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HP�%N�� 09¦�Ø�.#R�0TC�DE" )��
�	3�z!0�S�5�z>HTÌ�0+Ds�
¥���F�G��P�!���P���
h	Q��ÄD�2431}
¥����1�@?��9��=!0�Ds�
I D Q���; QNG boson " �+��N
3�z�0��1.#R�0�S�.#� A type 7 C type �+r�ÛK�PS��
Nq���	Q���;�2�Ü;3�>!"P<���=!09��.%}�~�;�J�K�.#R�0PS target ��*��
R�0'��?�L��
;�MAN��1.#R�0P"9��L����
��M4O>=�.��#N D ;�P+0�j
k
l H "%¬�/
�Q/#y!��3@2��
Û��1.#R�0�S
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Nonlinear Sigma Models as Gauge Theories

BKMU ) .�.�� B type �!B��I\ pure realization ?
V�= type �1��¯�j#k�l'?��#�]2�3@H target �'*�"
GC/Ĥ ' G/H .
RT��O%S�B!�@\ QNG boson "P³
´ � D � target ��*����!H%�!HP���1Í
��ú�.A7#¹�9;:<% VTH
�
;�V���3�z�O%SÄ24�@2�����¥���F�G�?�� � 21��Û�D�2�3
HK�
¥���������� }�¥������@?��
��=�0�D
r�Û9243@H
QNG boson "P<��Ä2�3@2���Û�D	z'Û4{%|
�
O���;%�TV9"���� B type ��¥������@���
�IM�N!V9�T��O%S#®
= A

type 7 C type � QNG boson "P³
´½243P�
¥������
���
��.�/109�1.#R�0P"P� ����;�¥������
;
��2�Ü;3�>!"
���'M�NT0�S@C%� QNG boson ��2�Ü;3�>
�#O���; target ��*9"%}87#¹ 9;:<% ��BP}���ô�;�VI\þ��L��@?+r�C%;
� 0P�
.Pj
k
l����#N�=+�P. /#y
��3@2��
Û S
5
���!�_G�

;�V#��3 B type ��Û	ã���M!��; target ��*9"����$#�h&%Îj9k���* (hermitian symmetric space,

HSS) ��¥1��F�G�?K�
��=!0�C�D�;����Ä2	O [18][19][20] S HSS D�V��	3�z�0 target ��*���)�.
? Table 2 ;	ù+ú
3
Í½�þS

Type G/H dimC(G/H)

AIII1 CPN−1 = SU(N)/SU(N − 1) × U(1) N − 1

AIII2 GN,M (C) = U(N)/U(N −M) × U(M) M(N −M)

BDI QN−2(C) = SO(N)/SO(N − 2) × U(1) N − 2

CI Sp(N)/U(N) 1
2
N(N + 1)

DIII SO(2N)/U(N) 1
2N(N − 1)

EIII E6/SO(10) × U(1) 16

EVII E7/E6 × U(1) 27

Table 2: Hermitian symmetric spaces (HSS).

CPN−1 model D GN,M (C) model �	5
��� �#��� -Ä�èN�3�z�O [21][22] S@C�N���� model H [19] ���
��=�	
.%Å
À�M�NT0�S
�����
��=�	�����}9¥������
��
���
���? D-term H#2��K� F -term 
��çD�2����q2F�
����
���
����#O���;
� À�=�� QNG boson ?%g#h�i��!.������������$7�¹ 9;:<%��! �"�F�G$#&%�')(*�,+.-0/�1�24365��87�9�:,;=<
> ��?4@�� CPN−1 model + GN,M (C) model ; D-term 
���2�AB#��DCE�GF�28H,2 model I�; F -term J�K$L
3��MCN��?)�87GF�CN�)F=O�P=OBI U(1) 16CBQE; SU(N) R6S�T�U�#NV�W0CN��?)�87
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1.3 The Purpose

D = 4, N = 1 SNLSM # D = 2 ��� I����)(,�87��
	=;GL���� SNLSM 2 1 
*# D = 2 I dimensional

reduction (����)+.3����DC��87��=2�����; QN model +����!OG� [23]1 7�����3��)?��.O�� ����!�",; 1/N #%$
365'& ��(�)�*��,+����,2�-�
�2 !�"B365��87.����362�����!�")��/!#��)?����)+ 3!� target 021�@ HSS +&�%3
��?)��H,2 ���*2����D154%6)I��6�,+87�9�OG�87
:�; �<��3>=��)(���2�;8� QN model 2 ���63B5��87 QN model 36; QNG boson #@?�AD� BG����C�I U(1)

R6S�T�U�# V�WDCN��?��=@��,�=2 U(1) R6S�T�U*#@?�A6(��&7�D�E�+�I�; F�G�H�I*#���?��4R6S�T�U�# H,2&U�3 J
KML�N ��O�P�W)(���24365���@��*F�2 ���*;�Q�R�/�/ � NLSM 2�S�3*1�3�+�1MT<U)� D = 2 2 O(N) model 2
V%W �NO%��X�Y�Z�����[B2 V%W I��<3���?)�87�(�X�Y�Z����<\�� N = 1 2 O(N) X�Y�Z�]����*;_^�`<a'�8b Q 2
c�d�e Igf�3������ ��O���?)��@��*F=O,#��g�&I h0C V%W CN��A��=7
�=2����*2�i�jB;8� target 021�@ Kähler b�k�EB3�5'& ��(
l�mMn,o
p���qB@r& #�s�3���?)���)+ 365��&72�=2

���GI t�u,vxw�# V�WDC Ricci y�z�{��,#M| N ����+ 3!��}���� +�2�
6��@r& # ~ N ����+�1�4%6�365��&7 D = 2,

N = 2 X�Y�Z�]$#�s%
2l<mMn,o�p�� target 021�; Calabi-Yau b�k�E [24] \ Gepner model[25] +�CN� c�d ��O
��?)��@!��(
l<m�n,o�p�� target 0g1)#�~ N ��2�1��'�!?�+87�9�OG�87 C5a�C����G��@'�_�=2 ����36;��&OBI>

?��6;�-����6OG���)+�;43 K ��?�7
L>� D = 2 ���636;�������Y�Z�]BI�v,C ��;.�8��+�Y�Z�]B2��6O�@����<� ��? + ? /���� (Coleman’s theorem

[26]) @����)(��87��
	!;g�=2 ���*I�v,CN��� QN model 36;_����I ; � (����)+ @�3 K �4@�� O(N) model 36;
��a���a)F /&; �<a���?�7 C�a�C ; � 2 !�"$#�~��B(���2�;�����365���243��*F=OBI>
�?��*1M��O%��?�+87 / 7

1.4 Organizations

Section 2 36;�L�� D = 2, N = 2 2 superfield #��)?�� Lagrangian 2 ����#@� / 7GF�2 Lagrangian @�s
3
��?)��Y�Z�]$#x��<B(��87 Section 3 36; 1/N #%$62�������@�  N ������¡�¢�2 ��<�#@� / 7£����36; 2 
)2��
�,2�F8O�P=OB2�T�¤g¥�¦�m�§�¨@©<a'��ª«�.OG� gap equation #NV � CE�GF=O,#M¬2��(>­�0��$#�~��B(��87$C�a�C
F=O%®�¯�36; ¬�°�� Q�k£	8� ����2�v�±B@�² � B)��?�7�
�L,&�³´&�µ4A_¶�@�%�'63 K ��?�7 Section 5 3 +�& 5 N

�������DL�362 ���,2�L,+ C)#@��?�� section 6 3�·�*.v_w�³´&�µ�AB#��)?%��¸�¹�º�»�#�=���(g¼87 Section 7 3
;8��½�E,2�L,+@C*+>�=2 ���*2 :�¾ 2 #�¿���������À�#�=��)(g¼87

Appendix A 3�;�Á��GI Â4U�(�¼�T>¤�¥�¦2m�§�¨M©)I�Ã��B��Ä�ÅgÆ�2�=��4� 1/N #<$6#�Ç�È C�É�5�¼&7 Ê�*�Ë�Ì
Í 362_Î�Ï*I Ã����_���*; appendix B I�Ç�ÈD��O�¼87 Appendix C 36;8� 1/N #%$62�¸�¹,2 º�»�3*1 � F -term

®�¯�3�; ��Ð�@�Â4U C���?2��+!#@Ñ�Ò6(�¼87>Î�Ï�@�ÓG?�®�¯���243����=I�Ç�È C�É�Ô0Q 7<Õ_k,I@ÓG?�Î�Ï*2���C!�
¡�Ö���w*2 ³´&�µ�AB#@²,¼ -�
)2�×�Ø�# appendix D I_Ù�ÈB(g¼87

1 ÚÜÛMÝ�ÞMßáà�Þãâ8ä>åãæèç�é�ßëêíìèî@êðïÜñ�Þ appendix M òôó8õ ö à5÷�ç�é
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Appendix E 3�; D = 4 3B2 Nambu-Goldstone theorem 2���� #@� / 7 appendix F 3�;=�£��2�����Á�E
2���I��%3_É�?�¼8��X�Y<Z�]$#�� L���? D = 2 (� �"����*2��$#	��
BI���< C�É�?�¼87 Coleman’s theorem ;
appendix G I�Ç�ÈMC�É�5�¼�7 Coleman’s theorem 2�-�
�2 ;@� +4C�É8� appendix H #�Ç�È6(g¼�7 Appendix I 3
;���X�Y�Z�]����B2 ���,#!(�¼��6I�
g~�I�C�� notation #x��< CMÉ65�¼&7�F8O6; D = 4 ���B3�5�¼�@!� D = 2 [
2 reduction # appendix J I���F�O +�;����GI8� D = 2, N = 2 X�Y�Z�] # appendix K I�Ç�ÈB(<¼�7 Appendix

L ; Kähler b�k�E,2�(��,I	��
)�	��� +�C�É�Ç�È C�É65�¼�7£�&OB;_)�*��
+���� #�~��G(g¼,+ K I�1x(��,I��
��365�¼87�Ä ¾ I8��D�E,+4�_����� +�C5É��£3>� c�d 2�-�
�365�¼�� “Large-N Limit of N = 2 Supersymmetric

QN Model in Two Dimensions” # appendix M I�Ç�ÈB(g¼87

8



2 The Supersymmetric Lagrangian in Two Dimensions

D = 2, N = 2 X<Y<Z O(N) ���$2 Lagrangian #�L��G;=%�'*(.¼g��+ ar����L%¼�7 NLSM +82����G3��
chiral superfield Φi #@��?�É�J

K�� (�2=3�5�¼8@!� target 0g1�@ Kähler b�k�E63�5�¼xÃ��)@�5�¼�2�3!� anti-chiral

superfield Φ∗
i 1_Õ	��I&V�W)(g¼ 2 7�L��&��\�;'& target 021�@ Kähler b�k�EB3�5�¼���C�I8�4J�K�{	
B@ F -term

J�K +�C�É���
	����O�¼87

L =

∫
d4θΦ∗

iΦi +
1

2

{∫
d2θΦ0

(
Φ2
i − a2

)
+

∫
d2θΦ∗

0

(
Φ∗
i
2 − (a2)∗

)}
. (2.1)

����3 a2, (a2)∗ ;��G?�I��	
����,2�v�±,I�5�¼���w�365�¼87 target 021�@ Kähler b�k�EB365�¼���C�I������,2
O(N) NLSM +�;��,��&��'�=2 ��w�@�����I� �¼��)+�1�3 K ¼87��<�8Ig�=2 ��w*;�!�"�# L 3 ��
BI�$�w*I ���
C���Ô�(,�)+ @�3 K ¼87 � N ����¹,2gfB/&I�U*I Y0C�É�!�" ;�% #@�%ÔD/ 7

a2 = |a2|e2iα , a∗2 = |a2|e−2iα ,

Φ0 → e2iαΦ0 , Φ∗
0 → e−2iαΦ∗

0 , Φi → e−iαΦi , Φ∗
i → eiαΦ∗

i .

!�"�# L ��O%� superfield #��)?�É (2.1) #�J K�& (,�)+ @�3 K ¼87

L =

∫
d4θΦ∗

iΦi +
1

2

{ ∫
d2θΦ0(Φ

2
i − a2) +

∫
d2θΦ∗

0(Φ
∗
i
2 − a2)

}
. (2.2)

^ ¾ �'�=2 Lagrangian 3>=��$#('2C�fB/ 7
�=2 superfield 3>Ù*)+�NO�¼ Lagrangian ; component field 3*15���)I�J K,� (,��+ @�3 K ¼87@J K,� C���¡

¢�#@¹,I�< > É�Ô Q 3 7

L = ∂mA
∗
i ∂
mAi + iψiγ

m∂mψi + F ∗
i Fi

+
1

2

{
F0(A

2
i − a2) + F ∗

0 (A∗
i
2 − a2)

}
+

{
FiAiA0 + F ∗

i A
∗
iA

∗
0

}

− 1

2
Ai

(
ψc0ψi + ψciψ0

)
− 1

2
A∗
i

(
ψ0ψ

c
i + ψiψ

c
0

)
− 1

2
A0ψciψi −

1

2
A∗

0ψiψ
c
i . (2.3)

D = 2 ��� 2�-�. +�C�É��/��0*2�0�1 m ; m = 0, 1 # +�¼32 +&(g¼=7,L�� ψi ; Dirac 4�5�6�S�©�3B5'&��
ψci = C2ψ

T

i ;�F�2�7�8���� +�C�É=V�W9��O�É�?�¼87
Lagrangian 2�s%
>Y�Z�],I�;�� a2 = 0, a2 6= 0 3�b�h�U�ÖB@��,�<¼�@��*F=O,#<���&3���< C�É�Ô0Q 7

• O(N) symmetry

J�K�{�
 Φ2
i = a2 ; O(N,C) # L 3*:�#B365�¼87,�=2G+ K Φi ; O(N,C) 2�;2o�pð©�Ì�<���
�L£& N Ì

<�#��4(�7 Φ0 ; O(N) -�����365�¼87���
 &�= ��� R ;��

RT (α)R(α) = 1 , (2.4a)

2 Ú3>ÜÞ Kähler ?A@3BDCFEHG Þ Φ∗

i
Φ

i

êHIAJ3KMLMÝON (7.1) êQPSRMT K(Φ
i
,Φ∗

i
) = f(Φ∗

i
Φ

i
) U åWVYXQZÜà\[íé^]F_Mæa` target b\c êd�e Bgf3h,ikj\l T8Þ O(N,R) mAn Ý�ÞOo�æ^p�`áæÜç^Z�` Ý�qr[ãé_åsZ�åèß8ßãÝ�ÞMt�usvrw�æFK�L f(Φ∗

i
Φ

i
) = Φ∗

i
Φ

i
òWx\y ÝAz�{ é

3D = 2 |Yb~}A� Þ η = diag.(+,−) òW�r�~� [íé
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+.-0/�v@±$#�A���(�@��

R†(α)R(α) 6= 1 , (2.4b)

365�¼87��£3_É�� Lagrangian ���G; O(N,R) Y�Z�]0C�a�s%
,�)+ @�3 K ��?�7

• Dilatation symmetry

superspace 3�Ì Í C_� + K 2_n����4S	� θ #3# L ��B�¼ dilatation # L 1 %�'B3 K ¼87�� O,I>
�?�É*1��
2�
���;�:	#B365�¼ 4 7

x → e−βx , β : scale parameter ,

φ(x) → φ′(x′) = eβdφ(x) ,

βδLφ(x) = β
[
d+ xm∂m

]
φ(x) +O(β2) , δL : Lie derivative ,

[
Φ0

]
c

=
[
Φ∗

0

]
c

= 1 ,
[
Φi

]
c

=
[
Φ∗
i

]
c

= 0 ,
[
θ
]
c

=
[
θ
]
c

=
1

2
. (2.5)

superfield 2���¨�S6T�@.�&O�3�  N �.O%��243�� component field 2���¨4S�TB1Mi��9��O�¼87
[
Ai

]
c

= 0 ,
[
ψi

]
c

=
1

2
,

[
Fi

]
c

= 1 ,
[
A∗
i

]
c

= 0 ,
[
ψi

]
c

=
1

2
,

[
F ∗
i

]
c

= 1 ,

[
A0

]
c

= 1 ,
[
ψ0

]
c

=
3

2
,

[
F0

]
c

= 2 ,
[
A∗

0

]
c

= 1 ,
[
ψ0

]
c

=
3

2
,

[
F ∗

0

]
c

= 2 . (2.6)

• R-symmetry


�� + U(1) # L θ → eiαθ 3 Lagrangian @�:	#B365�¼��)+!#����6(g¼87
[ ∫

d2θΦ0a
2
]
c

= 0 , (2.7)

365�¼���+xa'�F� Φ0, Φ∗
0 2�#

L ]B@�ª«�.O�¼87���?�É
[ ∫

d2θΦ0Φ
2
i

]
c

= 0 , (2.8)

a'�F� Φi 2�# L ]B@�ª«�.O�¼87,L,+MC<¼,+�¹,2gfB/&I��<¼87
[
Ai

]
c

= 0 ,
[
ψi

]
c

= −1 ,
[
Fi

]
c

= −2 ,
[
A∗
i

]
c

= 0 ,
[
ψi

]
c

= 1 ,
[
F ∗
i

]
c

= 2 ,

[
A0

]
c

= 2 ,
[
ψ0

]
c

= 1 ,
[
F0

]
c

= 0 ,
[
A∗

0

]
c

= −2 ,
[
ψ0

]
c

= −1 ,
[
F ∗

0

]
c

= 0 . (2.9)

• Chiral U(1) symmetry

θ → eiγ3αθ 2�# L #�� K ����(=7£�=2 + K���� ©�����m!2�# L�� I���uB(g¼�Ã���@B5�¼87 N = 2 X�Y�Z�]
3�%�'0C@� ��� ©�����m!; ¹,2�Ì�Ù���2�v�±B@65�¼87

ψχ ≡ ψcχ , ψχ ≡ ψχc . (2.10)

4 m^n T ��R"! E$#&%�ò('�) [· · · ]c Ý+* � é
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chiral superfield 362 ��� ©�����m!2�
�|*2���!,I���u67£�&OBIgf�3�É�¹,2gf,/&I���¨=S)T�#����)(g¼��)+
@�3 K ¼�7

[
Ai

]
c

= 0 ,
[
ψi

]
c

= 1 ,
[
Fi

]
c

= 0 ,
[
A∗
i

]
c

= 0 ,
[
ψi

]
c

= 1 ,
[
F ∗
i

]
c

= 0 ,

[
A0

]
c

= 0 ,
[
ψ0

]
c

= 1 ,
[
F0

]
c

= 0 ,
[
A∗

0

]
c

= 0 ,
[
ψ0

]
c

= 1 ,
[
F ∗

0

]
c

= 0 . (2.11)

• Global U(1) symmetry (a2 = 0 theory only)

R-symmetry +�;����,2����<¼ 
�� + U(1) Y�Z�]B365�¼87���w a2 @�����2���I�2�A����)(g¼87

[
Φi

]
c

= 1 ,
[
Φ†
i

]
c

= −1 ,
[
Φ0

]
c

= −2 ,
[
Φ†

0

]
c

= 2 ,
[
θ
]
c

=
[
θ
]
c

= 0 . (2.12)

R-symmetry � chiral U(1) symmetry � global U(1) symmetry #�L,+@C�É Table 3 I ��< C�É�Ô0Q 7

Φi Ai ψi Fi Φ†
i A∗

i ψi F ∗
i Φ0 A0 ψ0 F0 Φ†

0 A∗
0 ψ0 F ∗

0 θ θ

R 0 0 −1 −2 0 0 1 2 2 2 1 0 −2 −2 −1 0 1 −1

U(1)A 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 1 1

U(1)V 1 1 1 1 −1 −1 −1 −1 −2 −2 −2 −2 2 2 2 2 0 0

Table 3: Various U(1) symmetries. U(1)A and U(1)V represent chiral U(1) and global U(1), respectively.

L�����º	��U�½gÉ�#�Ê�*�!�

��#���?�É�J K�& C���(� �"�Ì�< ( (��>9�Q	��2�Ì�< ) @
/�2gfB/��8"���#�s
3�É
?�¼�2�a*1MÑ�ÒMC�fB/ 7
L�����X�Y�Z�]B2 º
��U Fi, F

∗
i #@?�AB(g¼87
∂L
∂Fi

− ∂µ
∂L

∂(∂µFi)
= 0 → F ∗

i +AiA0 = 0 ,

∂L
∂F ∗

i

− ∂µ
∂L

∂(∂µF
∗
i )

= 0 → Fi +A∗
iA

∗
0 = 0 .

�&O,# Lagrangian (2.3) I P�W0C��9�g�&I º
��U A0, A
∗
0, ψ0, ψ0, F0, F

∗
0 I>
�?�É�Ê�*�!�
	��#� 

N ¼87

F0 : A2
i = a2 , F ∗

0 : A∗
i
2 = a2 , ψ0 : Aiψi = 0 , ψ0 : A∗

iψi = 0 , (2.13a)

A0 : −2A∗
0

(
A∗
iAi

)
−

(
ψciψi

)
= 0 , A∗

0 : −2A0

(
A∗
iAi

)
−

(
ψiψ

c
i

)
= 0 . (2.13b)

�&O��&2�J�K�{�
$# Lagrangian I P�W0C�É�� ��2�(� �"�� Ì�<�#@²%É�A2fG/ 7g��®$C A2
i = a2 ;45'��9BI P�W

C���?�7

L = ∂mA
∗
i ∂
mAi + iψiγ

m∂mψi +
1

4

(
A∗
iAi

)−1(
ψciψi

)(
ψiψ

c
i

)
. (2.14)
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�=2 Lagrangian ;�� N = 1 ��
)L£& ImAi = 0, ψci = ψi 2�{�
B3�; “O(N) + Gross-Neveu model” I�-��MC�É
?�¼87�
�L£&�� Q�� �.O%��X�Y�Z O(N) ��� (N = 1) +��<¼87 : 2 N = 2 2 ����36;�F%�=L�3 ��
BI�;
�%3�É
;�?���?�7
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3 Leading Order Contributions in 1/N Expansion

3.1 Strong Coupling Theory: a2 = 0

L��); a2 = 0 2����,2 ���$#@� / 7,�=2����$# strong coupling theory +�����3�Ô.�B/ 5 7

3.1.1 Effective Action and Effective Potential

Lagrangian (2.3) 2$/�Qa��Ê�*��*#�s%
!U Ai, A
∗
i , ψi, ψi +�F�2�X�Y�Z�]�I	� L�O�¼�º	��U Fi, F

∗
i #@F�G�H�I

3��G?���F / 7�
)L'& (2.3) #��)?�É���'��.v�w�#@¹G3���� C���F�G�H�ID#($��)(g¼87£���!36; Φi 2 Green v
w�À�#�Î�ÏB(g¼�2�36;
��?�243���	�U*;�V�W0C���?�7

Z =

∫
DΦiDΦ†

iDΦ0DΦ†
0 exp

(
i

∫
d2xL

)
, (3.1)

DΦi ≡ DAiDψiDFi , DΦ†
i ≡ DA∗

iDψiDF ∗
i ,

DΦ0 ≡ DA0Dψ0DF0 , DΦ†
0 ≡ DA∗

0Dψ0DF ∗
0 .

º
��U Fi, F
∗
i #�L��>?�A C�fB/ 7GF / (g¼,+ Lagrangian ; ¹,2gfB/&I�J K�& ��O�¼87

L = ∂mA
∗
i ∂
mAi + iψiγ

m∂mψi

+
1

2

(
F0A

2
i + F ∗

0A
∗
i
2
)
−A∗

0A0A
∗
iAi

− 1

2
Ai

(
ψc0ψi + ψciψ0

)
− 1

2
A∗
i

(
ψ0ψ

c
i + ψiψ

c
0

)
− 1

2
A0ψciψi −

1

2
A∗

0ψiψ
c
i . (3.2)

U*2 ��w�
�I +èË���+
� ����2�
�I$# ^ � 2gfB/&I I���(g¼87

Ai(x) = φi + Bi(x) ,

∫
d2xBi(x) = 0 . (3.3)

I��0C�É�Ô�?�� Lagrangian (shifted Lagrangian) ; ¹,2gfB/ I
�<¼87

L = −1

2
X′
i
†D−1

A X′
i +

1

2
Ψ′
iS

−1Ψ′
i −

1

2
Xc
i
†
[
D−1
B −D−1

B DAD
−1
B

]
Xc
i . (3.4)

��'��.v�w Z I>
�?�É�� Bi, B∗
i , ψi, ψi #xH�I)(g¼87 ( ��#�w*2 ���*; (3.6) 3�  N �.O�¼87 )

Z =

∫
DΦ0DΦ†

0 exp
(
iSeff

)
, DΦ0 = DA0Dψ0DF0 , DΦ†

0 = DA∗
0Dψ0DF ∗

0 ,

Seff =
iN

2
Tr log det

[
D−1
A

]
− iN

2
Tr log det

[
S−1

]
− 1

2

∫
d2xXc

i
†
[
D−1
B −D−1

B DAD
−1
B

]
Xc
i . (3.5)

����3�� Tr ;��_0*2«p��NS�4�#�u���(g¼ 6 7
5 ��������Ý8Þ����! �"Qp!#%$�&ALMê�'FL5Ý)(+* V�çQ[ëêOpON appendix F æ-, Ý!.�/ ö à~VèçQ[íé�ß8ß Ý�ê�����Þ a2 = 0 N^o10324#%$�&LSp!51687�Ý�qr[ U:9 R J
; ÝON strong coupling theory U=<Fy Ý�çQ[íé5æOzON ßëê����xÞ N D = 4 U åWV�Þ [27] Ý8>(T8?�` àFV�çQ[íé
6 @\TBADC � [ TR ÞHN |Yb*UFEDG�HFj ê i)I(#%JMò J+; � [ôé
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����3�� (3.4),(3.5) 3�Â�UB(<¼3��#�w*; ¹B3����+��O�É�?�¼ 7 7

X′
i = Xi +DAD

−1
B Xc

i , Xi =


 Bi

B∗
i


 , Xc

i =


 φi

φ∗
i


 ,

Ψ′
i = Ψi − Sχi , Ψi =



 ψi

ψci



 , χi = M
(
Xi +Xc

i

)
=



 0 ψc0

ψ0 0




(
Xi +Xc

i

)
,

D−1
A = D−1

I + MSM , D−1
B = D−1

II + MSM ,

D−1
I =



 ∂2 +A∗
0A0 −F ∗

0

−F0 ∂2 +A∗
0A0



 , D−1
II =



 A∗
0A0 −F ∗

0

−F0 A∗
0A0



 ,

S−1 =



 i/∂ −A∗
0 · 1

−A0 · 1 i/∂



 . (3.6)

T�¤�
��<a'�èT�¤g¥�¦,m�§�¨@©�#��2C<¼�7>T�¤�
��<a'� �)S��!S N 2 T�¤g¥�¦2m�§�¨�©*#��2C<¼x!�",;��>¹,2
���*I�� / 7

Seff [φ(x) = φc] = −Veff (φc)

∫
d2x , Veff (φc) ∼ O(N) . (3.7)

�=2 � 3���T�¤�
���2 ����#�Î�ÏB(g¼87

Tr log det[D−1
c ] =

∫
d2xd2y〈x | log det



 ∂2 +m2 −f

−f ∂2 +m2



 | y 〉〈 y | x 〉

=

∫
d2xd2y

∫
d2k

(2π)2
e−ik(x−y) log det



 −k2 +m2 −f

−f −k2 +m2



 δ2(y − x)

=

∫
d2k

(2π)2
log

[
(−k2 +m2)2 − f2

] ∫
d2x , (3.8a)

Tr log det[S−1
c ] =

∫
d2xd2y〈x | log det



 iγm∂m −m · 1

−m · 1 iγm∂m



 | y 〉〈 y | x 〉

=

∫
d2xd2y

∫
d2k

(2π)2
e−ik(x−y) log det


 /k −m · 1

−m · 1 /k


 δ2(y − x)

=

∫
d2k

(2π)2
log det

[
(−k2 +m)(−1)

] ∫
d2x . (3.8b)

����3 D−1
c \ S−1

c ;�^ � 3�%�'9��O�É�?�¼87

D−1
c = D−1

A (Bi = 0, A0 = m,F0 = f) , S−1
c = S−1(Bi = 0, A0 = m,F0 = f) .

7 ßÜßãÝ!ADC � [=C@ê���$xÞB@�ê�����Ý3u ADC � [íé
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A0, F0 2 ­�0������,;��

�� + U(1) # L #@� /��)+ 3�$�w�
�I�I�2�A�� Cx
%¯�¼��)+ @�4%6�365�¼�243��

〈A0(x)〉 = 〈A∗
0(x)〉 = m , 〈F0(x)〉 = 〈F ∗

0 (x)〉 = f , (3.9)

+�C�É�?�¼87 Ai I>
�?�É6;�F=OB;�4%6�3 ��?�243����£	�I ­�0������$#�  N É65�¼87
L,+@C<¼,+�T�¤�¥�¦,m�§�¨�©6@�¹,2gfB/&I
�<¼87

Veff =
N

2

∫
d2k

(2π)2i
log

[
(−k2 +m2)2 − f2

]
−N

∫
d2k

(2π)2i
log

[
− k2 +m2

]

− 1

2
f
(
φ2
i + φ∗

i
2
)

+m2φ∗
iφi . (3.10)

1 �
	N@���
 4��	�4S�U Ai, A
∗
i 2 1 ©�S�
���  + Dirac

��� ©�����m ψi 2 1 ©�S�
��� �� 2 �
	N@=J�K�{�

a'�&2��� �365�¼�7

3.1.2 Gap Equations

­�0*;���T�¤.¥�¦,m�§�¨�©*#�½2É62 ��w�U*3���I$#G+>3���+ K 2������B3�$�<+��O%É�?�¼87£���!36; ��w�U�;
φi, φ

∗
i , m, f 365�¼�243��'�&O��&2���IB3�T�¤g¥�¦,m�§�¨�©6@������$#G+ ¼@{�
$#@��< C�f6/ 7

∂

∂φi
Veff = 0 = −fφi +m2φ∗

i ,

∂

∂φ∗
i

Veff = 0 = −fφ∗i +m2φi ,

∂

∂m
Veff = 0 = 2m

{
φ∗
iφi +N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2
−N

∫
d2k

(2π)2i

1

−k2 +m2

}
,

∂

∂f
Veff = 0 = −1

2
(φ2
i + φ∗

i
2) −N

∫
d2k

(2π)2i

f

(−k2 +m2)2 − f2
.

�g�&Ig�&O,#@¹,2�fB/&I�J K�& (,�)+ @�3 K ¼87

0 = φi
(
m4 − f2

)
,

0 = φ∗
i

(
m4 − f2

)
,

0 = 2m

{
φ∗
iφi +N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2
−N

∫
d2k

(2π)2i

1

−k2 +m2

}
,

0 = −1

2
(φ2
i + φ∗

i
2) −N

∫
d2k

(2π)2i

f

(−k2 +m2)2 − f2
. (3.11)

�
	=;_X�Y�Z ��­�0�#��B()24@�	_+�365�¼�243���¹,2�{	
$#��MC�É�Ô.�B/ 7

f = 0 . (3.12)

�=2�{�
 � 3�� gap equation (3.11) #�~��B(g¼ +~��������Ë�{�
 (m = 0) 1�CGQ ; T���Ë�{�
 (m 6= 0) @�<)O
¼87GF=O�P=OBI>
�?�É�~ N fB/ 7
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3.1.3 Massless Solution

f = 0, m2 = 0 2 + K ; gap equation (3.11) f2&g�

0 = φ2
i + φ∗

i
2 , (3.13)

@�ª«�.O�¼87£�=2 φi 2��,; Figure 1 3�  N �.O�¼�fB/&Ia��-��*I�����36;
��?�7

PSfrag replacements

√
(Im φi)2

√
(Re φi)2

m2

f

0

m2

m2 + f

m2 − f

(mass)2

boson

fermion

β(a)

β(g)

a2

g

Ai

A0

A∗
0

ψi

ψ0

F0

λ

M

N

D

Vm

AR

AI

Figure 1: Strong coupling theory, massless case. All solutions are on the line.

�=2 ­�0�362 º	��U A0, ψ0 2 2 �.v�w�#��2C�É�Ô.�B/ 7
L��); A0 a'�E7 A0 2�A�# ��� Lagrangian # ^ � 3�  N ¼87

L = −A∗
i [∂

2]Ai +
1

2

(
ψi , ψ

c
i

)


 i/∂ −A∗
0 · 1

−A0 · 1 i/∂







 ψi

ψci





− A∗
0A0

[
A∗
iAi + A∗

iφi + φ∗
iAi

]
− φ∗

iφiA
∗
0A0 . (3.14)

�=2 Lagrangian a'�F� Ai, ψi #@H�I0C�É�T�¤g¥�¦�m�§�¨�©*#��2C<¼�@��*F%��a'� 2 �.v�w�#���A�+ ¼87

Seff = iNTr log
[
∂2 + A∗

0A0

]
− iN

2
TR log



 i/∂ −A∗
0 · 1

−A0 · 1 i/∂





+ φ∗
iφi

∫
d2x

[
A∗

0A0(∂
2 +A∗

0A0)
−1A∗

0A0 −A∗
0A0

]

=

∫
d2p

(2π)2

{
A∗

0(−p)Π(p)A0(p) + · · ·
}
,

Π(p) = −φ∗iφi +
p2

4

N

2π

∫ 1

0

dx
1

λ2 − x(1 − x)p2
. (3.15)

� C λ ;�� 	���Ð��
	�365�¼ 8 7

8 �
����� æ3,gp����\T��30ãàFV�ç�[�ê�ÝYN��
�Mê�������ê�� j Þ�� ���!��� òW� ç�æ ç�é�"$#!��� U å V&%�R é+0è÷ (3.15) Þ�'!(��!�!)* uD>�+�A�C�åWV8ç�÷OpON
(D�
,�- � p�'�(�.!/,P+210 *
2 ö ç U åWV�3a[ U54$6�ö àS[íé 9 çAZ�7Q[ U N
'�(�.
/,P+210 *�2 ö ç&.!/MÝ 28 K�L ò &!9>åí÷Mß U TÜær[ãé
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Õ_k,I ψ0 � A�@ � L!O�¼ Lagrangian
����� C�� ψ0 � 2 ��v�w � �2C<¼��

L = −A∗
i [∂

2]Ai + iψiγ
m∂mψi

− 1

2
(φi + Ai)(ψc0ψi + ψciψ0) −

1

2
(φ∗i + A∗

i )(ψ0ψ
c
i + ψiψ

c
0) ,

Seff =
iN

2
TR log

[
D−1

0 + MS0M
]
− iN

2
TR log[S−1

0 ]

− 1

2

∫
d2x

(
φ∗
i , φi

){
MS0M−MS0M(D−1

0 + MS0M)−1MS0M
}

 φi

φ∗
i





=

∫
d2p

(2π)2

{
ψ0(−p)Σ(p)ψ0(p) + · · ·

}
,

Σ(p) =
1

/p

{
−φ∗iφi +

p2

4

N

2π

∫ 1

0

dx
1

λ2 − x(1 − x)p2

}
. (3.16)

º
��U F0 � Õ_k � Î�Ï*Igf�3_É=V �
	 K ¼��
���=I º
��U A0, ψ0, F0 � 2 �.v�w � L��@C�� �
� � Table 4 I�È�B�É�Ô0Q��

F(−p)Γ(2)(p)G(p) A0(p) A∗
0(p) ψc0(p) ψ0(p) F0(p) F ∗

0 (p)

A∗
0(−p) 1

2Π(p) 0 0 0 0 0

A0(−p) 0 1
2Π(p) 0 0 0 0

ψ0(−p) 0 0 1

2/p
Π(p) 0 0 0

ψc0(−p) 0 0 0 1

2/p
Π(p) 0 0

F ∗
0 (−p) 0 0 0 0 1

2p2 Π(p) 0

F0(−p) 0 0 0 0 0 1
2p2 Π(p)

Table 4: Two-point functions. Π(p) = −φ∗iφi +
p2

4

N

2π

∫ 1

0

dx
1

λ2 − x(1 − x)p2
.

� � 2 ��v�w���/������ �
� 	������Ma
� ��	���Ð��
	���V�W9�NO�É���¼���C,� Feynman n����4S	�MH�I � 

I�� i	������� ��� ¼��! � �	�Ê�"�Ë � space-like #$�&% (−p2 > 0) ��'�( � $�)+*-,.�/�

∫ 1

0

dx
p2

λ2 − x(1 − x)p2
= −

∫ 1

0

dx
1

−x2 + x− λ2/p2
= −

∫ 1

2

−1

2

dy
1

a2 − y2
, (3.17a)

a2 ≡ 1

4
− λ2

p2
>

1

4
, a >

1

2
, y = x− 1

2
. (3.17b)

0 '�(�132���'�(�4�5 ��687 	
9�:.	��<; � 	
=�'�(
�?> ).	�@-;��

∫ 1

0

dx
p2

λ2 − x(1 − x)p2
=

1

a
log

(
2a− 1

2a+ 1

)
. (3.18)

 �A ��B �&;�� A0 � 2 C�132D�
E�FD,.��#�GH@JI8KMLNA.;�O

Π(p) ' −φ∗iφi +
1

a
log

(2a− 1

2a+ 1

)
< 0 . (3.19)
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>��  
F 2 C�132 ���������	� 1?2�
��<;3O$*�
�����"���������F3C�
 ��� F�������� O ��!$% = space-like 4�5

 ��" # � F��#�%$�;& 	&3# � %����3C#�����$ 	&'� � ( O time-like #�)�*,+.-+*0/1&
 �2�
�3.4�21576��98�:
; A8;�<.= � F 
 =>���3C � ��? �,( O,�	!!%A@,B�C A0

��D 6�E.F#������ 	& �,��( O�@,B�C ψ0, F0 �HG0I�

�<; 9 O

 � 0
9J	K�/ ���7L,�.)M
 � = φi 6= 0 
N�<;�/,O�#0P�5#Q O(N) R�S�T�� U�A>?!*H!�V�,�V�# ��W ? ( ; �
=
Coleman’s theorem10 
 �0X -�R�S�T � D = 2 
 � U�A �,( O$ �A.#�� ( ? �  � 0
 �HY,Z.[.\ =�]�F7)#�_^MO
? section 4 
�!�&_O�?
)`V/O

3.1.4 Massive Solution

a R�S �Hb,c �%d � /,O =>e � %� � 0
��JE�F0f.g#�7h � O

f = 0 . (3.20)

!�/D � 0
 � m 6= 0 =	��!!%Ai�L,�.)#�jd � O! 
F1&
@ gap equation (3.11) 
HL E���k+LNA8;�O

φi = φ∗
i = 0 . (3.21)

��!!% Ai
��b,c.l�m �#����/ �,( OMn�F�I,61� Figure 2 
9o � O

PSfrag replacements

√
(Im φi)2

√
(Re φi)2

m2

f

0

m2

m2 + f

m2 − f

(mass)2

boson

fermion

β(a)

β(g)

a2

g

Ai

A0

A∗
0

ψi

ψ0

F0

λ

M

N

D

Vm

AR

AI

Figure 2: Strong coupling theory, massive case. The origin is the solution.

; L�#�@ B�C�F 2 C�132p��q�O�;�O�! \.� A0 
HL O A0 F�r,
�s�t ; A8; Lagrangian ��u8K
=�i,v.w B & 2

C�132p��u8K&;�O�n�F9xD#�=�@,B�C A0 � > C AR, AI 

E�FD,�V�#�( )+*-,�V/O

A0(x) = m+ AR(x) + iAI(x) , A∗
0(x) = m+AR(x) − iAI (x) . (3.22)

92 y'z|{_}�~���z|{_�|�����j�����������A�'����~��_z|{%���7���%�����������|}�� 2 y�z�{%�¡ %¢�y_���%�����0�������A� 2 y�z|{%�
�7���%�������������¡}�£����

10appendix G ¤¡¥��
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 � Lagrangian ��u8K&;�O

L = −A∗
i

[
(∂2 +m2) + (2mAR +A2

R +A2
I)

]
Ai

+
1

2

(
ψi , ψ

c
i

)

 i/∂ −(m+ AR − iAI) · 1

−(m+ AR + iAI) · 1 i/∂





 ψi

ψci


 ,

Seff = iNTr log
[
D−1

0 +D′−1
]
− iN

2
TR log

[
S−1

0 + S′−1
]

=

∫
d2p

(2π)2

{
AR(−p)Π1(p)AR(p) +AI(−p)Π2AI (p) + AR(−p)Π3AI(p)

}
+ · · · ,

Π1(p) = Π2(p) =
p2

4

N

2π

∫ 1

0

dx
1

m2 − x(1− x)p2
, Π3(p) = 0 . (3.23)

- ( ? ψ0 F�r<F Lagrangian & 2 C�1�2�O

L = −A∗
i [∂

2 +m2]Ai +
1

2

(
ψi , ψ

c
i

)


 i/∂ −m · 1

−m · 1 i/∂







 ψi

ψci





− 1

2
Ai(ψc0ψi + ψciψ0) −

1

2
A∗
i (ψ0ψ

c
i + ψiψ

c
0) ,

Seff = iNTr log
[
D−1

0 + MS0M
]
− iN

2
TR log

[
S−1

0

]

=

∫
d2p

(2π)2

{
ψ0(−p)Σ1(p)ψ0(p) + ψc0(−p)Σ2(p)ψ

c
0(p)

+ ψ0(−p)Σ3(p)ψ
c
0(p) + ψc0(−p)Σ4(p)ψ0(p)

}
+ · · · ,

Σ1(p) = Σ2(p) =
/p

4

N

2π

∫ 1

0

dx
1

m2 − x(1 − x)p2
, Σ3(p) = Σ4(p) = 0 . (3.24)

2 C�132p� Table 5 #>!�&�O�?���� O! �A1����?
(�
�;&,�V�#�=  �A L¡@,B�C � ���7L,� ������C &�*�? >�� ;
A>? ( ;�O

F(−p)Γ(2)(p)G(p) AR(p) AI(p) ψc0(p) ψ0(p) F0(p) F ∗
0 (p)

AR(−p) Π(p) 0 0 0 0 0

AI(−p) 0 Π(p) 0 0 0 0

ψ0(−p) 0 0 1

/p
Π(p) 0 0 0

ψc0(−p) 0 0 0 1

/p
Π(p) 0 0

F ∗
0 (−p) 0 0 0 0 1

p2
Π(p) 0

F0(−p) 0 0 0 0 0 1
p2

Π(p)

Table 5: Two-point functions. Π(p) =
p2

4

N

2π

∫ 1

0

dx
1

m2 − x(1 − x)p2
.

 �F7i L,�,)>
 � =9P
5#Q O(N) R S�T � U�A>? (��,( � 2 �	�DF dilatation 
-I��	
�T�= R-symmetry =>n�*
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?9P�5#Q U(1) R�S�T��HU�A,?!*0!�V
,NV�# �DK�? ( ;�O. � �
��Hn�F_R�S�T�F ��� #�� ( ? �0Y,Z.[.\ = section

4 
 )`V/O

3.2 Weak Coupling Theory: a2 6= 0

 �A�� Lagrangian (2.3) 
HL���� � ;�O��+*
	�� � a2 6= 0 F�
 Z ����K�;�O� �F�
 Z � weak coupling theory

&����#V 11 O Lagrangian
� E�F��
F 
N�<;�O��+* Fi, F

∗
i

��� #�'�( ; A�/0o��p��� [ ;�O

L = ∂mA
∗
i ∂
mAi + iψiγ

m∂mψi +
1

2
F0(A

2
i − a2) +

1

2
F ∗

0 (A∗
i
2 − a2) −A∗

0A0A
∗
iAi

− 1

2
Ai

(
ψc0ψi + ψciψ0

)
− 1

2
A∗
i

(
ψ0ψ

c
i + ψiψ

c
0

)
− 1

2
A0ψ

c
iψi −

1

2
A∗

0ψiψ
c
i . (3.25)

3.2.1 Effective Action and Effective Potential

Ai, A
∗
i , ψi, ψi, Fi, F

∗
i ��'�( � ;�O�e %�� � strong coupling theory &_GHIN
N�<;�OMn�F����.k LNA8;7i,v.w

B�� E�FD,�V�# � ;�O

Z =

∫
DΦ0DΦ†

0 exp
(
iSeff

)
, DΦ0 = DA0Dψ0DF0 , DΦ†

0 = DA∗
0Dψ0DF ∗

0 ,

Seff =
iN

2
Tr log det

[
D−1
A

]
− iN

2
Tr log det

[
S−1

]

− 1

2

∫
d2xXc

i
†
[
D−1
B −D−1

B DAD
−1
B

]
Xc
i −

1

2
a2

∫
d2x

(
F0 + F ∗

0

)
. (3.26)

 � 0

= (3.26) 
�� C � ;! �
�2 � strong coupling theory 
�"�# ; A>? ( ;	�
F1&_G%$�
N�<;�O
i,v.w B 
HL¡i v'&�(%)+*�,�-���q�O�;�O

Tr log det[D−1
c ] =

∫
d2k

(2π)2
log

[
(−k2 +m2)2 − f2

] ∫
d2x , (3.27a)

Tr log det[S−1
c ] =

∫
d2k

(2π)2
log det

[
(−k2 +m)(−1)

] ∫
d2x . (3.27b)

.�. 
 D−1
c e S−1

c

��/�0 
�s�t ; A>? ( ;�O

D−1
c = D−1

A (Bi = 0, A0 = m,F0 = feiθ) , S−1
c = S−1(Bi = 0, A0 = m,F0 = feiθ) .

A0 F
b,c.l�m � � = R-symmetry 
�Ip��)`V . &'
 > 2�1�(�#�F�r�2 *'��=�; . &'�+354.
��<;��
= F0 #�� (

? ��6�7 
�I�
 1 �&F�8%9�:�;=<?>�2 *'��=�; . & � 
�@ �,( O

〈A0(x)〉 = 〈A∗
0(x)〉 = m , 〈F0(x)〉 = feiθ , 〈F ∗

0 (x)〉 = fe−iθ . (3.28)

Ai >�� ( ?�� 6�7 
�I�
 1 �&F l�m �@>�2 *'��=�; . &'�+354.
 �,( F 

=�ACB?> b,c.l�m �#��u8K,?N�<;�O
11strong coupling theory �EDGF��IHKJ��A� a2 6= 0 £����A�MLKNKO {%�QPSRUT���}�£����9�����WVYX�� weak coupling theory �[ZK\A�
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!�&_O�;�&�i,v=&�(%)+*�,�-N�
E�FD,�VY> � ;�O
Veff =

N

2

∫
d2k

(2π)2i
log

[
(−k2 +m2)2 − f2

]
−N

∫
d2k

(2π)2i
log

[
− k2 +m2

]

− 1

2
feiθ(φ2

i − a2) − 1

2
fe−iθ(φ∗i

2 − a2) +m2φ∗
iφi . (3.29)

1 �����H3.4����=9�;_C Ai, A
∗
i F+- ;��
	�u & Dirac �
��-���� ) ψi F+-=;��
	�u�= 2 ���j���
��f.g�
!L�F

	�u�
N�<;�O�!�/!�
��"�2 a2 >�� ( ?
=�	
�
a2 ≡ N

g2
,

&��D;�O g ����� Z 
�� C��D;!�
��"�2�
N�<;�O

3.2.2 Gap Equations

i,v'&�(%)+*�,�-DF�����C#��d�� O .�. 
 � 8%9�:�;=< � φi, φ
∗
i , m, f , θ 
N�<;�F 

= . A L�F� 
!�
�i,v'&

(%)+*�,Y-��"����C#�M&�;_f.g#�
#�$&%-,�V/O feiθ >�� ( ? ��'
(
) 
N�<; . &�>�*�+��D;�O
∂

∂φi
Veff = 0 = −feiθφi +m2φ∗

i ,

∂

∂φ∗
i

Veff = 0 = −fe−iθφ∗
i +m2φi ,

∂

∂m
Veff = 0 = 2m

{
φ∗
iφi +N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2
−N

∫
d2k

(2π)2i

1

−k2 +m2

}
,

∂

∂f
Veff = 0 =

N

g2
cos θ − 1

2

(
φ2
i e
iθ + φ∗

i
2e−iθ

)
−N

∫
d2k

(2π)2i

f

(−k2 +m2)2 − f2
,

1

f

∂

∂θ
Veff = 0 = −N

g2
sin θ− i

2

(
φ2
i e
iθ − φ∗

i
2e−iθ

)
.

. A L���E�FD,�V�>�GH@�,-� O
0 = φi

(
m4 − f2

)
= φ∗

i

(
m4 − f2

)
,

0 = 2m

{
φ∗
iφi +N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2
−N

∫
d2k

(2π)2i

1

−k2 +m2

}
,

N

g2
= φ2

i + fe−iθN

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2
,

N

g2
= φ∗

i
2 + feiθN

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2
. (3.30)

. F 1 .� 
!�F��
/�� >1032 �Hb,c.l m �#�
4
5�%0/��
FN� gap equation &��
6
O

3.2.3 Massless Solution

.�. 
�� a R�S �Hb,c ��d��&F �7�HQ�
N�<;�F 

=�E#�98�"��D;�O
f = 0 . (3.31)
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f = 0, m2 = 0 F1&
@ � gap equation (3.30) >D,�� =
N

g2
= φ2

i = φ∗
i
2 , (3.32)

��k LNA8;�O . F φi F�� � Figure 3 
9u8KMLNA8;&,�VY> ����
 �>�,( O-�
��f.g�� F -term >�F�r+�,C&%0/��
��=��
��"�2 ��� ���	! A>? (.�,( O

PSfrag replacements

√
(Im φi)2

√
(Re φi)2

m2

f

0

m2

m2 + f

m2 − f

(mass)2

boson

fermion

β(a)

β(g)

a2

g

Ai

A0

A∗
0

ψi

ψ0
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M

N

D

Vm

AR

AI

Figure 3: Weak coupling theory, massless case.

. F b,c 
�F�@>B�C A0, ψ0 F 2 C�132p��q�O�?�� . V O strong coupling theory F1&-@�&_GHI@> %�?
= Table

6 F&,�VY>�@,B�C�F 2 CD132��9q�O!LNA8;�O
F(−p)Γ(2)(p)G(p) A0(p) A∗

0(p) ψc0(p) ψ0(p) F0(p) F ∗
0 (p)

A∗
0(−p) 1

2Π(p) 0 0 0 0 0

A0(−p) 0 1
2Π(p) 0 0 0 0

ψ0(−p) 0 0 1

2/p
Π(p) 0 0 0

ψc0(−p) 0 0 0 1

2/p
Π(p) 0 0

F ∗
0 (−p) 0 0 0 0 1

2p2 Π(p) 0

F0(−p) 0 0 0 0 0 1
2p2 Π(p)

Table 6: Two-point functions. Π(p) = −φ∗iφi +
p2

4

N

2π

∫ 1

0

dx
1

λ2 − x(1 − x)p2
.

. F b,c ) � strong coupling theory 
�F ���7L,�.) &_G%$%
N�<;�O>��!��A@,B�C ��D 6�E.F#��$+L �,( O

3.2.4 Massive Solution

Ai e ψi ��L,�1����� &
@�=�� ���
	 m 6= 0 
N�<;�&
@ � = Figure 4 FD,�VY> f F��@>D, W ? 4 ���JF�
��
�������D;�OMn�F,n
A��
A5>�� ( ?���" �Hb,c �������D;H
��+���&%-,�V/O
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tachyon mode
supersymmetric IR−divergence

tachyon free

PSfrag replacements
√

(Im φi)2

√
(Re φi)2

m2

f

0

m2

m2 + f

m2 − f

(mass)2

boson

fermion

β(a)

β(g)

a2

g

Ai

A0

A∗
0

ψi

ψ0

F0

λ

M

N

D

Vm

AR

AI

Figure 4: Weak coupling theory, massive case.

1. supersymmetric case : f = 0a R�S � )#�������D;�O
0 = m4φi = m4φ∗

i = 2mφ∗iφi , (3.33a)

N

g2
= φ2

i = φ∗
i
2 . (3.33b)

� ��fNg�� F -term ><F�r?�>C���;./,O
=�����"<2 > ����� �������.C [	\ =�%0/,� W ? � � ��! A �.( O
, W ?�� a R�S��	�`&�
 � � =��
��f.g>��@ B�CDF b c.l�m �5>�,7+���
p�%u8K ? %H! W ? ( ;3O %0/9� W ?
� F���V � �-/�� / � � � ��r�C#����5��D; . &j��
D@ \ =�)���s�tN
�@ �,( O�� W ?-= a R�S � ) � ���N

@ �,( O

2. tachyonic case : f > m2

. F�&
@ Ai F�����132'>=<	���@)7���,C �D;�O . A ��� 
�Q�> � � ��" �Hb c F�� �_����� %�? ( ; . &�>� ;�F 

= ��" �Hb,c ��d��&F�> � 0&%�? (.�,( O

3. tachyon free case : 0 < f < m2

<���� )7��� C&% �,( (m2 − f ≥ 0) =�� � ����� �,( (m2 6= f) = & ( V�f.g#�7h
� O
0 = (m4 − f2)φi = (m4 − f2)φ∗i ,

0 = φ∗
iφi +N

∫
d2k

(2π)2i

{ −k2 +m2

(−k2 +m2)2 − f2
− 1

−k2 +m2

}
,

N

g2
= φ2

i + fe−iθN

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2
,

N

g2
= φ∗

i
2 + feiθN

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2
. (3.34)

gap eqation (3.34) 
HL ��r & A8;3=�L,��F�!�"���)�=�;HI,6p� Figure 5 >0o�� O >$# > ��" �Hb,c 
N�
A
% = . F�!�"	��)�=�;7I,6�� >�� ; A>? ( ;�O

0 = φi = φ∗
i ,

0 =
1

8π
log

m4

m4 − f2
,

23



PSfrag replacements
√

(Im φi)2

√
(Re φi)2

m2

f

0

m2m2

m2 + f

m2 − f

(mass)2

boson fermion

β(a)

β(g)

a2

g

Ai

A0

A∗
0

ψi

ψ0

F0

λ

M

N

D

Vm

AR

AI

Figure 5: Mass splitting under supersymmetry breaking (massive boson).

1

g2
=

eiθ

8π
log

m2 + f

m2 − f
=

e−iθ

8π
log

m2 + f

m2 − f
. (3.35)

. A � � = . F�1 � �

m2 6= 0 , f = 0 , g2 = ∞ , (3.36)


N�<;�O %�
 % . A � 8�"@>����D;�O

4. IR-divergent case : f = m2

� � ����� � ( f.g (m2 6= f) � � %0/�)#�+�����D;�O . F1&
@
F gap eqation (3.30)
� E�F$��VY> � ;�O

0 = φ∗
iφi +N

∫
d2k

(2π)2i

{
1

2

1

−k2
+

1

2

1

−k2 + 2m2
− 1

−k2 +m2

}
, (3.37a)

N

g2
= φ2

i + e−iθ
N

2

∫
d2k

(2π)2i

{
1

−k2
− 1

−k2 + 2m2

}
, (3.37b)

N

g2
= φ∗

i
2 + eiθ

N

2

∫
d2k

(2π)2i

{
1

−k2
− 1

−k2 + 2m2

}
. (3.37c)

gap eqation 
HL ��r1& A8;3=�!�"���)�=�;7I,6p� Figure 6 >0o�� O
� � ����F���� λ (λ2 � 1) � � 5�%�?
= gap equation �?GH@JI8K&;�O

φi 6= 0 or φi = 0 , (3.38a)

0 = φ∗
iφi +

N

8π
log

m2

λ2
> 0 , (3.38b)

N

g2
= φ2

i − e−iθ
N

8π
log

λ2

2m2
, (3.38c)

N

g2
= φ∗

i
2 − eiθ

N

8π
log

λ2

2m2
. (3.38d)

. A �	� L%
 > (3.38b) ��

�#��� . %�? ( ;�O %0/ � W ? . A���r>/ ��) � ����% �,( O
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Figure 6: Mass splitting under supersymmetry breaking (massless boson).

/ � � � = weak coupling theory 
�i�L,��F0C ��
 � ��" �Hb,c�� ����% �,( O
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4 Realization of Symmetries

.�. 

=������ (leading order, LO) 
��,C&%0/ ��" b,c = ����" b,c �
#�$��D; (Table 7) OMn
A��
A.F b,c

��3F�R�S�T���� � ; A-= � % � � U�A8;�
���#�$&%���V�O

vacua Φ0 dynamics O(N) dilatation R chiral U(1) global U(1) R× global U(1)

a2 = 0, m = 0 no-particle × © © © × ×

a2 = 0, m 6= 0 massless pole © × × © × ©

a2 6= 0, m = 0 no-particle × © © © − −

(a2 6= 0, m 6= 0) (no solution) − − − − − −

Table 7: Supersymmetric various vacua.

D = 2 
 Z 
 �0X -�R�S�T � U�A>? (.�,( O7%�
7% . F Table 7 ���$;�&��3F b,c �
	 % A>?�� X -�R�S�T��
U�A>?7%H! W ? ( ;���VY> �DK&;�O %�
7% . A � ��� 
�@
;�O . A�� . A>
HL Y,Z %���V/O

4.1 Phase Symmetry Realization

.�. 
 � strong coupling theory 
�F�i�L,�.)�F�R�S�T�F ��� �+�����D;�O
i�L �.)N
 ��6�7 
-I.R S�TN��U�A>? ( ; ��VY>��DK<;�O�
��1Q�> � R-symmetry & U(1)V R�S�T>��U�A>? (
;���VY>�� �DK,?�� %H!�V O . A � D = 2 
 Z 
 ��� ; A>? (.�,( O %0/ � W ?�U�A>? (,�,( ��VY>�s�t�% � �
�������N�<;�O ; LY>�= >$# > � U�A>? (.�,( . &H��� � =
A % � L �,( O
& �%��K \ @,B�C A0, A

∗
0 � b>c.l>m �#�7� W / . &'
	n�F b>c 
 � Lagrangian ����F$��V�> �MW ? ( ;�F



=���?.r ��V O�@,B�Cp��=�E�F$��VY> > C 2 �.
9o � %�? ( / . &H��� ( �,n1V/O

A0(x) ≡ m+ AR(x) + iAI(x) , A∗
0(x) ≡ m+AR(x) − iAI (x) . (4.1)

. A�� B	( ?
=�����F Lagrangian (3.2) �?GH@�,-�
O

L = ∂mA
∗
i ∂
mAi + ψiiγ

m∂mψi −
m

2

(
ψiψ

c
i + ψciψi

)

+
1

2
F0A

2
i +

1

2
F ∗

0A
∗
i
2 −

(
2mAR + A2

R +A2
I

)
A∗
iAi

− 1

2
Ai

(
ψc0ψi + ψciψ0

)
− 1

2
A∗
i

(
ψ0ψ

c
i + ψiψ

c
0

)
− 1

2

(
AR + iAI

)
ψciψi −

1

2

(
AR − iAI

)
ψiψ

c
i . (4.2)

. F0C8F�� 6 
 � = R-symmetry &¡P�5#Q U(1) R�S�T � = �
��-���� ) ψi � Majorana L,���p��� W ? ( ;�/
O >�U�A>?7%H!�V ��VY> � �DK&;�� O P�5#Q U(1) 
�I � ��
�
N�<; 12 O

12Dirac matrix ��� �_�"!$#�%'&A����} Dirac ( )+*0���_�",�� chiral U (1) - . /��1032¡���j�4&%�5%"637��5� 80��9$:3;j�����=<|�> ���@?7�A���"Aj� appendix H �A��£ ��B �4C"D%�������A���¡����}��$7�� ?¡�E�$�_}_����� ��£��A�
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. FY
 Z ��=�@,B�C AR, AI �9�����p����k��D;�i,v�w B 
���� �D;3O ��� � F � =�������4�5	
���C��&;3=	�
2$132�F	
@>�� W / ���7L,��
��"���=9�;0C�F�����
N�<;3O

Table 5 ���'� > %�?
=�@,B�C�F0������F�1�!#�N��V���� .�. 
���J&%���V/O

Seff =

∫
d2p

(2π)2
{
AR(−p)Π(p)AR(p) + AI(−p)Π(p)AI (p) + · · ·

}
. (4.3)

appendix H > � L W ?
=�������4�5�
�F���� ( ����/ ( F 

= . A /�� F 7�� w B � ���! 
�@
;�O�!�/3=����
��4�5�<.=>���$; � L = 2 C�132 Π(p) �JE�F$�>VY> � ;�O

Π(p) =
p2

4

N

2π

∫ 1

0

dx
1

m2 − x(1 − x)p2

p2→0−−−→ 1

2
p2 · N

4πm2
. (4.4)

� W ? i,v.w B � E�F$��VY>���J ; A8;�O

Seff ∼ N

4πm2

∫
d2p

(2π)2

{1

2
p2AR(−p)AR(p) +

1

2
p2AI(−p)AI (p) · · ·

}

=
N

4πm2

∫
d2x

{
∂mA

∗
0∂
mA0 + · · ·

}
. (4.5)

.�. 
�3.4�C A0 ��E�F$��VY>�" "�# �D;�O

A0(x) = ρ(x)eiθ(x) , A∗
0(x) = ρ(x)e−iθ(x) , 〈A0(x)〉 = 〈A∗

0(x)〉 = m = 〈ρ(x)〉 . (4.6)

.�. 
 θ(x) F b�c.l�m � � &�L � ( O 1 
��!��<,=>� l�m �@>��D;
F 
 = 6�7 !�
!#�" % � ��?M��� ( F�
.�<;�O
. F�� 6 
�i,v,w B (4.5) ��".s�t�%���V/O

Seff =
N

4πm2

∫
d2x

{∣∣∂m(ρ(x)eiθ(x))
∣∣2 + · · ·

}

=
N

4πm2

∫
d2x

{(
∂mρ(x)

)2
+

(
∂mθ(x)

)
ρ2(x) + · · ·

}
. (4.7)

������4�5�
�$�� � F � θ(x) F0������<.=�
N�<;�O � W ? ρ(x) >�� ( ? ��b,c.l�m ��
�%&@JI8K,?���� O

Seff =
N

4π

∫
d2x

(
∂mθ(x)

)2
. (4.8)

. A5>$� � = θ(x) ��������4�5�
 � ���7L,��
��"���=9�;0C`&�%�?��,C&%�? ( ;�F �"!�
.;�O . F�=�������4�5

�F θ(x) ���$132 � E�F$��VY> � ;3O

〈θ(x)θ(y)〉 = − 1

N
log |x− y| . (4.9)

. A � (4.8) 
HL������-/��p�_) ��& ��
�A8;�O
. F�����L,�&
��"�
�=9+;0C θ(x) F	'�@�> � W ?
= R-symmetry �_U$; ��V � 2 C8132�� ���?> � ; . &H�)(

* %���V O�E�F$�>V � 2 C�132p�_s�t��D;�O

G(x, y) ≡
〈
ψiψ

c
i (x)ψkψ

c
k(y)

〉
. (4.10)
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@,B�C A0

� ="�
��f�g�F 0 
 � (2.13b) & �>W ? ( ;�O ��! � . A � � = �
�Y-7��� )3F���E�F�1 ! � E�F$�NV
>���J�
�@-;�O

ψiψ
c
i (x) = −2(A∗

iAi)A0(x) = −2(A∗
iAi)ρ(x)e

iθ(x) . (4.11)

. A�� B	( ? 7 1�132p�?GH@�,-� O
G(x, y) = 4

〈
(A∗

iAiρ)(x)(A
∗
kAkρ)(y)

〉
〈eiθ(x)eiθ(y)〉 . (4.12)

θ(x)
� ���7L,��
��_C�
N� W / . &H��� ( �,n1V/ON���7L,��
N�<;��N/,O >
=�� � ����F���� ( ��� � =�E�F 7

1�132�������> � ;�O
〈eiθ(x)eiθ(y)〉 = 0 . (4.13)

��! � . A ��� = R-symmetry 
�I >_R�%%? �	
�
 �,(�7 1-132 � �N��> �NW ? ( ; . &!> � ;3O %0/�� W ?
= �


#Q�> R-symmetry
� U�A>? (��,( Op� W &�� � >�� V,& =	� � 
 ��7�� w B � �,( /,O > 7	�
���M��
 ? ���

��� F��@>�!�)�
�@-;�O .�. 
�� � �$;�& = ��
�
 �,(+7	�
����� Table 5 
 � A>? ( ;���VY>���� ��� �����

N�<;�O
; LY> 6�7 
�I���
 ��7	�
��� � ��?.r ��V/O

G(x, y) ≡
〈
ψciψi(x)ψkψ

c
k(y)

〉
. (4.14)

. A � R-symmetry F 6�7 
�I�
 ��
�
N�<;�O . A#����/ &_GHI@>�@,B�C�

GH@JI8K&;�O

G(x, y) = 4
〈
(A∗

iAiρ)(x)(A
∗
kAkρ)(y)

〉
〈e−iθ(x)eiθ(y)〉 . (4.15)

θ(x) ��������4�5�
 � ���7L,��
,� 
��_C�
.�<; . &!>$� W ?
= � F$��VY> 7	� 1�!N��� 
 >�!���
�@-;�F 
N�
;�O ; LY>�= 〈e−iθ(x)eiθ(y)〉 = |x − y|−1/N

� F 

=�E�F$�NVY> � ; . &'�"!�
.;�O
G(x, y) = 4

〈
(A∗

iAiρ)(x)(A
∗
kAkρ)(y)

〉
|x− y|−1/N . (4.16)

. A�>�� � = N � � " >%P8@ ( �7i��9
���;�� � =�� W ���0& . F 7������	� ����>���� � O . F)��� ( � Kosterlitz-

Thouless type F�=�R�S�TN��U�A>? (.�,(��
� � 7 
�F���� ( > � ���D;�O
! W / �jG7I@> %�? = strong coupling theory 
�F0P�5�Q U(1) R�S�TDF_U�A�� � . W ? (.� ( . &j��! ; A&;3O
%0/ � W ? ��" �0b,c 
 ��6�7 
�I�F�R�S�T � U�A>? (.� ( O

4.2 Dilatation Symmetry Realization

Dilatation 
�I >9� ( ? � �.V�
-O >�� . F�" "?# (4.6) 
 � dilatation 
�I � U�A�/,!�!�> �DK&;�O %0/�� W
?
=�U�A>? (.�,( ��VY> �DK&;_C�F�" "�#p�
�`V/O
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� 1,R�S�TDF Y,Z ����
 %0/>! !3= dilatation 
�I�!�
10���
D@-;��NVY> ��;�/,O�=�� � ;_C8F�"�#��
�`V�O��
% ( C φ(x) ��E�F$��VY> ��5��D;�O

A0(x) = meφ(x)+iθ(x) , 〈A0(x)〉 = m , 〈φ(x)〉 = 0 . (4.17)

. F1&
@'@,B�C A0 F� �
�I�:#��E�F$�NVY>�" "�#��D;�O
A0(x) → eiαA0(x) , =⇒ φ(x) → φ(x) , θ(x) → θ(x) + α , R-symmetry , (4.18a)

A0(x) → eaA0(x) , =⇒ φ(x) → φ(x) + a , θ(x) → θ(x) , dilatation symmetry . (4.18b)

i,v.w B Seff � ��/ &'GHI@>�GH@�,>n1V/O
Seff =

N

4πm2

∫
d2x

{
|∂mA0|2 + · · ·

}

=
N

4π

∫
d2x e2φ(x)

{(
∂mφ(x)

)2
+

(
∂mθ(x)

)2
+ · · ·

}

∼ N

4π

∫
d2x

{(
∂mφ(x)

)2
+

(
∂mθ(x)

)2
+ · · ·

}
. (4.19)

. F�4�5�
 � =�w B�� dilatation 
�I�= 6�7 
�I`&��+> ��
�
N�<;3O
n
A>
 � .�. 
 = 6�7 
�I�F1&
@�&_GHI@> 7	�
��� F���� ( ����?.r ��V/O
	DK % E�F ��� � B +��D;�O

G(x, y) = 〈|A0|2(x)|A0|2(y)〉 . (4.20)

(4.17) � B	( ;�& . F 7	�
����� =�������4�5�
 � E�F$��V�>����`V/O
G(x, y) = m4〈e2φ(x)e2φ(y)〉 = m4e4〈φ(x)φ(y)〉 =

m4

|x − y|4/N . (4.21)

��!�� ������4�5	
 ��7	�
����� ����> � ;�O�R�S�T���U�A>? (.�,( & ( V . &'� . A>
 � 
.;�O

4.3 O(N) Symmetry Realization

.�. 
 � �N�'L �.)'>H� ( ?���� �D;�O strong coupling theory = weak coupling theory >�� ���D; F�
�= strong

coupling theory >�� ( ?����&%���V/O
���7L,�.)�F1&
@�=�@,B�C ��b,c.l�m � ����/ � 
 W /�F,
	n�F b,c 
 � L,��E
�p������8%9�:�;=< � ��� %

�,( ONn�F /,O = dilatation 
-I >�� ( ? �	
�
N��;�O	!�/,G%$ �AL,��E
��������8%9�:�;=<H� �,( / O = �
�Y-
��� ) � L,��� ����/ \ = 6�7 
�I >�R�%7?�� ��
�
N�<;�O %�
7% O(N) C Ai � b,c.l�m �#�����	/>O =,P�5
Q O(N) R S�T���U�A>? ( ;���VY> �DK,?7%H!�V O7%�
7% . F�R�S�T � ��� �D; . &'�+3 4.
N�<;�O

strong coupling theory 
����7L,�.)�F1&
@�= O(N) R�S�T�F�]@>0P�5#Q U(1) R�S�T ��U�A>? ( ;���VY> �DK
;�O %0/ � W ?�n�A L���G���> ��� �D;_C�F�" "�#p�
�`V�O

Ai(x) ≡
[
exp

(
iTαξα(x)

)]

ij
φj . (4.22)

29



.�. 
 Tα
�
O(N) 
�I�F#V 	 U�A�/ �.t�6�
N� � = Ai � ����� -�o � 
N�<;�& "�#&%0/�F 
 Tα ���	��o � �

&�;�O�!�/ . F0o � �
# � ��R�S�
N�<;�O���
�F
� c E
�DF��
��
��8K % = ξα(x)
�
O(N) R�S�T�F�U�A�
HLK�

C��D;73.4 NG boson 
N� �AU�A�/�E
�DF � <.=��	������;�O����@>�= φj � = Ai(x) F b,c.l�m ��
N�<;�O
.�. !�
���A % � � G%$ Y,Z F � ���&%�
N�<;�O�������4�5�F 7	�
��� �
E�F$��VY>�G�
�A8;�O

〈Ai(x)Aj(y)〉 ∼ δij |x − y|−1/N . (4.23)

� � e�
���Q � o�� � % �,( ��= ��� F�r7J	K>? � . V�O9P�5�Q U(1) 
�I > ��
�
 �,(+7 �
��� �J= O(N) 
�I
> ��
�
 �>(+7	�
��� �?=����7L,��
�� ���=9�;0C�F � � ������� ��v ( ?���� > � ;�Op� % � ��� O�
HL¡R��
Q�>0$ W ? ( /�F�

= ��
�
 �.(+7	�
������� O�
HL%�M��
N�<;�O�!�/ 
�I >�R�%�?���
 ��7	� ����� �����&4
5�
 � |x− y|−1/N F$��V � ��� ( � ��;�O
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5 Beyond the Leading Order Contributions

� B � . A	!H
 2 �<F�
 Z �YA%B�>�����%%?���/��
= . A L � � � �!L ��( F 
.�,2�V�

O��N! � � � ��r��N

����F�
 Z ��]��@>���A>?"� � . & �,�,( 
��>2�V%
-O . A��+�����D;�> � LO 
 � 
�@ �,( O	��
 � L�� . 

L�� �������,C [.\ =
�
� ��� � � ��r��J=��
��" � � � ��r�� � � = 
 ?���i �0��< W / 
!L%
��<;3O ��!�� �
����r��	��s t�
D@ � 
 W /
O � � ��r����_s�t���;�> � = 1/N ����F���E�F ��=��@> 2 E�F�� (next-to-leading

order, NLO) �+�����D; �����N�<;�O

5.1 Renormalization Group Flow: Two Scenarios

� ����r��	
 weak coupling theory 
HL strong coupling theory >�� ��� ;'C���=�n�F *
��� � ���M� ��&��
2 ���¡����KML A8;�O ��� 4 5�
 � � �<;_C�� & =�� � 4 5�
 � � �.;_C ���.�<;�ONn
A���A��������>� B>( ?��
K ��V 13 O
��%�����F0C��N

E�F�8�"#�
�`V/O
• strong coupling theory 
 � β

����� ����O
• ��
 �,����� ( � � ) #!"�C ��� ��?�� 1 � &��D;�O

1 �NO�F 8�" � = LO 
���" �Hb,c � (F -term 
HL�F�����<.=H
N�<;H� ) �! ��
 & � ; . &H� ��" ; [ ;�O 2 �
O � =���
 �,� #�"�C���3 ��# � W ?��J=�n
A �HY,Z �
$&%��D;�<.=�
��.L�
 �,�,( . &H� ��" ; [ ;�O

5.1.1 Asymptotically Free Scenario

� � 4�5�
 weak coupling theory � strong coupling theory >�� � �.;_C��#�+��K&;�O 2 �&F�8�"�
HL =�" �

a2 F β
��� = ; LY>��
��" � g >���r 
DK>/ β

��� F���� ( �('�)�%���V�O
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Figure 7: RG flow about constant a and g.
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Figure 7 >��,C��D; β(a), β(g)
� n
A��
A-E�F$��VY>�"�# ; A>? ( ;�&��D;�O

β(aR) ≡ µ
∂

∂µ
aR

∣∣∣
a,Λ: fixed

, β(gR) ≡ µ
∂

∂µ
gR

∣∣∣
g,Λ: fiexd

. (5.1)

.�. 

= µ ��� ����r
C�
N� � = aR, gR
� n
A��
A � ���	! A�/�" � 
N�<;�O O

" � a2 & �
��" � & � a2 = N/g2 
�� % A>? ( ;�F 

= Figure 7 F$��VY>���� ( ��� > � ;�O >���� 8�" 1


HL��1!�;���� ( 
N��;H�
= a2 → ∞ � % � � g → 0 F���� (�� . A>
�L�F 
��MQ ����� � � � ( & !�
!L �,( O
�	� F�����= ��� 4-5�
 a2 → ∞ >���A8;_C��#��C � 

=�� � 
 a2 → ∞ >���A8;%C��#�_U � 
���J&%�?N�<;�O
g >�� ( ?�R ���D;���� (>� G%$�
�
���J ; A8;�O�� � 
 a2 → ∞ >�� � ��;_C���=
8�" 2 � � ��� #�"�C�� 1

�?�,C��D;�O
C � F�*
��� �<F1&
@�=��
��" � 
�)
���D;�& =>��! � � �  �����
�)
���D;�& =?
 Z���� �#Q 
��7T#���>��O
. F���� (�� � a R�S O(N) ���Ne N = 1

a R S���� &_G $�
N��;�O %�
 %�U � F *���� � � L % = . F�
 Z��
� �#Q 
���
 �,� ( . &!> � ;�O

5.1.2 Asymptotically Non-Free Scenario
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Figure 8: RG flow about constant a and g.
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HL�F�����
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 � � �.;_C��#�_U � 

= ��� 
,� � �.;_C
�#��C � 
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. F0C���� ��" � F���� ( 
HL =�C � 
 o ; A8;�*
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 Z � � �#Q 
���
N�<; . &!> � ;�O %�
7%�U �

F *
��� �.
 � =�
 Z���� �#Q 
��7T#����/ �,( O

>�# > .�. 
�� W ? ( ;���� � �	��F�*
� � �.
 ��
 � � #!"�CN� ��( �
F3=,�N! � � ��
 ��
 ��( ��� ( � !
�,
.�,2MV . &j��'�) ; A<;3O a R S � �	�	
 � F -term

� � � ��r>����= ��( � =!� ��" ��� ! ; > . F F -term

>�� ���&;�O!�
��" � >��	��� � A&;�F � �
� ��� � � ��r1&3F �7X <,=�
��<;3O ���	�-� � � � ��� r,
 � = �
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����rN576 Z &9��� ��� - ��� ρ(σ2) &'�
E�F$��VY> � � ��=$LNA>? ( ;�O

1 =

∫ ∞

0

dσ2ρ(σ2) = Z +

∫ ∞

0

dσ2ρ̃(σ2) . (5.2)

��% σ
� ��K,? ( ; D 6�F9L,��
N� � = ρ(σ2) �
��� ��� - ��� = ρ̃(σ2)

�
2
D 6 
�� / � 
�F-��� � � - ���


N�<;�O . F � � � � =�9 "���
 Z 
���K,? ( ;�� � =

0 ≤ Z ≤ 1 , (5.3)

& ( V � � ��� Z ��=$LJA8;�O��
��" �p� . F � ���>rN576�F � � 
��,C��D;�F��"��
 ��� ; A8;�OMn
A5>$��;
& = �.V�e+LM
 Z���� �#Q 
���
 �,�,( & � LNA8;�O
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6 Renormalization in Higher Order Contributions

.�. F � )�� = weak coupling theory F � ��" b,c � ��E>@�9p� ��=�; . &'
��
��" � > ��� ����� � A-= �
����r��p�+���'>�5�A8; . &'
�ADF�
 Z > ��A>?"� �AI,6p� � K8; . &'
N�<;3O .�. 
�F���E�@�9�F7s�t���� � =
�
��f.g@> �9� �M=�? Ai F����

��� F��
� � � � ����r�> NLO � �,: ; [ ;	�
F 
N�<;�O
Ai
� �3F���� � ��� � � LO 
 � � L���6.@�9p� ��= �,(���� Q � �
F 
N� W / �
= @,B�C�� Ai ���

��� >
-';���&�%�?�	�u %0/0C���=�n
A � NLO 
�F0��6.@�9p��u8K&; . &!> � ;�O ; LY>�=,C�F1�
��f.g �

A2
i (x) = A∗

i
2(x) = a2 =

N

g2
. (6.1)


N� W / . &H��� ( ��� & 14 = Ai F��
�
��� >0��6.@�9���� . ;�& ( V . & � =��
��" � >0��6.@�9	���,C��D;

& ( V . &!> � ;3O

6.1 Propagators

. F Y,Z�� weak coupling theory 

= a R S��N�7L �.)�� b c >����p& . 2�
��`V�O>n�F�/ O = Ai, A0, ψ0, F0

F LO 
�F���� � � �%u8K&; ���	�N��;�O %�
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Dij(p) =
δij
−p2

, Ai propagator , Sij(p) =
δij
−/p

, ψi propagator , (6.2a)

DA(p) = −
[
Π(p)

]−1
, A0 “propagator” , (6.2b)

Sψ(p) = −/p ·
[
Π(p)

]−1
, ψ0 “propagator” , (6.2c)

DF (p) = −p2 ·
[
Π(p)

]−1
, F0 “propagator” , (6.2d)

Π(p) = −φ∗iφi +
N

8π
p2

∫ 1

0

dx
1

λ2 − x(1 − x)p2
. (6.2e)

6.2 Wave Function Renormalization
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Figure 9: One-loop corrections in Ai propagator.
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1. graph “C1” contribution

Lagrangian (3.25) � 57� P9Q9R ��>9@ K�3�W�X�Y 8�Z �
Lint = −A∗

0A0A
∗
iAi , Sint =

∫
d2xLint , (6.4)
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∗
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'
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∗
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0

= (2π)2δ2(k1 − k2)
1

i
Dia(k1)

1

i
Dbj(k2)

∫
d2p

(2π)2i

[
DA(p)δab

]
· (−i) . (6.5)
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−iΣ1
ab(k) = −iδab

∫
d2p

(2π)2i
DA(p) . (6.6)
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2. graph “C2” contribution

Lagrangian (3.25) � 57� P9Q9R ��>9@ K�3�W�X�Y 8�Z �
Lint = −Aiψc0ψi −A∗

i ψiψ
c
0 ≡ L1

int + L2
int , Siint =

∫
d2xLiint , (6.7)
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2
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i
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1

i
Dbj(k2)

∫
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(2π)2i
tr

[
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1

i
Sψ(p)

]
. (6.8)
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−iΣ2
ab(k) = −i

∫
d2p

(2π)2i
tr

[
Sab(p− k)Sψ(p)

]
. (6.9)

3. graph “C3” contribution

Lagrangian (3.25) � 57� P9Q9R ��>9@ K�3�W�X�Y 8�Z �
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1

2
F0A

2
i +

1

2
F ∗

0A
∗
i
2 ≡ L1

int + L2
int , Siint =

∫
d2xLiint , (6.10)
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〈
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∗
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iSint

〉
0

'
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∗
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1
int)(iS

2
int)

〉
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i
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i
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∫
d2p

(2π)2i

[
−Dab(p− k1)

1

i
DF (p)

]
.

(6.11)
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−iΣ3
ab(k) = i

∫
d2p

(2π)2i
Dab(p − k)DF (p) . (6.12)
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Σ
(all)
ab (k) = Σ1

ab(k) + Σ2
ab(k) + Σ3

ab(k)

= k2δab

∫
d2p

(2π)2i

−1

−(p− k)2
DA(p) ≡ k2δab · Σ′(k) . (6.13)
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D
(full)
ab (k) =

Zδab
−k2

, (6.14a)

Z−1 = 1 − Σ′(0) = 1 −
∫

d2p

(2π)2i

−1

−p2
DA(p) . (6.14b)
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Ai = Z
1

2ARi . (6.15)
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6.3 Coupling Constant Renormalization

(6.1) � - I�� ( - = g
D�< K�3 ���������7U7V K�3 
 (6.1)

�)����� % 0�+�&������ )��4� � 


Z
(
ARi (x)

)2
=

N

g2
. (6.16)

5 �	��
�� �
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"����� % 0�+�& ARi (x)
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����
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3 
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〈
ARi (x)ARi (x)

〉
=

〈
(φRi +BRi (x))(φRi + BRi (x))

〉
= (φRi )2 +

〈
BRi (x)BRi (x)

〉
= (φRi )2 . (6.17)
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Z(φRi )2 =
N

g2
. (6.18)
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��8�����-/.$�

K 
 K H(0�1#���$� % 0�+	� ( - =��1595 �
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N

g2
R

≡ Z−1N

g2

=
N

g2

{
1 +

1

4π

∫ Λ2

dt
1

t

[
φ∗
iφi + t

N

8π

∫ 1

0

dx
1

λ2 + x(1 − x)t

]−1}
. (6.19)
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∫ 1

0

dx
t

λ2 + x(1 − x)t
∼ 2 log

t

λ2
. (6.20)

5 0�� (3.19)
D G�&�K�3�B = a2

� � ��\ � D�:�;*) �DC - 0�3 

1

a
=

(1

4
+
λ2

t

)− 1

2 ∼ 2 ,
2a+ 1

2a− 1
∼ 1 +

t

λ2
∼ t

λ2
. (6.21)
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N

g2
R

= Z−1N

g2
=

N

g2

{
1 +

1

4π

∫ Λ2

dt
1

t

[
φ∗
iφi +

N

4π
log(t/λ2)

]−1}

' N

g2

{
1 +

1

N
log

(
log

Λ2

λ2
+

4π

N
φ∗
iφi

)}
. (6.22)
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� � 2�34� D ����� �65 ���	� =�>�?�E&F λ
�)�����"� 9 µ ��
 .
� �"3�� �6) � β

<�=�� -�. )
\ ���
β(gR) ≡ µ

∂

∂µ
gR , (6.23a)

µ
∂

∂µ

1

g2
R

= − 2

g3
R

β(gR) = − 2

g2N

(
log

Λ2

µ2
+

4π

N
φ∗
iφi

)−1

, (6.23b)

∴ β(gR) =
gR
N

(
log

Λ2

µ2
+

4π

N
φ∗
iφi

)−1

. (6.23c)
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Λ→∞−→ 0 . (6.24)
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7 Conclusion and Discussions
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A Non-Perturbative Analysis: 1/N Expansion

ý ¸ P ¤�����F��=HCJ í�� ?MªTQ U ~ HCJ+G } m ¤	��
��
� P 2 HCJ i�� B ��� ?�Ê�����F��=HCJ i B [�<�[K�R�L�L�P ¤ ~ 3	� Á :�< 1/N
P HCJ�� K�ø�� �>6�D�F i���� 3���ã } ó W [28]
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N è c J
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N ?$'�� +&��� � o b #&%�K é º���� � W[J ]
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. P �
/ p=Ñ�K�R
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)
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∫
Dφ exp i

(
S1[φ] + J · φ

)
, (A.1b)

J · φ ≡
∫
d2x J(x)φ(x) . (A.1c)

Legendre 0
1 i } < A
����B Γ
iz¹�º } ó W$R

Γ[ϕ] ≡ W[J ]− J · ϕ , ϕ(x) ≡ δ

δJ(x)
W[J ] . (A.2)

LzÑ i B [MK�N ? Γ
N
S1

N ¤ . 2���2 P � a Ñ�K�R

Γ[ϕ] = −i log

∫
Dφ exp i

(
S1[φ] + J · (φ− ϕ)

)
. (A.3)

3
Γ, S1
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4 e
a
P . 2Tó W 3 m�m�U�5 � <�[�K c�
 i$6 % ó W$R

aΓ[ϕ] = −i log

∫
Dφ exp ia

(
S1[φ] + J · (φ− ϕ)

)
. (A.4)
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Z[J0] =

∫
DΦiDΦ0 exp i
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S1[Φi,Φ0] + J0 · Φ0

)

=

∫
DΦ0 exp i
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S2[Φ0, 〈Φi〉] + J0 · Φ0

)
= exp

(
iW[J0]

)
, (A.6a)

W[J0] = −i log

∫
DΦ0 exp i

(
S2[Φ0, 〈Φi〉] + J0 · Φ0

)
, (A.6b)

J0 ·Φ0 ≡
∫
d2x J0(x)Φ0(x) . (A.6c)
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Γ[Φc0] = W[J0] − J0 · Φc0 , (A.9a)
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� ��2 O�S�K�R

Π(p) = −D−1
F (p) . (A.16)

18 *+*-,/.1032�46517/8	91:�;+<=.?>6@�AB5+;+CEDEFHG+IH7H8=J Gross-Neveu model 9BK=LNMPOH<=;RQ [29][30][31] SET 9BU3V3W37H8�9XZYH[ 9-\E]3^R,	_6Q S�`3aBbdc Ae< [32] f C+g=Q S
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B Momentum Representations

A
����B �	A c�� K + C ��B�D i � � d
�
( � K���� i ? W$R I � �
( � í O	- ����� �	��
Co ^ _ P�S�K�R
Q � ¤ ø����
` ^ _ R % " � c i A(x), B(x), C(x)

N } ? 7
8�� � i D(x − y)
N H m R

A(x) =

∫
d2p

(2π)2
e−ipxA(p) , (B.1a)

δ

δA(x)
=

∫
d2p

(2π)2
e+ipx

δ

δA(p)
,

δ

δF (p)
F (k) = (2π)2δ2(p− k) . (B.1b)

Tr
[
DADB

]
=

∫
d2p1

(2π)2

∫
d2p2

(2π)2

∫
d2k

(2π)2
(2π)2δ2(p1 + p2)

1

i
D(k)A(p1)

1

i
D(p2 + k)B(p2) , (B.2a)

∫
d2x

{
ADBDC

}

=

∫
d2p1

(2π)2

∫
d2p2

(2π)2

∫
d2p3

(2π)2
(2π)2δ2(p1 + p2 + p3)A(p1)

1

i
D(p2 + p3)B(p2)

1

i
D(p3)C(p3) . (B.2b)

LzÑ i B [MK�R ] 6�Ù �TL � �
( � N	! ? + C ��B-= � ò Ñ�
�� � � d ¤ ¼�� !�P�S�K�Rp _ � ��N 7
8 � �çG .
� ó W � � � d
�
( p=Ñ�K�R ( G�� Q g�X ��¤���� ��R )

(2π)2δ2(p1 − p2)
1

i
D̃

(full)
F (p2) ≡

〈
F (p1)F

∗(−p2)eiS
int

2

〉$
0
, (B.3a)

〈
· · ·

〉$
0

≡ exp
[ δ

δF
· 1

i
D̃F

δ

δF ∗
− δ

δψ
· 1

i
S̃ψ

δ

δψ
+

δ

δA
· 1

i
D̃A

δ

δA∗

]
(· · · )

∣∣∣
fields=0

, (B.3b)

δ

δF
· 1

i
D̃F

δ

δF ∗
≡

∫
d2p

(2π)2
δ

δF (p)

1

i
D̃F (p)

δ

δF ∗(−p) , (B.3c)

DF (x− y) =

∫
d2p

(2π)2
e−ip(x−y)

1

i
D̃F (p) , (B.3d)

D̃F (p) :
¼	)

propagator ,
1

i
D̃F (p) :

è
)
propagator . (B.3e)

� O � � ��N 7
8�� � iz¹�º } < Ù ó W$R Q,R<S�Z
[ � ó K 1
©�e��
��� � E�F�G i −iΣ(p)

N } < ��� � KN ? ��N 7
8�� ��¤ .
� ó W ����K�R
1

i
D̃

(full)
F (p) =

1

i
D̃F (p) +

1

i
D̃F (p)

{
− iΣ(p)

}1

i
D̃F (p) +

1

i
D̃F (p)

[{
− iΣ(p)

}1

i
D̃F (p)

]2

+ · · ·

=
1

i
D̃F (p)

[
1 + Σ(p)D̃F

]
. (B.4)

(�) � � f�����d�7*8�� �+¤ ø�� �	� � � � P D̃F (p) = −1/p2
N � � P
!>KzR Q q 1

©�e������ ��O � � d N
I � î ����!TP
!YK .
� ó W�� c�
�? ��N 7
8�� �+¤ .
� ó W � Q N ]�_ Ñ�K�R

1

i
D̃F (p) =

1

i

1

−p2

1

1 − Σ′(p)
, Σ(p) = p2Σ′(p) . (B.5)

L�L�P�" � � � �$# U%
 Ù 4 e�i �
/ } ó W$R �
/+¤ � � d O f�� � ü _ P�S�K�R
1

i
D̃F (p) ' 1

i

Z

−p2
, Z−1 = 1 − Σ′(0) . (B.6)
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C Gap Equations in NLO – Non-Renormalization –

L�L�P ¤ F -term
P T�� <�[MK �<
��
��¤�?�I Ñ�o b P ¤ # U 
 Q Ñ ��[�L�N izl K�R í�� ¤�? LO

N Ã Å>ó
W � } <

NLO
P � A
��
����'��� Q ^ _���� = i�� } o } ?�I � = P G ��
<�
� O Í��çi
	+b ��[�LMN i "��

� K�R
Appendix A

i B [�< ? u .
� Z
[ i@¹�º } ó W$R LO
P ¹>º } q A
����B (3.5), (3.26) ¤�? Z�
 c �

�� � Ña I Ñ ¤�Q o “

( ) F ”
o
�
q>R 3�� ¤ Z�
 c � Q,R<S Q P 6�� } q A
���MB iz¹�º � K�R�LCW � KMLMN=P�u .

� � # Q P & F � � U T Ñ�K�LMNVO�P
!YK=¾ ����K=R�L�L�P ¤ LO
P�� � � ��� i #tK�LMNVO�P
! � ^ � q weak

coupling theory
��
�� � K�R

5 Í =�¤ “
(�) F ” (3.26)

P�S�K�R

S2 =
iN

2
TR log

[
D−1
A

]
− iN

2
TR log

[
S−1

]

− 1

2

∫
d2xXc

i
†
[
D−1
B −D−1

B DAD
−1
B

]
Xc
i −

1

2
a2

∫
d2x

(
F0 + F ∗

0

)
. (3.26)

Z�
 c i �
� � � �ç_ � R

A0(x) → m+AR(x) + iAI (x) , A∗
0(x) → m+AR(x) − iAI (x) ,

ψ0(x) → 0 + ψ(x) , ψ0(x) → 0 + ψ(x) ,

F0(x) → feiθ + F (x) , F ∗
0 (x) → fe−iθ + F ∗(x) . (C.1)

��� ?�@ O .
� ó W ����K�R

S−1 =



 i/∂ −m · 1

−m · 1 i/∂



 +



 0 −AR + iAI · 1

−AR − iAI · 1 0



 ≡ S−1
0 + S′−1 ,

S = S0

∞∑

n=0

(
− S′−1S0

)n
, S0 =


 −∆i/∂ −m∆ · 1

−m∆ · 1 −∆i/∂


 ,

D−1
A =



 ∆−1 −fe−iθ

−feiθ ∆−1



 +








 A2
R +A2

I + 2mAR −F ∗

−F A2
RA

2
I + 2mAR



 + MSM






= D−1
0 +D′−1 , M =


 0 ψc

ψ 0


 , M =


 0 ψ

ψc 0


 ,

D−1
B = D−1

B0 +D′−1 , D−1
B0 =



 m2 −fe−iθ

−feiθ m2



 ,

DA = D0

∞∑

n=0

(
−D′−1D0

)n
, D0 =


 ∆C fe−iθ∆B

feiθ∆B ∆C


 ,

∆−1 ≡ ∂2 +m2 , ∆−1
B ≡ (∆−1)2 − f2 , ∆C ≡ ∆B∆−1 .
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S2 =
iN

2
TR log

[
D−1

0

]
− iN

2
TR

∞∑

m=1

1

m

(
−D0D

′−1
)m − iN

2
TR log

[
S−1

0

]
+
iN

2
TR

∞∑

m=1

1

m

(
− S0S

′−1
)m

− 1

2

∫
d2xXc

i
†
[
D−1
B0 +D′−1

]
Xc
i +

1

2

∫
d2xXc

i
†
[
D−1
B0D0

∞∑

n=0

(
−D′−1D0

)n
D−1
B0

]
Xc
i

− 1

2

∫
d2xXc

i
†
[
D−1
B0

∞∑

n=0

(
−D0D

′−1
)n+1

]
Xc
i −

1

2

∫
d2xXc

i
†
[ ∞∑

n=0

(
−D′−1D0

)n+1
D−1
B0

]
Xc
i

− 1

2

∫
d2xXc

i
†
[
D′−1

∞∑

n=0

(
−D0D

′−1
)n+1

]
Xc
i

− a2f cos θ

∫
d2x − 1

2
a2

∫
d2x (F + F ∗) . (C.2)

Q � ¤ L�L ^ _ Ê Q,R<S E�F�G iz¹�º � K�R ªTQ U LO
� # iz¹�º � K�R�u .�� � # ¤�? LO

� Z
[
(1/N

Z
[
)N } < ¹�º � K�R

C.1 Two-Point Functions

φi, φ
∗
i , m, f , θ

i�� F�� R�� N } <$NT< � 2 = � � iz¹�º � K�N a�� � ó W ����K�R

S2 '
∫

d2p

(2π)2

{
ψ(−p)Σ1(p)ψ(p) + ψ(−p)Σ2(p)ψ

c(p) + ψc(−p)Σ3(p)ψ(p)

+AR(−p)ΠA1 (p)AR(p) +AI (−p)ΠA2 (p)AI (p) + AI(−p)ΠA3 (p)AR(p)

+ F ∗(−p)ΠF1 (p)F (p) + F (−p)ΠF2 (p)F (p) + F ∗(−p)ΠF3 (p)F ∗(p)

+AR(−p)ΠAF1 (p)F (p) +AR(−p)ΠAF2 (p)F ∗(p) +AI(−p)ΠAF3 (p)F (p) +AI(−p)ΠAF4 (p)F ∗(p)
}
,

Σ1(p) = N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2

/p+ /k

−(p+ k)2 +m2
+ φ∗

iφi
/p

−p2 +m2
= Σ′

1(p) · /p ,

Σ′
1(p) = N

∫ 1

0

dx

∫ 1

0

dy

∫
d2k

(2π)2i
2(1 − y)

[2y − 1]k2 + (1 − y)2m2 − y2(1 − y)p2

{−k2 +m2 − y(1 − y)p2 − (2xy − 2x− y + 1)f}3
+ φ∗

iφi
1

−p2 +m2
,

Σ2(p) = Σ′
2(p) · 1 ,

Σ′
2(p) =

1

2
Nmfeiθ

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2

1

−(p+ k)2 +m2
+

1

2
φ∗
i
2 m

−p2 +m2
,

Σ3(p) =
(
Σ2(p)

)∗
,

ΠA
1 (p) = −N

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2
−N

∫
d2k

(2π)2i

m2 + k · (p+ k)

[−k2 +m2][−(p + k)2 +m2]

+ 2Nm2

∫
d2k

(2π)2i

[−k2 +m2][−(p + k)2 +m2 ] + f2

{(−k2 +m2)2 − f2}{[−(p + k)2 +m2]2 − f2}

+ φ∗
iφi

{
− 1 +

4m2(−p2 +m2)

(−p2 +m2)2 − f2

}
+ (φ2

i e
iθ + φ∗

i
2e−iθ)

2m2f

(−p2 +m2)2 − f2
,

ΠA
2 (p) = N

∫
d2k

(2π)2i

{
− −k2 +m2

(−k2 +m2)2 − f2
+

m2 + k · (p+ k)

[−k2 +m2][−(p + k)2 +m2]

}
− φ∗

iφi ,
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ΠA
3 (p) = 0 ,

ΠF
1 (p) =

N

2

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2

−(p+ k)2 +m2

[−(p+ k)2 +m2]2 − f2
+ φ∗

iφi
−p2 +m2

(−p2 +m2)2 − f2
,

ΠF
2 (p) =

N

4
f2e−2iθ

∫
d2k

(2π)2i

1

(−k2 +m2)2 − f2

1

[−(p+ k)2 +m2]2 − f2
+

1

2
φ2
i

fe−iθ

(−p2 +m2)2 − f2
,

ΠF
3 (p) =

(
ΠF

2 (p)
)∗
,

ΠAF
1 (p) = −2Nmfe−iθ

∫
d2k

(2π)2i

−k2 +m2

(−k2 +m2)2 − f2

1

[−(p+ k)2 +m2]2 − f2

− 2φ∗
iφi

mfe−iθ

(−p2 +m2)2 − f2
− 2φ2

i

m(−p2 +m2)

(−p2 +m2)2 − f2
,

ΠAF
2 (p) =

(
ΠAF

1 (p)
)∗
,

ΠAF
3 (p) = ΠAF

4 (p) = 0 .

C.2 Effective Potential

NLO
P � A
��

���'��� Q iI¹�º � K�R ¹�º�í�� ��� ¤ appendix A

i��,6 � � K�R

Veff = VLO + VNLO , (C.4a)

VLO =
N

2

∫
d2p

(2π)2i
log

[
(−p2 +m2)2 − f2

]
−N

∫
d2p

(2π)2i
log

[
− p2 +m2

]

− 1

2
feiθ(φ2

i − a2) − 1

2
fe−iθ(φ∗i

2 − a2) +m2φ∗
iφi , (C.4b)

VNLO = −1

2

∫
d2p

(2π)2i
log det



−




1
2Σ′

1(p) · /p Σ′
2(p) · 1

Σ′
3(p) · 1 1

2Σ′
1(p) · /p









+
1

2

∫
d2p

(2π)2i
log det

[
− ΠA

2 (p)
]
+

1

2

∫
d2p

(2π)2i
log det


−




ΠA
1 (p) 1

2
ΠAF

1 (p) 1
2
ΠAF

2

1
2ΠAF

2 (p) 1
2ΠF

1 (p) ΠF
3 (p)

1
2ΠAF

1 (p) ΠF
2 (p) 1

2ΠF
1 (p)







(C.4c)

= −
∫

d2p

(2π)2i
log

[
− 1

4
p2

(
Σ′

1

)2
+ Σ′

2Σ
′
3

]
+

1

2

∫
d2p

(2π)2i
log

[
− ΠA

2

]

+
1

2

∫
d2p

(2π)2i
log

[
− 1

4
ΠA

1 (ΠF
1 )2 − 1

4
ΠF

3 (ΠAF
1 )2 − 1

4
ΠF

2 (ΠAF
2 )2 + ΠA

1 ΠF
2 ΠF

3 +
1

4
ΠF

1 ΠAF
1 ΠAF

2

]
.

(C.4d)
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C.3 Gap Equations

NLO Q P�� ] q gap equation ¤ a�� � 5 ª � ��2 `�P�S�K�R

0 ≡ ∂

∂φi
Veff

∣∣∣
f=0

=
∂

∂φi

{
VLO + VNLO

}∣∣∣
f=0

, (C.5a)

0 ≡ ∂

∂φ∗
i

Veff

∣∣∣
f=0

=
∂

∂φ∗
i

{
VLO + VNLO

}∣∣∣
f=0

, (C.5b)

0 ≡ ∂

∂m
Veff

∣∣∣
f=0

=
∂

∂m

{
VLO + VNLO

}∣∣∣
f=0

, (C.5c)

0 ≡ ∂

∂f
Veff

∣∣∣
f=0

=
∂

∂f

{
VLO + VNLO

}∣∣∣
f=0

, (C.5d)

0 ≡ 1

f

∂

∂θ
Veff

∣∣∣
f=0

=
1

f

∂

∂θ

{
VLO + VNLO

}∣∣∣
f=0

. (C.5e)
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 Ù�� � ò Ñ (renormalization group flow, RG flow)
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C.4 Supersymmetric Massless Condition

VNLO
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��� �
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∂

∂φi
VNLO = −2

∫
d2p

(2π)2i

1

Σ′
1

( ∂

∂φi
Σ′

1

)
+

1

2

∫
d2p

(2π)2i

1

ΠA
1

( ∂

∂φi
ΠA

1

)
+

1

2

∫
d2p

(2π)2i

1

ΠA
2

( ∂

∂φi
ΠA

2

)

+

∫
d2p

(2π)2i

1

ΠF
1

( ∂

∂φi
ΠF

1

)
, (C.6a)

∂

∂φ∗
i

VNLO = −2

∫
d2p

(2π)2i

1

Σ′
1

( ∂

∂φ∗
i

Σ′
1

)
+

1

2

∫
d2p

(2π)2i

1

ΠA
1

( ∂

∂φ∗
i

ΠA
1

)
+

1

2

∫
d2p

(2π)2i

1

ΠA
2

( ∂

∂φ∗
i

ΠA
2

)

+

∫
d2p

(2π)2i

1

ΠF
1

( ∂

∂φ∗
i

ΠF
1

)
, (C.6b)

∂

∂m
VNLO = 0 , (C.6c)

∂

∂f
VNLO = 0 , (C.6d)

1

f

∂

∂θ
VNLO = 0 . (C.6e)

� } A cC� K � � �+¤ .
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ΠA
1 = −N

∫
d2k

(2π)2i

{ 1

−k2
+

k · (p+ k)

[−k2][−(p + k)2]

}
− φ∗

iφi , (C.7a)

ΠA
2 = −N

∫
d2k

(2π)2i

{ 1

−k2
− k · (p+ k)

[−k2][−(p + k)2]

}
− φ∗

iφi , (C.7b)

ΠF
1 =

N

2

∫
d2k

(2π)2i

1

−k2

1

−(p+ k)2
− φ∗

iφi
1

p2
, (C.7c)
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Σ′
1 = N

∫ 1

0

dx

∫ 1

0

dy

∫
d2k

(2π)i
2(1 − y)

(2y − 1)k2 − y2(1 − y)p2

[−k2 − y(1 − y)p2]3
− φ∗

iφi
1

p2
, (C.7d)
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∂φi
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1 = −φ∗i ,
∂

∂φi
ΠA

2 = −φ∗i ,
∂

∂φi
ΠF

1 = −φ∗i
1

p2
,

∂

∂φi
Σ′

1 = −φ∗i
1

p2
, (C.7e)

∂

∂φ∗
i

ΠA
1 = −φi ,

∂

∂φ∗
i

ΠA
2 = −φi ,

∂

∂φ∗
i

ΠF
1 = −φi

1

p2
,

∂

∂φ∗
i

Σ′
1 = −φi

1

p2
. (C.7f)

C.5 Supersymmetric Massive Condition

Q � ¤ f = 0, m 6= 0
� Ù i 	 I W$R

∂

∂φi
VNLO = −

∫
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strong coupling theory f = 0, m = 0 f = 0, m 6= 0

LO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
VLO trivial trivial φi = 0

� � }
∂φ∗

i
VLO trivial trivial φ∗

i = 0
� � }

∂mVLO trivial trivial φ∗
iφi = 0

� � }
∂fVLO φ2

i + φ∗
i
2 = 0 φ2

i + φ∗
i
2 = 0 φ2

i + φ∗
i
2 = 0 φ2

i + φ∗
i
2 = 0

��� � � K�L 1 ª ���$J 1 ª � }

strong coupling theory f = 0, m = 0 f = 0, m 6= 0

NLO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
VNLO 0 φ∗

i · (· · · ) 0 (· · · )

∂φ∗

i
VNLO 0 φi · (· · · ) 0 (· · · )

∂mVNLO 0 0 m · (· · · ) (· · · )

∂fVNLO 0 0 0 (· · · )

f−1∂θVNLO 0 0 0 (· · · )

strong coupling theory f = 0, m = 0 f = 0, m 6= 0

LO + NLO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
(VLO + VNLO) 0 φ∗

i · (· · · ) 0 (· · · )

∂φ∗

i
(VLO + VNLO) 0 φi · (· · · ) 0 (· · · )

∂m(VLO + VNLO) 0 0 m · (· · · ) (· · · )

∂f (VLO + VNLO) 0 0 0 (· · · )

f−1∂θVNLO 0 0 0 (· · · )
��� � � K�L � G 0 %���[ �
� 0 Á _ ��[ δm2

i #&%�K ��� �	�

Table 8: Strong coupling theory. The result of NLO contributions.
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weak coupling theory f = 0, m = 0 f = 0, m 6= 0

LO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
VLO trivial trivial φi = 0

� � }
∂φ∗

i
VLO trivial trivial φ∗

i = 0
� � }

∂mVLO trivial trivial φ∗
iφi = 0

� � }
∂fVLO , f−1∂θVLO

� � }
N
g2 = φ2

i = φ∗
i
2

� � }
N
g2 = φ2

i = φ∗
i
2

��� � � K�L � } ���$J � } � }

weak coupling theory f = 0, m = 0 f = 0, m 6= 0

NLO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
VNLO φ∗

i · (· · · ) φ∗
i · (· · · ) 0 (· · · )

∂φ∗

i
VNLO φi · (· · · ) φi · (· · · ) 0 (· · · )

∂mVNLO 0 0 m · (· · · ) (· · · )

∂fVNLO 0 0 0 (· · · )

f−1∂θVNLO 0 0 0 (· · · )

weak coupling theory f = 0, m = 0 f = 0, m 6= 0

LO + NLO φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0 φi = 0, φ∗
i = 0 φi 6= 0, φ∗

i 6= 0

∂φi
(VLO + VNLO) 0 φ∗

i · (· · · ) 0 (· · · )

∂φ∗

i
(VLO + VNLO) 0 φi · (· · · ) 0 (· · · )

∂m(VLO + VNLO) 0 0 m · (· · · ) (· · · )

∂f(VLO + VNLO)
� � }

0 0 (· · · )

f−1∂θ(VLO + VNLO)
� � }

0
� � }

(· · · )
��� � � K-L + 0 Á _ � � } �
� 0 Á U � } + 0 Á _ � � } � ���	�

Table 9: Weak coupling theory. The result of NLO contributions.
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D Renormalization in Higher Order Contributions
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P�S�KYO
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∆ =
1

∂2
, G = A∗A− ψ∆i/∂ψ , G∗ = A∗A− ψc∆i/∂ψc ,

D0 =



 ∆ 0
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D.2 Loop Corrections
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Figure 11: Four vertex interactions, two-loop graphs.
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Figure 12: Four vertex interactions, one-loop graphs.
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Figure 13: Three vertex interactions, one-loop graphs.
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D.4 Wave Function Renormalization
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f � ���	
���� i	�:j�
 + 4
���*) + � � ��� j 4#b�c&d)V&W&X “Ai”, “A2”, “A3” 4

� b�c&d)V&W&X “B1”, “B2”, “B3” � �:j	
 � f 4 6 S 8 *Q_�1>V
W&X � 4
� f F0 * 2 $ ��� 6 * = * ( *�$��
�

)
L 3 ��@�U�OQP appendix B *��!& L � U�@)U�O 1 �
������) + V&W&X*� −iΣ i���� ��O f 4 6 S#g 2 $ �

� L 3 �G@�U�O
* i � OQP
−iΣ(p) = α

1

p2
Π(p) . (D.9)

R&R i
α
����� 3�$�� i � OQP .! L&� R<S ! i *GD
E L ����@ 6 *�$�� ! i � � j � ! 9 O
* i � O g 4�k'&

*���� L&��"�# g 3�U�� � 4 R *�!�! f ��OQP
1 ������� V&W&X*�GT�U�@ 4&_�`&a F0 *���������*Q_�1�� 
�OQP appendix B

f ;�<�* ��� L � � ��*�� � L
3�OQP

1

i
D

(full)
F (p) =

1

i
DF (p)

1

1 + Σ(p)DF (p)
=

1

i
DF (p)

1

1 + α
. (D.10)

$&%�'�(�) ��� � R�f i 4 F0 *�* 
 ����� ����
���� ZF �,+ �.- O f 4 6 S 8�/ ��*�� � L ��0*
  8 S OQP
1

i
D

(full)
F (p) ≡ 1

i
DF (p)ZF , ZF =

1

1 + α
. (D.11)

R<S � � 4&_�`&a�*�* 
 ����� ����
 /�1!2 i � � 4���� / 2 a + 3�U	P

D.5 Coupling Constant Renormalization

R *�3�4 /�5&6�7 i � ���QP 1 M�* superfield
i ! f�� 8 S OZa / /�@*;98:* 
 ����� �:��
���;� )O<P����<@

superfield Φi, Φ0

/)6 S! \S ��*�� � L � ����! S OQP
Φi = Z

1

2 ΦRi . (D.12)

34� L�/ * 
 ����� ����
 + 9 2 a + 3�U#* i 4 Lagrangian ����*�� � L +&N - O R�f g i�j O / 5 i � OQP
L =

∫
d4θΦ∗

iΦi +
1

2

{∫
d2θΦ0

(
Φ2
i − a2

)
+

∫
d2θΦ∗

0

(
Φ∗
i
2 − a2

)}

= LR + LC . (D.13)

< + LR, LC
/)6 S! \S � ����! S � Lagrangian

f
counter term

i � OQP
LR =

∫
d4θΦRi

∗ΦRi +
1

2

{∫
d2thetaΦR0

(
ΦRi

2 − a2
R

)
+ c.c.

}
, LC = (Z − 1)

∫
d4θΦRi

∗ΦRi . (D.14)

LC
g�R *�* 
 ����� ����
#* ) + �� 2 a:J��KO L�/ 4��&H�$�� a2

f
superfield Φ0 ����*�� � L
=�> c0b �

� + @ % '�(�) ' ��� � f�? U	P
a2 = Za2

R , Φ0 = Z−1ΦR0 . (D.15)
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R<S i �&H�$�� L * 
 ����� ����
#*�������
��:J��KO R#fZg i�j �\P R<S / ��� (6.19)
f ; 8���� i � OQP

N

g2
R

= Z−1N

g2
. (D.16)

63



E Spontaneous Symmetry Breaking in Four Dimensions

� ��� 6�7�� *�� S f 6 S L�� �
$�3��<4 D = 4 34� L A)U�@
	�� - O [28] P

E.1 Nambu-Goldstone Theorem

• Wigner phase

� O ��� g (#T�6 + * 6�7�� ��
 7 3 g 8 4 6 S&g [�]�* 6�7�� ��
�M a)H f 
!��3�UGa)H g � OQP R&R i
/ [0] L�6 + @ 6�7�� ��
�M a�H&4 Wigner phase

L M#U�@0/�� - O�P R * f j 4 ����� G *���# � TA
L

6��.- O���� �*� QA �<[�] L (#T�J��KO f ��* R�fZg�� 
�OQP
QA| 0 〉 = 0 . (E.1)

R * ��� L � , i�j O
* / 4��������
��� jAµ *�]! �6 + L A
U0@
" 2�# i *�a g�$ + L�% B'& 7 4 ��� QA

g
well-defined

i � O 9:8 i � OQP R * f j 4 (E.1) �)(+* + � � P
QA

g
Lorentz scalar * a)H#4 f U � f-,/.�g � 8	O10+2 � g � O
* i ( 3 
 � Hamiltonian

/
Lorentz

scalar
i / 3�U ) 4����
�4� jAµ g Lorentz vector *Ga�H&4!�Q/�
 ��� P R * f j 4 QA / ]! �6 + � + @ �

O	* i ]� �576�8 � i � � 4�!�� dQA/dt = 0 3�* i/9  ��;:/8 � i � O<P M�! � ��*1< � ��0 g # �'=#M
P
[
iPµ, Q

A
]

= ∂µQ
A = 0 . (E.2)

< +
QA

g
well-defined 4�M�!�� jAµ=0 *G]> �6 + i " 2�# i / $ +�?A@ + @)U�O f - OQP =;B>C � b�D/E

Pµ| 0 〉 = 0 � � 4 R *�< � ��0 L [�]��<(#T J��KO f ��*���0(�Ze�OQP
PµQ

A| 0 〉 = QAPµ| 0 〉 = 0 , ∴ QA| 0 〉 = c| 0 〉 , c : constant . (E.3)

R<S L J 8<L�F�9:8 [�]��<(#T J��KO f 4HG;3�$ � c
g�I�J i � O R�fZg e 8 S OQP

〈 0 |QA| 0 〉 = c〈 0 | 0 〉 = c

=

∫
d3x〈 0 |jAµ=0(x)| 0 〉 =

∫
d3x〈 0 |eiPxjAµ=0(0)e−iPx| 0 〉

=

∫
d3x〈 0 |jAµ=0(0)| 0 〉 = 0 , (E.4)

∴ QA| 0 〉 = 0 . (E.5)

= � 1 M73(��n�K)OQP �*� QA
g

Lorentz ��#�� Mµν * f j �\/�
�OQP Poincaré L�� i / ��*���0 g #
= + @)U#OQP

[
Pµ,Mρσ

]
= i

(
gµρPσ − gµσPρ

)
.
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R<S L [0]��<(#T J��KO f 4 8 / � I f ;98	� �h3���� g :���J S OQP
PµMρσ | 0 〉 = MρσPµ| 0 〉+ igµρPσ| 0 〉 − igµσPρ| 0 〉 = 0 ,

∴ Mρσ | 0 〉 = cρσ| 0 〉 = 0 .

R<S / 4 Lorentz
6�7�� / � ��� L � S @ / U�3�U R�f � � - P

• Nambu-Goldstone phase

���;�
G *�L�� G ��# - ��#
� TA

g 40[0] L�6 + @
� S � = * Xa
f � S 5 L � j�� ��� = * Sα

L +
9 S OQP
� S @)U)3	U���#
� ;���*�L�� / !���� S @)U)3	U���#
� f 3)O
* i 4
� S @)U
3�U���#�� / L��
/�� L�6 + @�) + L�� H ��# - P;� S ����#�� / 4�� S @)U)3�U���#�����
�� i�j O�8	$ � g � O g 4 $
� Y�! S @)U)3�U = *���� i $	% + � � P

{
TA ∈ G

}
=

{
Sα ∈ H, Xa ∈ G −H

}
, tr

(
SαXa

)
= 0 . (E.6)

�����03 � , QA| 0 〉 6= 0 �<4 well-defined 3 = * L �:j � 
 � � P
� O �
	
��E�� Φ(y) �GT
� - OQP R<S / y ��� i * 
�$	%:J S @�U�OQP R * Φ(y) *Q4 �*� Qa

L �	O �
� g k�l i =�
 8 S OQP

[
iQa,Φ(y)

]
= i

∫
d3x

[
jaµ=0(x),Φ(y)

]
= δaΦ(y) . (E.7)

R *<]> �6 + / 4�< � ��0 g y ��� i * 
�$'%:J S @ I J L 3 8 5 4 6 *�� i / I�J L 3&O
* i 4
" 2�# i
*�� O���U ����� - O R�fZg 3 B 4 well-defined

L 3)OQP R *���0���*��
� 9:8 [�]��<(#T J��#@ 4���* �
���<e�O�P

〈 0 |
[
iQa,Φ(y)

]
| 0 〉 = i

∫

y ���
d3x〈 0 |

[
jaµ=0(x),Φ(y)

]
| 0 〉 = 〈 0 |δaΦ(y)| 0 〉 6= 0 . (E.8)

R<S ���!� - �
	�����E�� Φ(y)
g � 3 B f = 1 M7�
! - O f j 4 � ��� L�6�7�� g � S @)U�O f U � P

• Nambu-Goldstone theorem

1�2�**� � 4����+� �
�4� jaµ / Lorentz vector 4 Φ(y)
/

Lorentz scalar
i � O f + @ � *�$�3 ��,
. -

OQP + 9 + $
" L�/ R<S L&2 ��� R�f i / 3�U	P
1. 34� g 5;6H8 � � 4 Lorentz

�4� � ��
�M	P
2. ����� �
�4� jaµ, ∂µjaµ = 0 ��
�M
P
3. Xa ∈ G−H

L�6 + 4 〈 0 |
[
iQa,Φ(x)

]
| 0 〉 = 〈 0 |δaΦ(x)| 0 〉 6= 0 ��� � - �#	��$�	E&� Φ(x)

g �#! - O<P
R * f j 4�34� L�/ I�J�%�� ��� (Nambu-Goldstone particle)

g �
! + 4 jaµ L �&H + @)U�OQP
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• The Proof of Nambu-Goldstone theorem

R&R i = ���+� �
�4� jaµ / Lorentz vector 4 Φ(x)
/

Lorentz scalar
i � O f - OQP

〈 0 |
[
jaµ(x),Φ(y)

]
| 0 〉 = 〈 0 |

[
eiPxjaµ(0)e−iPxeiPyΦ(0)e−iPy − eiPyΦ(0)e−iPyeiPxjaµ(0)e−iPx

]
| 0 〉

= 〈 0 |jaµ(0)e−iP (x−y)Φ(0)| 0 〉 − 〈 0 |Φ(0)e−iP (y−x)jaµ(0)| 0 〉 . (E.9)

R&R i / ��*�5;6 �4� � �GT�U�@)U�OQP
jaµ(x) = eiPxjaµ(0)e−iPx , Φ(y) = eiPyΦ(0)e−iPy . (E.10)

J 8<L ��*��-/ � �,+ � + � � P
∑

n,n′

| n 〉η−1
nn′〈n′ | = 1 . (E.11)

(E.9) =
∑

n,n′

〈 0 |jaµ(0)e−iP (x−y)| n 〉η−1
nn′〈n′ |Φ(0)| 0 〉 −

∑

n,n′

〈 0 |Φ(0)e−iP (y−x)| n 〉η−1
nn′〈n′ |jaµ(0)| 0 〉

=
∑

n,n′

{
〈 0 |jaµ(0)| n 〉η−1

nn′〈n′ |Φ(0)| 0 〉e−ipn(x−y) − 〈 0 |Φ(0)| n 〉η−1
nn′〈n′ |jaµ(0)| 0 〉eipn(x−y)

}
.

(E.12)

� L��  ���� L M#U�@�*76 + 1 =

∫
d4k δ4(pn − k) �	� �.- OQP

(E.12) =

∫
d4k

∑

n,n′

δ4(pn − k)
{
〈 0 |jaµ(0)| n 〉η−1

nn′〈n′ |Φ(0)| 0 〉e−ik(x−y)
}

−
∫
d4k

∑

n,n′

δ4(pn − k)
{
〈 0 |Φ(0)| n 〉η−1

nn′〈n′ |jaµ(0)| 0 〉eik(x−y)
}

≡
∫
d4k(2π)−3

{
ρaµ(k)e−ik(x−y) − ρ̃aµ(k)e

ik(x−y)
}
. (E.13)

��� + R
R i �(�GT�U�@)U�OQP
ρaµ(k) = (2π)3

∑

n,n′

δ4(pn − k)〈 0 |jaµ(0)| n 〉η−1
nn′〈n′ |Φ(0)| 0 〉 ,

ρ̃aµ(k) = (2π)3
∑

n,n′

δ4(pn − k)〈 0 |Φ(0)| n 〉η−1
nn′〈n′ |jaµ(0)| 0 〉 .

R * ρaµ(k), ρ̃aµ(k)
/ =;B>C � b�D/E k0 ≥ 0 4 Lorentz 8 � *�D/E L � � ��*�� � L � ,>J S OQP

ρaµ(k) = kµρ
a(k2)θ(k0) , ρ̃aµ(k) = kµρ̃

a(k2)θ(k0) .

J 8<L�

��� � g 3�U f U � D/E � � ρa(k2), ρ̃a(k2)
L&/ D/E g M B P

ρa(k2) =

∫ ∞

−∞

dσ2 δ(k2 − σ2)ρa(σ2) =

∫ ∞

0

dσ2 δ(k2 − σ2)ρa(σ2)
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ρ̃a(k2) =

∫ ∞

0

dσ2 δ(k2 − σ2)ρ̃a(σ2) .

R<S 8 � (E.13)
L L �.- O�P

(E.13) =

∫
d4k(2π)−3

∫ ∞

0

dσ2 δ(k2 − σ2)
{
kµρ

a(σ2)θ(k0)e−ik(x−y) − kµρ̃
a(σ2)θ(k0)eik(x−y)

}

=

∫ ∞

0

dσ2ρa(σ2) i∂µ

∫
d4k(2π)−3δ(k2 − σ2)θ(k0)e−ik(x−y)

+

∫ ∞

0

dσ2ρ̃a(σ2) i∂µ

∫
d4k(2π)−3δ(k2 − σ2)θ(k0)eik(x−y) . (E.14)

R&R i � + 8 ��� b 
 ��� i∆(x− y)
L M#U�@&/�� - OQP R<S / ��*�� � L $	%:J S @)U�OQP

i∆(x− y; σ2) =

∫
d4k(2π)−3δ(k2 − σ2)ε(k0)e−ik(x−y)

=

∫
d4k(2π)−3δ(k2 − σ2)θ(k0)e−ik(x−y) −

∫
d4k(2π)−3δ(k2 − σ2)θ(k0)eik(x−y)

≡ i∆+(x− y; σ2) − i∆+(y − x; σ2) .

8 ��� b 
 ����* � % � � 4 space-like
L�� S @)U�O f j 4�M�!�� (x − y)2 < 0 * f j / I�J L 3�O&* i 4

��*���0 g � O R�f L 3�OQP
∆+(x− y; σ2) = ∆+(y − x; σ2) for (x− y)2 < 0 .

!��Q4�����*�< � ��0 = space-like
L�� S @)U�O f j / I�J L 3�O
* i 4���/�
�@)U�O = * = (E.14)

L L
� + @ ��*�� � L 3�OQP

0 = (E.14) =

∫ ∞

0

dσ2
[
ρa(σ2) + ρ̃a(σ2)

]
i∂µ

(
i∆+(x− y; σ2)

)
, ∴ ρa(σ2) = −ρ̃a(σ2) . (E.15)

R *���0 (E.15)
/ 9 ] L�� � + @)U)3�U�* i 4�����*Ga)H L��/� i�j OQP - 3
	 7 R<S � � 47< � ��0 /

��*�� � L ! f�� 8 S OQP
〈 0 |

[
jaµ(x),Φ(y)

]
| 0 〉 =

∫ ∞

0

dσ2ρa(σ2) i∂µ

[
i∆+(x− y; σ2) − i∆+(y − x; σ2)

]

=

∫ ∞

0

dσ2
(
iρa(σ2)

)
i∂µ∆(x− y; σ2) ,

ρaµ(k) = (2π)3
∑

n,n′

〈 0 |jaµ(0)| n 〉η−1
nn′〈n′ |Φ(0)| 0 〉 = kµρ

a(k2)θ(k0) .

R&R i���
 I iρa(σ2) → ρa(σ2)
f $	% + 3
A - P

〈 0 |
[
jaµ(x),Φ(y)

]
| 0 〉 =

∫ ∞

0

dσ2ρa(σ2) i∂µ∆(x− y; σ2) , (E.16a)

−ikµρa(σ2 = k2)θ(k0) = ρaµ(k) = (2π)3
∑

n,n′

〈 0 |jaµ(0)| n 〉η−1
nn′〈n′ |Φ(0)| 0 〉 . (E.16b)
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R * � � (E.16a) *�+��4�GT)U�O R#f i 4 jaµ(x)
f

Φ(x) * 2 � Green ���)4 〈 0 |Tjaµ(x)Φ(y)| 0 〉 ��� � O
R�fZg i�j OQP

〈 0 |Tjaµ(x)Φ(y)| 0 〉 =

∫ ∞

0

dσ2ρ(σ2)∂µ∆F(x− y; σ2) . (E.17)

J 8ZL R * (E.17) *���� L
∫
d4x i∂µ �<(#T J��KO<P 6 * f j Heisenberg a i�� 9 S � Noether current

*���� ∂µjaµ = 0 �GT�U�OQP
∫
d4x i∂µ〈 0 |Tjaµ(x)Φ(y)| 0 〉

=

∫
d4x i∂µ〈 0 |

{
θ(x0 − y0)jaµ(x)Φ(y) + θ(y0 − x0)Φ(y)jaµ(x)

}
| 0 〉

=

∫
d4x i〈 0 |

{
δ(x0 − y0)ja0 (x)Φ(y) + θ(x0 − y0)∂µjaµ(x)Φ(y)

− δ(x0 − y0)Φ(y)ja0 (x) + θ(x0 − y0)Φ(y)∂µjaµ(x)
}
| 0 〉

= i

∫
d3x〈 0 |

[
ja0 (x),Φ(y)

]
| 0 〉

∣∣∣
x0=y0

+ i

∫
d4x

{
θ(x0 − y0)〈 0 |T∂µjaµ(x)Φ(y)| 0 〉 + θ(y0 − x0)〈 0 |TΦ(y)∂µjaµ(x)| 0 〉

}

= 〈 0 |
[
iQa,Φ(y)

]
| 0 〉 = 〈 0 |δaΦ(y)| 0 〉 6= 0 , (E.18)

∫
d4x i∂µ

∫ ∞

0

dσ2ρ(σ2)∂µ∆F(x− y; σ2)

= i

∫ ∞

0

dσ2ρ(σ2)

∫
d4x�x∆F(x − y; σ2) = lim

p→0

∫ ∞

0

dσ2ρ(σ2)

∫
d4xeipxi�x∆F(x− y; σ2)

= lim
p→0

∫ ∞

0

dσ2ρ(σ2) i

∫
d4xeipx

∫
d4k

i(2π)4
e−ik(x−y)

−k2

σ2 − k2 − iε

= lim
p→0

∫ ∞

0

dσ2eipy
ρ(σ2)(−ip2)
i(σ2 − p2 − iε)

. (E.19)

(E.18), (E.19)
g�I�J i 3�U��(��
�M � � L�/ 4 ρ(σ2)

L I�J�%��
1 ��� � � =;B!C � b-) + g Y�! S @)U

3� S�� 3 8 3�U	P
ρ(σ2) = ωδ(σ2) + ρ̃(σ2) , ω 6= 0 . (E.20)

	 ��@ (E.20) � (E.19)
L L � + @ (E.18)

f G�
 - O R�f L ��� 4 order parameter
f��	� S OZ[�]�
����

*���0 g e 8 S OQP
ω = 〈 0 |δaΦ(y)| 0 〉 . (E.21)

!��Q4 =;B>C � b���� (E.16b), (E.20) �1G�
 - O R�f i 4 I�J�%�� 1 ��� =;B>C � b ��
�M ��� ��� g �
�
�4� jaµ(x)

f a Φ(y)
L ; 9 L I�J i 3�U�� i �&H + @)U�O R�fZg 	 9 OQP
〈 0 |jaµ(0)| p(m = 0) 〉 6= 0 , 〈p(m = 0)′ |Φ(0)| 0 〉 6= 0 . (E.22)

R&R i =�
 8 S ��(+* / 4����)(#T�* /�@�* � c��	c i NG boson
g�I�J�%�� i � O R�f ��. >#@)U�OQP
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E.2 Example: Nambu-Jona-Lasinio Model

• Nambu-Jona-Lasinio model

Nambu-Jona-Lasinio 3�4��<4 N ��* Dirac spinor �GT�U�@	,
. - OQP
L = ψiγµ∂µψ +

G

N

[
(ψψ)2 + (ψiγ5ψ)2

]
. (E.23)

R *�� / U(1)V
��� L	6 + @A8 � i � O��  i 3 B 4 chiral U(1)

�4� L 6 + @ = 8 � i � OQP R#R i /
chiral U(1)

��� *A� ���4� f �*� ��"�# + � � P
ψ → eiγ5θψ ' (1 + iγ5θ)ψ ≡ ψ + θδ5ψ , (E.24)

j5µ =
(
∂L/∂µψ

)
δ5ψ = −ψiγµγ5ψ ,

Q5 =

∫
d3xj5µ=0(x) = −

∫
d3xψ†γ5ψ(x) .

R *�� i / 1�� �4� ��g

πψ = ∂L/∂ψ̇ = ψiγ0 = iψ† ,
{
ψ(x), πψ(y)

}
= iδ3(x − y) ,

i =�
 8 S OQP R<S �GT�U�@ 8 O f ��* D
E g���� L 3�OQP
[
iQ5, ψψ(x)

]
= −

∫
d3y

[
πψγ5ψ(y), ψψ(x)

]
= 2ψiγ5ψ(x) ,

[
iQ5, ψiγ5ψ(x)

]
= −2ψψ(x) . (E.25)

���G@04 R * Dirac X�	<b�
 � � g [�]���
 � � R + @�
����(��
�M R�f L 3�O03 8 4  H�a ψiγ5ψ
L�/

NG boson
g���S O R�f L 3�OQP

〈 0 |ψψ(x)| 0 〉 = − N

2G
m 6= 0 ,

⇒ 〈 0 |
[
iQ5, ψiγ5ψ(x)

]
| 0 〉 = −2〈 0 |ψψ(x)| 0 〉 =

N

G
m 6= 0 .

• �����������

(E.23) *���#�� �����<4 ψ *���a�� η
f + @	+ �.- OQP

Z[η, η] =

∫
DψDψ exp i

∫
d4x

[
LNJ + ηψ + ηψ

]
. (E.26)

R *���#�� ��� 9:8 Green ������� # - O L�/ 4
��a * F�� + � ��� 3���� �� #� 
 � �QU	P R<S L J 8L ��*��,������ )OQP
1 =

∫
DσDπ exp i

∫
d4x

[
−N

2λ

(
σ′(x)2 + π′(x)2

)]
. (E.27)
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σ′(x) = σ(x) +
λ

N
ψψ(x) , π′(x) = π(x) +

λ

N
ψiγ5ψ(x) . (E.28)

.! L L �.- O	* i � O g 4���W��0c 
 λ *����#3(5��Q/�� + 4 4-Fermi ���)(�T ���	��4�� �)(&T L �>j
� 
�O���� L λ = 2G

f&f OQP
Z[η, η] =

∫
DψDψDσDπ exp i

∫
d4x

[
LY(ψ, ψ, σ, π) + ηψ + ηψ

]
, (E.29a)

LY = ψiγµ∂µψ − N

2λ
(σ2 + π2) − ψ(σ + iγ5π)ψ . (E.29b)

• Effective action, Effective potential

R
R 9>8�/ _0`&a σ(x), π(x) *$��O$��U��Z?�O#� � 4 / 8 � L �
! + �&X�	Zb 
 � � ψ(x) � 6 + + 4 σ(x),

π(x)
i ,
.:J S � 1�
 (#T ��� � O<PKX�	Gb 
 � � i � O R�f L
� � - O R�f i 4 ����� � L =�
 8 S OQP

Z =

∫
DσDπ exp iNSB[σ, π] , (E.30a)

SB[σ, π] = − 1

2λ

∫
d4x(σ2 + π2) − i log Det

[
i/∂ − (σ + iγ5π)

]
, (E.30b)

Γ[σ, π] = SB[σ, π] +O(1/N ) . (E.30c)

R&R i /
O(1/N ) � � c �	c 9:8�� / /�� � 5 4 ��U���U 1 b�c�d�! i�+ 9 
)3)U	P 6 �
��$��
l i � 1


���� �
���Gb / ����� � L 3�OQP
V (σ, π) = −SB[σ(x) = σ, π(x) = π]

=
1

2λ
(σ2 + π2) −

∫
d4k

i(2π)4
log det

[
/k − (σ + iγ5π)

]
, (E.31a)

=
1

2λ
(σ2 + π2) − 2

∫
d4k

i(2π)4
log(σ2 + π2 − k2 − iε) , (E.31b)

= V (0, 0) +
1

2λ
(σ2 + π2) − 1

16π2

[
Λ4 log

(
1 +

σ′2

Λ2

)
− σ′4 log

(
1 +

Λ2

σ′2

)
+ σ′2Λ2

]
. (E.31c)

�!&������ i / �4
�� � Euclid ) + 4�����)��(� � ��� j 4�������� ��� Λ �,+ � + @)U)OQP !�� σ′2 =

σ2 + π2
i � OQP

• Self-consistency conditions

1�
���� � ���Gb (E.31a) � 

! σ
i � � - O R�f i 4�"�#�D/E(��� � O R�f = 0�2 i � OQP

∂V

∂σ

∣∣∣
σ=σ0

=
σ0

λ
−

∫
d4k

i(2π)4
∂

∂σ
log det

[
/k − σ

]∣∣∣
σ=σ0

= 0 ,

∂

∂σ
log det

[
/k − σ

]
=

∂

∂σ
tr log

[
/k − σ

]
= tr

[ 1

σ − /k

]
,

∴ − σ0 = −λ
∫

d4k

i(2π)4
tr

[ 1

σ0 − /k

]
. (E.32)
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�!&�� � � ��� � ����� + ��� P ���
4�� ���&T L � j � 
 8 S � Lagrangian (E.29b) �<_	`&a σ(x)
L M

U�@ N B f 4 σ(x) = −(λ/N)ψψ
g e 8 S OQP R<S � � 4�!���4�X�	�b 
 � � �Q[0]���
 〈ψψ〉 = σ0 6= 0 �

� 4 (E.32)
/ X�	Gb 
 � � ψ(x) �\b�c#dGD
E L�� �#O R�fZg 	 9 OQP !�� ψ

/ = f = f 4 �������#T i
� ����� � 4 R �\b�c#dGD
E / X�	�b 
 � � � 2 � ��� L b�c#d g M#U�� ��� �,+ @
U�OQP Lagrangian �
�
L 4 2 � ��� f + @ � O�� / %�� � i � � 4�I�� D&E � � 4 6 �\b�c�d<;�= L �
O %���g !�� = f � σ0f 3�O�4 f U � RKfZg 	 9 OQP���� / Lagrangian

L ;�= - O = � f $	� + @)U�OQP R � � � (E.32)
g #

� =�M f j 4�34� / ��
 "
��� i � O f U � P�!��Q4 R<S ��D/E f + @�34� L���- R�f �Z4 self-consistency

condition
f U � P

• 2 �����
1�
 �#T Γ[σ, π] = SB[σ, π]

L A)U�@ 4&_�`&a π(x) � 2 � ������� >04 6 ��� O���U �<?�OQP ! 5 ��� �
1�2 L - O�� � L = 4���� ��� ���
� - OQP

(i/∂ − σ0)SF(x − y) = iδ4(x− y) , SF(x− y) =

∫
d4k

i(2π)4
e−ik(x−y)

σ0 − /k − iε
, → iS−1

F = i/∂ − σ0 .

R<S �GT#U�@ 1�
 �#T Γ[σ, π] = SB[σ, π] � ��� - OQP
Γ[σ, π] = − 1

2λ

∫
d4x(σ2 + π2) − i log Det[iS−1

F − iγ5π]

= − 1

2λ

∫
d4x(σ2 + π2) − iTrLn[iS−1

F − iγ5π] .

1�
 �#T 9:8 2 � ������� � O	��� g 4 6 S / π(x)
i

2 � � ��� � �(��� � R�f i e 8 S OQP
Γ(2)
π (x1, x2) =

δ

δπ(x1)

δ

δπ(x2)
Γ[σ, π]

∣∣∣σ=σ0

π=0

.

TrLn[iS−1
F − iγ5π] � π

L M#U�@
:�� - OQP
TrLn[iS−1

F − iγ5π] = TrLn[iS−1
F ] − Tr

[
(−iγ5π)·iSF

]
+

(−1)2

2!
Tr

[
(−iγ5π)·iSF ·(−iγ5π)·iSF

]
+ · · · .

2 � ��� L ;&= - O	� /�� 3 � � 
 i � O	� i 4 6 S ��6������ L �:j � 
�@&ACB P
Tr

[
(−iγ5π)·iSF ·(−iγ5π)·iSF

]

= −
∫
d4y1d

4y2d
4y3 δ

4(y1 − y3) tr
[
(−iγ5π(y1))iSF(y1 − y2)(−iγ5π(y2))iSF(y2 − y3)

]

= −
∫
d4y1d

4y2 tr
[
(−iγ5π(y1))iSF(y1 − y2)(−iγ5π(y2))iSF(y2 − y1)

]
.

� � / X�	Gb 
 � � �G;&= i � OQP R<S � � ��� � � L 2 � ��� g � J S OQP
Γ(2)
π (x1, x2) = − 1

λ
δ4(x1 − x2)

+
i

2

∫
d4y1d

4y2
δ

δπ(x1)

δ

δπ(x2)
tr

[
(−iγ5π(y1))iSF(y1 − y2)(−iγ5π(y2))iSF(y2 − y1)

]
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≡ Γ
(2)
1 (x1, x2) + Γ

(2)
2 (x1, x2) .

R<S � R ��!�! � � � � � � . � + @ = 9 ! 	�3	U g 4 R&R i / ! 5 ��
�� ��� L ��� + @ 4 6 ��& L �4

� ����i ��� ��� � �(� . � - OQP 6 �*� �7�4
�� ����i ��� ��� � �(� R&R i ��� - OQP

δ

δπ(p)
π(k) =

[ ∫
d4xe−ipx

δ

δπ(x)

][ ∫
d4yeikyπ(y)

]
=

∫
d4xd4y e−ipxeikyδ4(x− y)

=

∫
d4x ei(p−k)x = (2π)4δ4(p− k) .

! 5 �4
-� ����i � 2 � ��� ��"�# - OQP-/���� �4
�� ���(����� + @ ����� � L =�
�OQP
∫
d4x1d

4x2 e
−ipx1e−iqx2Γ(2)

π (x1, x2) = Γ̃(2)
π (q)(2π)4δ4(p+ q) .

R<S �GT#U�@ Γ
(2)
1 , Γ

(2)
2 � 6 S! \S L M#U�@	D
E�� . � - OQP

∫
d4x1d

4x2 e
−ipx1e−iqx2Γ

(2)
1 (x1, x2) =

∫
d4x1d

4x2 e
−ipx1e−iqx2

[
− 1

λ
δ4(x1 − x2)

]
= − 1

λ
(2π)4δ4(p+ q) ,

∫
d4x1d

4x2 e
−ipx1e−iqx2Γ

(2)
2 (x1, x2)

=
i

2

δ

δπ(p)

δ

δπ(q)

∫
d4k

(2π)4
d4`

(2π)4
tr

[
(−iγ5π(k − `))

1

σ0 − /k
(−iγ5π(`− k))

1

σ0 − /̀

]

=
i

2

∫
d4k

(2π)4
d4`

(2π)4
(2π)8

[
δ4(k − `− p)δ4(`− k − q) + δ4(`− k − p)δ4(k − ` − q)

]

× tr
[
(−iγ5)

1

σ0 − /k
(−iγ5)

1

σ0 − /̀

]

= (2π)4δ4(p+ q)
i

2

∫
d4k

(2π)4
tr

[
(−iγ5)

1

σ0 − /k
(−iγ5)

1

σ0 − (/k + /q)

]

+ (2π)4δ4(p+ q)
i

2

∫
d4`

(2π)4
tr

[
(−iγ5)

1

σ0 − (/̀ + /q)
(−iγ5)

1

σ0 − /̀

]

= −(2π)4δ4(p+ q)

∫
d4k

i(2π)4
tr

[
(−iγ5)

1

σ0 − /k
(−iγ5)

1

σ0 − (/k + /q)

]
.

! f�� O f	�4
�� ��� � 2 ����� g ����� � L 3�OQP
Γ̃(2)
π (q) = − 1

λ
−

∫
d4k

i(2π)4
tr

[
(−iγ5)

1

σ0 − /k
(−iγ5)

1

σ0 − (/k + /q)

]
. (E.33)
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F Nonlinear Sigma Models in Two Dimensions

R&R i /�5�6�7 i 3�U 3 M �������03 NLSM (O(N), CPN−1, Gross-Neveu)
L M#U�@ ��	��(�#� � P N�� %

� /
1/N :�� 4�M�!�� ��� 
 ��� N�� i � O [33][34][35] P

F.1 O(N) Model

R&R i ��
�O	� / D = 2
9 ] i � O(N)

��� 8 � 3 3�4 i � O P N #�� . a φi(x) (i = 1, · · · , N) ����
 �
� P 9 ] � D � / ηµν = diag.(+−)

f - OQP
φT (x) = (φ1(x), φ2(x), · · · , φN(x)) , ηµν = diag.(+−) . (F.1)

R � . a φ(x)
L ���	��
�D/E(� ��- P

φT (x)φ(x) =
N∑

i=1

φi(x)φi(x) =
1

g2
. (F.2)

M�!�� φ(x)
/
SN−1

L ��
:J S @)U�O f - OQP
R � . a φ(x)

g���
 � O(N)
��� L�6 + @ ����� � L ��� J S O f - OQP&M�!�� . a / O(N)

��� L�6 + @
/
N
� �

N 4�M�!������ � ��f - OQP
φ′
i(x) = Rijφj(x) . (F.3)

R � ��� L�6 + @ 4���
�D/E (F.2)
/ 8 � i � OQP

R&R i 4 ��
 � O(N)
��� L�6 + @78 � 3 Lagrangian ��"�# - OQP

L =
1

2
(∂µφ)T (∂µφ) , (F.4a)

L′ =
1

2
(∂µφ′)T (∂µφ′) =

1

2
(∂µφ)TRTR(∂µφ) = L . (F.4b)

1�2 L ! 5 � 
 ���03�������� � P $
" L 9 ]���� g D � f jQi � O f + � � P . a �Q[�]�
���� g

〈φ(x)〉 = 0 , (F.5)

i � O f j 4 R � Lagrangian
i7� J S O�� / � ��� 6
7;� ��� S � � R J 5 4�� � IHJ %-� 3 �	� a � � � - O =

� f 3���@0U)O�P + 9 + R
R i / ��
;D;E (F.2) � � + @�U#O<P R ��� � 4 N ��� . a φi(x)
g ; 9 L 〈φi(x)〉 = 0

f 3�O�
 /�� J S @�U)3#U
P&M ! � N � � φi(x) � � 7 U 5 S 9�/ I>J i 3)U0[�] 
 ��� ��
�M R�f L 3 � 4
O(N)

6�7�� g � ��� L � S @ + ! � P ( D = 2 � f j / & i 1�2 L�� S O g 4 � ��� L�/ � S 3�U	P )
R ��3�4 / SN−1 I�� O(N)

��� 3�� i 4 φi(x) �Q[�]�
���� f + @ ����� � L f O R�fZg 0�2 i � OQP
φi(x) = 0 ( i = 1, · · · , N − 1 ) , φN(x) =

1

g
6= 0 . (F.6)
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R � 
����(��� i����,+ � R�f L � � SN−1 I�� O(N)
6�7�� g

O(N − 1)
L � S 4�� S � � ���

1

2
N(N − 1) − 1

2
(N − 1)(N − 2) = N − 1 , (F.7)

�� I�J�%�� � NG boson
g���S O (φi(x) (i = 1, · · · , N − 1) � � �4���	� 8�
 f + @ ) P !�� φN(x) ��� 8�
9:8�/�1 %���
�� � g���S OQP

+ 9 + ����3�4 i / 9 ]���� g D = 2 �Ga)H(����
�@)U�OQP � 
 ��� L�/ � !�����B���� + 30U i ��� � 
 �
� - O L f 5 � @&ACB g 4 R � f j I�J�%�� NG boson

/ ����� � �� i 3 B�������� = � R + @)U�OQP R ���
����������� + ��� f - O f 4 . a / %�� ��
�M�� � L 3 � 4��	� f + @ ��� O(N)

6�7;� g � � - OQP
R �Q4 D = 2

i / . a g 1 %�� L 3 � 6�7�� g � ��� L � S O R�f / 3�U\4 f U � R�f � ��� 
 ��� L ?�@)U
R � P R&R i / N

g
1 � � $ � � j U f - OQP !����&H�$�� f Large-N

f / k�l�����0 L�� O f - OQP
g2N : fixed , N → ∞ . (F.8)

1�
 �#T ��� � �
U�� � 4 φ(x) �������03�$��*) � ϕ
f	� ���03 _41*)�� φ′(x)

L � N - OQP !�� 6 � 1�

�#T ��� � O  4 ���	��
�D/E g � J S OQP

φ(x) = ϕ + φ′(x) , 〈φ(x)〉 = ϕ ,

∫
d2xφ′(x) = 0 (F.9)

i / 4 ��� - O�3
4 � Lagrangian
f ��
�D;E&4 6 + @ 6 S L�� � ��#�� ������=�
 � � P

L =
1

2
(∂µφ(x))T (∂µφ(x)) =

1

2

N∑

i=1

(∂µφi(x))
2 , φT (x)φ(x) =

N∑

i=1

φi(x)φi(x) =
1

g2
, (F.10a)

Z =

∫
Dφ exp

( i
2

∫
d2x(∂µφ)2

)( ∏

x

δ(φ2 − 1

g2
)
)(
δ(

∫
d2xφ(x) − ϕ

∫
d2x)

)
. (F.10b)

��#�� ��� � �
L � O�" 2 ��� � b 
 �����<4�� ��� Fourier
��� �GT�U�@ �:j	
 - P

∏

x

δ(φ2 − 1

g2
) =

∫
[dλ] exp

( i
2

∫
d2xλ(x)

{
φ2(x) − 1

g2

})
. (F.11)

R<S ����#�� ��� (F.10b)
L L ��- OQP

Z =

∫
DφDλ exp

( i
2

∫
d2x

[
(∂µφ)2 − λ{φ2 − 1

g2
}
])(

δ(

∫
d2xφ(x) − ϕ

∫
d2x)

)

=

∫
DφDλ exp

(
− i

2

∫
d2xd2yφT (x)

[
∂2 + λ

]
x,y

φ(y) +
i

2g2

∫
d2xλ(x)

)
. (F.12)

R&R i ��
�D/E (F.9) � . � - O f 47��#�� � � (F.12) � � � φ′(x) � 1 ��� )�� / 6	� 9:8 & 7 @ 4 2 ��� )
��� 
 g � O�P�!�� 6 � 2 �-)�� = Gauss 6�� g . � i�j O�P 6 R i .! L R � . a���6�� + @ 4 6 S 9:8 e 8
S O 1�
 �#T Seff �,+�� + � � P
∫
Dφ′ exp

(
− i

2

∫
d2xd2yφ′T (x)

[
∂2 + λ

]
x,y

φ′(y)
)

=
{
Det(∂2 + λ)x,y

}−N
2 = exp

(
− N

2
TrLn(∂2 + λ)x,y

)
.
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R&R i
Tr, Ln

/ 9 ]����(�1" 2 �����&m���� f + � f j � trace
f

log � � - P - 3
	 7 k�l�����0 g Tr
L�/

� O R�f L 3�OQP
TrMx,y =

∫
d2xd2yδ2(x− y)M(x, y) .

R � � � / & L .. L D
E - OQP f � � 
 5 R&R i / R ��!�! i ��#�� ����� " ���,+ � � P
Z =

∫
Dλ exp

(
− N

2
TrLn(∂2 + λ)x,y −

i

2

∫
d2xλ(x)

{
ϕ2 − 1

g2

})
(F.13a)

≡
∫
Dλ exp(iSeff [λ(x),ϕ]) ,

Seff [λ(x),ϕ] = −1

2

{
ϕ2 − 1

g2

}∫
d2xλ(x) +

iN

2
TrLn(∂2 + λ)x,y . (F.13b)

� L 4�34���Q[�]���� - � � L�1�
 �#T (F.13b)
9:8:1�
���� �����<b(��"�# - OQP 1�
���� ������b / ���

� � L $	%:J S O�P
Seff [λ(x) = λc,ϕ] = −V (λc,ϕ)

∫
d2x

= −1

2
λc

{
ϕ2 − 1

g2

}∫
d2x+

iN

2
TrLn(∂2 + λc)x,y . (F.14)

TrLn(∂2 + λc)x,y =

∫
d2xd2y δ2(x− y) Ln

( ∫
d2k

(2π)2

∫
d2l

(2π)2
e−ikxeily (2π)2δ2(k − l)[−k2 − λc]

)

=

∫
d2k

(2π)2
log(−k2 + λc)

∫
d2x ,

R<S � � 4 1�
���� � ���Gb����
���03 ��� g � i =�
 8 S O R�f L 3�OQP
V (λc,ϕ) =

1

2
λc

{
ϕ2 − 1

g2

}
+
N

2

∫
d2k

(2π)2i
log(−k2 + λc) . (F.15)

R � 1�
��	� � ���<b �GT)U�@�3�����[�]�� � � O % � f + @ 4 1�
 ��� �
����b � λc

i � � + @ = � ) + 30U
"�#��(��� � O = � g � OQP R ��D/E / k�l i =�
 8 S O�P

∂V (λc)

∂λc

∣∣∣
λc=λ∗

c

= 0 . (F.16)

R<S 9:8 ������0 g���� L e 8 S OQP
1

g2N
=

ϕ2

N
+

∫
d2k

(2π)2i

1

λ∗c − k2
. (F.17)

R ����0�� (F.17)
/ 4 . a φ(x) ������� � 〈φT (x)φ(y)〉 �\b�c#dZ_�1 g �����&T������&H�$	� L 3 S 4 f U �

self-consistency condition
f 3 �G@)U�O<P&M�!�� F � / �����#T �����0H�$���4
	�� � 1 � / ������� � 
����&46 + @ � 2 � / b�c#d�_-1�� f ?�O R)fZg i�j OQP + � g �G@ λ∗c

/ . a φ(x) � %�� ( � 2 � )
f ?�O R�fZg ij OQP

λ∗c ≡ m2 . (F.18)
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� � (F.17) �76�� / ����� ���ZY�� i U)O	� i 4 R&R i �#���
� ��� Λ �,+ � + @�6�� + ��� P 6 ���	�)4 � �
(F.17)

/ ����� � L 3�OQP
1

g2N
=

ϕ2

N
+

1

4π
log

(Λ2

λ∗c

)
. (F.19)

R ��!�! i / �&H�$�� / ��� + @)U�O�� i 4�� ����! S ���&H�$�� L�� j � 
�O )	* g � O\P R ��� ����! S �
�&H�$�� gR

f � ����! S @)U)3�U �&H�$�� g � ����� � L ���	P
1

g2
RN

=
1

g2N
− 1

4π
log

(Λ2

µ2

)
. (F.20)

R&R i
µ
/

scale parameter
f��	� S O ���!$	� i � OQP R ��� ����! S ���&H'$�� i "�� � � (F.17) � � � -

O f 4 6 S /�1!2 3���0(��=�
�O R�fZg i�j OQP
1

g2
RN

=
ϕ2

N
+

1

4π
log

(µ2

λ∗c

)
. (F.21)

R<S 9:8 4&_�`
a λ(x) �Q[	]�
���� λ∗c
g ����� � L . a �Q[�]�
���� ϕ

f � ����! S ���&H�$	� gR 4 6 + @
scale parameter µ

i�� - R�fhg i�j OQP
λ∗c = µ2 exp

(4πϕ2

N

)
exp

(
− 4π

g2
RN

)
≡ M2 exp

(4πϕ2

N

)
, (F.22a)

M2 = µ2 exp
(
− 4π

g2
RN

)
. (F.22b)

M
/ � ����
 �4��� L�6 + @78 � 3 mass scale

i � OQP + � g � @ R<S � � 4 . a �Q[�]�
���� ϕ
g ��
�D/E

(F.2)
g � O L = 9&9 	 8 5 ��� 
 �+� L�/ ϕ2 = 0

f 4-/�@ I�J L - O R�fZg i�j OQP R<S / 4 � 
 ��� L�/ [
]�
���� g I�J�f 3 8 5 4 ��
 � O(N)

6�7 � g � ��� L � S @)U�� f U �	��
 f
� 3 � 4 O(N)
6�7�� �1���

@)U�O R�f �$� � + @)U�OQP !�� 6 � ��� 
 
 � L � � 4 = f = f)I�J�%�� i � ��� . a φ(x)
g � � (F.17)

L
���G@ %�� m2 = λ∗c = M2 ���&e + @)U#OQP R<S = ��� 
 
 � ��� + U�� i � OQP
M#U i 3 g 8 4 1�
��	� � ����b(� � ����! S ���0H�$	� i��:j�
 - f 5 ����� L 3&O	� 9 ����� + ��� P�! 5

� � (F.15) � � �76��(� . � + ���(��=�
�OQP
1

N
V (λc,ϕ) =

1

2
λ∗c

(
ϕ2 − 1

g2
R

)
− 1

8π
λ∗c

(
log

λ∗c
µ2

− 1
)

+
(
divergent constant

)

' M2

8π
exp(4πϕ2) . (F.23)

. / �!&�� � / � ����! S ���&H�$��&�GT�U�@ �:j 
 + @ = ��� g�� 
 8 S @)U)3�U	P R<S / 4�34���Q[�] � �L�/ = f = f �!&�� � �  ���� b��)c���
 � @)U�O f N�� J S OQP�M�! � I�J ������� b��
c���� � % g I�� �
� ��!�! i /�� � i � O R�f L�� � @)U�OQP + � g �G@ R �
� �� ��Q[�] ����� b��
c�� � U�@0ACB P

(F.23) � 
)O f! ��� �
����b�����"�� / ϕ = 0 � � i . � J S @�U�OQP�M�!�� ��
�D/E g � ��� L = ��	 8#
O(N)

6
7�� g � S @)U � U�� i � OQP R<S / 34� g %�� ��
%$  �& M ������� g �
H�$�� L 2 a +(' � ���
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! S O�� � L � R O ��� i � OQP ��� i /  ��
�D/E g F -term
L � 
 2 a - O	� i � O g  N = 2 � 5�6�7��

��
�M � �� F -term
L�/ � � ����
�$�3 g���� P����*� � �&H $�� g $ � ����� ����;  #  � ����! S � U	P

���*� � 54� +(' = ��
�D/E g 

! [�]�
���� L �#T +(' + ! ��� i � OQP

F.2 CP �
	 1 Model

� L � � /  �� a L�
�� + ��3�4������ - OQP ����� � ��� $(� + � � P
φT (x) = (φ1(x), φ2(x), · · · , φN(x)) , ηµν = diag.(+−) , (F.24a)

φ†(x)φ(x) = 1 (constraint) . (F.24b)

R � ��
�D/E / ��
 � U(N)
��� L�6 +(' 8 � i � O�P R � � 
 � U(N)

�-� � �
	>� ��� L )	��� L�
���- O�P
M�!�� U(N)

� � )�� � i � O U(1)
� ����c�� ) - O�P����  �)c���a Aµ(x) �,+ � - OQP R<S�� �Ga / �
	

� U(1)
��� L�6 +(' ����� � L ��� J S O f - OQP

φ(x) → φ′(x) = eieθ(x)φ(x) , Aµ(x) → A′
µ(x) = Aµ(x) +

1

e
∂µθ(x) . (F.25)

R<S�� � ��� L�6 +(' 8 � � ��� Lagrangian � R<S�&�� ��� + � � P
L =

1

e2
(Dµφ)†(Dµφ) . (F.26)

< + �4� � � Dµ
/ � i $	%:J S ' U�OQP

Dµφ(x) = (∂µ − iAµ)φ(x) . (F.27)

. �)_�`&a λ(x) �GT)U '  ��
�D/E(����� + ����#�� ��� ������� � L�� 
�OQP
Z =

∫
Dφ†DφDAµDλ exp

( i

e2

∫
d2x

{
(Dµφ)†(Dµφ) − λ(φ†φ − 1)

})
. (F.28)

)��*6�� +  � �� a φ(x) ��6�� + '  1�
 �#T ��"�# - OQP
Z =

∫
Dφ†DφDAµDλ exp

(
− i

e2

∫
d2xφ†

{
(DµD

µ) + λ
}
φ +

i

e2

∫
d2xλ

)

=

∫
DAµDλ exp

( i

e2

∫
d2xλ−NTrLn

[
(∂µ − iAµ)2 + λ

])

≡
∫

DAµDλ exp
(
iSeff

)
, (F.29a)

Seff =
1

e2

∫
d2xλ+ iNTrLn

[
(∂µ − iAµ)

2 + λ
]
. (F.29b)

e2N �
�#$ +(' N → ∞ f&f O�� 2 i �	��� � - O f! �R � 1�
 �&T / 2 � f = ;98 � c �	c i 
 U '�� OQP "
#�� i ����� / O(N) 3�4 f / � ;98 i � �  _�`&a / [�]�
����(���&e +('  �� a � %�� � � 
�OQP $&% _�`
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a f + ' � �)c���a /  Lorentz 8 � � ��� [�]�
���� / I�J�f � OQP � !�� � � i / ��������� � �  O(N) 3
4 �����	�	/ � ; <��	����
 �
�
� � '  � ���� /�6�7�� ����� �����

〈λ(x)〉 = m2 , 〈Aµ(x)〉 = 0 . (F.30)

����&�� /  ������ ��� & � & ��!#"
$ � � 
&%�' �)( ��* � '&+),)-�. ��/10�243�5 . �&6 0�2 � ��7 !98
��:<;�=)> � 7<?�@1A &�� 7 #�B .�C D9E B F D � D ��� ��7 !�84G������ λ(x), Aµ(x) 7<H�I)J�K�L	MON�7�PB .�Q 7�*	R���� �4S�T 6 . 0 B	F<U ���

λ(x) = 〈λ(x)〉 + σ(x) = m2 + σ(x) , Aµ(x) = 〈Aµ(x)〉 + Bµ(x) = Bµ(x) , (F.31a)
∫
d2xσ(x) = 0 ,

∫
d2xBµ(x) = 0 . (F.31b)

?�@)A � 7<;�=)> � . S0

G %�' ��( . Sq �WVYX�� G�Z�[�\ �)] B N�: Q 7�*	R�� D 2 �

Seff =
1

e2

∫
d2x(m2 + σ(x)) + iNTrLn

[
(∂µ − iBµ)2 +m2 + σ

]

= S0 + Sq , (F.32a)

S0 =
1

e2

∫
d2xm2 + iNTrLn

[
∂2 +m2

]
, (F.32b)

Sq = iNTrLn
[
1 +

1

∂2 +m2
(σ − i~∂µBµ − iBµ∂

µ −BµB
µ)

]
. (F.32c)

��� ��^
_)`�a ~∂µBµ : G ]�7�b4c�7 Bµ d E � D Xfe _ � B S � 2<g)h �Yi�j � S � 2 G �lkmRonqp �
r 2 �Z�[�\�s : Q 7�*
R s D 2�
 G�t
u ��� 7 ��v c i ~∂µBµ w � Rfx ` .�y R �

~∂µBµ ≡ ∂µBµ +Bµ∂
µ .

%�' ��( w k �4Sqi ]�z D s|{ ��} $1~�$9� � : C P G g)h � 7 1 � $9����(�� � .�C 2 � � B s|��� � S�� 2
7�: � 7 2 Aq��� � ���
r 2�7 � G Sq

. ] ��� ���	��� *	R �

Sq = − i

2
NTr

[ 1

∂2 +m2
σ

1

∂2 +m2
σ
]

− iNTr
[ 1

∂2 +m2
BµBνη

µν
]

+
i

2
NTr

[ 1

∂2 +m2
(~∂µBµ +Bµ∂

µ)
1

∂2 +m2
(~∂νBν +Bν∂

ν)
]
. (F.33)

� 7 1 Aq��� G1�1���fZ�[�\�s : Q 7)���q: ��� � D ��� D��1D N � 7<H�I)J�K�L	�&�)� \�s = � S�� 2 d E��r ��G ] B :|%�' ��( � 7|�����)� (F.31b)
s * �4S&��� 2�M�N � r 2<�

Tr
[ 1

∂2 +m2
σ
]

= 0 , Tr
[ 1

∂2 +m2
(~∂µBµ +Bµ∂

µ)
]

= 0 .

� : (F.33) 7<� -�. Z�[�\�s|��� � S)��� Rf�# )¡ w � S v
¢ 7 i 7 . 5�£ � S VOX¤�
〈x |σ| y 〉 = σ(x)δ2(x − y) ,
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〈x | 1

∂2 +m2
| y 〉 =

1

∂2
x +m2

δ2(x− y) =

∫
d2k

(2π)2
e−ik(x−y)

1

m2 − k2
,

〈x |(~∂µBµ + Bµ∂
µ)| y 〉 = (~∂µxBµ(x) + Bµ(x)∂µx )δ2(x− y)

=

∫
d2q

(2π)2

∫
d2k

(2π)2
e−ik(x−y)e−iqx(−i)

{
2kµ + qµ

}
B̃µ(q) .

� B N .�� � 2 w � - ����� s���8 N B 2<�
Tr

[ 1

∂2 +m2
σ

1

∂2 +m2
σ
]

=

∫
d2q

(2π)2

∫
d2k

(2π)2
1

(m2 − k2)(m2 − (k + q)2)
σ̃(−q)σ̃(q) , (F.34)

Tr
[ 1

∂2 +m2
BµBνη

µν
]

= ηµν
∫

d2q

(2π)2

∫
d2k

(2π)2
1

m2 − k2
B̃µ(−q)B̃ν (q) , (F.35)

Tr
[ 1

∂2 +m2
(~∂µBµ +Bµ∂

µ)
1

∂2 +m2
(~∂νBν +Bν∂

ν)
]

=

∫
d2q

(2π)2

∫
d2k

(2π)2
−(2k + q)µ(2k + q)ν

(m2 − k2)(m2 − (k + q)2)
B̃µ(−q)B̃ν (q) . (F.36)

� B s * ��G ;�=�> � 7|%�' ��( Sq � Q 7�*	R s ��� s D 2 � w � _ M	2<�
Sq =

N

2

∫
d2q

(2π)2
[
Π(q)σ̃(−q)σ̃(q) + Πµν(q)B̃µ(−q)B̃ν (q)

]
, (F.37a)

Π(q) =

∫
d2k

(2π)2i

1

m2 − k2
, (F.37b)

Πµν(q) =

∫
d2k

(2π)2i

(2k + q)µ(2k + q)ν

(m2 − k2)(m2 − (k + q)2)
+ 2ηµν

∫
d2k

(2π)2i

1

m2 − k2
. (F.37c)

"
$��
	 w � S 7|=��q: � 7 Πµν(q)
� r 2<� � B � Ward 
���� .�� ! 0 w�� G	"
$���	 �&%�' ��(�s * ��S+),�-�. / !�� w s D 2<����� s�� 7 Πµν(q)

. ��� � S�� *	R �
Πµν(q) =

∫
d2k

(2π)2i

1

(m2 − k2)(m2 − (k + q)2)

{
(2k + q)µ(2k + q)ν + 2ηµν(m2 − (k + q)2)

}

=

∫ 1

0

dx

∫
d2`

(2π)2i

F (`, q, x)

(`2 − ∆)2
,

`µ = kµ + xqµ , ∆ = m2 − x(1 − x)q2 ,

F (`, q, x) = −2ηµν
(
− 2

d
+ 1

)
`2 + 2ηµν(m2 − (1 − x)2q2) + (2x− 1)2qµqν .

� 7 ������� � : Feynman � ��! $#" .%$�& � S)� 2<� ��!<G Lorentz ')(�*�* � G ` 7 1
Q 7 - : ��� 2<� 2Q 7 - : v
¢ 7�*	R D,+ �.-0/ �2143 � r 2<�)5 � Q46�. 2 M�N ^�7 s PYN � S D = 2 − ε w � S)� 2<� �����Q46 (�8�9 7�:�;�7| )¡ . � S)� 2<�

`µ`ν → 1

D
ηµν`2 .

Q46 (�8�9 .�� � 2 !�84G=< N s `µ
.

Wick rotation
� S Q46q.

D
s ( / 2<�

`0 = i`0E , `i = `iE , (F.38)
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Πµν(q) =

∫ 1

0

dx

∫
dD`E
(2π)D

2(− 2
D + 1)ηµν`2E
(`2E + ∆)2

+

∫ 1

0

dx

∫
dD`E
(2π)D

2ηµν(m2 − (1 − x)2q2) + (2x− 1)2qµqν

(`2E + ∆)2

=

∫ 1

0

dx
1

4π
Γ(2 − D

2
)
( 1

∆

)2−D
2

(−2ηµν∆)

+

∫ 1

0

dx
1

4π
Γ(2 − D

2
)
{
2ηµν∆ + 2ηµν(−2x2 + 3x− 1)q2 + (2x− 1)2qµqν

}

= −(ηµνq2 − qµqν)

∫ 1

0

dx
1

4π
Γ(2 − D

2
)
( 1

∆

)2− D
2

(2x− 1)2 . (F.39)

� c�7 ��� � :%�q: Q s���� � ! - i C M E ��� ��S�� 21*	R s C / 2<� � M � Feynman � ��! $�" .�� !�s $
& � S�G ]�7)� ��! $#" 7	� - s��9�9S�
���
 w D �|S � � R�7 � G � 7<e _ :���� w D 2 � w � Z�[�\�s � y� D X Sqi�u M	2��

∫ 1

0

dx
( 1

∆

)2−D
2 {
ηµνq2(2x− 1)

}
=

∫ 1

0

dx

∫ 1

0

dyδ(x + y − 1)
( 1

∆

)2−D
2

(x− y) = 0 .

x�� (F.39) * ��G Q 7�*	R s Ward 
���� .�� ! 0 � w :���N M w D 2<�
qµΠ

µν(q) = −(q2qν − q2qν)

∫ 1

0

dx
1

4π
Γ(2 − D

2
)
( 1

∆

)2−D
2

(2x− 1)2 = 0 . (F.40)

� B * � G %#' ��(qs * � "�$��
	 7 +),#- ��/ON B !�� w � u M92<� D V G�� � X : C	D M �|! � G��#��	 λ(x)

7|%�' ��( Π(q)
s : G ^�_ - � & �4S D � 7 � "
$��
	 7�*	R D<+),�- :�� 	�� P G�� ( u N P ����	 � r 2<�

F.3 Gross-Neveu Model

� B � � :������47 � 7�� s�����S 7��! .#"�$ S � ! � G���� � :&%�'��)( } �47 � 7�� . T 6	012<� O(N)
* ��x�+ w � S ( - 0�2 N , - Majorana %�'��-( } � ψi M�N D 2 Q 7 Lagrangian

.�� n	0�2<�
L =

i

2
ψiγ

µ∂µψi +
g

4
(ψiψi)

2 . (F.41)

� 7��! q: Gross-Neveu model w#. F�B 2��� 7 Gross-Neveu model :0/�1 \ D chiral
��
 * .#2 � � ����� v
¢ 7�( - s��43�S '�( � r 2<�

ψi → ψ′
i = γ5ψi , ψi → ψ

′

i = −ψiγ5 . (F.42)

L′ =
i

2
ψ
′

iγ
µ∂µψ

′
i +

g

4
(ψ

′

iψi)
2 =

i

2
(−ψiγ5)γ

µ∂µ(γ5ψi) +
g

4
(−ψiγ5γ5ψi)

2

=
i

2
ψiγ

µ∂µψi +
g

4
(ψ

′

iψi)
2

= L .

��� ��5!6 	 .WQ 7�*	R s $�& 3 *	Rf�
σ(x) = −gψiψi . (F.43)
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� 7 5!6 	 .�� ��S�G Lagrangian (F.41)
s ��� D � . T / 2 w G ]�7�� s V E 2 Lagrangian : Q 7�*
R s�� �

x	0 � w � � � 2��
L =

i

2
ψiγ

µ∂µψi −
1

4g
σ2 − 1

2
σψiψi . (F.44)

� 7 Lagrangian
s V E 2 ��� > � : 3 A � ��� r 2����): (F.41) :�% ' � ( } �|7 4 A ��� > � � �
	 � B 2<�

� 7 (F.44)
� x < B 2 ��7��)£�
q��� Z . � � ¢ ]�R �

Z =

∫
DψiDσ exp(iS)

=

∫
DψiDσ exp

( i
2

∫
d2x

{
ψi(iγ

µ∂µ − σ)ψi −
1

2g
σ2

})
. (F.45)

� :&%�'��-( } � ψi
. e _ 3�S�G ] � M�N /mN B 2�;�=)> � G���� ;�=���� �����|� . ��8 *	Rf�

Z =

∫
DψiDσ exp

( i
2

∫
d2x

{
ψi(iγ

µ∂µ − σ)ψi −
1

2g
σ2

})

=

∫
Dσ exp

{
− i

4g

∫
d2xσ2 +NTrLn det(iγµ∂µ − σ)

}

≡
∫
Dσ exp(iSeff ) , (F.46a)

Seff [σ(x)] =
N

i
TrLn det(iγµ∂µ − σ(x)) − 1

4g

∫
d2xσ2(x) . (F.46b)

gN
.��
� < �9S

N → ∞ 7���� . w 2��)> . y R (Large-N limit) � � 7 w�� G ;�=)> � (F.46b) :�� - w i� ! }#" ~ " � = ��S X�2<� Large-N ��� . w 2 � w � = ��S X�2 i 7 .�C 2 ��84G saddle point
.%$ ]�R � ]�7

��84G�	
σ(x)

.�� � σc w + X¤� ����� H�I)J�K�L . σc ( ��� � r#& S�i U ����8�G�Z�[�\ D �1L�: � / D � )

w + X � w s D 2��
Seff [σ(x) = σc] ≡ −V (σc)

∫
d2x . (F.47)

��� s4��� . � y 0�2 ��84G Q 7 ��� .�y Rf�
TrLn det(iγµ∂µ − σc) =

∫
d2xd2y〈x | log det(iγµ∂µ − σc)| y 〉〈 y | x 〉

=

∫
d2xd2y

[
log det(i/∂x − σc)δ

2(x− y)
]
δ2(y − x)

=

∫
d2x

∫
d2k

(2π)2
log det(/k − σc · 1)

=

∫
d2x

∫
d2k

(2π)2
log(σ2

c − k2) . (F.48)

5 3 � c�7 ���qs V ��S : Q 7 ��� .�y & S
� 2<�
∫
d2k log det(/k − σc · 1) =

∫
d2k

{1

2
log det(/k − σc · 1) +

1

2
log det(−/k − σc · 1)

}

=

∫
d2k

1

2
log det[(σ2

c − k2) · 1] =

∫
d2k log(σ2

c − k2) .
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� B s * ��G ;�= ��� � ���|��7 Z�[�\ D x���� Q	� � / N B 2<�
V (σc) =

σ2
c

4g
−N

∫
d2k

(2π)2i
log(σ2

c − k2) . (F.49)

� B v � :��q: O(N) �! w�� X  ! � r 2<�
��� \�s : G�� B v � 7 T 6 s * & S 1 � " � - s ��� m2 = σ2

c �	��
)0�2 ��8)s�G Majorana %�'��)( } �
����� .
� / 3���� w � u M	2<� � B : chiral

��
 *	�	� � B D X D 2 � w . nqp�0�2<� ����� ��
 *	�	� B S� 2 � w s D 2<�
� 7 	���G /�1 \ D chiral

��
 *9�	� B � 7 � r 2�� G � B ����� \ D chiral
��
 *�7 	��#G ]�RW: D N D � �Q s���� 0�2 Coleman’s theorem

s * & S�G D = 2 7 ��� � :���� ��
 *	:�� B D � M�N � r 2<�
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G Coleman’s Theorem

�
� � : S. Coleman
s * & S���� < B �#G D = 2 ��I � : � � �&
 * 7���� \ � B �
	 � N D � w kmR

Coleman’s theorem
. ��� 0�2 [26] �

G.1 Introduction and Conclusions

D = 4 �|I s V E 2 Nambu-Goldstone theorem (appendix E)
� : G � � ��
 *9M�Nf>ON B 2 Noether current

w G ] B M�N >mN B 2�� � " � .�� ��S�G&��
 *	�
��� \�s � B 2 � w G � B D � � � � B 2 � � r 2 � w . �
�43�� � i R ��� ��� � ��� s " $ S VOX¤� ��� ��
 * s�� R Noether current jµ � ��� < B S�G

∂µjµ = 0 , (G.1)

. ��� 0&� � 7������
� s * & S 5�£ < B 2 	 7�( - 8 � G

δφ(y) ≡ i

∫
d3x

[
j0(x0,x), φ(y)

]
, (G.2)

w D 2�� G�� 7 δφ(y) ����� �9D � w�� G���
 *	�
��� \�s � B S)� 2 w � R �
3 M 3 D = 2 �4I � : G�� ��
 *�:���� \ � B . 	 ��< D ��� ��k ��� / 2 w G�� Nambu-Goldstone boson ���

	 3 D ��� � � B s��9��S�G � � .�y R � � P	]�7 � �#7�! s�� X � M
7#"�!��
� .#" $ S V � Rf�

1.
��� � 7 � � s : D = 2 �4I � 7
$��#� " 	 7 +),�% s'& (�s*) � 3�S
� 2<� ����� D = 2 �4I � � s*+
;�7 i 7 � r 2<�

2.
� 7 � ��: G ��� ��
 * s��9��S 7 � � r 2<��/�1 \ D ��
 * s��9��S :�, S : � N D � �

3. Higgs 3�5�:'	 � & S�i 5 u D � �

G.2 Lemma

� � s*- R���� w ]�7'. / � . ��� �  )¡ 3 *	Rf� Q 71*	R D ��� .���� 0�2<�
f(x) ≤ f(y) , if x/y ≥ 1 . (G.3)

�����<� B :*0�A
M�N �
13234 . 0�2 G L	� ( 7)��� � r 2<� ��� Q 7�*	R s +), � .65���� 0
2<�
k± = k0 ± k1 . (G.4)

� B N�: rapidity α
.�� ���

Lorentz ( - ��Q 7�*	R s ( - < B 2<�
k± → e±αk± . (G.5)
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[ ��� ] F (k+, k−)
. G�( � L � Lorentz ( - s�� 3�S '�( D _ 1���� w 0�2�� ��� f(k−)

.�� s ��� 3�� �
1
234q��� w 0�2<� � 7 w�� v
¢ 7)����� . 5�£ � � 2<�

lim
λ→∞

∫
dk−f(λk−)F (k+, k−) = cδ(k+) ,

��� �
c : r 2 ( 7 � � � r 2<�

[ �	� ] 
�nq7 λ
s V ��S�G ��� . w 2����q:��q7 _ 1���� � r 2<� (G.3)

s
��� G�� 7)���q: λ
s��9��S 0�A

M�N�7 �
13234 D . / �	� 0�2<� 3�� � & S �#�
�)> � �#�&L	�	� 
 3 G ] B :�� ������D 
q��� w D & S1� 2<�
Lorentz ( - (G.5)

���-3�Sqi Gq� 7��#� 
q��� g(k+) w g(eαk+) :  ! .�/ ��� 0�2�� ��� � g :��#��� ^�_
1 3 � G 0�A	M�N�� _�� � w ��� � :�� _�� X ��� s D 2 G 
�nq7���$ �l��� � r 2<� � 7 g

�
(G.3)

����� 3
� �
1�234q��� w 0
2 w G � 7)�W�q:*0�A� �! s 7 ��" � < B � �W� w D 2 (

�����$# � " ��� w D 2 )
� w � u

M	2<�

G.3 The Proof

� :|��% s & 2�� Q 7 � R s 3
� 7���� � ��� 3�� Rf�

F (k) =

∫
d2xeik·x〈 0 |φ(x)φ(0)| 0 〉 , (G.6a)

Fµ(k) =

∫
d2xeik·x〈 0 |jµ(x)φ(0)| 0 〉 , (G.6b)

Fµν(k) =

∫
d2xeik·x〈 0 |jµ(x)jν(0)| 0 〉 . (G.6c)

(G.1)
s r 2 � R D �����
� ��� 8�s
����G Q 7 � R s D 2��

kµFµ(k) = 0 , (G.7)

� 7)��� s
����G

Fµ(k) = σkµδ(k
2)θ(k0) + εµνk

νρ(k2)θ(k0) , (G.8)

w D 2 � w � _ M	2�� ��� � σ : r 2 � � (Nambu-Goldstone theorem
� � R'&�( � � )

� r ��G
ρ : _ 1����� r 2<� � 7)��� � � � 2 w G���
 * s
� 2 	 7�( - �

〈 0 |δφ(0)| 0 〉 = i〈 0 |
∫
dx1 [j0(x0, x1) , φ(0)]| 0 〉

=
iσ

4π
, (G.9)

7 � R s D ��G &�( � � � x	0 � w � � � 2<� ��� � (G.8) 7�) 2 *q: x1

s�����S,+ ��� D 7 � ��� 3 D � �

�nq7��3$ �l��� h(x) w 
�nq7|� a, b

� � ����-�.
∫
d2x h(x)[aj0(x) + bφ(0)]| 0 〉
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:�� � L �9D9E B
F D N D � � � B : F00 w F �,� 7 _ 1 � r � G
[ ∫

d2k F (k)|h̃(k)|2
][ ∫

d2k F00(k)|h̃(k)|2
]

≥
∣∣∣
[ ∫

d2k F0(k)|h̃(k)|2
]∣∣∣

2

, (G.10)

w kOR����	� r 2 � w � nqp�0�2<� ��� � h̃ :��3$ �l��� h 7 Fourier ( - � r 2<�� 7��3$ �l��� h
� Q 7 � R s V � Rf�

h̃(k) = f(λk−)g(k+) + f(λk+)g(k−) . (G.11)

��� �
f : (G.3)

����� 3�� �
13234q��� w 3 G g ��G���s ����A � 	 � D � �3$ �l��� w 0�2<� h :��q��� �r 2�7 � G (G.8) 7 + �W��� _ : Q 7)��� s|��� 3 D � �
∫
d2k F0(k)|h̃(k)|2 = σ|f(0)|2

∫
dk+ |g(k+)|2 . (G.12)

� B : λ
s*) � 3�S)� D ��� w s�� n 3�� Rf�

�,: G λ ��� _ s�� � D
	���� : G (G.11) 7 2
� 7�* s : i :�
����	012 � ����
 3 D � � 3�� � & S (G.10)

7
��� 7<e _ : 2
� 7�* 7�� s _�� < B 2<� 5 % w g 7 � 7�� � s
�	��G ��� 7<e _ : λ ��� � �qs y X �#� �

��� s D 2<���,: F00 :��q7 _ 1 � r 2�7 � G��	��� 7<e _ �,�
13234 � 	 � 04� � B s
����G

σ = 0 , (G.13)

� $ M B 2<� � B :�&�( � ������� G1����� ��
 *	�
��� \�s � B D � w kOR � w � nqp�0�2<�
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H Realization of Symmetries in Two Dimensions

Appendix F
� ���43��

Gross-Neveu model : G 1/N
�	� s�� & S %�'��)( } ����� � � � / 3�����8�s<G /

1 \ D chiral U(1)
��
 *	� � B S 3|� & S�� 2�� � B � ��� \ D chiral

��
 * � 2 � �! s�� � 0�2 w G � ��:
]�R�: D N D � � appendix G

s
� 2 w D = 2
� :���� ��
 *�:���� \�s � B 2 � w : D � � ��� ��� R s M 3S

chiral U(1)
��
 * ����� 0�2	��
 �&T / D X S : D N D � [36][37][38][39] �

H.1 Two Point Function

� P ��
 *	�	� B S)� D � 	�� 
 � B ��	���G 2 Aq�����
��� / 	������ 7 � R s . /mR�7#M ��� � 0�2<� �i ��� D g)h#$��4� " 	 7 U(1)
��
 * s��9��S C S�� � Rf�

L = ∂mφ
∗∂mφ− g2

(
φ∗φ− a2

)2
. (H.1)

D 6= 2
� : G ��� \�s���
 *	�	� B 2 � � ��
 3 G ]�7 w�� 7 2 Aq���q: Q 7 � R s . /mRf�

lim
|x|→∞

〈φ∗(x)φ(0)〉 6= 0 . (H.2)

��
 *	�	� B S)� D �&G ] 3�S ��� � 2 & ��� � : 2 Aq���q: � ����� \�s 2��	0�2<�
〈φ∗(x)φ(0)〉 |x|→∞∼ e−mx , m > 0 . (H.3)

D = 2
��� � : appendix G

��C �
� R s � � ��
 *	�	� B D � �1]�7 �#8 2 Aq����� (H.3) 7 � R s .�/mR �
3 M	� 
 3 D � w J�K < B 2<� 3 M 3 G�� 7 “

{�� � � ”
s�� / S�G�� w z � ��� \�s���
 *	�	� B G�� �����1�

〈φ∗(x)φ(0)〉 ∼ |x|−α , (H.4)

7 � R s . /mR � �	��
10
2 � w �21�3 � r 2�� � 7 � : Kosterlitz-Thouless type
� � R “ � � � � ”

s	��� 0
2 i 7 � r 2<� � 7 � � : G�� / F chiral

��
 * � 2 � ��� � i %�'|�)( } �4: Dirac ��� � � /10�2 � w � �
� G43 M i chiral

��
 *�:�� B D � +��1�2��+ < B S)� 2<�

H.2 Soluble Model

� : chiral U(1)
��
 * � 2 � Lagrangian

� 5�£ 3�S�� � Rf�
L = iψγm∂mψ +

1

2
(∂mσ)2 − 1

2
λ
{
ψ(1 + γ3)ψe

iσ/a + ψ(1 − γ3)ψe
−iσ/a

}
. (H.5)

chiral
��
 *�: Q 7 � R s D & S
� 2<�

ψ → eiβγ3ψ , σ → σ − 2βa . (H.6)
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� 7 ��
 *	�
��� \�s � B S)� D ��	���G�� 7 ��
 *�7 ��81s %�'��4( } �4: Dirac ��� � 2 ��� w ��� < B D� � R s��1u B 2<� 3 M 3 ��� s : Dirac � � � 2 � D ��N G chiral
��
 *�:�� B D � � R s 0�2 � w �21 3 �r 2<�

� 7 Lagrangian :���� s ] B � C 2 � w � � � 2�� � : Q 7 � R s %�'�� ( } � � � ��� 9 3�S � 3�� � � �
c
� $�& 3�� Rf�

iψγm∂mψ ≡ 1

2
(∂mc)

2 , (H.7a)

ψ(1 ± γ3)ψ ≡ exp(±i
√

4πc) , ψγmψ ≡ − 1√
π
εmn∂nc . (H.7b)

� B � � ��S
Lagrangian (H.5)

� `�� 3 D V1]�R �
L =

1

2
(∂mσ)2 +

1

2
(∂mc)

2 − 1

2
λ
{

exp
(
i
{
σ/a+

√
4πc

})
+ exp

(
− i

{
σ/a+

√
4πc

})}
. (H.8)

< N s � 3�� � � � c̃, σ̃
� ��� 0�2<�

c̃ ≡
√

4πc+ σ/a√
4π + 1/a2

, σ̃ ≡ −c/a+
√

4πσ√
4π + 1/a2

. (H.9)

� B s
����G
c̃, σ̃

� � ��S
(H.5) �
	 � s�� �.-0/ N B 2��

L =
1

2
(∂mc̃)

2 +
1

2
(∂mσ̃)2 − λ cos(βc̃) , β =

√
4π + 1/a2 . (H.10)

���&s
σ̃ :������ � ��� $��#� " 	 w 3�S � 	-3�S)� 2<� ��� c̃ : sine-Gordon

	 � r 2<� sine-Gordon
	 7
$


�� �¤��:�	 � s�� N B S)� 2<� ��� � : β � √
4π
��� � � � 7 � G ��� s :<;���� %�'|�)( } �47 � � ���

�#� w 3�S ��
 3�S)� 2<� ] B :�0 D u � Lagrangian (H.5)
� � 	 3�S)��� ψ, ψ

� r 2<� ����� %�'��4( } �
:<��� � � / 3�S�� 2<�� : chiral

��
 *	�	��
90�2 s�i � u N P � 7 � R s 3�S ��� � � / 3�� 7 � r � R M#����� w chiral
��
 *

7)��� � C 2 ��8)s<G chiral
��
 *�7���* � ���
� J3m

� 5�£ 3�� Rf� � P (H.5) M�N Noether current w 3�S
5�£10�2<�

J3m = ψγmγ3ψ − 2a∂mσ . (H.11)

� B �
c̃, σ̃
� 5�£ 3 D V�04�

J3m = −
√

1

π
+ 4πa2 ∂mσ̃ . (H.12)

��* � ���
� s � 	 0�2�7�: σ̃ d E4� r 2�� c̃ : �#� 3 S)� D � �#0 D u ��G c̃ : chiral
� 
 * s��)3�S '�( � r

2<� � B ��� G c̃ M�N 5 5�£ < B 2�%�'��4( } � i chiral
��
 * s��43�S '�( � r 2<� * � \���� w 3�S $�& <B �

ψ : chiral
��
 * s��43�S (H.6)

����� 3��
� R s '�( � : D � 7 � r 2�� G c̃ M�N 5�£ < B 2 ��� \ %�'
�)( } �4: '�( D 7 � r 2<� � : ��� \ %�'��-( } � ψ̃

� 5�£ 3�� Rf�
ψ̃γmψ̃ = − 1√

π
εmn∂nc̃ . (H.13)
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Lagrangian (H.10)
�
� 7 ψ̃

��5 5�£1012<�
L = iψ̃γm∂mψ̃ − λψ̃ψ̃ +

1

2π

(
1

1 + 4πa2

) (
ψ̃γmψ̃

)2
+

1

2
(∂mσ̃)2 . (H.14)

(H.14) M�N u M	2 � R s�G %�'�� ( } � ψ̃ : Dirac ��� * λψ̃ψ̃
� � / 3�S�� 2<� ��� σ̃ :�� �����#$��#� " 	

w 3�S � 	 3�S)� 2<�
Lagrangian (H.5), (H.14) ] B��&B 7���� �
� �<T / S,� � R ����� �	� �#� w 3 S�� F�B 2�� ��! " " : 1/a� r 2<��5 3 a : 1

��� � _ � � � w 0�2<� (H.5)
�

1/a
� ��� 0�2 w ]�7)] B	�#B 7�* � %�'��-( } � ψ :

Dirac � � * λψψ
� � /)012 � w � u M
2�� σ : � ( u N P �&�W� � � r 2<� ��� � a→ ∞ w 012 w � � :����

	 ��� w D 2<� 3 M 3oG�� 7 �	� � y R w chiral
��
 * s��9��S '�( �9D � %�' �)( } � ψ � Dirac ��� � 2 �

�#8�s
chiral

� 
 *	� � B S 3|� R � G ] B : D = 2 �|I ��� w 3 S :�� < B D � � 3�� � & S�� 7 Lagrangian

: 1/a 7 �
� w � R ��� 7
��� � �	�
� 3�S�� 2�� 3 M 3 (H.14)
�

1/a
� �	� 3�S i G

Dirac ����* � 2 & S)�
2!% '�� ( } � ψ̃ : )�� w 3 S chiral

��
 * s �)3�S '�( � r 2 3oG σ̃ i �&��� � 7 ��� � r 2<�9] 3�S a→ ∞

w 0�2 � w � � 7 Lagrangian
i ��� 	 ��� � `�� 0�2 � w � � � 2<� 3�� � & S (H.14) :
��� � w 3 S�& (�sU � *�� � 2 & ��i 7 � r 2<� � 7|nqp � v ! ψ̃

� ��� \ %�'��-( } � w#. z d 7 � r 2<�� 2
��%q: G chiral
��
 *�:�� B � 7#M1]�R � : D � 7#M G � r 2<�

(H.5)
� 7 1/a

s
� 2���� � � :&%�'��)( } � ψ : Dirac ��� � � / 3 S)� 2��1] 3�S�G %�'��)( } �47����
���q7�R � chiral

��
 * s��43 S���
 �9D � � _ :���� s D & S)� D � � ����� Dirac ��������� s D & S)� D
� w � R � w � r 2<� 3 M 3�� B : G %�'��)( } � ψ̃ � chiral

��
 * s��43�S ')( � r 2 � � G chirality �	���
< B S)� D � w � R � w ��� P 3#i nqp 3 D � ��] B : (H.14)

��C � w V � � r�� � 3 M 3 appendix G M�N G
& � 
 D � _ : � P!��� �9D � w D N D � � i&3 ��� �9D � D N G chiral

��
 *	����� \�s � B S 34� R w � R �
w s D � M�N � r�� � � : ��� � G�& ��
 � _ �2��� s �&� s D � � w � C � Rf�
ψ+, ψ−

� ] B��<B chirality ��� G
� � r�� % ' � ( } � £ _ w 3,� Rf�#]
���4� ( " � ��� i �
�� � � chiral

( - ψ → eiβγ3ψ
s � 3�S ] B	�&B Q � � R s ( - < B � �

ψ+ → eiβψ+ , ψ∗
+ → e−iβψ∗

+ , (H.15a)

ψ− → e−iβψ− , ψ∗
− → eiβψ∗

− . (H.15b)

chiral ( - s��43�S '�( �9D ��� �����q:
G(x, y) = 〈ψ+(x)ψ∗

−(y)〉 , (H.16)

� r�� � � B �����  � ��8)s<G %�'|�)( } � ψ
��G ��� $��#� " 	 σ̃ w %�'��4( } � ψ̃

� - & S x�+ 3 D V
 � � , D � ��� 9 � y R � w ��Q � � R s ( - < B � �

b =

√
π

1 + 4π2a2
, (H.17a)
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ψ+ = eib �σψ̃+ , ψ∗
+ = e−ib �σψ̃∗

+ , (H.17b)

ψ− = e−ib �σψ̃− , ψ∗
− = eib �σψ̃∗

− . (H.17c)

� B s
� & S
chiral ( - s��)3�S '�( �9D ��� ����� G(x, y) : Q � � R s�� �.- u � �

G(x, y) = 〈ψ+(x)ψ∗
−(y)〉 = 〈eib �σ(x)ψ̃+(x)eib �σ(y)ψ̃∗

−(y)〉 . (H.18)

σ̃ w ψ̃ : � �9s���� > � 3 D � � ��Q � � R s ] B	�&B � _ /  � � w � � � � �
G(x, y) = 〈eib �σ(x)eib �σ(y)〉〈ψ̃+(x)ψ̃∗

−(y)〉 . (H.19)

� � σ̃ � _ :�� : 〈eib �σ(x)eib �σ(y)〉 = 0 w D � � � G � [ w 3�S chiral
& � 
�� ���W� G(x, y) :���� w D � [37] �

i R�4 3�� � s � � 3�S�� � Rf� � s ��� �
� R s (H.5)
� ��� w 3 S�� R w�� G �	� : 1/a

i&3 X :  � D
��N b

��y R � � � w�� σ̃ ��������� _ : Q � � R s D � w��
	 < B � �
〈eib �σ(x)eib �σ(y)〉 = 1 +O(b2) . (H.20)

3 M 3 G �������#$��#� " 	 � r�� � � G��

 �!1 ����� � G�� B :���� s D & S 34� R�� � r�� �
chiral ( - � ��
 D � _ �����  � � w i�� p�� 2 � B � ��( - s �43 S '�( D � ����� � : � / F Q � ��� <B � �

〈ψ+(x)ψ∗
+(0)〉 = 〈eib �σ(x)e−ib �σ(0)〉〈ψ̃+(x)ψ̃∗

+(0)〉 . (H.21)

3 M 3 ������� $3�#� " 	 � _ : G

〈eib �σ(x)e−ib �σ(0)〉 = |x|−b2/4π . (H.22)

w D & S
� � 22 ���,: %�'��)( } � � _ : G ;���� � r�� ��� / s & (�s / B � w ��� �

〈ψ̃+(x)ψ̃∗
+(0)〉 = e−m|x| , (H.23)

w D � � ��� � m :<��� � r�� � 3�� � & S (H.21) ����� / 	���� �'. / � :
〈ψ+(x)ψ∗

+(0)〉 = |x|−b2/4πe−m|x| , (H.24)

w D � � � ����� \�s 2��  � i � s������ � 5 ��� �1u � ��: G ψ � 1
���
��� D � w 3�S ��
  � � � : D

X�� � w 3 S&�#�  � � w � nqp 3�S)� � � � B � G ψ � chiral '�( ��D � �,: � ψ̃ � chiral '�( � r�� � � �r�� � � R � & � nqp � i ψ
� * � \ w#.
! G ψ̃ � ��� \ w#. z d � � r�� �

22 "�#%$'&�(*)�+-,�.0/21*3�46587:96;=<�>'?�@%A%B�CEDGF'H�I�J6KE/'L
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� � �  � T�� � � c w 3 S4G %�'W� ( } � � � Q 〈ψ(1+γ3)ψ(x)ψ(1−γ3)ψ(0)〉 � � � � 1 � � Rf� appendix

G
s
� B	F � B :���� / 	���� ��� �9D9E B	F D N D � ����� s<G

ψ(1 ± γ3)ψ(x) = ψ̃(1 ± γ3)ψ̃(x)e±2ib �σ(x) , (H.25)

� r�� � � G�� ����� ��� £  � w G

〈ψ(1 + γ3)ψ(x)ψ(1 − γ3)ψ(0)〉 = 〈ψ̃(1 + γ3)ψ̃(x)ψ̃(1 − γ3)ψ̃(0)〉〈e2ib �σ(x)e−2ib �σ(0)〉 , (H.26)

w D � � %�'��-( } � � _ : & (�s�� � � |x| ��� � s !�� X � G ������� $��#� " 	 ��� _ : |x|−b2/π � � R
s 2��  � � 3�� � & S � � � ������: � [ w 3�S����0� � 2 �  � � � �'. / � :�: ! 8)s ��� �<G (H.4)

� r
� � R D � � � � � r�� � w � x 3�S)� � �
� ��� � s � E � �! � � ! S�G ��� ��
 *	�	� B D � w � R � � : chiral

& ��
 D � ����������� s D � �
w � C � � � B : D = 2

��� � : NG boson �	��
 3 D ��� w � n�p  � ����� ��
 * � � � � �9����������9D X Sqi G Ward 
��4� s��43�S +�� D ��� �  � � w � G�� ( u N P Ward 
������ �#� < B � � R s	� X
�#� G NG boson

� r�� � D = 2
��� � :)] B : � � D � � 3 M 3 d M�N w � & S ������� $��#� " 	 �	��
 �

� D � w :&k & S)� D � � � ���! � � 	 3�� ������� $��#� " 	 σ̃ : NG boson
� : D � � � ���������#$��

� " 	 : �	��
#�
� " � � s ���  � � w � D � M�N � r�� � ��� � : G chiral ( - � '�( �	D � � _ :���� sD & � � ]��#V�M $�� NG boson � Ward 
���� s � �  � � _ :���
 3 D X D & � � � r�� �
� ���  � : chiral

��
 * s � 3�S ψ → eiβγ3ψ w ( - < B � %&'��4( } �<� $�& < B S1� � ����� G chiral
��
 *	� � B D � D N F G ��� \ %�'|�)( } �<��������� � r�� w � R � r � Rf�
��� � : � B :�� 3�� � � r
� � G�i & w ��� s kOR w � R � r�� � � ��
 *9�	� B P G���� %�'��)( } � 2 Aq�W� s �	� ��
  � 	���G ]��
%�'��)( } �4:�������� � r�� � �qi&3#i ��� \ %�'��)( } ��� * � \ %�'��)( } � w  ! � � � � 2 � P G ]����8)s

2 Aq����� 1
���
� � D i � �9D9E B	F G�i : 
 chiral

��
 *	� � � \ %�'�� ( } � ����� � ��� s  �
M
:&k�� � � D � �� w 8 � y R � � w%/ ψψ � � ������� ��� / 	�� � 2 & S1� D � w 3�S�i G ����� � 2��  � 2 Aq�����	�

  � � �98)s<G ��� / 	�� � 2 � � � \ � ���<��� r�� w � & S�i�� 3�� / D � � � � � � w z � ��� / 	 �
�'. / � w ��S ����� � ����� s : G ������� ��� ����

� ��� � r�� �
�
� ��" $ � �  s < N s2	 �����  � � w � G�i : 
 � � s : ��� � � D � �  	� ��+ � ��	 � & S�� �

Gross-Neveu model
��� £ � � � � 3�� � & Sq� B M�N�: � � Gross-Neveu model

�&T�� 3�� Rf�

H.3 Chiral Gross-Neveu Model

N � � Dirac %�'��4( } � ψk, k = 1, · · · , N � � n 3�S Q � Gross-Neveu model
� C � Rf�

L = iψkγ
m∂mψk +

g

N

{
(ψkψk)

2 + (ψkiγ3ψk)
2
}
. (H.27)
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� ���! s�� chiral U(1)
��
 * ψk → eiβγ3ψk � r�� � ��� ��5!6 	 σ, π

� Q � � R s ��� 3�S $�& 3�� Rf�
σ ≡ ψkψk , π ≡ ψkiγ3ψk . (H.28)

� B � � ��S
Lagrangian (H.27)

�%� � b  �
L = iψkγ

m∂mψk −
1

2
(σ2 + π2) +

√
g

N
ψk(σ + iγ3π)ψk . (H.29)

chiral ( - � 	�� Q � � R s ( -  � �
ψk → eiβγ3ψk , σ + iπ → e2iβ(σ + iπ) . (H.30)

1/N
�	� � � y� � ���)s Dirac %�'��)( } � ����� e _ � � �	� 3�S ;�=)> � ��� £  � �

Seff = iNTr log

(
i/∂ +

√
g

N
(σ + iγ3π)

)
− 1

2

∫
d2x

{
σ2(x) + π2(x)

}
. (H.31)

� ��;�=)> � (H.31) M�N ;#=���� ������� ��� £ 3 G 1/N
�	� � ��� ����� �	� � ��A ��� £  � w G 5 6 	 σ

�4H#I�J�K�L � 2 � � � Dirac %�' � ( } �W�4� � � ��
 3oG chiral
��
 * � � & S 3|� R � R s C / � � G�� B �

� � � � � �%1 � �� � � (H.5)
s r � � � � B ���
�  � :,; � & (�s ��� � r�� � �
��� Kosterlitz-Thouless

+�� � 	 ��< � � � Z�[�\�s�� Q � � R s�	 � 5���� � y / F �<� � (
� B � � ��1 � �! � ��� ��� 9 
 ] B s

� � %�'��-( } � ψ̃ � � £ G ������� $��#� " 	 σ̃ � $�& s r � � � )

σ(x) + iπ(x) ≡ ρ(x)eiθ(x) . (H.32)

� � � 3�� 	 ρ(x), θ(x)
� � � � � ρ(x) �<H�I)J#K�L �
� � � �	�  B	F G ] B � chiral

��
 * � �mN D ��i �s D & S)� � � ��� � � n 3 D9E B	F D N D � � �<G θ(x) s���� & � H#I)J�K#L (
� /
F �&� )

� � � / D �����
w � r�� � i&3l� / S 34� R w G ] �����
� w 3�S���
 *
�	� B S 34� Rf�
� 3�� 	

ρ(x) w θ(x)
� � ��S ;�=)> � (H.31)

� 5 � £ 3�� R �
Seff = iNTr log

(
i/∂ +

1

2

√
g

N
ρeiγ3θ

)
− 1

2

∫
d2x ρ2(x) . (H.33)

�

 � _ �'. / �	� � � 3���� D N G ρ(x) � � , D c � s + �.-0/ B	F �<� ��k � -0/ � w G ρ(x) �*��
 � _s�� , � D ��� � ��� < D � � � � s H�I)J�K�L �#+ �.-0/ Sqi M �4u D � w � R � w � r�� � �

 � _ � , �D ��� � � �  � � � ����� � θ(x)
� r�� � 3 M i�� � θ(x) � �#�  � � _ �qR ��G (∂mθ)

2 ��� _ � � � �


s|���  � � ��� d E
� � � $ � ;�=)> � � Q � � R s D � �

Seff =
N

4π

∫
d2x

(
∂mθ(x)

)2
. (H.34)

<�S4G 1 � �  � � w  ���s�G#� 
 * � � � � ���W� w ]
�	��� / 	�� �<T��-3�� Rf� � / F ! w  ��
s 〈ψk(1+

γ3)ψk(x)ψ`(1 − γ3)ψ`(0)〉 � C � � � B ��� G

ψk(1 ± γ3)ψk = σ ∓ iπ = ρe∓iθ , (H.35)
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� � � � w G 〈ρ(x)e−iθ(x)ρ(0)eiθ(0)〉 �W�4�-3 D�E B
F D N D �	� w s D � � ��� � ���	/ 	 � G �1��� ��
 � _ � C
� � � G ρ � H&I�J#K�L ��+ � -�/ � � 3%� � & S ��� s&T �  � � ��G � ��� � 	 (H.34)

� � ��� 〈e−iθ(x)eiθ(0)〉� r�� � � B � |x|−1/N
� ���  � � � & S�� ����� � ��� / 	���� � Q � � R D�� � w � �

〈ψk(1 + γ3)ψk(x)ψ`(1 − γ3)ψ`(0)〉 ∼ c|x|−1/N . (H.36)

� � � ����� (H.36)
�'&�(�s r � � ��� . / �	��� 3�S�� � � N → ∞ w 3�� w�� G�� � � ����� � � � s !

� X � � ��� / 	�� � ��� ��� & ����� � 	 �&3 G���
 *	� � B � � � G�� � N
� ;�� s w � �4;�� s<G 3 M 3

& (�s � � X � & S VOX w G�� � � ���W� � |x| → ∞ � &�(�s � & X � � � r�� ����� s D � � ����� � � w z
� ��� / 	�� �'. / ���
i�� � � � ��� � 1/N

�	� � ��+ < B S�� � � � � �	� :�; � � %�'��)( } ��� Dirac

��� � 2 � w 3�Sqi U ��� w � u M � ( 1 � �� � (H.21)
��C �
� R s<G %�'��)( } � �<� ����� 	  � ) � ���

1/N
�	� � �<G ��� / 	�� � ���qs ��� D ������� $3�#� " 	 � � +  � � w � � 3 X C � � w � � � � � ����

θ
� r�� � � B � NG boson

� � D � � � ��� ����� 	 θ
� R � X � R � w � G 1/N

�	� s
� � � � ��& (
s
�<� � � :�; w D � � w � � � � �
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I Notations of N = 1 Supersymmetry in Four Dimensions

� � appendix
� �<G

appendix J, K
� � D = 2, N = 2 � ��
 * � � £ � C � ! s&G�� P D = 4, N = 1 �

��
 *	����X ��� D ��� � y R � ��� � -
u B ��� � � Ref. [7]
s
� � ��� & S �
	�� [7]

����
�< B ��� �
] �� � �4I � � � � η̃µν = diag.(− + ++)
����� 3 S r�� � � � appendix

� � ] B s �mR 23 �
Weyl $���� " � ψα, ψ

α̇ � � � � w G Majorana $���� " � ψM
� Q � � R s ��� < B � �

ψM =



 ψα

ψ
α̇



 , ψM =
(
− ψα,−ψα̇

)
. (I.1)

� d 3 Dirac
y�� �|x � �
��� � � v
¢ � � R s 3�S r�� �

γµ =



 0 (σµ)αβ̇

(σµ)α̇β 0



 , σ0 =



 −1 0

0 −1



 , γ5 = γ0γ1γ2γ3 =



 −i 0

0 i



 . (I.2)

��� � G
σi
�

2 × 2 Pauli
y��	� r�� �
� _ D4y�� σ0, σi

D � �<G

σ0 = σ0 , σi = −σi , (I.3)

����� < B S)� � � � � Pauli
y�� � � � � w G Weyl $���� " � s�� Q �)���	��+ B � �

ψσµχ = −χ σµψ , ψ = ψ† . (I.4)

��( ^�_ Dα̇

�
��� < B �
chiral superfield

� Q � � R s D & S)� � �
φ(y, θ) = A(y) +

√
2θψ(y) + θθF (y),

φ(x, θ, θ) = A(x) + iθσµθ∂µA(x) +
1

4
θθθθ�A(x) +

√
2θψ(x) − i√

2
θθ∂µψ(x)σµθ + θθF (x) , (I.5)

��� � G
yµ = xµ + iθσµθ

� r�� �
vector superfield

i Q � � R s D & S)� � �
V (x, θ, θ) = C(x) + iθχ(x) − iθχ(x) +

i

2
θθ

[
M(x) + iN(x)

]
− i

2
θθ

[
M(x) − iN(x)

]
− θσµθVµ(x)

+ iθθθ
[
λ(x) +

i

2
σµ∂µχ(x)

]
− iθθθ

[
λ(x) +

i

2
σµ∂µχ(x)

]
+

1

2
θθθθ

[
D(x) +

1

2
�C(x)

]
, (I.6)

5 3 G Wess-Zumino gauge
s �
�� � w G�� � vector superfield

� Q � � R s ��� 9=<�� � �
V (x, θ, θ) = −θσµθVµ + iθθθλ(x) − iθθθλ(x) +

1

2
θθθθD(x) . (I.7)

Dimensional reduction �| )¡ w 3�S�� Majorana $���� " � w Weyl $���� " �	�)��� � �!" 3�S V � Rf�
ψMi ψ

M
i = −ψiψi − ψiψi , (I.8a)

23appendix J, K ��� �"!�#%$'&)(+*',.- .0/'L
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ψMi γ5ψ
M
i = iψiψi − iψiψi , (I.8b)

ψMi γ
µψMi = −ψiσµψi − ψiσ

µψi = 0 , (I.8c)

ψMi γ
µγ5ψ

M
i = −iψiσµψi + iψiσ

µψi = 2iψiσ
µψi , (I.8d)

ψMi γ
µ∂µψ

M
i = −ψiσµ∂µψi − ψiσ

µ∂µψi = −2ψiσ
µ∂µψi , (I.8e)

ψMi γ
µγ5∂µψ

M
i = iψiσ

µ∂µψi − iψiσ
µ∂µψi = 0 . (I.8f)

� �)����� � 4
Q46 e _

∫
d4x � � � � � £�� 3 S)� � � ����� � ,������ � � _ e _ � y & S)� � �
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J Dimensional Reduction to Two Dimensions

��� � � ������� � � � � y & S)� � � � s ( - 3�� R �
η̃µν = diag.(−+ ++) = −diag.(+ −−−) = −ηµν , (J.1)

< N s appendix I
� � 	 3�S)��� Dirac

y��
γµ
� ( -  � �

γµ = Γµ , iγ5 = iγ0γ1γ2γ3 = iΓ0Γ1Γ2Γ3 = Γ5 , (J.2a)

{γµ, γν} = −2η̃µν = 2ηµν = {Γµ,Γν} . (J.2b)

` ; s���� � � ! �
	�� � � � � � � v
¢ � D = 4
� � Dirac

y
� �
Γµ
� �

D = 2
� � Dirac

y�� �
γm
� x
 3���� ��� � � � ��� � �
��� ����� 3������ �

Γm = γm ⊗ σ1 =



 0 γm

γm 0



 , m = 0, 1 , (J.3a)

Γ2 = iγ3 ⊗ σ1 =


 0 iγ3

iγ3 0


 , Γ3 = 1⊗ iσ2 =


 0 1

−1 0


 , (J.3b)

Γ5 = 1⊗ σ3 , C4 = iΓ1Γ2 = γ0 ⊗ 1 =



 γ0 0

0 γ0



 = −C2 ⊗ 1 , (J.3c)

γ0 = σ2 , γ1 = iσ1 , γ3 = γ0γ1 = σ3 , (J.3d)

C2 = −γ0 , (J.3e)

C2 = −CT2 = −C∗
2 = C†

2 = C−1
2 , (J.3f)

C−1
2 γµC2 = −γµT , C−1

2 γ3C2 = −γT3 . (J.3g)

D = 4 Majorana $ ��� "�� ψM
�

appendix I � ψM =

(
ψ

ψ′

)
����� � �!�#"��%$'&%& � ψ, ψ′

�
Weyl $��

� "�� �)( � $ Majorana *#+ ψM = C4ψM
T �.�-, � Dirac . � �0/�1 ��23" ��465 � ���87 ��9 �#" � $


 ψ

ψ′


 =


 −C2ψ

′T

−C2ψ
T


 =


 ψ

−χ


 , χ = C2ψ

T
= ψ∗ . (J.4)

D = 4 Majorana :����<; �)=#> � � x2
4
x3
70?�@�A��#" � "�� 4 " �CB �ED)F � dimensional reduction GH �JI �K$�&�L 4
M ψM N D = 2 Dirac :����<; � G 2!"���O M�P%Q & 4R= � M
S $�T�UWV<7 N D = 4 Weyl :

XZY ; �-= D = 2 Dirac : XZY ; �[4 ��9 �3" S $ � & � � D = 4 Majorana : XZY ; �[4 D = 2 Dirac : X
Y ; � L#\�] G 5 ��^W_ ����&�� (µ = 0, 1, 2, 3; m = 0, 1)

$

ψMi ψ
M
j = −ψciψj − ψiψ

c
j , (J.5a)
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ψMi Γ5ψ
M
j = −ψciψj + ψiψ

c
j , (J.5b)

ψMi ΓmψMi = ψMi Γ2ψMi = ψMi Γ3ψMi = 0 , (J.5c)

ψMi ΓmΓ5ψ
M
i = 2ψiγ

mψi , (J.5d)

ψMi Γ2Γ5ψ
M
i = 2iψiγ3ψi , (J.5e)

ψMi Γ3Γ5ψ
M
i = −2ψiψi , (J.5f)

ψMi Γm∂mψ
M
i = 2ψiγ

m∂mψi , (J.5g)

ψMi Γ2∂2ψ
M
i = 2iψiγ3∂2ψi , (J.5h)

ψMi Γ3∂3ψ
M
i = −2ψi∂3ψi , (J.5i)

ψMi ΓµΓ5∂µψ
M
i = 0 . (J.5j)

&�L#\�]�� �
4
5������ ∫

d4x
L	��
 � L���
�� QJS $������ &�& ����� A�� D = 2 � L������������ N 5 �

��� �! S $

ψc = C2ψ
T

= −γ0ψ
T

= ψ∗ , ψc = ψT γ0 . (J.6)
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K Extended N = 2 Supersymmetry in Two Dimensions

Appendix I ��� L reduction ��� �! � appendix J
4 N�� ��7�� D = 2, N = 2

L����
	
�
��
 4 � L �
�
G�� 
�A I � $���� N /�1-�)( S $

K.1 Definitions

K.1.1 Metric and Spinors

D = 2 Minkowski metric: ηmn = diag.(+,−) , εmn = −εnm = −εmn = εnm , ε01 = ε10 = 1 .

D = 2 Clifford algebra: {γm, γn} = 2ηmn .

Majorana representations of Dirac gamma matrices: γ0 = σ2 , γ1 = iσ1 , γ3 = γ0γ1 = σ3 .

Charge conjugation: C2 = −γ0 .

Dirac spinor: ψα =

(
ψ1

ψ2

)
, ψα ∈ C , ψc ≡ C2ψ

T
, ψc = −ψTC2 .

Hermite conjugate: ψ†α ≡ (ψ∗1, ψ∗2) .

K.1.2 Lorentz Transformations

D = 2 Minkowski Lorentz transformation: ψ′α = Uαβψ
β .

Spinor representation of Uαβ : Uαβ =
[
exp(− i

2ωmnS
mn)

]α
β , Smn ≡ i

4 [γm, γn] .

S01: S01 = i
2σ3 , ω01 = θ , Uαβ =

[
exp(1

4θσ3)
]α
β .

K.1.3 Lorentz Scalar, Vector

Dirac conjugate: ψα ≡ [ψ†(γ0)]α = ψ†β(γ0)βα = (iψ∗2,−iψ∗1) ,

ψ
α

= (−γ0)αβψβ = (−γ0)αβ(−γ0)βρ(−γ0)ρλψ†
λ = (−γ0)αλψ†

λ .

Upper and lower index: ψα = ψβ(γ0)βα = (−γ0)αβψ
β , ψα = (−γ0)αβψβ .

Lorentz scalar: ψψ → ψ
′
ψ′ = ψe−

1

4
θσ3e

1

4
θσ3ψ = ψψ .

Scalar, vector: ψχ = ψαχ
α = χαψ

α
= χcψc , χαψ

α = ψαχ
α = χcψ ,

χα(γm)αβψ
β = −ψβ(γm)βλχ

λ = −ψcγmχc .

Hermite conjugate: (ψαχ
α)† = χ†αψ†

α = χαψ
α

= ψαχ
α .
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K.2 Supersymmetry

� ,�L /�1WG 2#"�� ��&  ��'� D = 2, N = 2
L�� � 	
� G�� 
 Q-S $ D = 2 Dirac : XZY ; � N D = 4 Weyl

: XZY ; � �)(39 �-& 4 G H � SJ4 � � L � 
 N�� 4���� D = 4, N = 1
� �
	
� 4
	�� �)( S $

K.2.1 Supersymmetry Algebra

Fermionic generator Q, Q G 23"�� � �
	
�
��
 G8/�1 Q-S $
{
Qα, Qβ

}
= 2(γm)αβPm ,

{
Qα, Qβ

}
=

{
Qα, Qβ

}
= 0 , (K.1a)

[
Qα, Pm

]
=

[
Qα, Pm

]
=

[
Pm, Pn

]
= 0 . (K.1b)

K.2.2 Super-Poincaré Translation

&�& � N super-Poincaré/Lorentz 
 
�� Pm, Q, Q
L��!2 G8/�1 Q-S $J&�& � Q, Q N Dirac : X<Y ; � �)(

S $ 5 L I �87 super-Poincaré/Lorentz group element Ω(x, θ, θ), G(y, ε, ε) G8/�1 A I �K$

Ω(x, θ, θ) ≡ exp
[
ixmPm +Qθ − θQ

]
, G(y, ε, ε) ≡ exp

[
iymPm +Qε− εQ

]
. (K.2)

θ, θ, ε, ε N�� � Dirac : XZY ; ������� ;����)( S $����-&�L group element N 5 L#\�] G
� � Q $

Ω(−x,−θ,−θ) = Ω†(x, θ, θ) = Ω−1(x, θ, θ) . (K.3)

� ��� 5 L I�� 7�� � � group element G G �!2 �� � super-Poincar’e translation G8/�1 A I�� $

G(y, ε, ε)Ω(x, θ, θ) = exp
[
iymPm +Qε− εQ

]
exp

[
ixmPm +Qθ − θQ

]

= exp
[
i(xm + ym + i(εγmθ− θγmε))Pm +Q(θ + ε) − (θ + ε)Q

]

= Ω(x′, θ′, θ
′
) , (K.4a)

x′m = xm + ym + i(εγmθ − θγmε) , θ′ = θ+ ε , θ
′

= θ+ ε . (K.4b)

K.2.3 Differential Representations

!�" N 
 
�� P , Q, Q
L�# ��$ �'G�� 
 Q)S $

G(y)Ω(x) = Ω(x+ y) →
∞∑

n=0

1

n!
(iymPm)nΩ(x) =

∞∑

n=0

1

n!
(ym∂m)nΩ(x) ,

∴ Pm = −i∂m . (K.5)
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G(ε)Ω(x, θ) = Ω(xm − iθγmε, θ+ ε) →
∞∑

n=0

1

n!
(εQ)nΩ(x, θ) =

∞∑

n=0

1

n!

[
ε
∂

∂θ
+ iεγmθ∂m

]n
Ω(x, θ) ,

∴ Qα =

(
∂

∂θ

)α

+ i(γmθ)α∂m =
∂

∂θα
+ i(γmθ)α∂m ,

(( ∂

∂θ

)

α
≡ − ∂

∂θα

)
. (K.6)

G(ε)Ω(x, θ) = Ω(xm + iεγmθ, θ + ε) →
∞∑

n=0

1

n!
(Qε)nΩ(x, θ) =

∞∑

n=0

1

n!

[ ∂
∂θ
ε− iθγmε∂m

]n
Ω(x, θ) ,

∴ Qα =

(
∂

∂θ

)

α

− i(θγm)α∂m = − ∂

∂θ
α − i(θγm)α∂m ,

(( ∂

∂θ

)α
≡ ∂

∂θα

)
. (K.7)

&  [� L $ � N ���
	
�
��
 G
� � Q $

K.2.4 Super-Covariant Derivative

� �
	
����� G�� & Q 4 : XZY ; � N ��� ��� "!L � � ����# � G8/�1 Q-S $

Dα ≡ ∂

∂θα
− i(γmθ)α∂m , Dα = − ∂

∂θ
α + i(θγm)α∂m . (K.8)

&�L 4
M � ��� L�\�]�� = � �! S $
{
Dα, Dβ

}
= 2i(γm)αβ∂m , (K.9a)

{
Dα, Dβ

}
=

{
Dα, Dβ

}
= 0 ,

{
Dα, Qβ

}
=

{
Dα, Qβ

}
= 0 , (K.9b)

{
Dα, Qβ

}
=

{
Qα, Dβ

}
= 0 . (K.9c)

K.3 Superfield

� N &�& ����� V � superfield G�� 
�A I�� $ superfield N superspace (xm, θ, θ)
,!L#\ 
 4 A
	 /<1 �  S $

Grassmann odd
L���� G

�� θ, θ � &�L superfield G���� A I�� $

F (x, θ, θ) = A(x) + θ
[
ψ1(x) + γ3ψ2(x) + γm∂mψ3(x)

]
+ θ

[
χ1(x) + γ3χ2(x) + γm∂mχ3(x)

]

+ θθX(x) + θθY (x) + θ
[
M(x) + γ3N(x)

]
θ + θγmθVm(x)

+ θθθ
[
λ1(x) + γ3λ2(x) + γm∂mλ3(x)

]
+ θθθ

[
φ1(x) + γ3φ2(x) + γm∂mφ3(x)

]

+ θθθθD(x) , (K.10)

ψi(x), χi(x), λi(x), φi(x)
N�� 	 Dirac : XZY ; � �)( S $'&�& � � 5 L#\8]�� G 23"�	#" S (Fierz ��� � )

$

ψαχβ = −1

2
(χψ)δαβ − 1

2
(χγ3ψ)(γ3)

α
β −

1

2
(χγmψ)(γm)αβ , (K.11a)

γmγn = ηmn − εmnγ3 , γmγ3 = εmnγn . (K.11b)
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Dirac : XZY ; � G��#/�1 A
	�� ��� L�����L general superfield
= � �! S $

F (x, θ, θ) = A(x) + θψ(x) + θχ(x)

+ θθX(x) + θθY (x) + θ
[
M(x) + γ3N(x)

]
θ + θγmθVm(x)

+ θθθλ(x) + θθθφ(x) + θθθθD(x) . (K.12)

K.3.1 Chiral Superfield

Chiral superfield N 5 L *#+�G
� � Q superfield
4 A
	 /�1 �  S $

DαΦ(x, θ, θ) = 0 . (K.13)

&�& � 5 L#\�] G���� A
		��& � $

Dαθ = 0 , Dαy
m = 0 , ym ≡ xm + iθγmθ . (K.14)

(K.15)

����# �
Dα

4
chiral superfield Φ G (y, θ) superspace G 23"�	�O M�P%Q 4�
�� 7 D)F 7 � S $

Dα = − ∂

∂θ
α , (K.16a)

Φ(y, θ) = A(y) +
√

2θψ(y) + θθF (y) . (K.16b)

&�L
chiral superfield G (x, θ, θ) superspace � O M�P%Q 4 � 5 L I�� 7 � S $

Φ(x, θ, θ) = A(x) + iθγmθ∂mA(x) − 1

4
θθθθ�A(x)

+
√

2θψ(x) − i√
2
θθ

(
θγm∂mψ(x)

)
+ θθF (x) . (K.17)

anti-chiral superfield 
 5 L I � 7 /�1 �  S $

DαΦ†(x, θ, θ) = 0 , (K.18a)

Φ†(x, θ, θ) = A∗(x) − iθγmθ∂mA
∗(x) − 1

4
θθθθ�A∗(x)

+
√

2θψ(x) +
i√
2
θθ

(
∂mψ(x)γmθ

)
+ θθF ∗(x) . (K.18b)

K.3.2 Real Superfield

Real superfield N�� ��� ;�� � superfield
4 A
	 /�1 �  S $

V †(x, θ, θ) = V (x, θ, θ) . (K.19)
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θ, θ � ��� �  SJ465 L I�� 7 � S $

V (x, θ, θ) = C(x) + iθχ(x) − θχ(x) +
i

2
θθ

[
M(x) + iN(x)

]
− i

2
θθ

[
M(x) − iN(x)

]

+ θγmθVm(x) + θθX(x) − iθγ3θY (x)

+ iθθ
[
θλ(x) − i

2
θγm∂mχ(x)

]
− iθθ

[
θλ(x) +

i

2
∂mχ(x)γmθ

]

+
1

2
θθθθ

[
D(x) − 1

2
�C(x)

]
. (K.20)

Wess-Zumino gauge
7�� / Q-SJ465 L I � 7 � S $

VWZ(x, θ, θ) = θγmθVm(x) + θθX(x) − iθγ3θY (x) + iθθθλ(x) − iθθθλ(x) +
1

2
θθθθD(x) . (K.21)
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L Kähler Potential

��� � N P�� ��� Q)S���� � N � " = �	��
�� G���� Q)S-4�M 7 N 
 � 7���
 � 
 L ��( S L � �3&Z& � Kähler

potential
L ��� 7 � "�	 D)F ������G . � [7]

$
Kähler potential K(θ, θ)

= ��� �! � 4
M � Lagrangian N ��� L I�� 7 /�1 �  S $

L =

∫
d4θ K(θ, θ) . (L.1)

&�L
Kähler potential G���� 7 ��� A
	 
�� � $ � L ���-G���� S L �)( S
= � 5 L I � 7 H � 	�� I�� $

K(θ, θ) =
∑

N,M

CN,MΦi1Φi2 · · ·ΦiN Φj1†Φj2† · · ·ΦjM † ≡
∑

N,M

CN,MKN(Φ)KM (Φ†) , (L.2a)

KN(Φ) = Φi1Φi2 · · ·ΦiN , KM (Φ†) = Φj1†Φj2† · · ·ΦjN † . (L.2b)

D = 2, N = 2
L

chiral superfield Φ(y, θ), Φ†(y† , θ) G component field � ��� Q-SJ4 ��� L I�� 7���� � M%S $
(ym = xm + iθγmθ ��( S $ )

Φ(y, θ) = A(y) +
√

2θψ(y) + θθF (y)

= A(x) + iθγmθ∂mA(x) − 1

4
θθθθ�A(x) +

√
2θψ(x) − i√

2
θθ

[
θγm∂mψ(x)

]
+ θθF (x) , (L.3a)

Φ†(y†, θ) = A∗(y†) +
√

2θψ(y†) + θθF ∗(y†)

= A∗(x) − iθγmθ∂mA
∗(x) − 1

4
θθθθ�A∗(x) +

√
2θψ(x) +

i√
2
θθ

[
∂mψ(x)γmθ

]
+ θθF ∗(x) , (L.3b)

ΦiΦj†
∣∣
θθθθ

= −1

4
Ai�Aj∗ − 1

4
�Ai ·Aj∗ +

1

2
∂mA

i∂mAj∗ − i

2
∂mψ

j
γmψi +

i

2
ψ
j
γm∂mψ

i + F iF j∗

= ∂mA
i∂mAj∗ + iψ

j
γm∂mψ

i + F iF j∗ + ( total derivative terms ) . (L.3c)

&  JG KN(Φ), KM (Φ†)
7��!2 Q-S $

KN (Φ) =

N∏

k=1

[
Ak(y) +

√
2θψk(y) + θθF k(y)

]

= KN (A) +
√

2θψi
∂KN (A)

∂Ai
+ θθ

{
F i
∂KN (A)

∂Ai
− 1

2
ψiψj

∂2KN (A)

∂Ai∂Aj

}
, (L.4a)

KM (Φ†) =

M∏

k=1

[
Ak∗(y†) +

√
2θψ

k
(y†) + θθF k∗(y†)

]

= KM (A∗) +
√

2θψ
i ∂KM (A∗)

∂Ai∗
+ θθ

{
F i∗

∂KM (A∗)

∂Ai∗
− 1

2
ψ
i
ψ
j ∂2KM (A∗)

∂Ai∗∂Aj∗

}
, (L.4b)

KNKM

∣∣
θθθθ

=
∂KN (A)

∂Ai
∂KM (A∗)

∂Aj∗

{
∂mA

i∂mAj∗ + iψ
j
γm∂mψ

i + F iF j∗
}

+
∂2KN (A)

∂Ai∂Ak
∂KM (A∗)

∂Aj∗

{
−1

2
ψiψkF j∗ + i∂mA

kψ
j
γmψi

}

+
∂KN (A)

∂Ai
∂2KM (A∗)

∂Aj ∗∂Ak∗

{
−1

2
F iψ

j
ψ
k
}

+
∂2KN (A)

∂Ai∂Ak
∂2KM (A∗)

∂Aj∗∂A`∗

{
1

4

(
ψiψk

)(
ψ
j
ψ
`)

}
. (L.4c)
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&�& � ��� L#\�] � G 23"�	#" S $

∂mKN(A) = ∂mA
i ∂KN (A)

∂Ai
, ∂mKM (A∗) = ∂mA

j∗ ∂KM (A∗)

∂Aj∗
. (L.5)

&�& � � CN,M � ����� � K(Φ,Φ†)
L ��� � � � G ��� �
/�1 Q-S $

gij∗ ≡ ∂2K(A,A∗)

∂Ai∂Aj∗
, (L.6a)

gij∗,k ≡ ∂gij∗

∂Ak
= g`j∗Γ

`
ik = gkj∗,i , (L.6b)

gij∗,k∗ ≡ ∂gij∗

∂Ak∗
= gi`∗Γ

`∗
j∗k∗ = gik∗,j∗ , (L.6c)

Γkij ≡ gk`
∗ ∂gj`∗

∂Ai
, (L.6d)

Rij∗k`∗ = gim∗Rm
∗

j∗k`∗ = gk`∗,ij∗ − gmn
∗

gm`∗,j∗gkn∗,i . (L.6e)

&�L $ � G 23" S-4 � Kähler potential
7 N B��WVZ7 5 L I��
� ��� = ��� �! S $

K(Φ,Φ†)
∣∣
θθθθ

= gij∗
{
∂mA

j∗∂mAi + iψ
j
γm∂mψ

i + F j∗F i
}

+ g`j∗Γ
`
ik

{
−1

2
ψiψkF j∗ + i∂mA

kψ
j
γmψi

}
+ gi`∗Γ

`∗
j∗k∗

{
−1

2
F iψ

j
ψ
`
}

+ gij∗,k`∗

{
1

4

(
ψiψk

)(
ψ
j
ψ
`)

}
. (L.7)

�
	 � F i G��

 A I�� $

F i =
1

2
Γijkψ

jψk , F i∗ =
1

2
Γi

∗

j∗k∗ψ
j
ψ
k
. (L.8)

Lagrangian
7���� Q-S $

L = gij∗(A,A
∗)∂mA

j∗∂mAi + igij∗(A,A
∗)ψ

j
γm(Dmψ)i +

1

4
Rij∗k`∗(A,A

∗)
(
ψiψk

)(
ψ
j
ψ
`)
. (L.9)

� A 5 L�����# � G�� ��A
	#" S $

(Dmψ)i = ∂mψ
i + ∂mA

jΓijkψ
k . (L.10)
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M N = 2 Supersymmetric QN Model in Two Dimensions

&)& � N Table 2
7�� ^ �  	3" S���� L ��� L 1 � � QN−2(C) = SO(N)/SO(N − 2) × U(1)

7 � " 	��
D = 2

7
dimensional reduction

A
	 D)F 7��
	 Q-S
[23]
$

M.1 Lagrangian and Symmetries

D = 2
>�� � L N = 2

� �
	
Lagrangian G 5 �
/�1 Q-S $

Llinear =

∫
d4θ

(
Φ†
iΦie

2V − cV
)

+
( ∫

d2θΦ0Φ
2
i + h.c.

)
. (M.1)

&�L
Lagrangian N QN−2(C) = SO(N)/SO(N − 2)×U(1)

L � � �
�!�)( S $ �
	 � Φ0, Φ†
0, V G Q�� 	 ���A�� 
�� �

Lagrangian N 5 L I�� 7 ��9 	#" S $

Lnonlinear =

∫
d4θ c log

{
1 + ϕ†

aϕa +
1

4

(
ϕ†
a

)2(
ϕa

)2
}
. (M.2)

vector superfield V �
��G � � A � 
 L N ��� �������! 	#" S N = 2, O(N)
��� L

strong coupling theory
4

��9 	)" S $
(M.1) G component field � O M�P�� � $

L = F ∗
i Fi + ∂mA

∗
i ∂
mAi + iψiγ

m∂mψi

+ Vm
[
iA∗

i ∂
mAi − i∂mA∗

i · Ai + ψiγ
mψi

]
+M

(
ψiψi

)
−N

(
ψiiγ3ψi

)

+Ai
(
λψci + ψiλ

c
)

+ A∗
i

(
λcψi + ψciλ

)

+ (D + VmV
m −M2 −N2)A∗

iAi −
1

2
cD

+
{
F0A

2
i + F ∗

0A
∗
i
2
}

+
{
FiAiA0 + F ∗

i A
∗
iA

∗
0

}

−Ai
(
ψc0ψi + ψciψ0

)
−A∗

i

(
ψ0ψ

c
i + ψiψ

c
0

)
− 1

2
A0ψ

c
iψi −

1

2
A∗

0ψiψ
c
i . (M.3)

�
	JL�� � � Wess-Zumino gauge
7�� / A
	 ��� A
	#" S $

&�L ��� N 5 L 3 ��� L U(1)
�
	
� G

 9 	#" S $ D)F 7�� ^ A
		��� $

1. Local U(1) symmetry

θ parameter G�� �J7�� ���
� V U(1)
�
	
�!$

Φi(x, θ, θ) → eiα(x,θ,θ)Φi(x, θ, θ) , Φ0(x, θ, θ) → e−2iα(x,θ,θ)Φ0(x, θ, θ) . (M.4)

2. Global U(1) symmetry

D = 4
7 � � S R-symmetry

= �
� L U(1)
�
	
�!$

Φi(x, θ, θ) → Φi(x, e
iαθ, e−iαθ) , Φ0(x, θ, θ) → e2iαΦ0(x, e

iαθ, e−iαθ) , (M.5a)
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λ(x) → eiαλ(x) . (M.5b)

3. Global chiral U(1) symmetry

D = 4 Lorentz
��� G
�
� 4EQ-S chiral U(1)

�
	
�!$

Φi(x, θ, θ) → Φi(x, e
iγ3αθ, θeiγ3α) , Φ0(x, θ, θ) → Φ0(x, e

iγ3αθ, θeiγ3α) , (M.6a)

λ(x) → eiγ3αλ(x) , M(x) − iγ3N(x) → e−2iγ3α
(
M(x) − iγ3N(x)

)
. (M.6b)

� 4 � 	 Table 10
7�� ^ A
		��� $

symmetries Φi Ai ψi Fi Φ0 A0 ψ0 F0 V Vm M − iγ3N λ D θ

local U(1) 1 1 1 1 −2 −2 −2 −2 0 0 0 0 0 0

global U(1) 0 0 −1 −2 2 2 1 0 0 0 0 1 0 1

global chiral U(1) 0 0 1 0 0 0 1 0 0 0 −2 1 0 1

global + local U(1) 1 1 0 −1 0 0 −1 −2 0 0 0 1 0 1

Table 10: U(1) symmetries and their charges.

The last line denotes the mixed U (1) symmetry of the global U (1) and the local U (1), which we will consider below.

M.2 Effective Potential

��� ��� ��� � H�� Q-S $

Z =

∫
DΦ†

iDΦiDΦ†
0DΦ0DV exp

(
i

∫
d2xLlinear

)
, (M.7)

DΦi = DAiDψiDFi , DΦ†
i = DA∗

iDψiDF ∗
i ,

DΦ0 = DA0Dψ0DF0 , DΦ†
0 = DA∗

0Dψ0DF ∗
0 ,

DV = DVmDMDNDλDD .

Z N 
 
���\ 
 �)( S $'&�& � N O(N) � Ai, ψi
=���� ����� Q-S & 4 N � "!L � � � � N	��
 A
	 ( S $

O(N) � Ai, ψi, Fi
4 �  [� L	��
���� � G ���3Q-S & 4 ����� �32 4 ��������������� = ���! S	� ��� �

2 � L 
 L�7 N	�� = ��! L#"�� �
	 � Q�� 	 G8/ 
 � 7#$ M �&% I�� �

A0(x) = φ0 , A∗
0(x) = φ∗

0 , F0(x) = Fc , F ∗
0 (x) = F ∗

c ,

ψ0(x) = ψ0(x) = λ(x) = λ(x) = 0 ,

M(x) = Mc , N(x) = Nc , D(x) = Dc , Vm(x) = 0 . (M.8)
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����"
O(N) �'G ���3Q-S	�

Z =

∫
DΦ0DΦ†

0DV exp
(
iSeff

)
, (M.9a)

Seff =
iN

2
Tr log det

[
D−1
c

]
− iN

2
Tr log det

[
S−1
c

]
+

∫
d2xL0 . (M.9b)

(M.9b)
7 ��� Q-S � � L . � N 5 " /�1 �  	 ! S	�

D−1
c =



 ∂2 + φ∗
0φ0 −Dc +M2

c +N2
c −2F ∗

c

−2Fc ∂2 + φ∗
0φ0 −Dc +M2

c +N2
c



 , (M.10a)

S−1
c =


 iγm∂m +Mc · 1− iγ3Nc −φ∗0 · 1

−φ0 · 1 iγm∂m +Mc · 1 + iγ3Nc


 , (M.10b)

L0 = Fcφ
2
i + F ∗

c φ
∗
i
2 − φ∗

0φ0φ
∗
iφi + (Dc −M2

c −N2
c )φ∗iφi −

N

g2
Dc . (M.10c)

B��J7��
Fayet-Iliopoulous / 
 c G 5 L I�� 7�$ M �&% S	�

c =
2N

g2
. (M.11)

������������� � N 5 L I�� 7�A
	 � S � 4 = " M%S	�

Seff

∣∣
constant fields

= −Veff

∫
d2x . (M.12)

�  7 IZ9 	 ���  �� � �
	 G8. � ������������� � = � �! S	�

Veff =
N

2

∫
d2k

(2π)2i
log

[
(−k2 +X2 + Y 2 −Dc)

2 − 4F ∗
c Fc

]
− N

2

∫
d2k

(2π)2i
log

[
(−k2 +X2 + Y 2)2 − 4X2Y 2

]

− Fcφ
2
i − F ∗

c φ
∗
i
2 + (X2 + Y 2 −Dc)φ

∗
iφi +

N

g2
Dc . (M.13)

� A
X2
4
Y 2 N 5 L�$ M �&%�"��&% �! 	 ! S �

Y 2 ≡ M2
c +N2

c , X2 ≡ φ∗
0φ0 . (M.14)

M.3 Gap Equations and Vacua

��������������� (M.13) G Q�� 	)L / 
 � Dc, Fc, F
∗
c , φi, φ

∗
i , X, Y ,

" # � G 4�� � � L�# � ]�
 =�	�
 7
�  4 !�� ��� � G�
 Q�������� N ��� L 4 � � �

0 =
N

g2
− φ∗

iφi −N

∫
d2k

(2π)2i

−k2 +X2 + Y 2 −Dc
(−k2 +X2 + Y 2 −Dc)2 − 4F ∗

c Fc
, (M.15a)

0 = −φ2
i − 2N

∫
d2k

(2π)2i

F ∗
c

(−k2 +X2 + Y 2 −Dc)2 − 4F ∗
c Fc

, (M.15b)
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0 = −φ∗i 2 − 2N

∫
d2k

(2π)2i

Fc
(−k2 +X2 + Y 2 −Dc)2 − 4F ∗

c Fc
, (M.15c)

0 = φi
{
4F ∗

c Fc − (X2 + Y 2 −Dc)
2
}
, (M.15d)

0 = φ∗
i

{
4F ∗

c Fc − (X2 + Y 2 −Dc)
2
}
, (M.15e)

0 = 2X

{
N

g2
−N

∫
d2k

(2π)2i

−k2 +X2 − Y 2

(−k2 +X2 + Y 2)2 − 4X2Y 2

}
, (M.15f)

0 = 2Y

{
N

g2
−N

∫
d2k

(2π)2i

−k2 −X2 + Y 2

(−k2 +X2 + Y 2)2 − 4X2Y 2

}
. (M.15g)

� � N �������
	 � =���� V
7��  	 ! �#! � � G 
 Q�� 
 A��  	 !���! � �-=�� � � ����!��
	 ���  � �
� G � ! 	 
  �� I	! � A � A � L�
 
 N ��! � � �
	
� G � � � � � = @�� Q-S � � "�� S	�
� �
	
� = �  ���! ��� N 5 L 
 L#"�� S	�

Fc = F ∗
c = Dc = 0 . (M.16)

�  JG�� Q 4 ,!L ������� N�� ��D)F � 
 L�7 � S	�

φi
[
X2 + Y 2

]
= 0 , φ∗

i

[
X2 + Y 2

]
= 0 , φ2

i = φ∗
i
2 = 0 , (M.17a)

N

g2
= φ∗

iφi +N

∫
d2k

(2π)2i

1

−k2 +X2 + Y 2
, (M.17b)

0 = 2X

{
N

g2
−N

∫
d2k

(2π)2i

−k2 +X2 − Y 2

(−k2 +X2 + Y 2)2 − 4X2Y 2

}
, (M.17c)

0 = 2Y

{
N

g2
−N

∫
d2k

(2π)2i

−k2 −X2 + Y 2

(−k2 +X2 + Y 2)2 − 4X2Y 2

}
. (M.17d)

B��JL
2 � L gap equation � � N � X 4 Y

=�� � � � N 	 
 " ��! 4 � �
� ! � 4 G�� A
	 ! S	� � � � � �
� 
 	 
 " ��! � N @���A ��! � " N ��L 2 � L ����� ;�� L �
	�� �!G H	� A I�� �

1. X = 0
L �
	

��L �
	 ��� ����� G�� � S � � 7�
��WV�7 Y 6= 0
=���� �  S	� � L� �! gap equation

= ��� �#" / �
 S	�

φi = φ∗
i = 0 ,

N

g2
= N

∫
d2k

(2π)2i

1

−k2 + Y 2
. (M.18)

��L
gap equation N � O(N)

�
	
� = �  ��� O(N) � = ��$ m2 = Y 2 G

�� � 4 G&%  A
	 ! S	� ���
� � " N �����
	
� = ���  	 ! S � 4 = ��� S	�

Veff = 0 . (M.19)

��L � � " N O(N) � = ��$ G('
� Q-S	� ����� �
	
� G � � � � 7	��
 :*) � ;�� Ai
4

Dirac +�, � �
- � ψi

=�	/. ��$ G

�� � ��� "�� Dirac +�, � � - � N Dirac
��$10 G(' � A�� � 4 7 � S L�"��32 � =
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��� 
 9 	 ! � chiral U(1)
�
	
� G � S � 4 7 � S	� A � A �  N�� � " M%S	� Schwinger �
��G 2 ! 	��

� ;�� � 7 chiral U(1)
�
	
�JL��  �� � � S NG boson G
	
� �  	��
��2�V��
� � � NG boson G��



Q-S � 4 = " M%S	�
� N ��L � � N CPN−1 model

4
	 � "�� S [21][40][41]
� � � N ��L�� G “Schwinger Phase”

4��
� �
4 7 Q-S

[42]
�

2. Y = 0
L �
	

��L �
	 N ! " N X 6= 0
" ���� � � �
��! � ��� ��L ��� 7 IZ9 	 gap equation

=05 L I�� 7 � S	�

φi = φ∗
i = 0 ,

N

g2
= N

∫
d2k

(2π)2i

1

−k2 +X2
. (M.20)

��L �
	�
 ���
	
� = ���  	 ! S � 4 = ��� �  S �

Veff = 0 . (M.21)

��� " 
 O(N)
� 	
� N �  	 !���! � 4 = ��� S	� ��������" N X

= ��$ 4 � � � O(N) � N ��$ G(' �Q3S � ��L ��	 � Dirac +3, � � - � N ! " N Majorana
�3$30 G(' � Q-S ���  7 I � � chiral U(1)

� 	 �

N �  �37 Q���= � !�" N��
� V U(1)
�
	 � 4 �
� V U(1)

� 	
� = �  S � � ��" N I ��� �! � Higgs

�
� 7 IZ9 	���2��J7 ��� Q-S NG boson G � ;�� � 7 	
� �  	�� Coleman’s theorem � � � � " M%S	�
��L � � N �  ��"�7�� �  	 ! � ��9 ��� A ! � � " � � N ��L�� G “Higgs Phase”

4��
� � 4 7 Q)S	�
3. X = Y = 0

4 !�� ��� N � ����� G � � Q � ��� � �  ��! �

M.4 Schwinger Phase

Schwinger phase
L �"!$# �
% : 7 ��! 	 H�� Q-S	� ����" N 5 L I�� 7 � ��&
'
(�= �&% �! 	 ! S	�

φ0 = φ∗
0 = Fc = F ∗

c = 0 , (M.22a)

Nc = Dc = 〈λ〉 = 〈ψ0〉 = 〈Vm〉 = 0 , (M.22b)

Mc = −Y 6= 0 . (M.22c)

�  JG ����A�� Lagrangian
=
5 L I�� 7 � % �! S	�

L = −A∗
i

[
∂2 + Y 2

]
Ai +

1

2

(
ψi , ψ

c
i

)


 iγm∂m − Y 0

0 iγm∂m − Y







 ψi

ψci





+ Vm

(
iA∗

i ∂
mAi − ∂mA∗

i ·Ai + ψiγ
mψi

)
+ VmV

mA∗
iAi

+ Ai

(
λψci + ψiλ

c
)

+ A∗
i

(
λcψi + ψciλ

)
− Ai

(
ψc0ψi + ψciψ0

)
−A∗

i

(
ψ0ψ

c
i + ψiψ

c
0

)

−
(
− 2YM ′ +M ′2 +N ′2

)
A∗
iAi +M ′

(
ψiψi

)
−N ′

(
ψiiγ3ψi

)
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− A∗
0A0A

∗
iAi −

1

2
A0ψ

c
iψi −

1

2
A∗

0ψiψ
c
i +DA∗

iAi −
N

g2
D + F0A

2
i + F ∗

0A
∗
i
2 . (M.23)

O(N) � N m = |Y | L ��$ G('
� A
	 ! S
= � �
	 � N m = |2Y | L ��$ G('
� Q-S � 4 G � 	�� I�� � � L��
� 7�� ��� �!2 � � �
	 � L 2 � \ 
 G�� 
 Q-S	�

Seff =

∫
d2p

(2π)2

∑

i,j

F̃i(−p)ΠFiGj
(p)G̃j(p) + · · · , (M.24)

� L� �! G chiral superfield
L�
 � G Table 11

7��
vector superfield

L�
 � G Table 12
7�� ^ Q-S	� ����" Q

� 	)L#\ 
�7

R(p2) =
N

2π

∫ 1

0

dx
1

Y 2 − x(1 − x)p2
. (M.25)

= ��! 	 ! S L#"�� S
= � $ ��L�� 	�� � ��
 A
	�� S�� ����� Table 12
7 ��� Q-S Levi-Civita ����� � � �

G�� "
	�� A
	�� S	�

ε01 = −ε01 = 1 , εmn = −εnm , (M.26a)

γmγn = ηmn + εmnγ3 , εmnεkl = −ηmkηnl + ηmlηnk . (M.26b)

〈 F G 〉 〈F A0 〉 〈 F A∗
0 〉 〈 F ψ0 〉 〈 F ψc0 〉 〈 F F0 〉 〈 F F ∗

0 〉

〈A∗
0 G 〉 1

8 (p2 − 4Y 2) 0 0 0 0 0

〈A0 G 〉 0 1
8(p2 − 4Y 2) 0 0 0 0

〈ψ0 G 〉 0 0 1
2 (/p+ 2Y ) 0 0 0

〈ψc0 G 〉 0 0 0 1
2(/p+ 2Y ) 0 0

〈F ∗
0 G 〉 0 0 0 0 1

2
0

〈F ∗
0 G 〉 0 0 0 0 0 1

2

Table 11: Two point functions of component fields in the chiral superfield Φ0.

F and G denote arbitrary fields. The multiplications by the coefficient R(p2) defined by Eq. (M.25) are omitted in all components.

Table 12 
 N 
 ����
 ��= @�� Q-S	� �  = � L�� 	 = � � 9 	 ! S 
 � "�� � � � L�� 	�G ����� Q-S � �

�� L � 	�� G�� � �

D′(p) = D(p) − 2Y M ′(p) , (M.27a)

N ′′(p) = N ′(p) + 2iY
εmkp

k

p2
Vm(p) . (M.27b)

� � A
	������ �  � 2 � \ 
 G Table 13 
 � ^ A
		��� �
� N N ′ N chiral U(1)

�
	
�-L��  �
���9 	 � � A � NG boson
"�� S � A � A �  = ��� � ��

	
� �  S

��� "�� ��� � � = ��� " G�' � A � � � N ′′ N 
 �32�V��
� 
���9 	 ! S � �0L N ′-Vm mixing
� ��=

Schwinger
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〈 F G 〉 〈F λ 〉 〈 F λc 〉 〈 FD 〉 〈 FM ′ 〉 〈 F N ′ 〉 〈 F Vn 〉

〈λG 〉 1
2
(/p + 2Y ) 0 0 0 0 0

〈λc G 〉 0 1
2 (/p+ 2Y ) 0 0 0 0

〈D G 〉 0 0 1
4

1
2Y 0 0

〈M ′ G 〉 0 0 1
2Y

1
4p

2 0 0

〈N ′ G 〉 0 0 0 0 1
4p

2 i
2Y εnkp

k

〈Vm G 〉 0 0 0 0 − i
2Y εmkp

k −1
4 (ηmnp

2 − pmpn)

Table 12: Two point functions of component fields in the vector superfield V .

Note that the multiplications by the coefficient R(p2) defined by Eq. (M.25) are omitted in all components.

〈 F G 〉 〈F λ 〉 〈 F λc 〉 〈 F D′ 〉 〈 FM ′ 〉 〈 F N ′′ 〉 〈 F Vn 〉

〈λ G 〉 1
2(/p+ 2Y ) 0 0 0 0 0

〈λc G 〉 0 1
2 (/p+ 2Y ) 0 0 0 0

〈D′ G 〉 0 0 1
4 0 0 0

〈M ′ G 〉 0 0 0 1
4 (p2 − 4Y 2) 0 0

〈N ′′ G 〉 0 0 0 0 1
4p

2 0

〈Vm G 〉 0 0 0 0 0 −1
4 (p2 − 4Y 2){ηmn − pmpn

p2 }

Table 13: Diagonal two point functions of component fields in the vector superfield V .

Note again that the multiplications by the coefficient R(p2) defined by Eq. (M.25) are omitted in all components.
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�
� "�� S � ��� � D-M mixing N � chiral U(1)
�
	
�JL��  �
��'9 	 ��� A�� NG boson N ′

L 	 
 ��$
� �
	 � M G � ��$ 
 A
	 � �
	
� = ���  S �
� � ��9 	 ! S	�
�  � 2 � \ 
�L�� � � = !3� ����� \ 
 � L�"�� S
= � ��� ����
 ��! 	 N ��� � ��	 G ��� �#! � ��� \ 
= 	���" M ��! L#" ��	 � 
 � � � � 	�0 G�� � Q-S	� ����� � L � 	�� 
-IZ9 	 � L � M � G�
�� ��A�		��� �

DA0
(p) =

i

p2 − 4Y 2
, Sψ0

(p) =
i

/p+ 2Y
, DF0

(p) = i , (M.28a)

Sλ(p) =
i

/p+ 2Y
, DD′ (p) = −i , DM ′ (p) =

i

p2 − 4Y 2
, DN′′(p) =

i

p2
, (M.28b)

Dmn
V (p) = − i

p2 − 4Y 2

{
ηmn − (1 − α)

pmpn

p2

}
, (M.28c)

��L 
�� � 
��'9 	�� O(N) � L ��� \ 
 N N 
 �  S	� �  N � �
	 � L ��� \ 
 N O(N) ��
�� � 	 1/N
L - � � � � � � "�� S	� ��� D = 2

>�� � L#" � +�, � � - � ��$�0�L���� 
 ��! 	 N�� 
 ��
 ��%  G
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	 ! ��! L#"���� 
 A � � 	 
�I	! �

Feynman � � +�G�� ! 	 ��L ��� \ 
 G ��� Q-S � � � 	 � = � L O(N) � L	� 	�� � L � = ����� � � L
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Figure: Feynman diagrams for two point functions of auxiliary fields in the Schwinger phase.
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M.5 Higgs Phase

Higgs phase N X 6= 0
L � � � L#" �  �
��'9 	 A0 G�� 	�� Q-S	�

A0(x) = X + AR(x) + iAI(x) , A∗
0(x) = X +AR(x) − iAI(x) . (M.29)
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Q-S	�

R(p2) ≡ N

2π

∫ 1

0

dx
1

X2 − x(1 − x)p2
, (M.31a)

Qmn(p) ≡
{
X2ηmn − 1

4
(ηmnp

2 − pmpn)

}
R(p2) ≡ Q̃mn(p)R(p2) . (M.31b)
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 Higgs phase
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vector superfield
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I(p) = AI(p) +

2iXpm

p2
Vm(p) , D′(p) = D(p) − 2XAR(p) , (M.32a)

ψ′
0(p) = ψ0(p) + λc(p) , λ′(p) = λ(p) − ψc0(p) . (M.32b)
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〈FG〉 〈F AR 〉 〈 F AI 〉 〈 F ψ0 〉 〈 F ψc0 〉 〈 F F ∗
0 〉 〈 F F0 〉 〈 F D 〉 〈 F λ 〉 〈 F λc 〉 〈 FM ′ 〉 〈 F N ′ 〉 〈 F Vn 〉

〈AR G 〉 1
4p

2 0 0 0 0 0 −1
2X 0 0 0 0 0

〈AI G 〉 0 1
4p

2 0 0 0 0 0 0 0 0 0 − i
2pnX

〈ψ0 G 〉 0 0 1
2
/p 0 0 0 0 0 −X 0 0 0

〈ψc0 G 〉 0 0 0 1
2
/p 0 0 0 −X 0 0 0 0

〈F0 G 〉 0 0 0 0 1
2

0 0 0 0 0 0 0

〈F ∗
0 G 〉 0 0 0 0 0 1

2
0 0 0 0 0 0

〈D G 〉 −1
2
X 0 0 0 0 0 1

4
0 0 0 0 0

〈λG 〉 0 0 0 −X 0 0 0 1
2
/p 0 0 0 0

〈λc G 〉 0 0 −X 0 0 0 0 0 1
2/p 0 0 0

〈M ′ G 〉 0 0 0 0 0 0 0 0 0 1
4(p2 − 4X2) 0 0

〈N ′ G 〉 0 0 0 0 0 0 0 0 0 0 1
4 (p2 − 4X2) 0

〈Vm G 〉 0 i
2pmX 0 0 0 0 0 0 0 0 0 Q̃mn(p)

Table 14: Two point functions in the Higgs phase.

The multiplications of the coefficient R(p2) defined by Eq. (M.31a) are omitted in all components.
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〈 F G 〉 〈F AR 〉 〈 F D′ 〉 〈 F A′
I 〉 〈 F Vn 〉

〈AR G 〉 1
4
(p2 − 4X2) 0 0 0

〈D′ G 〉 0 1
4

0 0

〈A′
I G 〉 0 0 1

4p
2 0

〈Vm G 〉 0 0 0 −1
4(p2 − 4X2){ηmn − pmpn

p2 }

Table 15: The two point functions of AR, D′, AI , Vm.
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〈ψ′
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2(/p + 2X) 0 0 0

〈λc′ G 〉 0 1
2 (/p− 2X) 0 0

〈ψc0
′ G 〉 0 0 1

2 (/p+ 2X) 0

〈λ′ G 〉 0 0 0 −1
2 (/p− 2X)

Table 16: The two point functions of ψ′
0 and λ.
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i

/p− 2X
, Sλ′(p) =

i

/p− 2X
, (M.33b)

Dmn
V (p) = − i

p2 − 4X2

{
ηmn − (1 − α)

pmpn

p2

}
, DD′ (p) = i , DF0

(p) = i , (M.33c)
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Figure: Feynman diagrams for two point functions of auxiliary fields in the Higgs phase.

M.6 Asymptotic Freedom
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