�7� Event ��� �����#��A Count Rate � Table 4.4 �#t#� (�' 6

PMT High Limit (keV)

PMT 1 576

PMT 2 568

14



0

50

100

150

200

250

300

350

400

450

500

0 500 1000 1500 2000

E
ve

nt
 C

ou
nt

s

Energy (keV)

Run 017; PMT 1

(a) ADC spectrum of PMT 1
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Figure 4.8: ADC spectrums of PMT 1 and PMT 2 of Run 2. Compared with Run 1, this shows less

events over 511 keV.

Table 4.4: Event rate of Run 2 with Cut.

Cut Event/Trigger Count Rate [Hz]

No Cut 1 8.534

N Cut 0.1633 1.394

W Cut 0.8323 7.103

4.3.3 A Few Consideration on Run 1 and Run 2

Run 1 � Run 2 ���I&��
d�� 2 Ë
���;5�6

1. Run 1 �
� PMT 1, 2
Z 9�/�1 Source ��

EL5 Geometry ���;5���� Run 2 �4��
�E�$0& ( N>K

� ?) 6

2. Run 1 �4� Source � PMT 1, 2 ��m��!0 Z 9?© 2.5cm �I���	+0�
�#H ' �>� Run 2 �4�0© 6 cm

�I����+G�
�M5%6


;��� PMT 1, 2 ��^	� � �I$ � �0K����0� 511 keV ] �	EM5��I^?$ Event ]�½�� S4" ' 6�
�� Count

Rate �0�"V��>I¾���4��5�6
Run 1; 15.39 ± 0.15 Hz

Run 2; 1.431 ± 0.024 Hz

Run 1 ��%�Ê Run 2 � Order 1 � �7J�&#5����M�
�;57� � � 1275 keV � γ ] Cut ��{�J�&�5 6
" Z "
$%�w9 Fig. 4.9 ]�
I5#��� Lead (Pb) ��1>"�J 1 MeV � � � γ � Attenuation Coefficient

µPb � µPb ≈ 20 g/cm
2 �4�_�`� Lead ��� � � ρ = 11.34 g/cm

3 $����M� Attenuation Length λPb �
λPb ≈ 1.76 cm �#�;506 Run 2 � Geometry ��� γ � Source

Z 9 PMT �%n�5 '�( �
�0© 5 cm � �

� Lead ]�I��L"�$�\���Ì�$M9�Y����7� Attenuarion Length
Z 9����4W#5#��� Run 1 ��%�Ê Run 2 �2©

0.06 ����$�H�J0&�$�\0��Ì4$�9�Y
� Run 2 ��� 1275 keV � γ �
QI�:R�S�

E0$�&��0Y��M�;5%6 Run 2 �
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Figure 4.9: Attenuation coefficient for several matters. (From Particle Data Book)

K 1275 keV � Photoelectron Peak �,
�E J�&#5;��� Z 9��%
�� Energy � γ � PMT �%nMHGJ�&�5 6;�
��� PMT

Z 9��"/�1 Source � 

E�$���$
H0J�&L57N>KI�	�#& ' �M� +,)��
�4
�^���$4H%J�&4$ Z H '
�7���;$0& Z � 6	E�9:�¯5 6

4.4 Trigger with 1275 keV γ; Run 3


 Ç �;� 22Na � β-Decay W�5�)
��
 � �3=!S�8���5 1275 keV � γ-Ray � Trigger W�5;���%]�6"E ' 6
�:��]GWL5����`������� Trigger Rate �L�����>8L�?$�5������ ��g��I�³�M�0���%W#5 Background ] Cut

��{�506
�2� h
iL]0W45��4� ' H�J;� Geomerty � Fig. 4.7 �#��5�6�t ' � Logic � Fig. 4.4 ���
57��� Æ�Ò �

PMT 0 � Coincidence K ON ��W#5 6

4.4.1 Discriminator Threshold of PMT 0

PMT 0 �
� 1275 keV � γ ��4 '�� ��C#\ Signal ]$S�WI���:��E���8?��5%6�
�� '�( � PMT 0 �
Discr. � Threshold ] ����� PMT 0

Z 9�zM{7$ Signal ��4 '0� �
C�\ Discr. � Signal ]7S
W��>^:�;"' 6 Fig. 4.10 � Discr. Threshold ] 15 mV �#� A 70 mV ��" '�� � ADC Spectrum �#�;5 6 PMT 0

� Resolution � 511 keV � 7.524 % (See Table 4.2) �4�����;" ' �LH�J 550 keV ���LtG�4� 511 keV

� γ ]M��9?E J�&M5)�����;�4�;5G��� Fig. 4.10(b) ��� Threshold � 70 mV �M��{��;� 511 keV � γ �
�09?E�J�&�$;&��M��](�IWMK �7�#��5�6

4.4.2 Data and Analysis

PMT 0 � Discr. Threshold ] 70 mV ��" ' O;P��;� PMT 0, 1, 2 � Coincidence � Tigger ] Z \
Run 1, 2 ��
�Á#� Data Taking ]�¹I$4H ' 6�
�� � � Count Rate � 0.5194 ± 0.0031 Hz �#��H ' 6It
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(a) Discr. threshold level; 15 mV
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Figure 4.10: ADC Spectrum of PMT 0. (a); With 15 mV of discriminator threshold level. (b); With

70 mV of discriminator threshold level. (b) shows that PMT 0 discriminator does not response to signal

below 511 keV.

Table 4.5: Event rate of Run 3 with Cut.

Cut Event/Trigger Count Rate [Hz]

No Cut 1 0.5194

N Cut 0.1907 0.0990

W Cut 0.9124 0.4739

' � PMT 1, 2 � ADC Spectrum � Fig. 4.11 ����" ' 6
����](
#5��:� 511 keV ]��"E�5���^?$ Event � Run 2 ���%{���%�Ê�J%-�.
� �#$��?$4H�J0&�5 6 PMT

1, 2 � �I$¯�0� K7�
��� 511 keV ]��NE�J�&I5 Event � Rate � 0.0455 ± 0.0009 Hz ���#H ' 6L�?�M�
Run 2 �M�%{%� © 1/30 � Rate �����	� Trigger �� ��01�W#5;�7� Event ���
���0© 9 % �4��506

Run 1, 2 ��
 Á���� PMT 1, 2 � ADC Spectrum � Photoelectron Peak �����	';� Event ���M� AL

���"V�� Event � Rate ]G���>" ' � � Table 4.5 ���;5%6

4.4.3 Consideration

����� PMT 0 � ADC Spectrum ]�
�J!' ' 6�
���� Fig. 4.12 �#�;5�6M���7�
� Discr. Threshold

� Cut " ' ��Y#� Low Energy Event � 
I9���5%6M�����4���7� Spectrum ��N�&�J
6	E�5�6

Fig. 4.12 � 600-700 keV ������
>9:��5 Edge �;� Threshold Effect ���;5I�D6!E�5��%���I«����,+
^�6�� ����
0� Edge �#�7K ?M& Energy � Event �#�;506
�:��] B [�W#5 '�( ��� PMT 0 � Energy � 700 keV ����� Cut " ' l
� � 700 keV �"V�� Cut "' l
�M��
2�! ��
l��L� PMT 1 VS PMT 2 � Scatter Plot ]�½�H�J!' ' 6 Fig. 4.13 �M
����I�;5����

�:��]�
I5�F_�¿��� 2 N�� l
����
��MQ�S ��&
��$�&�6
PMT 0 � Discr. � Z�Z H ' � Ë�� Width 2.5 µsec � Signal ]7S�"%� PMT 1 � PMT 2 � Coincidence
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Figure 4.11: ADC spectrums of PMT 1 and PMT 2 of Run 3. Compared with Run 2, this shows much

less events over 511 keV.
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Figure 4.12: ADC spectrum of PMT 0 in Run 3
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(a) With PMT 0 energy higher than 700 keV
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Figure 4.13: Scatter plots of PMT 1 vs PMT 2. (a); The energy of PMT 0 is required to be higher

than 700 keV. (b); The energy of PMT 0 is required to be lower than 700 keV. These two pictures seem

quite similar to each other.

� Coincidence ]?½_HGJ�&�5�� �M� ADC Gate � ��� Timing � PMT 1 � PMT 2 � Coincidence �� ( J�&L5I�D6!E�J
/�&�6�F>H2J;� PMT 0 � Signal � ADC Gate � Timing � �#X;$ �?$45��������
���`� ADC � PMT 0 � Signal W�Ê;J#]���uL"%J4&�$�&4�;W�$�X �%� PMT 0 � Signal � ADC GateZ 9��	'"S
W����G���I� ADC Spectrum � Low Enegy �#� Shift "%J
"�tL^��2K�6	E�9:�L5G���;�:�M�
PMT 0 � Threshold Effect ���
5 Edge �4�MH�{M� 

E�J0&M5���� Z 9���
�^ 6�E�5��%� �>«�����$��¿�
1275 keV � γ ���#t;H ' �?�%�#��$�&IK ���>�05#�D6!E�5��7���I« ���;5�6
����6	EI9:�_5 Pulse Height ���M& Background ��"�JU6!E�9:��5%�%� Cosmic Ray � Room Back-

ground ( ����� Z 92� 40K � 1500 keV γ-Ray) �#�;5�64t ' � PMT ���
�NS�W Thermal Electron �L�
5 Signal K�6	EI9���5%6

Cosmic Ray � ��� Muon �4�L�	�
�³�;� NaI m�] I
�M" '0� � NaI ���;W Energy � � (dE/dx)min =

1.305 MeV/(g/cm2) �4� � NaI ��� � � ρ = 3.67 g/cm3 ���;5��7����© 10 MeV ��$45�6M�7���4c��
z>{ ���M5%"��,� Z 9?ÑIHGJ¯�G5 Muon � PMT 0 � NaI ]�I¾��� Z N�� PMT 1, 2 � Coincidence W�5
�%��-�.;���M$ Event �#����� Event Rate ��z�{�8�]�;3<0�I{ $�&�6

Roombackground ��N�&�J4��� PMT �� >] Lead Block � Shield "%J�&�50�7�M�

��MQ4S Rate ��z
{L�`�;$0&���6	E>9 �¯5G���;
�� Data ]�½�H�J�&�$�&;� �#�#H�{L��" ' ������b�E�$�&�6

 Ç � PMT � Thermal Electron �4��52���
�2� Rate � PMT �I�0H2J�z�{L���4$45�"���t ' PMT

� Z \�5 High Voltage ���0H?J�K �4$>�����%����¢
& ' PMT 0 ��
0���>^`$�.������;Ê�J�&�$�&��7�
���
�
� Low Energy ADC Spectrum � 
�� Z S�^ Z �0H�{��?" ' �����2b	E�$7&�62" Z "�� Thermal Electron

� Signal ��	���� High Voltage �2cM���%H�J�����& Pulse Height ��$45��%�M� ADC Spectrum � NaI

�L�05 Signal ��%�Ê�J Z $�� Low Energy �4��$�5;������� Z �4�L�:�M� Low Energy ADC Spectrum

� 
 ��� P ��$ Candidate ���;5��;�G� � Z ���;5%6

4.5 Conclusion

���M�2h;i Z 9?��V4�#�>^:� º C W#5 6
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+,)�� Hyperfine Structure �2h;i��#���0�I{;57C4\ �
+M� 2γ-Decay �3'�]M��9�E ' &
6#" Z "�$ �
92� Microwave �I�05 2γ-Decay Rate �2µ	.4��zL{L�:��$¯�����;��� '�( �I�>�	� �:� Event ]�½�5�D
E�K2��506I�2� 2 N��2E �M]�� ' W '0( �;�;� Run 2 �4��^?$ Set ��¹�$¯^%�����4/
&�C +L^	6 ' C�"
�
Run 2 �4�>^�$ Lead Block ]�+ )4��� �G�����7�>{�$0& (Cavity ��m��
��
;�4��^?$��� ���n��_9	�I$
& ) �7�M� Source ]�/
1��	
�Y
��� Z NM�#� ���:� 2γ-Decay ]	
I9:�L5;�M^�$ Shield ������]�K>^ �#"
6	E#5�D
E��#�;5 6
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Chapter 5

Static Magnetic Field

5.1 Current Dependence of Static Magnetic Field

Positronium �0z�{ $0j
k
l>] Z \�5 '�( �	� B������ �
��5��2z�£�k��L]�¢;&�5�6#t�Y��7�0£
k����
­¯®�� �  8000 Gauss t2�	S	�
�I{�5�� Z h
iI"%J!'>�>^`67h
i��I�0H�J0Å�9:� ' �;£ $�Z 92� £
�_�
£�k��M��m �
��§4x
W#5�k
l#�K:I��] Fig 1(a) �	��W06
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Figure 5.1: The behavior of electromagnet

������� data ��
 � ���!
��L�05 fitting �0����K��	R
J��;5 64
��0�����
B = 0.09562 I + 0.01419 (5.1)

�#�;506I�:��] 
 �
Ì	<>9 Z $M��^:��£ �_��j4k
l�� #�� �0A��#$������4�;5�6 Æ�Ò ��£ $ |M��
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���:�4��������92$ &��%�;�L����t��M" Z h
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Figure 5.2: The schematic figure of electromagnet
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Figure 5.3: The additional part of electromagnet
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Figure 5.4: The µ0/µ dependence of magnetic field

0G#>· R ?����*)���� x���� =Z#IS�l��
�
� B0

2$?�n1� v�w )�· R ��� x S�l��
�
� B′
0

��	�
( ��*E
# 
��

B′
0

B0
=

{2(R0 + R0F ) +R1}S0

{2(R′
0 + 2R′

0F +R0F ) + R1}S′
0

(5.7)

0G# ��
��.8 ),�IV b.x�����
!���(7%x S����.?
B′

0

B0
= S0a

{

2Sδ +
µ0

µ

[

2S(l0 − δ) + S0l
]

}

(5.8)

×
{

2S′
0Sa(δ − 2l′) +

µ0

µ

[

2S′
0Sa(l0 − δ) + 4S0Sa

′l′ + S0S
′
0al
]

}−1

(5.9)

2�/ 
,� 0!0$31?�n1�`�(l�� µ
 ��
E>=`/!H*��31?

µ
 ����,�(l
�

µ0

)!� \@� &�'*) k V`HI2 ��
����
¢�R µ0/µ � 1

2 ��
�� ¤!¥*3��%0D���(�(l�� �J|Wx S~��/!H*S@��?�� 0 �����! K!2G?

B′
0 =

S0δ

S′
0(δ − 2l′)

B0 =
a2δ

a′2(δ − 2l′)
B0 (5.10)

2�/ 
,� 0G#>· R ? B0 = 5000 Gauss
?
a′ = 5.0 cm

?
l′ = 2.5 cm

2 ��
 2

B′
0 = 2.25 Tesla

2�/ 
,�#" / � )*?!�
��l�����	 £ 3�$�%�l�& � ¤�¥ ��
 2�? Fig 5.4
��·IKG)*/ 
!���%¢�R ?���'�)�() 2 � # � H 
 l�&�� k V � 0.8 Tesla

· R ��* �*k V���/ 
 0*2d � E 
D�

24



Chapter 6

Waveguide
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Figure 6.1: Waveguide

6.2 Measurement of Reflectance
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In case of Short Cylinder / Output Power[mW]
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(a) Output

In case of Short Cylinder / Reflected Power[mW]
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(b) Reflection

Figure 6.5: Short cylinder
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In case of long Cylinder / Output Power[mW]
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In case of long Cylinder / Reflected Power[mW]
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Figure 6.6: Long cylinder
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In case of Cone / Output Power[mW]
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In case of Cone / Reflected Power[mW]
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Figure 6.7: Cone
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In case of Door Knob / Output Power[mW]
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In case of Door Knob / Reflected Power[mW]
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Figure 6.8: Door knob
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In case of thin Cable / Output Power[mW]
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Figure 6.9: Thin cable
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Chapter 7

Measurement of SiC Dielectric Constant and tan δ

7.1 Purpose
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Figure 7.2: Setup
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Pt = P3 ×
259.5

2.49
= 104.22 × P3 (7.3)
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7.3.4 Summary of Data
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Figure 7.6: Input to SiC-side of 200 mm reflectivity meter
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Figure 7.7: Input to Air-side of 200 mm reflectivity meter
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Figure 7.8: Input to SiC-side of 400 mm reflectivity meter
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Figure 7.9: Input to Air-side of 400 mm reflectivity meter
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Figure 7.10: Input to SiC-side of 200 mm reflectivity meter , with result of analysis
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7.3.5 Analysis of Data
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7.3.6 Results and Discussion
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Figure 7.11: Input to SiC-side of 200 mm reflectivity meter , with result of analysis
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Figure 7.12: Input to SiC-side of 400 mm reflectivity meter , with result of analysis
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Figure 7.13: Input to SiC-side of 400 mm reflectivity meter , with result of analysis
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Chapter 8

Magnetron Oscillator in AC Mode
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8.1 Circuit for AC mode
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(a) Circuit used in a microwave oven.
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(b) Modified circuit for our experiment.

Figure 8.1: High voltage power supply circuits for AC mode. The circuit (a) is used in a microwave

oven, and we have modified it to the circuit (b) for our experiment.
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8.2 Properties of High Voltage Transformer
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Figure 8.2: Circuit that we used for the measurement of self- and mutual inductance of high voltage

transformer. Here, r1 and r2 are internal resistance of L1 and L2, respectively.
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Table 8.1: Table of result for inductance

measurement, in which input side was low

voltage side of transformer and output one was

high voltage side.

R (Ω) Llow (mH) rlow (Ω) M (H)

5.1 78 7.89 1.53

10 79 6.82 1.54

15 76 5.64 1.47

20 78 4.71 1.50

24 80 5.05 1.54

30 78 4.46 1.50

39 75 3.58 1.43

51 75 3.37 1.43

Table 8.2: Table of result for inductance

measurement, in which input side was high

voltage side of transformer and output one was

low voltage side.

R (kΩ) Lhigh (H) rhigh (Ω) M (H)

3 22.3 801 1.0

5.1 22.0 630 0.98

6.8 22.0 637 0.99

8.2 22.1 514 0.99

10 22.0 652 0.99

51 21.5 379 0.96
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Figure 8.3: Circuit for the measurement of its electrical properties. The resistor R′ = 1 Ω is placed to

measure the current flowing between cathode and anode of magnetron.
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(a) VA without magnetron oscillating. (b) VA with magnetron oscillating.

Figure 8.4: Oscilloscope picture of the high voltage VA without the magnetron oscillating, (a), and

with magnetron oscillating, (b) These are 1/1000 scale of their original voltage.
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�	N�:DIPO):�Q8R�S ) ��T	:�L8MK��U�V�� VA >�F8GW�)C�XD:4�KJK��* R′ = 1 Ω ��JB�'�8�Y=[Z\�8243	�
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�D*���=K�)�B�6:.�'����iK(��
`Wakj'lW>�m[�4C��)�	� Diode � GND :�h8��n�o
>6pPq6�8N8��>@<)�P�
;�<P>�F8GKrDAPq\��J.s�C�*

8.4 Magnetron Oscillation in AC mode

Magnetron +),�-�r.�)�'��+�t'=Ks�C�:6�B��u�� Magnetron =
Z�vDwBxY�BC Microwave >�y�z4{D|)�}�~ �)C�*Ky'z4{�|	:@���	� Fig. 8.6 ����xY�B�'(	�D*Ky�z@{�|8� N �P�@�.�	���4�B:K�)�6�	�6�W���
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(a) VC with magnetron oscillating. (b) VB with magnetron oscillating.

Figure 8.5: Oscilloscope picture of the transformer voltage VC , (a), the voltage VB that is corresponding

to the current flowing between the cathode and anode of magnetron, (b). These voltage are measured

with the magnetron oscillating. The upper wave of (a) is 1/1000 scale of their original voltage.

>\i�9'C	X�:4��J	�4*8�6:@M�/B:�y8zD{4|'� Microwave :�������tP>��)� }4~ �4�6;�����t	� }�~ �@� !
(�*K��� >@;4�	��z�
':
���	��J�9	C���=[Z��'�	����;�����z�
):)O': Microwave > })~ r.�'`����)&�s
��(B��* Microwave �����B:�C)��;)�	��z�
8:)O��@,��8r.�'`�� �8��C�*}�~ ��C Microwave � N �B:�U��������D��� Crystal Detector  �! q6��N�: ~#" > Oscilloscope �)F
GW�)C�* Crystal Detector � Microwave >�$�L&%�<Kr.�8XD:D�.J	��*P��:P�4q�: Oscilloscope :DH�I'+
Fig. 8.7 �.J8�D*B�Y�B�.`Pakj'=�� Magnetron =[Z Microwave +�,�-
�4�)(.�	�	�Y+�t)=W��*
��: Microwave :�')L)(P>YF�G8r	�'�	�k�[`�akj�*'� Microwave > }�~ �@��(B�'���4> j�+��Kq��\+K�
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Figure 8.6: Microwave reciever. The anten-

na is made of a N-type connector and copper

wire, and is inserted into the microwave oven

from a hole on the wall of the oven.

Figure 8.7: Oscilloscope picture of mi-

crowave detected with a crystal detector.
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Chapter 9

Magnetron Oscillator in DC Mode

��� �6;)���4z�
D�������8��(	� High Voltage Circuit >�X8�Y�)� Magnetron > DC mode (CW mode)

�),�-Kr.��C��':)2�3P>��
	W�'C�*P�D:��	����N�:�2�3�
B`��
N0� >��K()� Magnetron > DC ��,�-W�
C�V	:��
�	�)i)()��,KAB��*

9.1 Circuit for DC mode

DC : High Voltage >�	 �6263P> Fig. 9.1 �@�.��CD*K�6:@243K� AC mode ��: Fig. 8.1(b) :���S��
C �):�2�3	������r.���8t8�KJ8��*B�6:�2�3B� Cockcroft-Walton � �"!$#8���
�4�B�)(W�0g.;�E),#��%
p.:�2�3B: 1 &(')�0U$)@�KJ8��* 50 µF : Capacitor C2 
.`�� Diode D2 � AC *'&4;�E (Fig. 8.4(a)+�,

) >�R
-�.	r	�4C��':.X�:6�.J[a �.�6: Capacitance ��u.:	` ���0/.��C)*
AC mode :�2�3	�4��] 1 A :D;�<)+�<������'�Y+'t'=Ps\�)(.��*$1�C Magnetron � Cathode ;�E�+

4 kV 2�3.J\�54�,�-Kr	�8�'��X\t'=Ps@��(B��*�N8� �K� High Voltage > DC *)�K��CB�4q4:�;�E.:�6 7
> 300 V 2�3��K�6����;�E�+ Magnetron +),�-Kr���C��): Threshold >�T	2�ZY&)(W` ���)r��8�'�@>D$
%	��*W��:)2�3	� 60 Hz :�''L�('�87
	
�4��(B��:6�B� 1 '"9BJ�C[a : Capacitor C2 :D;": ; 6�. ∆Q

��] 1/60 C ��J	��*4����`.a C2 �

C2 =
∆Q

∆V
=

1/60

300
F ≈ 50 µF

��&��D*��0: Capacitor ��� C1 : 2 <8:�g�;�E�+�=�=B�DCD���>=�E
X 2 <K&D9D��4'&KZ�&�('* ��� ��='E
5 kV :'X6:�> C2 �����0��()C�* Diode D2 � D1 � U�)8X�:'>?��(�C�*�1DCD���0: Capacitor >A@	;)r	�
C��':�n�o'+ R2 �.J8�\+	� Capasitor ��� 5-6 kV :�g.;4E��8f�;Wx �	�)()�	�'x'Z6��N): Capacitance

+ B�C8��DPq\(8C)����n�o E.:?F x@(@n�o'��@	;8r��.�@N�� ��D�;)wW>>G$H
����I5J��.J8��*51@C���D
q
&6n8oP>?��(B�K�K@B;'�'V�h@+�=�= a ��L�V�h)���8C	s@� Capacitor +�g�;�E���M N�xY����C��'�
� ��X

OPOPOOPOPOQPQPQQPQPQ RPRPRRPRPRSPSPSSPSPS TPTPTPTTPTPTPTUPUPUUPUPU

Power Supply
From

=101C

R1 =10MΩ

D

R’

Fµ=502C

Fµ

1

To Magnetron

D2

R2 =500kΩ

VB

VD

Figure 9.1: High voltage power supply circuit for DC mode. The difference between the circuit for AC

mode and this is that capacitor of large capacitance (C2 = 50 µF) and diode are added to smoothen the

wave of AC mode.
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Figure 9.2: Oscilloscope picture of high volt-

age VD for DC mode. The top line of the three

shows GND level. The bottom one is the high

voltage VD without magnetron oscillating, and

the middle one is that with magnetron oscillat-

ing. This shows that the high voltage become

almost completely DC by additive capacitor

C2.

Figure 9.3: Oscilloscope picture of the volt-

age VB that is correspond to the current flow-

ing around the circuit. The lower wave shows

VB , but is observed in the AC mode of oscil-

loscope.

I5J���JB��*8N0� Z0:������e�\���K� � � � R2 = 500 kΩ >��	�K7'*W��� >��K(.�W��� @	;	:�V�G�(	�
25 sec ��J ak��(�t'� Capacitor :D;'EK��b"!Y&���*'C47
��� 5-6 kV =[Z @	;
>�
W��C ��rW�.�0�
���
: 10 � !6Z\(�� R2 � 50 W 2�3.:D;'w8G�H'+.J	��C)���
���0� ��(�C R2 �0=	E 10 kV ���
D8G�H�;
w 50 W :����	&6n8oP>��K()C)*
��:)243
>��K(�CB��q6: High Voltage : Oscilloscope :DH�I	� Fig. 9.2 �@����C�*K�6:�H�I	:��
:�S

� GND Level >D�)T	:�SB� Magnetron +),�-W����(�&�(4/�1'�K: High Voltage VD >@�4IWO�:�SB� ,
-W����(.�6/�1'�.: VD >�_��4��(.��*�1�C AC :W�@qK�@U0�K�8�8���6�@�[x �.��(.� Voltage ��*��K:
1/1000 ��JK��*
���B�
`Ka#��� ���K5��)�	� DC High Voltage �'&Ks���(	�8�8��+$��=��4*

9.2 Magnetron Oscillating in DC Mode

Magnetron +�,�-.�@�)(	�0/�1��': High Voltage VD � Fig. 9.2 :0IWO�:0S'�KJ��D*�� �W� AC Mode

:B�4qW��U�� 3.2 kV 2�3����8G'��JB��*
�D:	�	�0=[Z Magnetron ��2�35*8��� Threshold Voltage +
3.2 kV 2�3�: Diode �0�����W(��)(.�8` �#��J��D*�JB�\�	X ,�AB�\+K� Magnetron � Cathode :D;�E�+
3.2 kV >��	%'&)(P�#,8-
��&�('*P��:.�	�Y= Z�X��
�D:� �!K�#"��)N � �'J	��*

Fig. 9.3 � Magnetron +),�-
�4��(B��V8:D;�E VB >�F�GW��C Oscilloscope :DH�I'��JB�D*4L�M%$'&
� AC Mode :�V8:�N6� � 6 �[a��)&)(�+	���@=B��&�+ Z��0:�H�IK� Oscilloscope : AC Mode �
(8F
�
C�XD:4�WJ�a#�
�D:�L�M	� DC +K:8s@�)(W��=
X�)8�.&�(�* DC Mode ��(�FKrDAPq@7	s�C�*
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Microwave Oven

Attenuator Power Sensor

Power Meter

200.00 mW

Figure 9.4: Set-up for output power measurement. Microwave Power is detected by a power sensor,

and the signal from the power sensor is carried to the power meter.

9.3 Output Power of Magnetron

Magnetron > DC Mode (CW Mode) �),�-Kr ���
	 �����B��C�:4�B�D��T Magnetron :��$�	��i	(
�D?	A8C�
��P>"1 	�� � 
 !c*�1�� Fig. 8.1(b) :���S � B ��: Slide-Up Transformer >��K()��?	A�C
Magnetron : High Voltage ���	r � Output Power :���� �	��i�()��,KA8�	N�:�J 	 Fig. 8.1(b) :��
S � A ��: Slide-Up Transformer >��K()��?	AKC Cathode Heat-Up Current ���Br � Output Power

:���� �	�)i)()�),�A � *
Output Power � Fig. 9.4 :	` ���	�4���K&�s)C�* Magnetron =[Z6:����.: Power >YF�GKr � :@���
&e!k� Microwave >#��38;4�	��z�
)�����B�)y'z4{�|��
N�: Power :��"�P> �"aYv��4�'N\��>�F�GW��CD*
N0�	�BX��"aYv	xY� � Microwave : Power +�D
q
!#� Power Sensor > !Br�"�# �'+�J8s�C�C � �8N�:�$
� Attenuator � Power > % Z@���4= ZYF�GW��C�*

Microwave � Power Sensor �'&�)�xY�
� Power Meter �	N�:�D�q�x\+)_���x�� � ` ���)&�s@�'( � *

9.3.1 Correlation between High Voltage and Output Power

Fig. 8.1(b) :?��S$� B �': Slide-Up Transformer :06.E)(�>�65.�x+* �,	 �	N6�P� 	 X4&8( High

Voltage +�6$.Br � * High Voltage � Magnetron +),8-�>�
 �
�-	 � High Voltage :0E
�.� Z�����]
3.2 kV ���'GK��&�s@�P�
1	��:6�
� High Voltage ��,8-
���)(�&	(4/�1���FKGW���8N):0/ Cathode >
Heat-Up �4� Magnetron >�,8-�x1*8� Power Meter � Output Power >�F�GKr ����	 �B��C�* Cathode

Heat-Up Current �8�D,�-Kr � 1\�'��<P���D,�-
��C.Z OFF �	��C�* � :@F8G8�K: Attenuator � −23

dB ��J � *)r'&��32 1/200 �04���C Power >�F8GW�)C�*
1�C��KU��K� High Voltage :�EB�+�.r � Current VB/R

′ (R′ = 1 Ω) XYF�GW��C�*
N0� Z6:�
)�	� Fig. 9.5 ���W�)CD* � � >�5 �
	 ��;�EW>��
6 ��	 Output Power � Current

	 X0�+7
�W���)N�:�8
7 X�9 !;:��'( � *6,�-W�@�)('&'(@/�1'�.: Current >�F8G
�4��('&)(8:6�8j�*K& ��	 ��<
%�&�(�+K�6;�E.>Y�
6 �)��	 �.`Wa Cathode =
Z�`�a>="!#:�?K;4�)+A@'qDv�x �B��N�� Z + Current :�7
�B>�@.qCB � ���'( �
	 $'%.Z�� � *'x8Z0�)� � :6;��B:�7 ��t87'96,�-B:�D�3
XE7��.�4� Output Power

+.7��Kr �,	 $	%PZ � � *
1�C��4;�E
>\��6��)( ! 	 � 3.2 kV : 	 q@�@,8-
��
 � �8N�:�J 	 �D;'EW>�68%��
X@�6,�-W�@��( � /

1'�.: High Voltage :�E.��6 .)*���� 3.2 kV ��J	s�C)* � : ��	 � Magnetron : ,�-B: Threshold +
3.2 kV �.J�a �51�C�,8-B:�C � :0F�G8+ VD = 3.2 kV �KJ �,	 $	%WZ�� � *8N'�4�K�D,�-
> HW9 � C �

� Cathode-Anode h)��;�<'+)<)�B� VD = 3.2 kV >�M s@��( � :47 	 $.%PZ�� � *
y�z�{�|'= Z�� a�vWx�� � Microwave Power � 0.7-50 W 2�38�WJ � *��'I�*�&4;'� ��z�
8� High
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Figure 9.5: (a); The correlation between high voltage VD and magnetron output power. The power is

attenuated with attenuators of −20 dB and −3 dB, that is, −23 dB attenuated. (b); The correlation

between high voltage and current flowing along the circuit. This is calcurated from the voltage VB and

R′ = 1 Ω.

Voltage + 5 kV 2�3��Bv6w 500 W 2�3	&�:D�B� � �K+ DC Mode �KJ ����	 >�$��	����� 5 kV �BvDw
1000 W

	 ���.XD� � :'y	z4{�|)= Z0��] 1/20 2�3.: Microwave > �"a�v0*��'( ����	 �'& � *

9.3.2 Correlation between Heat-Up Current and Output Power

u�� Cathode : Heat-Up Current > 6�..x *'C@V): Magnetron Output :�6�.	> F�G	�@CD* � �K� Fig.

8.1(b) :��	S � A �): Slide-Up Transformer :�6'E)(
>�6$.�x�* ����	 ���K&KsDC�* Cathode Heat-Up

Current > Monitor r �)�'	 �8� g�;4d	:���t	&@:@��I5JD��JBa��������\�Wq�&�(�:6��� Cathode Heat-Up

�K:D;�E�+�� 	 �.5D;�< ;
>�/ ���,	 �����	N�:�;'E�� Monitor r ����	 �K�4C�*� :4F�G'�W: Attenuator � −26 dB �KJ � *)r'&�� 2 1/400 ��%��
�'C Power >\F�GP�)C�*�1�C)�
High Voltege � 5.62 kV ���)GK�	�4� 
)(8C�*� :)V�meZ��WC�
)�	� Fig. 9.6 �KJ � *
���8:	��
)���4� Cathode :��"3�+Dg�96�84�g�(���5 ?';6�)+�
.B.x ����r !k� �DC0+Ks � Output Power

���'+ � 7�� � 	�� s0��(8C6+B� � �W�W` �,	 � Output Power ��� 	 �W5 Cathode Heat-Up Current �
�
`�Z\&D(8�Dr�&�� 2 Cathode :���3'+��'+Ks\�BX Output Power ��������G)�KJ � 	 ( � 
�!8�'J � *

9.4 Output Frequency of Magnetron

Microwave Frequency >�F8GBr � C � �8� � � � Frequency Counter :�������>����B����ND��>��5	
�)C�* Frequency Counter � Prescaler

	
Counter ��& 	 =[Z�&�a � Frequency + 10 MHz ���B:�V8�

� Prescaler >��
��� 1/1024 <.��4P�@�4= Z Counter ��&K���'w'r ���� ��&Ks@��( � (Fig. 9.7) *@;��
��z�
��"�
�4� � Magnetron � 2.45 GHz : Microwave >�,�-Kr � :6�K��F�G	��� Prescaler +�!�"'�
J � *
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Figure 9.6: Correlation between the cathode heat-up current and output power. We can not measure

the current easily because cathode is kept high voltage, so we regarded the voltage that cause the heat-up

current as corresponding observable to tha current. The output power is attenuated by −26 dB, or 1/400

time as much as its origin.

1�C�� Input Voltage +$D�q���� �,	 !	� � :4�	����1\� 	 U5)K` ��� Attenuator �'%��ex1*8��= Z
Counter ����w.�)C�*� :�
��	� Fig. 9.8 �4�
��C�*� �B�	`Pa � Output Frequency � High Voltage ���'�eZ ��������G�E
>��Ps��'( ����	 +�t'= � * �
�K� Magnetron :�,�-�����=�Z�$	% ��	 ���8�[a Oscilloscope ��5PZ��KC�` ���)� Magnetron +),�-.�
��( � V���� Magnetron � Threshold 3.2 kV : Diode

	 �����eq0��N0�'���'���D;'E�+��)+[Z &)( ��	

>��
	.�@�)( � *�&��)&PZ High Voltage :�E�+"6".	rD�
4 Magnetron :�

� F'G8+"6"� ak�D,�-�')L�(
+"6�.	r � �BX@� !#��,�-W��&e!Y& �,	 ( � �'	 +'B �'� =�Z �KJ � *
1�CD� � :�')L�(8� 2.45 GHz ���W(.X�:@�BJPak� � : ��	 = Z@X�j	=�� Magnetron +�,�-W�@�)( ���	 +'j&+8��q � *� 9 �K%D�

 ! AWq �
	 �8��bWvDw8�)r�&��-2 Threshold � a�� a�:@bK(�;�E (3.3 kV 2�3 ) : 	 q\�

� X Output Frequency +&��G�.B����')L�(B:�� Z���� 0.0001 GHz 2�3���J � +K�8vDw)+�DPq
!Y& � �
5 ( ;�E�+)g"! & � ��5 ) ����G	�'&ea � 0.02 GHz 2�3��eZ��	` ���)& � *��@=8��&@+ Z�� � � :�*��	:
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9.5 Summary of Magnetron Oscillation
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Figure 9.7: Frequency counter. The frequen-

cy counter that we made is consist of a main

counter and a prescaler. When measuring a

larger frequency than 10 MHz, we have to in-

put the signal through the prescaler to avoid

miscounting.
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Figure 9.8: The high voltage dependnce

of the output frequency of magnetron. this

shows that the output frequency is almost in-

dependent of the high voltage, that means, ac-

cording to the principle of magnetron oscilla-

tor, high voltage with magnetron oscillating is

constant with the respect to the high voltage

without oscillating.
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Chapter 10

Lastly . . .

10.1 Acknowlegdement
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10.3 Sentiment
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Appendix A

Positronium Hyperfine Structure

Positronium �;O�8����"O;8A@����
	��

�������������������@Bp ��
"!�>�#$��@%�%&�'A@)(

������
Positronium �)*�+�,�-��/.�0�1����32�4�-/5768��9:
�����	��;�=<�>�?/@�A$��B�C"DE�GF)��H�9�I%@KJL �/MN9�?�@)!�>�?/C��O�;��PRQ3S�T"U�
�FWV�X #KY%Z�B�����������
�� Positronium Ground States 

@�&"[�\�]�^�_�`�a
C�#�S)bdc Hyperfine Structure � p"�$,�-/e�b�# �)�
S%f�C����=
 @Bp���g h�� W.Greiner & J.Reinhardt Quantum Electrodynamics �i*�-�?�@�Ad�)�

A.1 The Bethe-Salpeter Equation

����
��K�A@Bp"��<�jd�3k bKl"C�."m%�$,�6�8�9":�C)n�- Feynman -$o"� Propagator Y�jd� ��A �/�prq @�!�>;si�t��j ��u$@'k
v��/Mw9xJ L �/M"
����/�
2 y�8"z�@Bk
v��/Md��{
| #
�8} -"C 1 y�8"z @Bk�v��/MW�=~�j"
�!�>�? oW6x�

ψ(x2) = −
∫

dσ(x1)SF (x2, x1)γ
µnµ(x1)ψ(x1) (A.1)

�/��
 ψ(x1) ��y�8W�i!�# 4 >%� spinor 

�d��C σ(x1) �K���K� x1 �i���
� 4 ~����I@=�����$C nµ(x1)

� D<@)�W�8�A@ 4 ~��KZ"����`��,. v�\t93#d�)�$H/� SF (x2, x1) � fermion @�����J L �/M
SF (x2, x1) = i

∫

d4p

(2π)4
/p+m

p2 −m2 + iε
eip(x2−x1) (A.2)

9 ����# �K�
�B@)<�jW����A�@�C 2 y�8"zr�=���$#$�lk�v���MW�3!WD;6��8y�8 a C)y�8 b @=��4�	��W��!�#�k
v��/M
� ψab(x1, x2) 9Eft�����B@��W�B@<k�v��/M�� 4 >�� spinor �3��� 2 y�8W�3!�#�@)
�C 4 × 4 = 16 >��
�3����� 9E-�S��8�/!�j (A.1) � 2 y�8"z @Bk�v��/M�-)� ��#$�$9

ψab(x3, x4) =

∫

dσ(x1)dσ(x2)S
ab(x3, x4; x1, x2)/n(x1)/n(x2)ψab(x1, x2) (A.3)

9�S$�K�� ? � ��@ 2 ��@�y�8�B%.�0%1��$?K@KA"S������ C�k�v��/Mw9 J L �/M��/¡
¢�-K£%��S8!�>%
�!�#���9
B�
rV��K�

ψ0
ab(x1, x2) = ψa(x1)ψb(x2) (A.4)

S0
F (x3, x4; x1, x2) = Sa

F (x3, x1)S
b
F (x4, x2) (A.5)

�B@%A�� q @�£��
S8!�>"
��K.
0�1��$?/@�A$�8��4�y�8"z��)!�#��"93�%¤
¥�¦"
$���8B�C)§�vN9�?�@)JL �/MW�E¨�©�# �)���dHd� 2 y�8�ªK
"5<8 @�«"¬d�35­6�¨%©d��#$��9EC)!�j (A.5) ��~ @
oW6:-�S��8�
Sab(x3, x4; x1, x2) = Sa

F (x3, x1)S
b
F (x4, x2)

+

∫

d4x5d
4x6S

a
F (x3, x5)S

b
F (x4, x6)

×
[

(−iea)γa
µD

µν
F (x5, x6)(−ieb)γb

ν

]

Sa
F (x5, x1)S

b
F (x6, x2)

+ · · · (A.6)
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Figure A.1: The definition of 2-fermions propagator

�:� ��b � ����#G� Feynman Diagram 
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r98H$9�I�-�?�@ Interaction Kernel K 9�AN6{��MW��~�j"
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Sab(x3, x4; x1, x2) = Sa
F (x3, x1)S

b
F (x4, x2)

+

∫

d4x5d
4x6d

4x7d
4x8S

a
F (x3, x5)S

b
F (x4, x6)

×Kab(x5, x6; x7, x8)S
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F (x7, x1)S
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F (x8, x2) (A.7)
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Figure A.2: The definition of kernel Kab
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0 (x5, x6; x7, x8) = (−iea)γa
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F (x5, x6)(−ieb)γb

νδ
4(x5 − x7)δ

4(x6 − x8) (A.8)
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�@)e b/YKZ � F�b � �"o�6�-).�0
1)����?�@"A"S A k
vA�/M;�3!W#��
?"�)B q @����
	��$-
� �8��4�y�8;�3!W#�k�vA�/M�-���#�$d?�S�A
�prq @�����	��A@Bk�v��/M ��!
j (A.11)

� F ���W��%�A��)<R9�S��8�

A.2 The Bethe-Salpeter Equation for Positronium



��&��A@ Bethe-Salpeter Equation �BO;8���OI8�����	%� @ Positronium -(' �$? o�6��
OI8 -���A�@ @Bk�v��/M �)&��w9�*�+��

ψµ(x) = −
∫

dσ(x′)SF µν′(x, x′)/nν′ν(x′)ψν(x′) (A.12)

9�#$�K�%X�,;V�@�-�. � spinor @ �

$��������OI8 -���A�@���O�8 @(/�y�8"
���� ��9/� ��A�@
ψσ(x) =

∫

dσ(x′)ψτ(x′)/nττ′ (x′)SF τ′σ(x′, x) (A.13)
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9�#$�K�����=
�OI8t9��"OI8w9 @(-�. @�����C  �M @���� -��)�d? oW6��
��4"z @Bk�v��/M � *=P�-�?�@

ψµσ(x3, x4) =

∫

dσ(x1)dσ(x2)Sµσντ (x3, x4; x1, x2)/nνν ′(x1)/nτ′τ(x2)ψν′τ′ (x1, x2) (A.14)

9 F­�E�"9�B�
rV��)�/.�0�1����3!�# Sµσντ � Interaction Kernel K ����AK@IFtV�, #��
Sµσντ (x3, x4; x1, x2) = −SF µν(x3, x1)SF τσ(x2, x4)

+

∫

d4x5d
4x6d

4x7d
4x8SF µµ′ (x3, x5)SF σ′σ(x6, x4)

×Kµ′σ′ν′τ′ (x5, x6; x7, x8)
[

− SF ν′ν(x7, x1)SF ττ′ (x2, x8)
]

(A.15)

s"F=-�*�#$S Kernel K ����A���9
Sµσντ (x3, x4; x5, x6) = −SF µµ′ (x3, x1)SF τσ(x2, x4)

+

∫

d4x5d
4x6d

4x7d
4x8SF µµ′ (x3, x5)SF σ′σ(x6, x4)

×Kµ′σ′ν′τ′ (x5, x6; x7, x8)Sν′τ′ντ (x7, x8; x1, x2) (A.16)

9�S$�K���:� �E!�j (A.14) -<?�	�?/@���p�#$���"93-ro��xCK��4"z @)Y���j"B���FO�t�)�
ψµσ(x1, x2) = φµσ(x1, x2)

+

∫

d4x3d
4x4d

4x5d
4x6SF µµ′ (x1, x5)SF σ′σ(x6, x2)

×Kµ′σ′ν′τ′ (x5, x6; x3, x4)ψν′τ′ (x3, x4) (A.17)

����	��W�E���$# ��9�V/��CKe�b � F ��� F � S�oW6:-��
�)@ φµσ(x1, x2) ��% � �;�8�
OI8$C���OI8A@��)��J L �/M SF �

( i/∂1 −m )µν SF νµ′(x1, x5) = iδ4(x1 − x5)δµµ′ (A.18)

( i/∂2 +m )τσ SF σ′τ(x6, x2) = −iδ4(x2 − x6)δσσ′ (A.19)


�� �������r��k q @K!�j (A.17) -�^ ��8N98?�@ (i/∂1 −m)(i/∂2 + m) �31A�;s �d��9�C
	�X @$o;6�-
S
�K�

( i/∂1 −m )µµ′ ( i/∂2 +m )σ′σ ψµ′σ′ (x1, x2)

=

∫

d4x3d
4x4d

4x5d
4x6(i/∂1 −m)µµ′SF µ′α(x1, x5)

× (i/∂2 +m)σ′σSF βσ′ (x6, x2)Kαβν ′τ′ (x5, x6; x3, x4)ψν′τ′(x3, x4)

=

∫

d4x3d
4x4d

4x5d
4x6δ

4(x1 − x5)δµα

× δ4(x2 − x6)δσβKαβν ′τ′ (x5, x6; x3, x4)ψν′τ′ (x3, x4)

=

∫

d4x3d
4x4Kµσντ (x1, x2; x3x4)ψντ (x3, x4) (A.20)



�d�:� � Fourier  �¬�?/@�C momentum !��W�E5 6 �'k�v��/M @ Fourier  �¬W�
χµσ(p1, p2) =

1

(2π)4

∫

d4x1d
4x2 ei(p1x1+p2x2)ψµσ(x1, x2) (A.21)
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*=P�- Interaction Kernel K @  
¬d�
Kµσντ(p1, p2; p3, p4)

=
1

(2π)8

∫

d4x1d
4x2d

4x3d
4x4 ei(p1x1+p2x2−p3x3−p4x4)Kµσντ (x1, x2; x3, x4) (A.22)

9�#$�K���:�GF�� 1  �M��/MA@ Fourier  �¬
χ(p) =

∫

d4x eipxψ(x) , ψ(x) =
1

(2π)4

∫

d4p e−ipxχ(p)

@��� �M��/M���@8���%
��������B@'��� - prq @)!
j (A.20) -)� � F 1
(2π)4

∫

d4x1d
4x2e

i(p1x1+p2x2) �31
�Ws �W�K��f��
����-$oW�

1

(2π)4

∫

d4x1d
4x2

[

(−i/∂1 −m)µµ′ (−i/∂2 +m)σ′σ ei(p1x1+p2x2)
]

ψµ′σ′(x1, x2)

=
1

(2π)4

∫

d4x1d
4x2d

4x3d
4x4d

4x′3d
4x′4δ

4(x′3 − x3)δ
4(x′4 − x4) ei(p1x1+p2x2)

×Kµσντ (x1, x2; x3, x4)ψντ (x′3, x
′
4) (A.23)

9�S$�K�����=
 Dirac Delta function

δ4(x′3 − x3) =
1

(2π)4

∫

d4p′1 eip′

1(x
′

3−x3) , δ4(x′4 − x4) =
1

(2π)4

∫

d4p′2 eip′

2(x
′

4−x4)

� ?�	�?K@���p�# �)�
( � � ) =

1

(2π)4

∫

d4x1d
4x2(/p1 −m)µµ′ (/p2 +m)σ′σ ei(p1x1+p2x2)ψµ′σ′ (x1, x2)

= (/p1 −m)µµ′ (/p2 +m)σ′σ χµ′σ′ (p1, p2) (A.24)

( � � ) =
1

(2π)12

∫

d4x1d
4x2d

4x3d
4x4d

4x′3d
4x′4d

4p′1d
4p′2 eip′

1(x′

3−x3) eip′

2(x′

4−x4) ei(p1x1+p2x2)

×Kµσντ (x1, x2; x3, x4)ψντ (x′3, x
′
4)

=

∫

d4p′1d
4p′2Kµσντ (p1, p2; p

′
1, p

′
2)χντ (p′1, p

′
2) (A.25)

sKF:- P = p1+p2 C p = 1
2
(p1−p2) 9�?�C�.K0�1I��@�}IR�
�@���v�6��	���i}%��-;b/?�@ K(p1, p2; p

′
1, p

′
2) =

δ4(P − P ′)K(p, p′;P ) 9�#��)���:��-do��xCK!�j (A.23) �
(

1

2
/P + /p−m )µµ′ (

1

2
/P − /p+m )σ′σχµ′σ′ (p, P )

=

∫

d4p′d4P ′

∣

∣

∣

∣

∂(p1, p2)

∂(p′, P ′)

∣

∣

∣

∣

δ4(P − P ′)Kµσντ(p, p′;P )χντ (p′, P ′)

=

∫

d4p′Kµσντ (p, p′;P )χντ(p
′, P ) (A.26)

9�S$�K�

A.3 Nonretarded Approximation


"��
��
,)- Positronium �3</>
#"���)II@ �
�K~�@ Irreducible Kernel �i����?�o�6��=�l@ Irreducible

Kernel � momentum !��
#$�$9
Kµσντ (p, p′;P ) =

−e2
(2π)4

γα
µνγ

β
τσDF αβ(p− p′) +

e2

(2π)4
γα

µσγ
β
τνDF αβ(P ) (A.27)
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9�S$�K����U�� � Coulomb Interaction C����)� � Virtual Annihilation �3!�#��
Positronium @�����z @��
v�6�� *�	w9E?�@ K = (K0, 0) 9�!d? (K0 = E) C�k�v��/Md��
�I%@

χµσ(p, P ) = δ4(P −K)χµσ(p) (A.28)

9�?�od6�� s"F8- p′ = p + k 9 ��V�¬
� C ∫ d4p ��&
��@ Behte-Slapter Equation in Momentum Space

-K1��Ws �W��9
(

1

2
/K + /p −m

)

µµ′

(

1

2
/K − /p+m

)

σσ′

χµ′σ′(p)

=

∫

d4k Kµσντ (p, p+ k;K)χντ (p+ k)

=
−e2

(2π)4

∫

d4k
[

γα
µνγ

β
τσDF αβ(−k) − γα

µσγ
β
τνDF αβ(K)

]

χντ (p + k) (A.29)

9�S$�K�
����
�@���
��"C/¡��"m%�$,���4K
�@8{
|��%# �%�KI�-�
 ��S���I�Cd��@K!�j (A.29) � 3 ~���!�>"


F;V�!�#�� 9�
$���)�


�d�B@)!�j (A.29) @�����- γ0

ρµγ
0
σλ � � ��o�6x���B@��
C

( � � ) = γ0
ρµ

(

1

2
/K + /p−m

)

µµ′

(

1

2
/K − /p+m

)

σ′σ

γ0
σλ χµ′σ′ (p)

=

[

1

2
K0 − α · p − βm+ p0

]

ρµ′

[

1

2
K0 + α · p + βm− p0

]

σ′λ

χµ′σ′ (p) (A.30)

9�S$�K����?
αi = γ0γi , β = γ0

9�?%@%A��K��OI8 ����OI8 @ Hamiltonian �%DE���K� Hele C Hposi 9�#d��9
Hele(p) = α · p + βm (A.31)

Hposi(p) = α · p − βm (A.32)


$��� � F����
( � � ) =

[

1

2
E −Hele(p) + p0

]

ρµ′

[

1

2
E −Hposi(−p) − p0

]

σ′λ

χµ′σ′(p) (A.33)

9�S$�K�/!��W�E£���-%#d�/��I�C
F̃ρλµ′σ′(p) ≡

[

1

2
E −Hele(p) + p0

]

ρµ′

[

1

2
E −Hposi(−p) − p0

]

σ′λ

��e�	�?K@�fN���
HK� ������C

( � � ) =
−e2
(2π)4

γ0
ρµγ

0
σλ

∫

d4k
[

γα
µνγ

β
τσDF αβ(−k) − γα

µσγ
β
τνDF αβ(K)

]

χντ (p+ k) (A.34)


$���K�
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����
 Nonretarded Approximation ��e 	$# �K���:��� 4-momentum k � k = (k0,k) → (0, k) 9�#
� � @/
��r�xC�¡���m%�$,���4 ��9)� ��93-�m�� #
�/�d���
-��/b���@<k�v��/MW�

φab(p) =

∫

dp0 χab(p)

9  �¬�# �K������- oW�xC
( � � ) =

−e2
2π

∫

d3k

(2π)3
γ0

ρµγ
0
σλ

[

γα
µνγ

β
τσDF αβ(0,−k) − γα

µσγ
β
τνDF αβ(K)

]

φντ (p + k)

≡ Γρλ(p) (A.35)

9�S
��� ��R)@=j �K£%� -=! �
#
�K��IK-�e�	�?/@KA��)�
�:�wFB@�!�j���H$9�I%@'F­�=9�C Bethe-Salpeter

Equation in Momentum Space �
F̃ρλµ′σ′ (p)χµ′σ′ (p) = Γρλ(p) (A.36)

9x!���� �"9E-�S��8�
����
 � S�� m��
,��)B�C Projection Operator Λ̂±(p) �Ee 	 #$�/��D����

Λ̂±(p) ≡ ω(p) ±H(p)

2ω(p)

9 ���;si�t�)������
 ω(p) � Hamiltonian H(p) @������"
$�����$s"F�-"C
Λ̂(p) ≡ Λ̂ele

+ (p)Λ̂posi
+ (−p) − Λ̂ele

− (p)Λ̂posi
− (−p)

��e�	 # �K� Projection Operator �3!�j (A.36) -K1��Ws �W� � 9�-do q @�C
	 A� �< @BR�C
(

E1ρλ1µ′σ′ −Hele
ρµ′(p) −Hposi

σ′λ (−p)
)

φµ′σ′(p) = −2πi
(

Λ̂(p)Γ (p)
)

ρλ
(A.37)

9�S$�K�
����
���
"!�� -�?$oW6x��DI@���I�- Forier  �¬W�35­6��

φab(r) =

∫

d3p

(2π)3
e−ip·rφab(p)

k�v���M @�
��%[�\
]�^3>
���32��
#$�K�)I�C Λ̂(p) → 1 9�#��8���:��- oW��!
j (A.37) ��	$X�@"oW6:-
S
�K�

[

E1ρλ1µ′σ′ −Hele
ρµ′(p) −Hposi

σ′λ (−p)
]

φµ′σ′(r)

= ie2
∫

d3p

(2π)3
e−ip·r

∫

d3k

(2π)3
γ0

ρµγ
0
σλ

[

γα
µνγ

β
τσDF αβ(0,−k) − γα

µσγ
β
τνDF αβ(K)

]

φντ (p + k)

= ie2
∫

d3k

(2π)3
eik·rγ0

ρµγ
0
σλ

[

γα
µνγ

β
τσDF αβ(0,−k) − γα

µσγ
β
τνDF αβ(K)

]

φντ (r)

≡
(

U1(r) + U2(r)
)

ρλντ
φντ (r) (A.38)

U1(r) � Coulomb Interaction -�oK� � @)
��;��C U2(r) � Virtual Annihilation -�oK� � @/

� ���


��H�l U1(r) -���A�@%{�|�?�o�6x�8J L �/M DF 
����=B�C Feynman gauge ������?/@�C

γα
µνγ

β
τσDF αβ(0,−k) =

−i
−|k|2 gαβ γα

µνγ
β
τσ (A.39)
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9�#$�K� k0 = 0 
$����@8
t����-����d��?�@
γα

µνγ
β
τσDF αβ(0,−k) =

i

|k|2
(

gαβγ
α
µνγ

β
τσ +

1

|k|2 (γ0
µνk0)(γ

0
τσk0)

)

9�?%@$o8A"��H�� Momentum Conservation o�� γ0k0 = γ · k 9�S
��@8
 s"F�-� �<"
�V8@
C
γα

µνγ
β
τσDF αβ(0,−k) =

i

|k|2
[

γ0
µνγ

0
τσ − γµν · γτσ +

1

|k|2 (γ · k)µν(γ · k)τσ

]

=
i

|k|2
[

1

|k|2 (γ · k)µν(γ · k)τσ − γµν · γτσ

]

+
i

|k|2 γ
0
µνγ

0
τσ (A.40)

�:� ����A � � 9�- oW� U1(r) � 	"X�@ o;6:-�S
���
U1ρλντ (r) = −e2

∫

d3k

(2π)3
eik·r 1

|k|2
[

1

|k|2
(

(α · k)ρν(α · k)τλ

|k|2 − αρν ·ατλ

)

+
1

|k|21ρν1τλ

]

= − e2

4πr

[

1ρν1τλ − 1

2

(

αρν · ατλ +
(α · r)ρν(α · r)τλ

r2

)]

(A.41)

�:��� Breit Interaction 9�!)�%� @�A��/�
*=P�- ?K@ U2(r) � 	
X)@
oW6:-�S����

U2ρλντ (r) =
e2

K2

[

βρλβτν + (βα)ρλ · (βα)τν

]

δ3(r) (A.42)

�B@ U2(r) � spinor @�����B U1(r) 9i���$S���@8
"'�\"
$���)��o q @/~�

� 9������%l U1(r) -��
AK@�@���{�|�?%C U2(r) -%��A�@����
�
,"S �	�A@ � ��#�- 9�
"I
�K�

A.4 Nonrelativistic Reduction

4 >��W�E�
� Dirac Y���jA@8¡ �"m%�$,���4�
�� C 2 >��A@ Pauli Y���j -���
�# �"��9iB�
�V��)���
��
��=y�8 � /�y�8�z���!�>�# � 16 >��A@ Bethe-Salpeter Equation �KC Foldy-Wouthuysen -�oK�8YKZ

�£�� - ?K@"A��;6 �
H�l"C 3 ~���!�>"
�@ Bethe-Salpeter Equation @ Hamiltonian �=~ @=<"
K!�>�? oW6x�

H = β(1)m1 − β(2)m2 + (EE) + (EO) + (OE) + (OO) (A.43)

����
 E C O � D�� �K� Even Operator C Odd Operator 9�!��/�;��!�>"
"� �/� E � Dirac Spinor @��
X 2 >��"B�����?�S)A�^ �"8A@����"

�t��C β C 1 S�
)B;����-
�����)��U�Y�C O ������#$�l^ �"8 @��
�"
$�r�xC α C γ S�
KB;�:��-
�����K�$H��

α(1) = α ⊗ 1 , α(2) = 1⊗ α

9 ����#$�)������
�C Hamiltonian
� F Odd Operator ���d?�����©�_� �¬ % Foldy-Wouthuysen ©�_� 

¬"("�35 6�9�C
H ′ = UF

−1HUF

= β(1)m1 − β(2)m2 + (EE) +
β(1)

2m1
(OE)

2 − β(2)

2m2
(EO)

2

− β(1)

8m1
3
(OE)

4
+

β(2)

8m2
3
(EO)

4
+

1

8m1
2

[

[(OE), (EE)], (OE)
]

+
1

8m2
2

[

[(EO), (EE)], (EO)
]

−β
(1)β(2)

4m1m2

{

{(OE), (OO)}, (EO)
}

+
β(1) − β(2)

4(m1 +m2)
(OO)

2
+ · · · (A.44)
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9�S$�K���:� ��
��
,�S�^��"8"
<FtV�¬
��o�6��� C 3 ~���!�> @ Bethe-Salpeter Equation �)~,@=< 
�$ �rF:�;�)�
{

E −Hele(−i∇) −Hposi(i∇)
}

ρλντ
φντ (r) = U1ρλντ (r)φντ (r) (A.45)

����
 U1(r) C Hele C Hposi �
DE���%� Breit Interaction C�O�8�@ Hamiltonian C)��OI8A@ Hamiltonian



�d��C�	�X"@=<�
)!tsO�;�/��S/f�C Virtual Annihilation Term U2(r) �=����
"� �<@8
r�K�=
������%l�C
��R - ��� �"�
��#��

U1ρλντ (r) = −α
[

1

r
− 1

2r

(

αρν ·ατλ +
(α · r)ρν(α · r)τλ

r2
)

]

(A.46)

Hele
ρν (p) = (α · p)ρν + βρνm (A.47)

Hposi
τλ (p) = (α · p)τλ − βτλm (A.48)

��? α = e2

4π 9�#
�/���:���������	�"��MN9�!��%�r�8���:� � FtV�, #;9O~,@
oW6�-�S��8�
Hρλντφντ (r) =

{

(α · p)ρν − (α · p)τλ + βρνm− βτλm

− α

r

[

1− 1

2

(

αρν · ατλ +
(α · r)ρν(α · r)τλ

r2
)]

}

φντ (r)

= Eφρλ(r) (A.49)

�B@�� Hamiltonian @	
�-�� �EPNQ3S�z	�
�"@ even operator C odd operator ��~�@ oW6:-	�%@%� I
���
B�
rV��K�

(EE) = −α
r

1

(EO) = −(α · p)τλ

(OE) = +(α · p)ρν

(OO) = +
α

2r

[

αρν · ατλ +
(α · r)ρν(α · r)τλ

r2

]

����
 βρν → 12×2 C βτλ → 12×2 C α → σ 9�#d�"��98-do��xC<k�v��/M�� 2 >��W�3� q � Pauli Spinor

9�S$�K� prq @�!�j (A.49) �;U����rs���� Pauli Y���jN9=?K@�C
HPauliψ(r) = Eψ(r) (A.50)

HPauli ≡ H0 + V1 + V2 + V3 + V4 (A.51)

B���F:�;�)����?
H0 =

p2

m
− α

r

V1 = − 1

4m3
p4

V2 = − α

2m2

[

p2

r
+ r ·

( r

r3
· p
)

p

]

+
πα

m2
δ3(r)

V3 =
3α

4m2

(r

r
× p

)(

σ(ele) + σ(posi)
)

V4 = − α

4m2

[

σ(ele) · σ(posi)

r3
− 3(σ(ele) · r)(σ(posi) · r)

r5
− 8π

3

(

σ(ele) ·σ(posi)
)

δ3(r)

]


$���K� Vi % i = 1, 2, · · · , 4 (8� H0 @=§�vN9�?%@�$ �rF:�d�)�
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s"F=-;OI8 � ��O�8 @ Virtual Annihilation Term U2(r)
� {�� -�	"����9/V8-����rsi����§
v V5 �

V5 =
πα

2m2

(

3 + σ(ele) · σ(posi)
)

δ3(r)


�$)�WF:�;�)�
*���	�� -�f���� H0 @������ 〈H0〉 �

〈H0〉 =

∫

ψ(r)†H0ψ(r) d3r

= −1

4
mα2 (A.52)


�$)�WF:�;�)������

� Bohr ���W� a0 9=?K�'O�8������
|ψ(0)|2 =

1

π(2a0)3

9�?%@%A��K�$H�� Vi -do%���%[�\�]�^
�����A@=l"��� ∆E 93# ��9�C p-Ps -�f���� ∆ES �
∆ES = 〈(V1 + V2 + V3 + V4 + V5)〉S

= − 1

64
mα4 + 0 + 0 − 1

4
mα4 + 0 (A.53)


$�r�xC o-Ps -�f���� ∆ET �
∆ET = 〈(V1 + V2 + V3 + V4 + V5)〉T

= − 1

64
mα4 + 0 + 0 +

1

12
mα4 +

1

4
mα4 (A.54)

9�S$�K���:��-do��xC O(α4) 
 @ �"[�\�]�^
�����A@=l��dC�#�S)bdc Hyperfine Structure ∆W �
∆W = ∆ET −∆ES

=
1

4
mα4

(

7

3

)

(A.55)

9�S$�)� Karplus - Klein (1952) -doK��9)����o$����A O(α5) @
	���
 @Bp"������B%e � �;�8���:��- o
�$9�C�§�v -doK�
� ��� @=l����

∆E =
2πα

m2
|ψ(0)|2

{

1

3

〈

σ(ele) ·σ(posi)
〉[

1 − α

2π

]

+
1

2
〈S2〉

[

1 − (
26

9
+ 2 ln 2)

α

π

]

}

(A.56)

9�S$�K���:��-doK� Hyperfine Structure �
∆W = ∆ET −∆ES

=
1

4
mα4

{

7

3
−
(32

9
+ 2 ln 2

)α

π

}

(A.57)
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Appendix B

The Annihilation Rate of Positronium

� Q:B
576 r�s 
��"P���-Wo�� Positronium @����;��� 6/��9E-$S
�����'@��)@���� @����$S�
 C �
�$S�9K�
	�
�� Positronium @B��� (

� ?N�x����
���� ) B"¢�-'>"��@N�=�)�W����

�
D�@ Positronium

Annihilation Rate � p��
,�-Ee � @�� �3,;93# �)�/S"f�C���@��
^Ii%���;9�� 
=u @ P2 97 Positronium

�A@���(������ Positronium @B��� @B�����)
/���rF�� @�A$� � @)
����/�

B.1 Selection Rule

��O�` ��^ �"8 C @�CIOI8�� ψ(x) C;5<8�� Aµ(x) ��@�1)����~"j�
�����# ���
Cψ(x)C−1 = iγ2ψ

T
(x) (B.1)

CAµ(x)C−1 = −Aµ(x) (B.2)

�'@��
�$-do�� QED @�x�!,x
"IK�#$" L � C ¤� N9=S
���'5�8�C�O�8�C���O;8A@&%�>�^��"8 a†µ(p) C
b†(p, s) C d†(p, s) -�m #$��1���-<F;V�¬�� ��9O~,@ o;6:-�S
���

Ca†µ(p)C−1 = −a†µ(p) (B.3)

Cb†(p, s)C−1 = d†(p, s) (B.4)

Cd†(p, s)C−1 = b†(p, s) (B.5)

H�l n 'A@ 5�8�B�����	�� -/md?K@ C @�� ���d����I�oW6�����@�	
� �
| nγ 〉 = a†µ1

(p1)a
†
µ2

(p2) · · ·a†µn
(pn)| 0 〉 (B.6)

9 F��$�<@8
�C
C | nγ 〉 = (−1)n| nγ 〉 (B.7)

9�S$�K�
~
-�C8u�( )
*��"v�6 L,M u Spin S, Sz @=	��W�E�
� Ps ��{ � ��9�C%¡��"m/�$,���4�-�f����,+x�

@�-�u"z %.*��"v�6 � ��	��w9 � v�6 � ��	�� @�-"u"z (���k q @
| LM,SSz ; Ps 〉 =

∑

| p1, s1z; p2, s2z 〉〈 p1, s1z; p2, s2z | L1,M1, s1z;L2,M2, s2z 〉
×〈 L1,M1, s1z;L2,M2, s2z | LM, (L1L2), SSz ; Ps 〉 (B.8)

9 F��$�)�����3

| p1, s1z; p2, s2z 〉 = b†(p1, s1)d

†(p2, s2)| 0 〉 (B.9)

9�?%@%A��)�$H/� Summation -%��A�@%� p1, p2, s1z, s2z, L1, L2,M1,M2 -%��A�@�@�/W�3!r?/@%A���� �
@=!�j -���O�` ��^��"8 C �31)�Ws ����9
C | LM,SSz ; Ps 〉 =

∑

C | p1, s1z; p2, s2z 〉〈 p1, s1z; p2, s2z | L1,M1, s1z ;L2,M2, s2z 〉
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×〈 L1,M1, s1z;L2,M2, s2z | LM, (L1L2), SSz ; Ps 〉
=

∑

(−1)| p2, s2z; p1, s1z 〉〈 p1, s1z; p2, s2z | L1,M1, s1z;L2,M2, s2z 〉
×〈 L1,M1, s1z;L2,M2, s2z | LM, (L1L2), SSz ; Ps 〉

=
∑

(−1)| p1, s1z; p2, s2z 〉〈 p2, s2z; p1, s1z | L2,M2, s2z;L1,M1, s1z 〉
×〈 L2,M2, s2z;L1,M1, s1z | LM, (L2L1), SSz ; Ps 〉

=
∑

(−1)L−L1−L2+S | p1, s1z; p2, s2z 〉〈 p1, s1z; p2, s2z | L1,M1, s1z;L2,M2, s2z 〉
×〈 L1,M1, s1z;L2,M2, s2z | LM, (L1L2), SSz ; Ps 〉 (B.10)

9�S$�K�����=
 @  �< ��C�/d��9)����. @�«"¬w9�C Clebsch-Goldan ��MA@����
〈 J2J2z; J1J1z | JJz(J2J1) 〉 = (−1)J−J1−J2 〈 J1J1z; J2J2z | JJz(J1J2) 〉 (B.11)

����AK@"A��K��o q @ L = 0 @�9/V % L1 = L2 ? � / -���AK@;��S)A
( C (−1)L−L1−L2+S = (−1)S 9�S
� /$-K2��	� -�S�� @/
�C

C | L = 0M = 0, SSz; Ps 〉 = (−1)S | L = 0M = 0, SSz ; Ps 〉 (B.12)

9�S$�K�
	�� o���C L = 0, S = 0 @ Singlet-Ps ��
�M ' @��"8 -��
��
"
�V=l�C L = 0, S = 1 @ Triplet-Ps �
 M�'A@���� -��&� 
"
�VKS�AW��9:B
b � �)�
r���@���S���
��
^)�=�

singlet-Ps → 2γ

triplet-Ps → 3γ


$���K�

B.2 The Annihilation Rate of Singlet-Ps

n -��WF=S�A%4G�)������`"z (h̄ = c = 1) �3k­6x�

p

q

k1

k2

k2

k1

p

q

Figure B.1: Feynman diagram of 2 γ decay

Figure B.1 @�¤� ���������� M 9:#��/���B@W9/V"�'@)¤� ����������
M = v(q,sq)eγ

νε∗ν (k2,σ2)

/p− /k1 +m

(p− k1)2 −m2
ε∗µ(k1,σ1)

eγµu(p,sp)

+v(q,sq)eγ
νε∗ν (k1,σ1)

/p− /k2 +m

(p− k2)2 −m2
ε∗µ(k2,σ2)

eγµu(p,sp) (B.13)


�$)�WF:�;�)�
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�������
��� ��I/C�D
� � F � 
����W��e ����IK-
� M2 ��� �$# ��
��"B$����B�C���	%� -%��AK@"�
O � � ��O �A@ Spin -%��A�@%��������?�C(��	��A@���� -)� A�@"� /���9 q � |M|2 = 1

4

∑M∗M � �
I=���roEA%� % �K�3
"+ �K�=�
��	���-%��A�@�@�� � S;@)
 ���)!���98?�@%� \���S)A�@K��B�CE����	��W�
k�v��/MN9%�K�=�A@B^�����
K!�#���I�C ��� *
+ � A;9�SW�/��HK� Ensamble 98?/@)u$@�*�+ Spin 	��
@ Ps � ����#
� ��9���
rV=l
C�D�� �={��d?/@�� �W?%� � @W9���-�������?%� � @%� *
+ ���W�<b�#K� (
� � -���A�@ @ Spin / �

∑

σ1

ε∗µ(k1,σ1)
εν (k1,σ1) = −gµν

∑

σ2

ε∗µ(k2,σ2)
εν (k2,σ2) = −gµν


$�r�xC;O � � ��O	� @ Spin /�-%��A�@%� 	�X)@�-�u"zd����A �K�
∑

sp

u(p,sp)u(p,sp) = (/p+m)

∑

sq

v(q,sq)v(q,sq) = (/q −m)

�:�GF/���
A �"��9�-doW�
|M|2 = 2e4

{

(

p · k2

p · k1
+
p · k1

p · k2

)

+

(

2m2

p · k1
+

2m2

p · k2

)

−
(

m2

p · k1
+

m2

p · k2

)2
}

(B.14)

9�S$�K� �����/�
� dσ �
dσ =

2
∏

i=1

d3ki

(2π)32ωi

|M|2
4
√

(p · q)2 −m4
(2π)

4
δ4(k1 + k2 − p − q) (B.15)

9 $ ��F:�w�<@8
�C ki = (ωi,ki) (i = 1, 2) 9x!�#���98-"# ��9�C �������
� σ �
	
X)@ o;6:-K!�#���9
B�
rV��K�

σ =

∫

dσ

=

∫

d3k1

(2π)32ω1

d3k2

(2π)32ω2

|M|2
4
√

(p · q)2 −m4
(2π)4δ4(k1 + k2 − p− q)

=
1

2
α2

∫

d3k1d
3k2

δ4(k1 + k2 − p− q)

ω1ω2

√

(p · q)2 −m4

×
{

(

p · k2

p · k1
+
p · k1

p · k2

)

+

(

2m2

p · k1
+

2m2

p · k2

)

−
(

m2

p · k1
+

m2

p · k2

)2
}

(B.16)

α �������
�;��M�
����)���/�=
�O���B�	�
�?�@KA$�Ez % r�s
��z (i
�{��$�
9iC p = (m, 0) C q = (mγ,q)

9�S$��@8
�C
p · k1 = mω1 , p · q = m2γ

9�S$�K���:�wo�� �����/�
� �
σ =

1

2
α2

∫

dω1dΩ ω1
2 δ(ω1 + ω2 −m−mγ)

ω1ω2m2βγ

×
{

(

ω2

ω1
+
ω1

ω2

)

+ 2m

(

1

ω1
+

1

ω2

)

−
(

m

ω1
+
m

ω2

)2
}

(B.17)
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9�S$�K������
 δ3 @��
�W�35­6�9:C ω2 = |q − k1| 9�S����$H/� β � β = q/mγ 
<�tH��E��� v�\ @��
m��"
$���K�
s"F=-"��O � � ¡��"m%�$,���4 (γ ' 1) 
 � 6���9�B�
WV�� � F����"-

σ =
πr0

2

β

� � �8� �d?��A@=j"
"� ki @(��¬ @=M 2! ��{ ��?/@ 2 
�� q @�ft�xC r0 = e2/(4πm) �	��
�O � � �N9
?��K�
s"F=-�C���
�� � (Annihilation Rate) λp �
� � 
=
���O �t9 11S0 ����	�� (p-Ps) �3<
>�#
���"9�B


rV��'O ����� ρ ����AK@
λp = σβρ = πr0

2ρ (B.18)

9 F��$�)��p���,�- Ps B���� 
K-;U�' ���"���=���W�����d?/@�CIO ����� ρ � ρ = |ψ1(0)|2 % ψ1 � Ps

@ 1S0 	��A@Bk�v��/M"("� 9��$9�C a0 � Bohr � �N9�?%@�C
|ψ1(0)|2 =

1

π(2a0)3

9�S$�K� prq @ ��
 ��� λp �
λp =

πr0
2

β

β

π(2a0)3

=
α4c

2a0
=

1

2
α5mc

2

h̄

= 0.805 × 1010 sec−1 (B.19)

9�S$�K�

B.3 The Annihilation Rate of Triplet-Ps

&�� -�� V��tV
������`"z��3k��
#$�)�
Triplet-Ps @�¤� � ������� Figure B.2 -�$��$F�����9�f�� 6 �R�O���)��¤� � � � ��� M 9�ft�=9iC

M = e3v(p2,s2)/ε
∗
(k3,σ3)

/k3 − /p2 +m

(k3 − p2)2 −m2
/ε
∗
(k2,σ2)

/p1 − /k1 +m

(p1 − k1)2 −m2
/ε
∗
(k1,σ1)u(p1,s1)

+e3v(p2,s2)/ε
∗
(k2,σ2)

/k2 − /p2 +m

(k2 − p2)2 −m2
/ε
∗
(k3,σ3)

/p1 − /k1 +m

(p1 − k1)2 −m2
/ε
∗
(k1,σ1)u(p1,s1)

+e3v(p2,s2)/ε
∗
(k1,σ1)

/k1 − /p2 +m

(k1 − p2)2 −m2
/ε
∗
(k3,σ3)

/p1 − /k2 +m

(p1 − k2)2 −m2
/ε
∗
(k2,σ2)u(p1,s1)

+e3v(p2,s2)/ε
∗
(k1,σ1)

/k1 − /p2 +m

(k1 − p2)2 −m2
/ε
∗
(k2,σ2)

/p1 − /k3 +m

(p1 − k3)2 −m2
/ε
∗
(k3,σ3)u(p1,s1)

+e3v(p2,s2)/ε
∗
(k2,σ2)

/k2 − /p2 +m

(k2 − p2)2 −m2
/ε
∗
(k1,σ1)

/p1 − /k3 +m

(p1 − k3)2 −m2
/ε
∗
(k3,σ3)

u(p1,s1)

+e3v(p2,s2)/ε
∗
(k3,σ3)

/k1 − /p2 +m

(k1 − p2)2 −m2
/ε
∗
(k1,σ1)

/p1 − /k2 +m

(p1 − k2)2 −m2
/ε
∗
(k2,σ2)u(p1,s1) (B.20)

9�S$�K��}�@����	����"�9�*�P�- ?/@��
	��A@ Spin -K��A�@��
��� ��?%C���	�� -"��A�@��&/t��98� �
9O
 |M|2 = 1

4

∑M∗M ���
�d?%C �����/�
�

dσ =

3
∏

i=1

d3ki

(2π)
3
2ωi

|M|2
4
√

(p1 · p2)2 −m4
(2π)

4
δ4(k1 + k2 + k3 − p1 − p2) (B.21)
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Figure B.2: Feynman diagram of 3 γ decay

� ��I%�%A"��O � ����O �"B�9 � -
	 
�?/@�A$��z % r�s �Kz (8
"�
p1 · ki = mωi , p1 · p2 = m2

@
oW6�-�£�� -"# �"��9:B

�V���@8


|M|2 =

(

4e3

mω1ω2ω3

)2 3
∑

i=1

ωi
2(m− ωi)

2
(B.22)

9�S$�K�����=
)�	�%jw9E?�@
dΩ2

4π
=

m(m− ω1)

ω1ω2

dω2

ω2

����AK@ �����/�
�����
�$#$��9

σ =
8αr0

2

β

∫ m

0

dω1

∫ m

m−ω1

dω2

∑

(ijk):cyclic(123)

(

m− ωi

ωjωk

)2

=
8αr0

2

β
(π2 − 9) (B.23)

B���F:�;�)�$H�� o-Ps -����x��@�	
��B�����#$�<@8
;�'@������/�
��� σ → 1
3σ 9 �rV�¬
�WF ���)�

��R - ki @(�"¬A@=M 3! ��{ ��?/@ �
jd� 6 
��;�$9
σ =

4

9

αr0
2

β
(π2 − 9) (B.24)
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9�S$�K�
�B@��"@���
���� λo � ��� 
�
��"O��N9 3S1 ����	%� (o-Ps) �E<%>�# �"� 9�B�
$V���O���� � ρ ���

AK@
λo =

4

9
α(π2 − 9)r0

2ρ (B.25)

9 F­�E�"9�B�
rV��)�/} @ ���	����"E
�@=!
j (B.18) 9x!�j (B.25) o���C

λo = 4α

(

π2 − 9

9π

)

λp = 2α6mc
2

h̄

(

π2 − 9

9π

)

= 0.723× 107 sec−1 (B.26)
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Appendix C

Theory of Experiment

�/��
��'r��
- Positronium Hyperfine Structure � �I�
#
�K�)I�-�
��N9���b%�d�|p�����g�h�# �)���
-Kk�b/�t�lp�����¡ �"m%�$,�����9":%
�����B C/y�� @�� 
"-K��A�@ � { � -�	%���=§�v����r�E5 6�
��
B$���K� �
��,�-��B���w9 ,����Kb q @N�=� Resonance Line Shape % `��
�8�"(%��e b�#$�/�

C.1 Spin Eigenstates of Positronium

Positronium (Ps) �"O������"O ��@=����	�� 
����/B�C'O�� ����O�� @ Spin �8{ ��#$��9�C Ground

State -%� Spin-Triplet 9 Spin-Singlet @�� ��	��"B�{	��F:�t�/��D��RF)��H�9�I%@
| S,m 〉 (C.1)

9x!�#��W���=
 Spin-Triplet � S = 1, m = ±1, 0 C Spin-Singlet � S = 0, m = 0 

���K�
Hamiltonian � H0 9�#d��9

H0| 0, 0 〉 = W0| 0, 0 〉 (C.2)

H0| 1, m 〉 = W1| 1, m 〉 (C.3)

9�#$� % m = ±1, 0 ( ���l@)a ∆W = W1 −W0 �8C Hyperfine Structure 9	�­6 � ∆W = 2πh̄∆ν 9�?%@
�B@ ∆ν � p"�����$#$�/� &�-&� q �
����OIP�9":"-�o:���r��@ ���

∆ν =
1

4
α4mc2

[

7

3
− α

π
(
32

9
+ 2 ln 2) + O(α2)

]

(C.4)

= 2.03381 × 102 GHz

9�S$�K�
���)@E����-$o"��9�C�s F�- �"~�@=§
v����W�=5 6E��9i

∆ν =

1

4
α4mc2

[

7

3
− α

π
(
32

9
+ 2 ln 2) +

5

6
α2lnα−1 − 0.64α2 + O(α3)

]

= 2.033958 × 102 GHz

9�S$� �"9�B"b � q @�Ad�)�

C.2 Eigenstates on Static Magnetic Field

	�P�� B0 = ẑB0 B�����#$�)��@ Hamiltonian H0 �
H0 = H0 − µ+ · B0 − µ− · B0 (C.5)

9�S$�K����?
µ+ = gµe+S+ = g′µBS+ =

1

2
g′µBσ+

µ− = gµe−S− = −g′µBS− = −1

2
g′µBσ−

g′ = g
(

1 +
α

2π
− 0.328 (

α

π
)2
)

= 2 ( 1.0011596 )
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$���K������
 µB � Bohr P��w9�!����t� �"
$�r��C σ � Pauli 5	��

���K� x = 2g′µBB0/∆W ��e
	 # ��9 Hamiltonian �)~,@EP�-K!rs��t�)�

H0 = H0 +
1

4
∆Wx

(

σz
− − σz

+
)

(C.6)

�B@��
C
H0| ψS,m 〉 = ES,m| ψS,m 〉

� � �K#��"[�\�]�^
� ��	��w9�D;@�� ���"
���� | ψS,m 〉 9 ES,m � ��I
��9�C 	
X)@ od6�-�S��8�
| ψ1,±1 〉 = | 1,±1 〉 , E1,±1 = W1 (C.7)

| ψ1,0 〉 =
1

√

1 + y2
{| 0, 0 〉 + y| 1, 0 〉}

E1,0 =
1

2

{

(W1 +W0) +∆W
√

1 + x2
}

≡ E+ (C.8)

| ψ0,0 〉 =
1√

1 + z2
{| 0, 0 〉 − z| 1, 0 〉}

E0,0 =
1

2

{

(W1 +W0) −∆W
√

1 + x2
}

≡ E− (C.9)

�/�$?�����

y =

1

x

{

√

1 + x2 + 1
}

z =
1

x

{

√

1 + x2 − 1
}


$���K�
S = 1 
 @ m = 0 	��N9 m = ±1 	��A@ �"[�\�]�^�a ∆E = E+ −W1 ��~�@EP�-"S
���

∆E ≡ 2πh̄f01 =
1

2

{

(W1 +W0) +∆W
√

1 + x2 − 2W1

}

=
1

2
∆W

{

√

1 + x2 − 1
}

(C.10)

o q @�C f01 9 x B"b � ��� C ∆W C��$Hd� Hyperfine Structure B�b � ��� 93-"S��8�

C.3 The Annihilation Rate on Static Magnetic Field

�$
 ����- f�A"@�� Selection Rule -ro q @�� ��@&%�> B���S���� p-Ps % S = 0 (/� 2γ � 
�C o-Ps

% S = 1 (8� 3γ ��
"
"���)� p-Ps
� F 2γ ��@��$
���� % Annihilation Rate ("� λp 9=?K@K!
#/��&)@ �

��� � "8
 @=!�j (B.19) o��xC

λp =
1

2
α5mc

2

h̄

= 0.805 × 1010 sec−1 (C.11)

9�S$�K��*=P�- ?K@ o-Ps
� F 3γ ��@�� 
���� � !�j (B.26) o$��C

λo = 2α6mc
2

h̄

(

π2 − 9

9π

)

(C.12)

= 0.723× 107 sec−1
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$���K�
	�P��"B ��� q @�Ad�)�"@ Annihilation Rate λS,m ��CK!�j (C.7) (C.8) (C.9) o��xC/~�@EP�-"S
���

λ1,1 = λ1,−1 = λo

λ1,0 =
1

1 + y2
λp +

y2

1 + y2
λo ≡ λ10,2 + λ10,3 (C.13)

λ0,0 =
1

1 + z2
λp +

z2

1 + z2
λo ≡ λ00,2 + λ00,3

o q @�C | ψ1,0 〉
� FB@��$
 ����
 C 3γ B 2γ -��
��@������$SN�O# ��-%�

λ10,3

λ10,2
� 1

9�#)���ro�A"��H�� | ψ0,0 〉
� F|@ 3γ

� �����$S��3?%�KA�@)

λ00,3

λ00,2
� 1

9�#K�
�ro8A��W��@ +:�)@��
	W��{
|�?�o�6���#$�$9 � � | ψ1,0 〉 @��
	N9 | ψ0,0 〉 @���	$��* + � @/

�r�xC

2
√

1 + x2 �
∣

∣

∣

∣

λp

λo

x2 − ( x2 + 2 )

∣

∣

∣

∣

9�S$� �"9�B"b � �8���:� � �)p�#$��9

B0 �
√

λpλo

λp − λo

∆W

g′µB
= 0.21825 Tesla (C.14)

9�S��8��r�s�
"�W�O� ��{���?K@ 0.8 Tesla @BP���BAb
� Magnetron �3k)�"#$��@�
�C��'@
�
	W� � �d?
@%A��K�$HK�
�I@K��C/!�j (C.10) �

∆E ' 1

4
∆Wx2 (C.15)

9�S$�K�
? � ?��B@�	�P��A@Ee�	
�"��

� C | ψ1,±1 〉

� F�@ 3γ ��
 -%��� � 1)�Ws �W� �"9�B�
rV=S�A%���i�
�
�7���R�:�KIK- | ψ1,±1 〉 � Microwave -do q @ | ψ1,0 〉 � | ψ0,0 〉 -�� �;s � C 3γ ��
A@ ���W�����
s �roW6��

C.4 States Translation by Microwave

Microwave -$o"�lP��W� B1 = x̂B1cosωt 9ifR�i�;@ Hamiltonian H(t) ��~,@EP�-K!���#$�)�
H(t) = H0 + H′(t)

H′(t) = −µ+ · B1 − µ− ·B1 =
1

2
g′µBB1cosωt

(

σx
− − σx

+
)

(C.16)

�B@��"@=	���� Schrödinger !���
����"��9E���
# -�. S ��,
�%@ | ψ(t) 〉S 9x!W?/C Schrödinger Y���j
- p 6�9�# ��9�C

ih̄
d

dt
| ψ(t) 〉S = H(t)| ψ(t) 〉S (C.17)
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9�S$�K�
��0�1��%!��W�=~�@)j"
/e 	 #$�)�

| ψS,m(t) 〉S = exp(
H0

ih̄
t)| ψS,m(t) 〉I (C.18)

�:�wo��
ih̄
d

dt
| ψ(t) 〉I = HI

′(t)| ψ(t) 〉I (C.19)

HI
′(t) = exp(−H0

ih̄
t) H′(t) exp(

H0

ih̄
t)

9x!�#�� 9�B�
rV��)�
| ψ(t) 〉I � | ψS,m 〉 @=��� ���"
�!�#K�

| ψ(t) 〉I =
∑

S,m

CS,m(t)| ψS,m 〉

�:� �3!�j (C.19) -<?�	�?/C�� � F 〈 ψL,n | � � �%@$�W��9O~,@��
�
Y���jd� �r�8�
ih̄
d

dt
CL,n(t) =

∑

S,m

CS,m(t) exp(
ES,m −EL,n

ih̄
t) 〈 ψL,n |H′(t)| ψS,m 〉

����H8

���
�A@
��9��"���={ ��@�V/���Ir���-��&��
"B��W�K��@8
�C&��
 ���W���'@ ���
Y���j�-�,��
� ��o�6��

ih̄
d

dt
CL,n(t) = −ih̄ (

1

2
λL,n)CL,n(t)

+
∑

S,m

CS,m(t) exp(
ES,m − EL,n

ih̄
t) 〈 ψL,n |H′(t)| ψS,m 〉 (C.20)



�d�B@ ���
Y��%j -�
���S85�� ��� 〈 ψL,n |H′(t)| ψS,m 〉 �(�)�d?/@���o;6x�
!�j (C.7) (C.8) (C.9) o$��C 	
X%B����

�V"�/�

H′(t)| ψ0,0 〉 =
1

2

1√
1 + z2

g′µBB1cosωt
(

σx
− − σx

+
)

{

| 0, 0 〉 − z| 1, 0 〉
}

=
1√
2

1√
1 + z2

g′µBB1cosωt
{

| 1,−1 〉 − | 1, 1 〉
}

H′(t)| ψ1,0 〉 =
1

2

1
√

1 + y2
g′µBB1cosωt

(

σx
− − σx

+
)

{

| 0, 0 〉 + y| 1, 0 〉
}

=
1√
2

1
√

1 + y2
g′µBB1cosωt

{

| 1,−1 〉 − | 1, 1 〉
}

H′(t)| ψ1,1 〉 =
1

2
g′µBB1cosωt

(

σx
− − σx

+
)

| 1, 1 〉

= − 1√
2
g′µBB1cosωt| 0, 0 〉

H′(t)| ψ1,−1 〉 =
1

2
g′µBB1cosωt

(

σx
− − σx

+
)

| 1,−1 〉

=
1√
2
g′µBB1cosωt| 0, 0 〉

	�� o��xCK5	� ��� 〈 ψL,n |H′(t)| ψS,m 〉 �K~ @EP�-"S
���
〈 ψ1,0 |H′(t)| ψ1,±1 〉 = ∓ 1√

2

1
√

1 + y2
g′µBB1cosωt (C.21)
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〈 ψ0,0 |H′(t)| ψ1,±1 〉 = ∓ 1√
2

1√
1 + z2

g′µBB1cosωt (C.22)

〈 ψ1,1 |H′(t)| ψ1,−1 〉 = 〈 ψ1,0 |H′(t)| ψ0,0 〉 = 0 (C.23)

〈 ψS,m |H′(t)| ψS,m 〉 = 0 (C.24)

!�j (C.20) o���u$@�@K��ª  ����3���$#$�)�
d

dt
C0,0(t) = −1

2
λ0,0C0,0(t) − α(z, t)C1,1(t) + α(z, t)C1,−1(t) (C.25)

d

dt
C1,0(t) = −1

2
λ1,0C1,0(t) − β(y, t)C1,1(t) + β(y, t)C1,−1(t) (C.26)

d

dt
C1,1(t) = −1

2
λoC1,1(t) + α∗(z, t)C0,0(t) + β∗(y, t)C1,0(t) (C.27)

d

dt
C1,−1(t) = −1

2
λoC1,−1(t) − α∗(z, t)C0,0(t) − β∗(y, t)C1,0(t) (C.28)

��?�����
 α(z, t) C β(y, t) � 	
X)@=j

�$)�WF��t�)�
α(z, t) =

1

ih̄

1√
2
√

1 + z2
g′µBB1 cosωt exp(

W1 − E−

ih̄
t)

β(y, t) =
1

ih̄

1√
2
√

1 + y2
g′µBB1 cosωt exp(

W1 − E+

ih̄
t)

s�@d����
"r���-=§
v����W�35­6��)I%-
Aw�O� � @����d��5­6��
H�l | ψ1,±1 〉

� F | ψ1,0 〉
� ?N�O� | ψ0,0 〉 ��@"D=� �K�,@ � � -�m #$�E{�|d�E5 6x�

X =
|〈 ψ1,0 |H′(t)| ψ1,±1 〉|

E+ −W1

Y =
|〈 ψ0,0 |H′(t)| ψ1,±1 〉|

W1 −E−

9�fR� ���:�GF��
D)����� | ψ1,±1 〉 → | ψ1,0 〉 9 | ψ1,±1 〉 → | ψ0,0 〉 @=§�v�-�oK� �
�����t9 ��S�#W�
9OB�
rV��K� Microwave -doK�=§�v"

��
 c�F�Bto�� tdVd� �
��#$� ��� �doW6K93Aw6 @E
������

X

Y
=

W1 −E−

E+ −W1

|〈 ψ1,0 |H′(t)| ψ1,±1 〉|
|〈 ψ0,0 |H′(t)| ψ1,±1 〉|

=
g′µBB0y

g′µBB0z

g′µBB1 cosωt√
2
√

1 + y2

√
2
√

1 + z2

g′µBB1 cosωt

=
y

z

√
1 + z2

√

1 + y2

=
1

x

[

√

1 + x2 + 1
]

= y

o q @ B0 = 0.8 Tesla @W98V
X

Y
= y ' 9.176

9�S$��� prq @ | ψ1,±1 〉 → | ψ1,0 〉 @ � ������B X ' 10−1 @�9/V | ψ1,±1 〉 → | ψ0,0 〉 @ � �������
Y ' 10−2 9�S ��CIR��"B�}�� - ����@������rsr�xC82���#$�"� 9iB ¥�¦N9�S$�K��H)����- Y ' 10−1 9
?���9/V�� X ' 100 9:S$�K���B@)		� � � ����§�vN9���!��"S�A
�
	�� o�� Microwave -do%��§�vA@���	G98?/@�C X � 1 B ���Wsi�dC��:��-doK�����N9�?%@ | ψ0,0 〉 �

@ � � �K2��;si�dC Microwave @BP��A@ t;V�s B1 - ��4KB�$��rF:�;�)�
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~
-K!�j 
;@���*��/MW����M��/MA@=<$-�,�#���9�-do��xCK§�v�-$o"��`��)�w9O¡�`��)�"B���F�bWsE�;�
B�D<@w6�c3¡�`��)��� � �����i��-�o$�

β(y, t) =
1

ih̄
V ei(ω01−ω)t

V =
1

2
√

2
√

1 + y2
g′µBB1

h̄ω01 = E+ −W1

9x£��
� # �K�
	�� +O�"@���� - oW�xC ���
Y���j (C.25) (C.26) (C.27) (C.28) ��	$X�@ o;6:-�S
���

d

dt
C0,0(t) = −1

2
C0,0(t) (C.29)

d

dt
C1,0(t) = −1

2
C1,0(t) −

V

ih̄
ei(ω01−ω)t

{

C1,1(t) − C1,−1(t)
}

(C.30)

d

dt
C1,1(t) = −1

2
λoC1,1(t) −

V

ih̄
ei(ω01−ω)t C1,0(t) (C.31)

d

dt
C1,1(t) = −1

2
λoC1,−1(t) +

V

ih̄
e−i(ω01−ω)t C1,0(t) (C.32)

�:� � \­�)9K�'@
oW6:-�S����"�/��? ω01 − ω = ∆ω 9 FtV�,�?/@�fN���
C0,0(t) = A0 e−

1
2

λ0,0t (C.33)

C1,0(t) =
ih̄

2V

{

δ1A1 e−(δ1+ 1
2
λo)t ei∆ωt + δ2A2 e−(δ2+ 1

2
λo)t ei∆ωt

}

(C.34)

C1,1(t) = A3 e−
1

2
λot +

1

2

{

A1 e−(δ1+
1

2
λo)t +A2 e−(δ2+ 1

2
λo)t

}

(C.35)

C1,−1(t) = A3 e−
1

2
λot − 1

2

{

A1 e−(δ1+
1

2
λo)t +A2 e−(δ2+ 1

2
λo)t

}

(C.36)

� ��M Ai (i = 0, 1, 2, 3) �������
	�-
	 ��#$� � @/
�C���ª�-
	 �d?�SKA��
M"
������$H/� δ1 C δ2 ��	
X%
�$)�WF:��@"A �)�

δ1 =
1

2







1

2
(λ1,0 − λo) + i∆ω +

√

[
1

2
(λ1,0 − λo) + i∆ω]

2

− 8

∣

∣

∣

∣

V

h̄

∣

∣

∣

∣

2






(C.37)

δ2 =
1

2







1

2
(λ1,0 − λo) + i∆ω −

√

[
1

2
(λ1,0 − λo) + i∆ω]

2

− 8

∣

∣

∣

∣

V

h̄

∣

∣

∣

∣

2






(C.38)

HK� B1 @���4 � ��IK@�fd��6���¡�`��)�W����A��)<"
�������� X �/��F�b
#%�
X =

1

g′µBB0z

1√
2
√

1 + y2
g′µBB1

eiωt

2

�B@)j$-do�� B1 � B0 9 |X| 

�dF�b #t9
B1 = 2z

√
2
√

1 + y2B0|X|

9�S$�K���:�wo��xC |X| ' 10−2 @W98V/�
B1 ' 200 Gauss (C.39)

9�S$�K�
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C.5 Resonance Line Shape

D���
���� ����	W� � ��# ��� 9O-ro$� C�D����)�,@ Ps B 
w6OA q � �$�"
 2γ -���

# ��@ � � � �
@���oW6��

1. t = 0 
 | ψ0,0 〉 	�� -����)�
A0 = 1 , A1 = A2 = A3 = 0

o q @ | ψ0,0 〉 → 2γ 9�S
����� P0,0 �
P0,0 =

∫ ∞

0

λ00,2|C0,0(t)|2dt

=
λ00,2

λ0,0
(C.40)

2. t = 0 
 | ψ1,0 〉 	�� -����)�
A0 = 0 ,

ih̄

2V

{

δ1A1 + δ2A2

}

= 1

A3 ±
1

2
{A1 +A2} = 0

pWq @
C1,0(t) =

1

δ1 − δ2

{

δ1 e−(δ1+
1
2
λo)t ei∆ωt − δ2 e−(δ2+ 1

2
λo)t ei∆ωt

}

9�S$�8�d�O�wo�� | ψ1,0 〉 → 2γ 9:S�� ��� P1,0 � 	
X%
�$��dF:�t�)�
P1,0 =

∫ ∞

0

λ10,2|C1,0(t)|2dt

=
λ10,2

|δ1 − δ2|2

[

|δ1|2

δ1 + δ1
∗ + λo

+
|δ2|2

δ2 + δ2
∗ + λo

− δ1
∗δ2

δ1
∗ + δ2 + λo

− δ1δ2
∗

δ1 + δ2
∗ + λo

]

(C.41)

3. t = 0 
 | ψ1,1 〉 	�� -����)�
C1,0(t) =

ih̄

2V

δ1δ2
δ1 − δ2

{

−e−(δ1+ 1
2
λo)t ei∆ωt + e−(δ2+

1
2
λo)t ei∆ωt

}

�:�wo$��C | ψ1,1 〉 → | ψ1,0 〉 → 2γ 9�S
� ��� P1,1 � 	
X)@
oW6:-�S����
P1,1 =

∫ ∞

0

λ10,2|C1,0(t)|2dt

= λ10,2

∣

∣

∣

∣

h̄

2V

∣

∣

∣

∣

2 ∣
∣

∣

∣

δ1δ2
δ1 − δ2

∣

∣

∣

∣

2 [
1

δ1 + δ1
∗ + λo

+
1

δ2 + δ2
∗ + λo

− 1

δ1
∗ + δ2 + λo

− 1

δ1 + δ2
∗ + λo

]

(C.42)

4. t = 0 
 | ψ1,−1 〉 	�� -
���)�
C1,0(t) =

ih̄

2V

δ1δ2
δ1 − δ2

{

e−(δ1+
1
2
λo)t ei∆ωt − e−(δ2+ 1

2
λo)t ei∆ωt

}
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�:�wo$��C | ψ1,−1 〉 → | ψ1,0 〉 → 2γ 9�S�� �$� P1,−1 � 	
X)@
oW6:-�S����

P1,−1 =

∫ ∞

0

λ10,2|C1,0(t)|2dt

= λ10,2

∣

∣

∣

∣

h̄

2V

∣

∣

∣

∣

2 ∣
∣

∣

∣

δ1δ2
δ1 − δ2

∣

∣

∣

∣

2 [
1

δ1 + δ1
∗ + λo

+
1

δ2 + δ2
∗ + λo

− 1

δ1
∗ + δ2 + λo

− 1

δ1 + δ2
∗ + λo

]

(C.43)

o�p�,"S�{�| � F �
� F � S�o;6:-�C P1,1 9 P1,−1 ��*
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Appendix D

Transmission Lines and Waveguides

D.1 Classification of Wave Solutions

In this section, we will consider the distribution of the electromagnetic field in transmission lines and

waveguides. The transmission lines and waveguides analyzed in this section are all characterized by

having axial uniformity. Their cross-sectional shape and electrical properties do not vary along the axis,

which is chosen as the z axis.

First, the Maxwell’s equations are

∇ ·D = ρ , (D.1a)

∇× E = −∂B
∂t

, (D.1b)

∇ ·B = 0 , (D.1c)

∇×H = j +
∂D

∂t
. (D.1d)

Since sources of current and charge are not considered, and it is assumed that the time-dependence of

the field is eiωt, Eq.(D.1b) and (D.1d) can be rewritten as

∇×E = −iµωH , (D.2a)

∇×H = iεωE . (D.2b)

Here we have used the relations D = εE and B = µH . Using Eq.(D.1a), (D.1c) and identity

∇×∇×A = ∇∇ · A−∇2A , (D.3)

we can derive the equation for E and H

∇2E + k2
0E = 0 , (D.4a)

∇2H + k2
0H = 0 . (D.4b)

Those are called the Helmholtz equations. In the above expressions, k2
0 = µεω2. Since these equations

are separable, it is possible to find solutions of the form f(z)g(x, y). The z dependence can be assumed

to be e∓ikz. We will consider only the waves which propagate in the positive z direction and the z

dependence is assumed to be the form of e−ikz. Then the Helmholtz equations will be in the form

∇t
2E + (k2

0 − k2)E = 0 , (D.5a)

∇t
2H + (k2

0 − k2)H = 0 . (D.5b)

Here note that because of the assumed z dependence e−ikz, ∇z = −ikẑ and then

∇ = ∇t + ∇z = ∇t − ikẑ , (D.6)
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where ẑ is the unit vector along the z axis and ∇t is the transverse part of the gradient operator. Let

E = ete
−ikz + eze

−ikz , (D.7a)

H = hte
−ikz + hze

−ikz , (D.7b)

where et, ez, ht, hz are all the functions of x, y, and et, ht are the transverse vector fields and ez, hz

are the vector field along the z axis. With these expressions, Eq.(D.1a), (D.1c), (D.2a) and (D.2b) can

be reduced to

∇t × et = −iµωhz , (D.8a)

ẑ × (∇tez + iket) = iµωht , (D.8b)

∇t × ht = iεωez , (D.8c)

ẑ × (∇thz + ikht) = −iεet , (D.8d)

∇t · ht = ikhz , (D.8e)

∇t · et = ikez . (D.8f)

For a large variety of transmission lines and waveguides of practical interest, it turns out that all the

boundary conditions can be satisfied by fields that do not have all components present. Specifically, for

transmission lines, the solution of interest is a TEM (trensverse electromagnetic) wave with transverse

components only, whereas for waveguides, solutions of TE (transverse electric) and TM (transverse

magnetic) waves are possible. Because of widespread occurrence of such field solutions, the following

classification of solutions is of particular interest.

1. Transverse electromagnetic (TEM) waves. For TEM waves, Ez = Hz = 0. The electric field

may be found from the transverse gradient of a scalar function Φ(x, y), which is a function of the

transverse coordinates only and is a solution of the two-dimensional Laplace equation.

2. Transverse electric (TE), or H , modes. These solutions have Ez = 0, but Hz 6= 0. All the field

components may be derived from the axial component Hz of magnetic field.

3. Transverse magnetic (TM), or E, modes. These solutions have Hz = 0, but Ez 6= 0. The field

components may be derived from Ez.

In some cases it will be found that a TE or TM mode by itself will not satisfy all the boundary

conditions. However, in such cases linear conbinations of TE and TM modes may be used, since such

linear combinations always provides a complete and general solution.

The appropriate equations to be solved to obtain TEM, TE, or TM modes will be derived below by

placing Ez and Hz, Ez, or Hz, respectively, equal to zero in the reduced Maxwell’s equations (D.8a) –

(D.8f).

D.1.1 TEM Waves

For TEM waves ez = hz = 0, so Eqs.(D.8) reduce to

∇t × et = 0 , (D.9a)

kẑ × et = µωht , (D.9b)

∇t × ht = 0 , (D.9c)
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kẑ × ht = −εet , (D.9d)

∇t · ht = 0 , (D.9e)

∇t · et = 0 . (D.9f)

Eq.(D.9a) is just the condition that permits et to be expressed as the gradient of a scalar potential.

Hence let

et = −∇tΦ(x, y) . (D.10)

Using Eq.(D.9f), we can show that Φ(x, y) is a solution of the two-dimensional Laplace equation,

∇t
2Φ(x, y) = 0 . (D.11)

The electric field is then given by

E(x, y, z) = Et(x, y, z) = −∇tΦ(x, y)e−ikz . (D.12)

But this field must also be a solution of the Helmholtz equation

∇2Et + k2
0Et = 0 . (D.13)

Since ∇ = ∇t − ikẑ and then ∇2 = ∇t
2 − k2, combining Eq.(D.12) with Eq.(D.13), we can derive

∇t[∇t
2Φ+ (k2

0 − k2)Φ] = 0 . (D.14)

This shows that k = ±k0 for TEM waves because of Eq.(D.11). The magnetic field may be found from

Eq.(D.9b), thus

± µω

k0
ht = ẑ × et = ±Z0ht , (D.15)

where Z0 is the wave impedance discussed below. In this expression, the positive sign corresponds to

the wave which propagates in the +z direction, and the negative sign to the wave propagates in the −z
direction. Since k2

0 = µεω2,

Z0 =

√

µ

ε
, Y0 =

1

Z0
=

√

ε

µ
, (D.16)

where Y0 is called as admittance corresponding to Z0.

For TEM waves, the impedance Z0 is defined by

Z0 =
Ex

Hy
= −Ey

Hx
. (D.17)

Hence for the waves which propagate in the +z direction

Ex

Hy
= −Ey

Hx
= Z0 , (D.18)

whereas for the waves which propagate in the −z direction

Ex

Hy
= −Ey

Hx
= −Z0 . (D.19)

In summary, for TEM waves, first find a scalar potential Φ which is a solution of two-dimensional

Laplace equation

∇t
2Φ(x, y) = 0 (D.20)

88



and satisfies the proper boundary conditions. The fields are then given by

E = Et = ete
∓ik0z = −∇tΦe

∓ik0z , (D.21a)

H = Ht = hte
∓ik0z = ±Y0ẑ × ete

∓ik0z , (D.21b)

where e−ik0z represents a wave propagating in the +z direction and e+ik0z a wave propagating in the

−z direction.

D.1.2 TE Waves

For transverse electric (TE) waves, setting ez = 0 in the Eqs.(D.8), we can obtain

∇t × et = −iµωhz , (D.22a)

kẑ × et = µωht , (D.22b)

∇t × ht = 0 , (D.22c)

ẑ ×∇thz + ikẑ × ht = −iεet , (D.22d)

∇t · ht = ikhz , (D.22e)

∇t · et = 0 . (D.22f)

The magnetic field H satisfies the Helmholtz equation

∇2H + k2
0H = 0 . (D.23)

Separating the above into transverse and axial parts and replacing ∇2 by ∇t
2 − k2 yeild

∇t
2hz + γ2hz = 0 , (D.24a)

∇t
2ht + γ2ht = 0 . (D.24b)

where γ = k2
0 − k2. The transverse curl of Eq.(D.22c) gives

∇t × (∇t × ht) = ∇t∇t · ht −∇t
2ht = 0 . (D.25)

Using Eq.(D.22e) and Eq.(D.24b), we can derive the equation

ht = − ik

γ2
∇thz . (D.26)

To find et in terms of ht, we take the vector product of Eq.(D.22b) with ẑ to obtain

kẑ × (ẑ × et) = k[(ẑ · et)ẑ − (ẑ · ẑ)et] = −ket = µωẑ × ht , (D.27)

or

et = −µω
k
ẑ × ht = −k0

k
Z0ẑ × ht . (D.28)

The factor
k0

k
Z0 has the dimensions of an impedance, and is called the wave impedance of TE, or H,

modes. It will be designated by the symbol Zh, so that

Zh =
k0

k
Z0 . (D.29)
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The remaining equations in the set Eqs.(D.22) do not yield any new result; so the solution for TE waves

may be summarized as follows:

∇t
2hz + γ2hz = 0 , (D.30a)

ht = − ik

γ2
∇thz , (D.30b)

et = −Zhẑ × ht , (D.30c)

where

γ2 = k2
0 − k2 and Zh =

k0

k
Z0 . (D.31)

D.1.3 TM Waves

For transverse magnetic (TM) waves, setting hz = 0 in the Eqs.(D.8), we can obtain

∇t × et = 0 , (D.32a)

ẑ ×∇tez + ikẑ × et = iµωht , (D.32b)

∇t × ht = iεωez , (D.32c)

kẑ × ht = −εet , (D.32d)

∇t · ht = 0 , (D.32e)

∇t · et = ikez . (D.32f)

The TM modes may be considered as the dual of the TE modes in that the roles of electric and magnetic

fields are interchanged. We can obtain the set of equations simillar to Eqs.(D.30) in the same way that

we derived Eqs.(D.30). And the equations for the TM waves are

∇t
2ez + γ2ez = 0 , (D.33a)

et = − ik

γ2
∇tez , (D.33b)

ht = −Yeẑ × et , (D.33c)

where

γ2 = k2
0 − k2 and Ye =

1

Ze
=
k0

k
Y0 . (D.34)

The factor Y0 has the dimensions of an admittance, and is called the wave admittance of TM waves.

The dual nature of TE nad TM waves is exhibited by the relation

ZhZe = Z0 . (D.35)

D.2 Coaxial Line

In this section, we discuss the fields in a transmission line, especially in a coaxial line. A transmis-

sion line consists of two or more parallel conductors. Initially, it will be assumed that the conductors

are perfectly conducting and that the medium surrounding the conductors is perfect dielectric, which

permittivity and permeability are ε and µ respectively. The effect of small losses will be considerd later.

A coaxial line has the cross section illustrated in Fig. D.1, which consists of two cylindrical conductors.

These conductors have the same axis. The radius of the inner conductor is a and that of the outer one

is b.
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Figure D.1: Cross section of coaxial line.

For transmission lines, the wave of most interest is the TEM wave, but there also exist TE and TM

waves, so we will analyze the latter two waves in the coaxial line here in addition to the former. However,

deeper discussions are given for TE01 and TM01 modes because of their importance.

D.2.1 TEM Wave in Coaxial Line

First we should find a solution of 2-dimensional Laplace equation

∇t
2Φ = 0 . (D.36)

In cylindrical coordinates r, ϕ, z, above expression is written as

1

r

∂

∂r

(

r
∂Φ

∂r

)

+
1

r2
∂2Φ

∂ϕ2
= 0 . (D.37)

The potential function Φ is independent of the angular coordinate ϕ since the cross sectional shape of

the coaxial line does not depend on ϕ. So the 2-dimensional Laplace equation becomes

1

r

∂

∂r

(

r
∂Φ

∂r

)

= 0 . (D.38)

Integrate this equation twice gives

Φ = C1 log r + C2 . (D.39)

Since the boundary conditions are Φ = V0 at r = a and Φ = 0 at r = b, imposing these conditions gives

C1 =
V0

log(a/b)
, (D.40a)

C2 = − V0 log b

log(a/b)
, (D.40b)

and then

Φ = V0
log(r/b)

log(a/b)
. (D.41)

The electric and magnetic fields of a TEM mode propagating in the +z direction are given by Eqs.(D.21)

and are

E = −ẑ ∂Φ
∂r
e−ik0z = r̂

V0

r log(b/a)
e−ik0z , (D.42a)

H = Y0ẑ × E = ϕ̂
Y0V0

r log(b/a)
e−ik0z , (D.42b)
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E

H

Φ = V0

Figure D.2: The electric and magnetic fields of TEM wave in coaxial line

where Y0 is the admittance of the dielectric between the two conductors and is equal to
√

ε/µ. The

electric and magnetic fields are both illustrated in Fig. D.2. The potential between the two conductors

is obviously V0; so the voltage wave V associated with the electric field is

V = V0e
−ik0z . (D.43)

The current density J on the inner conductor is

J = n̂×H = r̂ ×H = ẑ
Y0V0

a log(b/a)
e−ik0z , (D.44)

and the total current I0, apart from the factor e−ik0z, is

I0 =
Y0V0

a log(b/a)

∫ 2π

0

a dϕ =
2πY0V0

log(b/a)
. (D.45)

The current wave I associated with the magnetic field is therefore

I = I0e
−ik0z . (D.46)

The characteristic impedance Zc of a 2-conductor transmission line is defined by

Zc =
V0

I0
, (D.47)

and in the case of coaxial line

Zc =
Z0

2π
log

b

a
, (D.48)

where

Z0 =
1

Y0
=

√

µ

ε
. (D.49)

D.2.2 TE Waves in Coaxial Line

For TE waves, the equations to be solved are Eqs.(D.30). It will be useful to replace hz by a scalar

function ψ, which can be used not only for TE modes, but also for TM modes. Then Eqs.(D.30) can be

rewritten as

∇t
2ψ + γ2ψ = 0 , (D.50a)

ht = − ik

γ2
∇tψ , (D.50b)

et = − ikZh

γ2
ẑ ×∇tψ . (D.50c)
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The boundary condition to be imposed is

∂ψ

∂n̂
= 0 on the surface of the conductors, (D.51)

where n̂ is the unit vector perpendicular to the surface of the conductor. For the coaxial line we are now

discussing, taking cylindrical coordinates, this boundary condition become below;

∂ψ

∂r
= 0 at r = a, b . (D.52)

Now remainding promlem is to have the solution of Eq.(D.50a) which satisfies the boundary condition

(D.52). In cylindrical coordinates, Eq.(D.50a) is

1

r

∂

∂r

(

r
∂ψ

∂r

)

+
1

r2
∂2ψ

∂ϕ2
+ γ2ψ = 0 . (D.53)

we separate ψ into r-dependent and ϕ-dependent parts so that

ψ(r, ϕ) = R(r)Φ(ϕ) , (D.54)

then Eq.(D.53) becomes
r2

R

d2R

dr2
+
r

R

dR

dr
+ γ2r2 = − 1

Φ

d2Φ

dϕ2
. (D.55)

Setting this equation to be m2, we can derive the equations for R and Φ.

d2R

dr2
+

1

r

dR

dr
+

(

γ2 − m2

r2

)

R = 0 , (D.56a)

d2Φ

dϕ2
= −m2Φ . (D.56b)

First, We can easily solve Eq.(D.56b) and the solutions for Φ are

Φm(ϕ) = Cm1e
imϕ + Cm2e

−imϕ , (D.57)

where Cm1 and Cm2 are constants. Since Φ must have the same value at ϕ = 0 and ϕ = 2π, m must

be integers; m = 0,±1,±2, · · ·. However we should take only zero and positive m because negative m

are already included in Eq.(D.57) for positive m. For simplicity, we shall take only eimϕ. Next, we will

solve Eq.(D.56a). Replacing r by x/γ, we can rewrite Eq.(D.56a) as

d2R

dx2
+

1

x

dR

dx
+

(

1 − m2

x2

)

R = 0 . (D.58)

This is Bessel’s differential equation, and the solution can be expressed with the linear combination of

Bessel function Jm(x) and Neumann function Ym(x), such as

Rm(x) = AmJm(x) + BmYm(x) , (D.59)

where Am and Bm are constants. From above all, we can derive the mth solution for Eq.(D.53);

ψm(r, ϕ) = [AmJm(γr) +BmYm(γr)]eimϕ . (D.60)

Imposing the boundary condition that
∂ψm

∂r
= 0 at r = a, we can have

Rm(x) = Hm

[

Jm(x)

J ′
m(γa)

− Ym(x)

Y ′
m(γa)

]

, (D.61)
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Figure D.3: Graphs of ψ0(x) and ψ′
0(x) for TE waves. Here γr and γa are set to be x and 5, respectively.

where ′ means
d

dr
and Hm is the amplitude of magnetic field. More because of the boundary condition

at r = b, if nth zero point of R′
m(x) is β′

mn(γa), γb should be equal to β′
mn(γa). Here β′

mn(γa) should

be, of course, a function of γa. This is that γ can not be chosen arbitrarily, but should be decied so

that γ satisfies the equation γb = β′
mn(γa). Denoting γ decided in such way as k′mn, we could derive the

(m,n)th solution for TE waves,

ψmn(r, ϕ) = Hmn

[

Jm(k′mnr)

J ′
m(k′mna)

− Ym(k′mnr)

Y ′
m(k′mna)

]

eimϕ . (D.62)

The other field components, et and ht, can be derived from Eqs.(D.50).

There appears the most remarkable property of TE waves; there exists a cutoff freqency. There is the

relation among k0, k and k′mn, that is

(k′mn)2 = k2
0 − k2 . (D.63)

Here k should be a pure real number, otherwise the wave can not propagate or decays with the distance

from the point at which it is excited. From this, since k2
0 = µεω2, the cutoff frequency ωmn of the

(m,n)-mode can be calculated;

k2 = k2
0 − (k′mn)2 > 0 ,

=⇒ ωmn >
1√
µε
k′mn . (D.64)

Since he lowest order wave is TE01 mode, when the frequency ω is less then ω01, the TE mode can not

be excited in the coaxial line.

TE01 Mode

Here we will analize the details of TE01 wave. The solution for this wave is

ψ01(r, ϕ) = H01ΨTE01
(r) , (D.65)
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Figure D.4: Electric and magnetic field of TE01 mode in coaxial line.

where

ΨTE01
(r) =

J0(k
′
01r)

J ′
0(k

′
01a)

− Y0(k
′
01r)

Y ′
0(k′01a)

. (D.66)

In cylindrical coordinates,

∇t = r̂
∂

∂r
+ ϕ̂

1

r

∂

∂ϕ
, (D.67)

so, from Eqs.(D.50),

ht = −r̂ ikH01

k01
Ψ ′

TE01
(r) , (D.68a)

et = −ϕ̂ ikZhH01

k01
Ψ ′

TE01
(r) . (D.68b)

Since the z dependence is e−ikz , when we take the phase factor of hz as coskz, that of ht and et are

both − sin kz. So we can derive the distribution of electromagnetic field of TE01 mode in coaxial line;

hz = ẑH01ΨTE01
(r) cos kz , (D.69a)

ht = −r̂ ikH01

k01
Ψ ′

TE01
(r) sin kz , (D.69b)

et = −ϕ̂ ikZhH01

k01
Ψ ′

TE01
(r) sin kz . (D.69c)

The graphs of ψ0(x) and ψ′
0(x) for this mode are illustrated in Fig. D.3, in which it is set that x = γr

and γa = 5. From this graph, we can roughly illustrate the field distribution, and this is in Fig. D.4.

D.2.3 TM Waves in Coaxial Line

For TM waves, the equations to be solved are Eqs.(D.33);

∇t
2ez + γ2ez = 0 , (D.70a)

et = − ik

γ2
∇tez , (D.70b)

ht = Yeẑ × et . (D.70c)

The general solution for ez is the same as that for hz of TE modes, so we can use Eq.(D.60) for ez. But

the boundary condition may be change;

ψm(r) = 0 at r = a, b . (D.71)
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Figure D.5: Graphs of ψ0(x) and ψ′
0(x) for TM waves. Here γr and γa are set to be x and 5, respectively.

First, since ψm(a) = 0, we can have

Rm(x) = Em

[

Jm(x)

Jm(γa)
− Ym(x)

Ym(γa)

]

, (D.72)

where Em is the amplitude of electric field. More because of the boundary condition at r = b, if nth zero

point of Rm is βmn(γa), γb shoud be equal to βmn(γa). Being similar to the case of TE modes, this is

that γ can not be chosen arbitrarily, but should be decided so that γ satisfies the equation γb = βmn(γa).

Denoting such γ as kmn, we could derive the (m,n)th solution for TM waves,

ψmn(r, ϕ) = Emn

[

Jm(kmnr)

Jm(kmna)
− Ym(kmnr)

Ym(kmna)

]

eimϕ . (D.73)

The other field components, ht and et, can be derived from Eqs.(D.70).

Similar to the case of TE waves, there exists a cutoff frequency. The cutoff frequency can be calcurated

in the same way we derived that for TE waves;

ωmn >
1√
µε
kmn . (D.74)

Since the lowest order wave is TM01 mode, the wave that have less frequency than ω01 can not be excited

in the coaxial line.

TM01 Mode

Here we will analyze the details of TM01 wave. The solution for this wave is

ψ01(r, ϕ) = E01ΨTM01
(r) , (D.75)

where

ΨTM01
(r) =

J0(k01r)

J0(k01a)
− Y0(k01r)

Y0(k01a)
. (D.76)
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Figure D.6: Electric and magnetic field of TM01 mode in coaxial line.

The other field components are as below;

et = −r̂ ikE01

k01
Ψ ′

TM01
(r) , (D.77a)

ht = ϕ̂
ikYeE01

k01
Ψ ′

TM01
(r) . (D.77b)

Since the z dependence is e−ikz , when we take the phase factor of ez as cos kz, that of et and ht are

− sin kz and sin kz, respectively. So we can derive the distribution of electromagnetic field of TE01 mode

in coaxial line;

ez = ẑE01ΨTM01
(r) cos kz , (D.78a)

ht = −r̂ ikE01

k01
Ψ ′

TM01
(r) sin kz , (D.78b)

et = ϕ̂
ikYeE01

k01
Ψ ′

TM01
(r) sin kz . (D.78c)

The graphs of ψ0(x) and ψ′
0(x) for this mode are illustrated in Fig. D.5, in which it is set that x = γr

and γa = 5. From this graph, we can roughly illustrate the field distribution, and this is in Fig. D.6.

D.3 Rectangular Waveguide

Hollow-pipe waveguides do not support a TEM wave. In hollow-pipe waveguides the waves are of the

TE and TM variety. The waveguide with a rectangular cross section in the most widely used one. The

rectangular waveguide with a cross section as illustrated in Fig. D.7 is an example of a waveguiding

device that will not support a TEM wave. Conseqently, it turns out that unique voltage and current

waves do not exist, and analysis of the waveguide properties has to be carried out as a field problem

rather than as a distributed-parameter-circuit problem.

The equations for TE waves and TM waves are Eqs.(D.30) and Eqs.(D.33), respectively. For rectan-

gular waveguide, it is much easier than for coaxial line to soluve those equations, because we can take

rectangular coordinates in this case, and more, because the boundary conditions to be imposed are much

simple.
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Figure D.7: Cross sectional shape of rectangular waveguide

D.3.1 TE Waves in Rectangular Waveguide

For TE waves in rectangular waveguide, the equations to be soluved are Eqs.(D.30), same as in coaxial

line;

∇t
2hz + γ2hz = 0 , (D.79a)

ht = − ik

γ2
∇thz , (D.79b)

et = −Zhẑ × ht , (D.79c)

where

γ2 = k2
0 − k2 and Zh =

k0

k
Z0 . (D.80)

Taking rectangular coordinates, we can easily derive the solution for hz;

hz = (A1 cos kxx+ A2 sin kxx)(B1 coskyy +B2 sin kyy) . (D.81)

where kx and ky must satisfy the relation

γ2 − k2
x − k2

y = 0 . (D.82)

The boundary conditions to be imposed are

∂hz

∂x
= 0 at x = 0, a , (D.83a)

∂hz

∂y
= 0 at y = 0, b . (D.83b)

These conditions show that

A2 = 0 and B2 = 0 , (D.84)

and

kx =
mπ

a
, (D.85a)

ky =
nπ

b
. (D.85b)
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where m and n are non-negative integers. Above all, we have the solution for a TE mode;

hz = Hmn cos
mπx

a
cos

nπy

b
, (D.86)

this is called as TEmn mode. The other field components are as followings;

ht = x̂
imπkmnHmn

aγ2
mn

sin
mπx

a
cos

nπy

b

+ŷ
inπkmnHmn

bγ2
mn

cos
mπx

a
sin

nπy

b
, (D.87a)

et = x̂
inπkmnZh,mnHmn

bγ2
mn

cos
mπx

a
sin

nπy

b

−ŷ imπkmnZh,mnHmn

aγ2
mn

sin
mπx

a
cos

nπy

b
. (D.87b)

Substituting Eqs.(D.85) into the relation Eq.(D.82), we have

k2
mn = k2

0 − m2π2

a2
− n2π2

b2
, (D.88)

this shows that, similar to the case of coaxial line, there exists a cutoff frequency. The cutoff frequency

ωc,mn for mn-th mode is

ωc,mn =
1√
µε

(

m2π2

a2
+
n2π2

b2

)
1
2

. (D.89)

If a > b, the lowest mode is TE01. Further more, we can define a cutoff wavelength λc,mn corresponding

to ωc,mn;

λc,mn =
2π√

µεωc,mn
=

2ab√
m2b2 + n2a2

, (D.90)

The exsitence of cutoff frequency and corresponding cutoff wavelength means that not all waves but

waves that have larger frequency, or less wavelength, than the cutoff does propagate in a waveguide, and

the other waves exponentially vanish with the distance from the point waves are excited. The wavelength

of mn-th mode in a waveguide can be written as following, using lambdac,mn and λ0 = 2π/k0,

λmn =
2π

kmn
=

λ0
√

1 − λ2
0/λ

2
c,mn

, (D.91)

this shows that wavelength in a waveguide is longer than that in free space.

Finally we give the phase and group velocity of the mn-th wave. The phase velocity vp,mn of mn-th

mode is given by

vp,mn =
λmn

λ0
c , (D.92)

where c is the light velocity in the medium that fill inside the waveguide, so c = 1/
√
µε. This vp,mn may

be derived from vp = ω/kmn. The group velocity vg,mn of the mn-th mode is

vg,mn =
λ0

λmn
c . (D.93)

This is given by vg = dω/dkmn = (dkmn/dω)−1.
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D.3.2 TM Waves in Rectangular Waveguide

For TM waves, the equations to be solved are Eqs.(D.33);

∇t
2ez + γ2ez = 0 , (D.94a)

et = − ik

γ2
∇tez , (D.94b)

ht = −Yeẑ × et , (D.94c)

where

γ2 = k2
0 − k2 and Ye =

1

Ze
=
k0

k
Y0 . (D.95)

Imposing the boundary conditions for ez, those are

ez = 0 at x = 0, a , (D.96a)

ez = 0 at y = 0, b , (D.96b)

we can find the solution for TM waves;

ez = Emn sin
mπx

a
sin

mπy

b
. (D.97)

This is called as TMmn mode. The other field components are as followings;

et = −x̂ imπkmnEmn

aγ2
mn

cos
mπx

a
sin

nπy

b

−ŷ inπkmnEmn

bγ2
mn

sin
mπx

a
cos

nπy

b
, (D.98a)

et = −x̂ inπkmnYe,mnEmn

bγ2
mn

sin
mπx

a
cos

nπy

b

+ŷ
imπkmnYe,mnEmn

aγ2
mn

cos
mπx

a
sin

nπy

b
. (D.98b)

Simillar to TE waves, there exists cutoff frequency, and the relation among k, k0, m and n is the same

as that for TE modes. Also are cutoff frequency, cutoff wavelength and wavelength in a waveguide for

TM modes the same as those for TE modes.
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Appendix E

Transmission Line with Small Loss

Practical transmission lines always have some loss caused by the finite conductivity of the conductors

and also loss that may be present in the dielectric material surrounding the conductors. Consider first the

case when the conductors are surrounded by a dielectric with permittivity ε = ε′−jε′′ but the conductors

are still considered to be perfect. The presence of a lossy dielectric does not affect the solution for the

scalar potential Φ. Consequently, the field solution is formally the same as for the ideal line, except that

k0 and Y0 are replaced by k = k0(ε
′
r − jε′′r )1/2 and Y = Y0(ε

′
r − jε′′r )1/2, where the dielectric constant

εr = ε′r − jε′′r = ε/ε0. For small losses such that ε′′r � ε′′r , the propagation constant is

jk = α+ β = j(ε′r)
1/2k0

(

1 − j
ε′′r
ε′r

)1/2

∼ j(ε′r)
1/2k0 +

ε′′rk0

2(ε′r)
1/2

(E.1)

Thus

α =
ε′′rk0

2(ε′r)
1/2

(E.2)

β = (ε′r)
1/2k0 (E.3)

where α is the attenuation constant and β is the phase constant. The wave consequently attenuates

according to e−αz as it propagates in the +Z direction.

It will be instructive to derive the above expression for α by means of a perturbation method that

is widely used in the evaluation of the attenuation, or damping, factor for a low-loss physical system.

This method is based on the assumption that the introduction of a small loss does not substantially

perturb the field from its loss-free value. The known field distribution for the loss-free case is then used

to evaluate the loss in the system, and from this the attenuation constant can be calculated. In the

present case, if ε′′r = 0, the loss-free solution is

E = −∇tΦe
−jkz H = Y ẑ × E (E.4)

where k = (ε′r)
1/2k0 and Y = (ε′r)

1/2Y0. When ε′′r is small but not zero, the imaginary part of ε, that is,

ε′′, is equivalent to a conductivity

σ = ωε′′ = ωε0ε
′′
r . (E.5)

A conductivity σ results in a shunt current J = σE between the two onductors. The power loss per unit

length of line is

Pl =
1

2σ

∫

S

J · J∗dS =
ωε′′

2

∫

S

E ·E∗dS (E.6)

where the integration is over the cross section of the line, and the loss-free solution for E is used to

carry out the evaluation of Pl. Since loss is present, the power propagated along the line must decrease

according to a factor e−2αz. The rate of decrease of power propagated along the line equals the power

loss. If the power at z = 0 is P0, then at z it is P = P0e
−2αz. Consequently,

−∂P
∂z

= Pl = 2αP0e
−2αz = 2αP (E.7)
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which states that the power loss at any plane z is directly proportional to the total power P present at

this plane. The power propagated along the line is given by

P =
1

2
Re

∫

S

E × H∗ · ẑ dS

=
Y

2
Re

∫

S

E × (ẑ × E∗) · ẑ dS =
Y

2

∫

S

E · E∗dS . (E.8)

Hence the attenuation α is given by

α =
Pl

2P
=

σ

2Y
=

ωε′′

2Y0(ε′r)
1/2

= k0
ε′′r

2(ε′r)
1/2

(E.9)

which is the same as the expression (E.2). For this example the perturbation method does not offer any

advantage. However, often the field solution for the lossy case is very difficult to find, in which case the

perturbation method is extremely useful and simple to carry out by comparsion with other methods.

The case of transmission lines with conductors having finite conductivity is an important example of

this, and is discussed below.

If the conductors of a transmission line have a finite conductivity, they exhibit a surface impedance

Zm =
1 + j

σδs
(E.10)

where δs = (2/ωµσ)1/2 is the skin depth. At the surface the electric field must have a tangential

component equal to ZmJs, where Js is the surface current density. Therefore it is apparent that an axial

component of electric field must be present, and consequently the field is no longer that of a TEM wave.

The axial component of electric field gives rise to a component of the Poynting vector directed into the

conductor, and this accounts for the power loss in the conductor. Generally, it is very difficult to find the

exact solution for the fields when the conductors have finite conductivity. However, since |Zm| is very

small compared with Z0, the axial component of electriv field is also very small relative to the transverse

components. Thus the field is very nearly that of the TEM mode in the loss-free case. The perturbation

method outlined earlier may be used to evaluate the attenuation caused by finite conductivity.

The current density Js is taken equal to n×H, where n is the unit outward normal to the conductor

surface and H is the loss-free magnetic field. The power loss in the surface impedance per unit length

of line is

Pl =
1

2
Re Zm

∮

S1+S2

Js · J∗
s dl

=
Rm

2

∮

S1+S2

(

n × H
)

·
(

n × H∗
)

dl

=
Rm

2

∮

S1+S2

H · H∗ dl (E.11)

where Rm = 1/σδs is the high-frequency surface resistance, and

(

n × H
)

·
(

n × H∗
)

= n ·H ×
(

n × H∗
)

= n ·
[(

H · H∗
)

n −
(

H · n
)

H∗
]

= H · H∗ (E.12)

since n ·H = 0 for the infinite-cinductivity case. The integration is taken around the periphery S1 + S2

of the two conductors. The attenuation constant arising from conductor loss is thus

α =
Pl

2P
=

Rm

∮

S1+S2
H · H∗dl

2Z
∫

H · H∗dS
(E.13)
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where the power propagated along the line is given by

Re
1

2

∫

E × H∗ · ẑ dS =
1

2
Z

∫

H ·H∗dS (E.14)

and Z is the intrinsic impedance of the medium; that is, Z = (µ/ε)1/2.

When both dielectric and conductor losses are present, the attenuation constant is the sum of the

attenuation constants arising from each cause, provided both attenuation constants are small.
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Appendix F

S-Matrix of Reflector
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Figure F.1: S-Matrix
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Appendix G

Principle of Magnetron Oscillator

G.1 Floquet’s Theorem

In an infinite periodec structure, the field of Bloch wave repeats at every terminal plane except for a

propagation factor e−γd, where d is the length of an unit cell. Since the choice of location of a terminal

plane within an unit cell is arbitrary, we see that the field at any point in an unit cell will take on exactly

the same value at a similar point in any other unit cell except for a propagation factor e−γd from one

cell to the next. Thus, if the field in the unit cell between 0 ≥ z ≥ d is f(x, y, z), the field in the unit

cell in the region d ≥ z ≥ 2d must be

e−γdf(x, y, z − d) .

Consequently, the field in a periodic structure is described by a solution of the form

f(x, y, z) = e−γzfp(x, y, z) , (G.1)

where fp(x, y, z) is a periodic function of z with period d; for example,

fp(x, y, z + nd) = fp(x, y, z) .

The possibility of expressing the field in a periodic structure in the form given by Eq.(G.1) is often

referred to as Floquet’s theorem. From Eq.(G.1) we can see that the field at z + d is related to the field

at z as follows:

f(x, y, z + d) = e−γ(z+d)fp(x, y, z + d)

= e−γ(z+d)fp(x, y, z)

= e−γdf(x, y, z) ,

which has the correct repetitive properties of a Bloch wave.

Any periodic function such as fp(x, y, z) can be expanded into an infinite Fourier series;

fp(x, y, z) =

∞
∑

n=−∞

fp,n(x, y)e−2πinz/d , (G.2)

where fp,n(x, y) is a function of x and y. Multiplying both side by e2πimz/d and integrating over a unit

cell, i.e., from 0 to d, we may have an expression;

fp,m(x, y) =
1

d

∫ d

0

dz fp(x, y, z)e
2πimz/d (G.3)

because of the complete orthogonality of exponential functions; i.e.,

∫ d

0

dz e−2πi(n−m)z/d = dδmn .
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Figure G.1: A multicavity magnetron. A magnetron is consist of cathode, anode, coaxial line output

and several cavities. permanent magnet is used to produce a strong magnetic field normal to the cross

section.

The field in a periodic structure can be represented as

f(x, y, z) =

∞
∑

n=−∞

fp,n(x, y)e−iβz−2πinz/d

=
∞
∑

n=−∞

fp,n(x, y)e−iβnz , (G.4)

where γ = iβ and βn = β + 2nπ/d. Each term of this expansion is called as a spatial harmonic and has

a propagation phase constant βn. The corresponding phase velocity of n-th spatial harmonic is

vp,n =
ω

βn
=

ω

β + 2nπ/d
, (G.5)

where we have supposed the time-dependence of the field is eiωt. The group velocity of the n-th harmonic

is

vg,n =
dω

dβn
=

(

dβn

dω

)−1

=

(

dβ

dω

)−1

= vg (G.6)

and is the same for all harmonics.

G.2 Magnetron Oscillator

This section is devoted to a qualitative description of the magnetron oscillator. The basic structute of

a magnetron is a number of resonator arranged in a cylindrical pattern around a cylindrical cathode, as

shown in Fig. G.1. A permanent magnet is used to produce a strong magnetic field normal to the cross

section. The cathode is kept at a high negative voltage −Vc and the anode at GND level. Electrons

emitted from the cathode are accelerated toward the anode block, but the presence of the magnetic field

B0 produce a Lorentz force −evrB in the azimuthal direction which causes the electron trajectory to be

deflected in the same direction.
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If the cathode radius is a and the anode radius is b, the potential at any radius r is

V (r) = −Va
log(r/b)

log(a/b)
, (G.7)

where we neglected the small perturbation of the field caused by the non-ideal cylindrical configuration

of of the anode. The velocity of an electron at this radius is given by

v(r) = [−2ηV (r)]
1
2 , (G.8)

where η = e/me. The electron can execute circular motion at the radius r around the cathode if the

outward centrifugal force mev
2/r and the radial electric field force −eEr = −eVa/[r log(a/b)] are exactly

balanced by the inward magnetic force ev(r)B0 . For circular motion at radius r, we therefore have

mev
2

r
− eVa

r log(a/b)
= evB0 , (G.9)

or since v = ωer, where ωe is the electron’s angular velocity,

ω2
e − ηB0ωe −

ηVa

r2 log(a/b)
= 0 . (G.10)

For later reference, we solve Eq.(G.10) for the cahode-anode accelerating voltage Va;

Va =
(

ωer
2 log

a

b

)

(

ωe

η
−B0

)

. (G.11)

This value of Va will permit an electron to execute circular motion at a radius r and with an angular

frequency ωe under the magnetic field B0.

If now there exists an ac electromagnetic field that propagates in the azimuthal direction with a

phase velocity equal to the electron velocity ωer, strong interaction between the field and the circulating

electron cloud can take place.

The multicavity magnetron has a periodic structure in the azimuthal, or φ, direction. If there are N

cavities, the period in φ is 2π/N . According to Floquet’s theorem, each field component can be expanded

in the following form;

ψ(r, φ) =

∞
∑

n=−∞

e−iβφ−2πinφ/pψn(r) =

∞
∑

n=−∞

ψn(r)e−iβφ−2πnNφ , (G.12)

where the period p = 2π/N and

ψn(r) =
N

2π

∫ 2π/N

0

dφ ψ(r, φ)e2iπnφ/p . (G.13)

But since the structure closes on itself,

ψ(r, 2π) = ψ(r, 0) . (G.14)

The only possible values of β that will make 2πβ equal to a multiple of 2π are

βm = m, where m = 0, ±1, ±2, · · · . (G.15)

With the value of β specified, a corresponding frequency ω can be specified, say ωm, which is the resonant

frequency for the m-th mode. Thus a typical field component will have the form

ψm(r, φ)eiωmt =

∞
∑

n=−∞

ψn(r)e−i(m+nN)φ+iωmt (G.16)
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The phase velocity in the azimuthal direction φ for the n-th spatial harmonic of the m-th resonant mode

is

vp,mn =
ωmr

m+ nN
(G.17)

at the radius r; that is, angular phase velocity is ωm/(m+ nN).

The usual mode employed in a magnetron oscillator is the π-mode, that is, the phase change between

adjacent cavities is π radian. Each cavity with its input gap acts as a short-circuited transmission line of

a quarter wavelength long, and hence has a maximum electric across the gap. For the π-mode the field

is oppositely directed at adjacent cavities, and βmφ = mφ must be equal to π for a change in φ equal to

one period 2π/N . Hence m = N/2, and the phase velocity for the n-th spatial haemonic becomes

vp,nN/2 =
2ωN/2r

N(1 + 2n)
. (G.18)

In order to obtain interaction between the electron cloud and one of the spatial harmonics at a

particular radius r, we must choose Va so that

ωer = v(r) = vp,nN/2 , or ωe =
2ωN/2

N(1 + 2n)
. (G.19)

The required voltage Va to obtain syncronism between the electron cloud and the ac field may be found

from Eq.(G.11). If we choose a value of r midway between the cathode and anode, thet is, r = (a+ b)/2,

and note that in typical magnetrons b− a is not so large that log(b/a) ≈ 2(b− a)/(a+ b), we obtain

Va =
ωm

m+ nN

b2 − a2

2

(

B0 −
ωm

η(m+ nN)

)

(G.20)

in general, and

Va =
2ωN/2

N(1 + 2n)

b2 − a2

2

(

B0 −
2ωN/2

ηN (1 + 2n)

)

(G.21)

for the π-mode, where m = N/2.

From a physical viewpoint the syncronism between the electron cloud and the n-th spatial harmonic of

the ac field implies that those electrons located in the field where Eφ acts to slow down the electrons will

give up their energy to the field. As the electrons slow down, they move radially outward and eventually

are intercepted by the anode. Electrons that are accelerated by the ac field move in toward the cathode

until they get into a proper phase relationship such as to give up their energy to the field. When the

latter happens, they begin to slow down and spiral out toward the anode. Thus the only electrons that

are lost from the interaction space are those that have given up a net amount of their energy to the ac

field.
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