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Purpose

quintic hypersurface CP4[5] (=CY 3-fold)

� �� �
GLSM

�

Hori-Vafa theory

� �� �	 


�� 
� � ��� � � 	 � � �� � ��
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Gauged linear sigma model E. Witten (1993), K. Hori and C. Vafa (2000)

N = (2, 2) SUSY gauge theory with matters (FI : t ≡ r − iθ)

L =

∫
d4θ

{
− 1

e2
ΣΣ +

∑

a

Φa e2QaV Φa

}

+
( 1√

2

∫
d2θ̃ (−Σ t) + c.c.

)
+
( ∫

d2θ WGLSM(Φa) + c.c.
)


 Φa : charged chiral superfield, D±Φa = 0

Σ : twisted chiral superfield, D+Σ = D−Σ = 0 , Σ = 1√
2
D+D−V

2

��

phase:

FIÀ 0 : differential-geometric phase → SUSY NLSM

FI¿ 0 : algebro-gemetric phase → LG, orbifold, SCFT

LG model

� �

CY

�� � �� �� 	 � 
� �
 �

(CY/LG

��

)

harmonic forms ↔ NS-NS chiral primary states

GLSM

�

T-dual model
�

IR limit

� �

“Mirror” geometry

� ��
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CY sigma model

onM
LG orbifold theory

with W/Zα

GLSM

Hori-Vafa’s

C̃Y sigma model

on M̃
L̃G orbifold theory

with W̃/(Zα)β

CY/LG

CY/LG

T-dualMirror

FIÀ 0

algebraic

FI¿ 0

geometric

T. Kimura, Seminar part I at Komaba. p.3



Plan of this informal seminar

We will discuss 3-dim. compact CY hypersurfaces in CP4:

• GLSM

– study FIÀ 0 phase: CY sigma model, geometry

– study FI¿ 0 phase: LG theory (chiral ring)

• T-duality

– study LG description: twisted LG theory

– study geometric description: mirror CY geometry

• Comments
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Gauged linear sigma model for CP4[5]

L =

∫
d4θ

{
− 1

e2
ΣΣ +

∑

a

Φa e2QaV Φa

}

+
( 1√

2

∫
d2θ̃ (−Σt) + c.c.

)
+
( ∫

d2θ WGLSM + c.c.
)


 WGLSM = P ·G5(Si)

G5(s) = ∂1G5(s) = · · · = ∂5G5(s) = 0 → ∀si = 0


 t = r − iθ

chiral superfield Φa S1 S2 · · · S5 P

U(1) charge Qa 1 1 · · · 1 −5

Potential energy density:

U =
e2

2

{
r −

5∑

i=1

|si|2 + 5|p|2
}2

+
∣∣G5(s)

∣∣2 + |p|2 ·
5∑

i=1

∣∣∂iG5(s)
∣∣2 + 2|σ|2

{∑

a

Q2
a|φa|2

}

“CY” condition:
∑

a

Qa = 0 ← r0 = r(µ) +
∑

a

Qa log
(ΛUV

µ

)

FI parameter r

��

SUSY vacuum manifold U = 0

� �� ��

effective theory

� �� 	 


T. Kimura, Seminar part I at Komaba. p.5



r À 0 phase: SUSY nonlinear sigma model

SUSY vacuum manifoldMCY = {U = 0} � �� �

r =
5∑

i=1

|si|2 − 5|p|2 > 0 → ∃si 6= 0

G5(s) = p ∂iG5(s) = 0 → p = 0

∴ MCY =
{
(s1, s2, · · · , s5) ∈ C

5
∣∣∣ r =

5∑

i=1

|si|2 > 0 , G5(s) = 0
}/

U(1)

= CP4[5]

fluctuations around a point ∃(〈s1〉, 〈s2〉, · · · , 〈s5〉) ∈MCY: U(1)→ 1

modes tangent toMCY : massless

modes non-tangent toMCY : massive m2 ∝ e2r via Higgs mechanism

IR limit e→∞ ⇒ massive modes are decoupled

massless effective theory = SUSY NLSM on CP4[5]
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r ¿ 0 phase: orbifolded LG theory

SUSY vacuum manifoldMorbifold = {U = 0} � �� �

r =
5∑

i=1

|si|2 − 5|p|2 < 0 → p 6= 0

G5(s) = p ∂iG5(s) = 0 → ∀si = 0

∴ Morbifold =
{
(p) ∈ C

∗
∣∣∣ r = −5|p|2 < 0

}/
U(1)

fluctuations around a point {〈p〉 6= 0} ∈ Morbifold: U(1)→ Z5

all Si : massless with potential 〈p〉G5(S)

P : massive m2 ∝ e2r via Higgs mechanism

IR limit e→∞:

massless effective theory =


 SUSY orbifolded LG theory

with {WLG = 〈p〉G5(S)}/Z5



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CY/LG correspondence

PSfrag replacements

θ

r À 0

r ¿ 0

SUSY nonlinear sigma model on CP4[5]

singularity

LG theory with
{
WLG = 〈p〉G5(S)

}/
Z5

�� ��� �� ��� 	 


� �

CY sigma model

�
LG theory

�

GLSM


 � � � �� � �� � � � � �
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CY data and LG data

CY 3-foldMCY N = (2, 2) LG theory (c = c = 9)

b3−p,q dim H3−p,q(MCY) # of (p, q) charged (c, c) primary states

P (t, t) Poincaré polynomial “Poincaré” polynomial ((c, c) primary)

bp,q = b3−p,3−q Poincaré duality charge conjugation invariance on R ground states

b0,0 = 1 simply connected uniqueness of vacuum: (hL, hR) = (0, 0)

b3,3 = 1 Poincaré duality uniqueness of highest charge state: (hL, hR) = (c/6, c/6)

b3,0 = 1 holomorphic (3, 0)-form spectral flow from vacuum: (θL, θR) = (−1/2, 0)

� 
 � � �� � �

LG theory

� �

CY 3-fold




topological data

�� �� �
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Information from LG superpotential

{
WLG = S5

1 + S5
2 + S5

3 + S5
4 + S5

5

}/
Z5

A4 ⊗A4 ⊗A4 ⊗A4 ⊗A4 type

A4 type LG minimal model:

chiral ring Ri = C/[dW ] = {1, Si, S2
i , S3

i }
central charge c = 3− 6

4 + 1

NS-NS (c, c) primary states = {⊗5
i=1S

li
i } (

��
li = 0, 1, 2, 3)

spectral flow

� �� �

Z5 invariant Ramond ground states

� �� � �

(# of R gound states with (p− 3/2, q − 3/2) charge)

= (# of harmonic (3− p, q)-forms on CY3) ≡ b3−p,q
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Hodge diamond:

b0,0

b1,0 b0,1

b2,0 b1,1 b0,2

b3,0 b2,1 b1,2 b0,3

b3,1 b2,2 b1,3

b3,2 b2,3

b3,3

=

1

0 0

0 1 0

1 101 101 1

0 1 0

0 0

1

# of complex moduli b2,1 = 101:

“degree of WLG = G5(S) (126)” − “deformation degree under GL(5, C) (25)”

# of Kähler moduli b1,1 = 1:

“deformation degree of the FI parameter”

Euler number:

χ(MCY) =
3∑

p,q=0

(−1)p+qbp,q = 2(b1,1 − b2,1) = −200
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T-duality

L
′ =

∫
d4θ

(R2

4
B2 − 1

2
(Y + Y )B

)
,

B = B

D+Y = D−Y = 0

1. Theory on S1 of radius R:

d4θ =
1

2
d2θ̃ D+D−

integrate out Y , Y





=⇒ D+D−B = D+D−B = 0 =⇒ B = Φ + Φ

∴ L
′∣∣∣

B=Φ+Φ
=

∫
d4θ

R2

2
ΦΦ =⇒ d2s = R2|dφ|2 = R2(dρ2 + dϕ2)

2. Theory on S1 of radius 1/R:

integrate out B =⇒ B =
1

R2

(
Y + Y

)

∴ L
′∣∣∣

B= 1

R2
(Y +Y )

=

∫
d4θ

(
− 1

2R2
Y Y

)
=⇒ d2s =

1

R2
|dy|2 =

1

R2
(R4dρ2 + dϑ2)

� � � � � ��

U(1) gauge symmetry

� �� � � 	 �

= Hori-Vafa
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T-dualized theory of GLSM for CP4[5]

Hori-Vafa’s Lagrangian:

L =

∫
d4θ

{
− 1

e2
ΣΣ−

∑

a

(1

2
(Ya + Ya) log(Ya + Ya)

)}
+
( 1√

2

∫
d2θ̃ W̃ + c.c.

)

W̃ = Σ
(∑

a

QaYa − t
)

+
∑

a

e−Ya

chiral superfield Φa S1 S2 · · · S5 P

U(1) charge Qa 1 1 · · · 1 −5

twisted chiral superfield Ya Y1 Y2 · · · Y5 YP

relation between chiral superfields {Φa} and twisted chiral superfields {Ya}:
2Φa e2QaV Φa = Ya + Ya

U(1) phase rotation symmetry on Φa → shift symmetry on Ya:

Ya → Ya + 2πi
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A powerful tool = “period integral”:

Π̂ ≡
∫

dΣ
5∏

i=1

dYi dYP (5Σ) exp
(− W̃

)

topological A-twisted sector


 � � �� �

� �� � � � �

partition function of topological A-theory with WGLSM = P ·G5(Si)

�

Hori-Vafa

	

“proof of mirror symmetry”

	 
 �� 
 �

� � �

G5(Si)
� �� 
 �� � 
� � �� 	 �� ��

5Σ →





5
∂

∂t
: twisted LG theory

� ��

∂

∂YP

: T-dualized geometry

� ��
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twisted LG description

Π̂ = 5
∂

∂t

∫ 5∏

i=1

dYi dYP δ
( 5∑

i=1

Yi − 5YP − t
)

exp
{
−

5∑

i=1

e−Yi − e−YP

}

= et/5

∫ 5∏

i=1

(
e−Yi/5dYi

)
exp

{
−

5∑

i=1

e−Yi − et/5
5∏

i=1

e−Yi/5
}

=

∫ 5∏

i=1

dXi exp
{
− (

X5
1 + X5

2 + · · ·+ X5
5 + et/5X1X2 · · ·X5

)} ≡
∫ 5∏

i=1

dXi exp
(− W̃LG

)

��

Xi ≡ e−Yi/5�

from shift symmetry Ya→ Ya + 2πi, this model has (Z5)
4 orbifold symmetry:

Xi → ωiXi , ω5
i = ω1ω2 · · ·ω5 = 1

massless effective theory =


 SUSY orbifolded twisted chiral LG theory

with {W̃LG}/(Z5)
4



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Hodge diamond:

b̃0,0

b̃1,0 b̃0,1

b̃2,0 b̃1,1 b̃0,2

b̃3,0 b̃2,1 b̃1,2 b̃0,3

b̃3,1 b̃2,2 b̃1,3

b̃3,2 b̃2,3

b̃3,3

=

1

0 0

0 101 0

1 1 1 1

0 101 0

0 0

1

# of Kähler moduli b̃1,1 = 101, # of complex moduli b̃1,1 = 1

Euler number: χ̃ =
3∑

p,q=0

(−1)p+qb̃p,q = 2(b̃1,1 − b̃2,1) = 200

(Xi: twisted chiral superfield ↔ Si: chiral superfield)
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T-dualized (mirror) geometric description

Π̂ =

∫
dΣ

5∏

i=1

dYi dYP

∂

∂YP

exp
{
− Σ

(∑

i

Yi − 5YP − t
)
−
∑

i

e−Yi − e−YP

}

=

∫ ∏

i

dYi dYP e−YP δ
(∑

i

Yi − 5YP − t
)

exp
{
−
∑

i

e−Yi − e−YP

}

field re-definition (preserving canonical measure of Π̂):

e−YP = P̃ , e−Yi = P̃Ui , Ui = e−t/5 Z5
i

Z1Z2 · · ·Z5

period integral is re-written as

Π̂ =

∫
1

vol.(C∗)

5∏

i=1

dZi δ
(
Z5

1 + Z5
2 + · · ·+ Z5

5 + et/5Z1 · · ·Z5

)

twisted chiral superfields Zi has the following symmetry:

Zi → λ ωi Zi , ω5
i = ω1ω2 · · ·ω5 = 1 , λ ∈ C

∗

This is nothing but the definition of CP4[5]/(Z5)
3!

(the mirror geometry appears!)
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Result

CY sigma model

on CP4[5]

LG orbifold theory

with WLG/Z5

GLSM

Hori-Vafa’s

C̃Y sigma model

on CP4[5]/(Z5)
3

L̃G orbifold theory

with W̃LG/(Z5)
4

CY/LG

CY/LG

T-dualMirror

FIÀ 0

algebraic

FI¿ 0

geometric

WLG = G5(S)

W̃LG = X5
1 + X5

2 + X5
3 + X5

4 + X5
5 + et/5X1X2X3X4X5

b2,1(CP4[5]) = b̃1,1(CP4[5]/(Z5)
3) = 101 , b1,1(CP4[5]) = b̃2,1(CP4[5]/(Z5)

3) = 1
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Comments

Hori-Vafa’s explanation of Mirror symmetry is not complete!

topological A-twisted sector only → How about B-sector?

CY M

A-sector

(Kähler)

CY M̃

Ã-sector

(Kähler)

CY M

B-sector

(complex)

CY M̃

B̃-sector

(complex)

Hori-Vafa mirror

No Explanation
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Hori-Vafa

� �

: resolved/deformed conifold

PSfrag replacements

S3

CP1





deformed conifold: deformation of complex moduli (b2,1)

resolved conifold: deformation of Kähler moduli (b1,1)

GLSM for

resolved conifold

�� � � Hori-Vafa’s theory

for resolved conifold

GLSM for

deformed conifold
�� � � � Hori-Vafa’s theory

for deformed conifold
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My Present Study

1. investigation beyond the Hori-Vafa

CY M

A-sector

(Kähler)

CY M̃

Ã-sector

(Kähler)

CY M

B-sector

(complex)

CY M̃

B̃-sector

(complex)

WGLSM = P ·G`(S)
�

additional

� � ��

example: sigma model on quadric surface

and its line bundle

(
C n

) SO(N)

SO(N − 2)× U(1)

⇓
SO(N) symmetry on G`=2(S)
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My Present Study

2. mirror symmetry on noncompact CY

sigma model

on noncompactMCY

2d sigma model ⊗ LG

orbifold theory

GLSM

Hori-Vafa’s

sigma model

on noncompact M̃CY

Liouville(?) ⊗ L̃G

orbifold theory

CY/LG

CY/LG

T-dualMirror

FIÀ 0

non-geometric

FI¿ 0

geometric
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Landau-Ginzburg theory

well-defined LG superpotential

W (Φ)|Φ=0 =
∂W

∂Φi

∣∣∣
Φ=0

= 0 ⇐⇒ existence of the critical point at Φi = 0

det
i,j

( ∂2W

∂Φi∂Φj

)∣∣∣
Φ=0

= 0

ρ ≡ det
i,j

( ∂2W

∂Φi∂Φj

)
6= 0 ⇐⇒ existence of isolated singularity

W (λωiΦi) = λ+1W (Φi) where hi = hi =
ωi

2
> 0

Ak type singularity: (level = k − 1)

W = xk+1 , k ≥ 1

ωx = 1
k+1

px = 1 , N = k + 1

∂W
∂x

= (k + 1)xk

R = {1, x, x2, · · · , xk−1}
µ =

(
1

ωx
− 1

)
= k = dim R

β = 1
2
− ωx = 1

2
− 1

k+1

c = 6β = 3− 6
k+1

field dimension

1 0
k+1

x 1
k+1

... ...

xk−1 k−1
k+1
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NS chiral primary

N = (2, 2) superconformal algebra:

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n

[Lm, G±r ] =
(n

2
− r

)
G±n+r

[Lm, Jn] = −nJm+n

[Jm, Jn] =
c

3
mδm+n

[Jn, G±r ] = ±G±n+r

{G−r , G+
s } = 2Lr+s − (r − s)Jr+s +

c

3

(
r2 − 1

4

)
δr+s

conformal vacuum:

Lm| 0 〉 = 0 for m ≥ −1 , G±r | 0 〉 = 0 for





r ≥ −1
2

(NS sector)

r ≥ −1 (R sector)
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primary field:

φ′(z′, z′) =
( ∂z

∂z′

)h( ∂z

∂z′

)h

φ(z, z)

primary state:

|φ 〉 = lim
z,z→0

φ(z, z)| 0 〉

L0|φ 〉 = h|φ 〉 , Lm|φ 〉 = 0 for m > 0

J0|φ 〉 = q|φ 〉 , Jm|φ 〉 = 0 for m > 0

NS chiral primary state:

G+
n−1/2|φ 〉 = G−n+1/2|φ 〉 = 0 for n ≥ 0 , left chiral

G+
n+1/2|φ 〉 = G−n−1/2|φ 〉 = 0 for n ≥ 0 , left anti-chiral

G+
n−1/2|φ 〉 = G−n+1/2|φ 〉 = 0 for n ≥ 0 , right chiral

G+
n+1/2|φ 〉 = G−n−1/2|φ 〉 = 0 for n ≥ 0 , right anti-chiral

0 =
{
G−1/2, G+

−1/2

}|φ 〉 = (2L0 − J0)|φ 〉 → h =
1

2
q
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Spectral flow W.Lerche, C.Vafa and N.P.Warner, Nucl. Phys. B324 (1989) 427.

Lθ
n = UθLnU

−1
θ = Ln + θJn +

c

6
θ2δn,0 , Jθ

n = UθJnU
−1
θ = Jn +

c

3
θδn,0

G±,θ
r = UθGr

±
U
−1
θ = G±r±θ

hθ = h− qθ +
c

6
θ2 , qθ = q − c

3
θ

PSfrag replacements

hh h

q
q

q

θ = 1

2
θ = 1

2

h = q
2

h = −q
2

c
6

c
6 c

24

c
3

−c
6

c
6

−c
3NS R NS

Neveu-Schwarz spectral flow Ramond

(h = q
2
, q)

chiral primary state
→ (θ = 1

2
)→ (c/24, q − c/6)

R ground state

T. Kimura, Seminar part I at Komaba, appendix. p.24



N = (2, 2) SCFT and Calabi-Yau geometry

(c, c) ring element:

(p, q) charged

NS-NS chiral primary

p, q ≥ 0

Spectral flow

θL = 1, θR = 0

(a, c) ring element:

(p− d, q) charged

NS-NS chiral primary

p− d ≤ 0

One-to-one

correspondence

Spectral flow

−θL = θR = 1

2

harmonic (d− p, q)-form

on Calabi-Yau d-fold

d− p, q ≥ 0

d = c/3

One-to-one

correspondence

R-R gound state

(SUSY ground state)

(qL, qR) = (p− d
2
, q − d

2
)

hL = hR = c/24

NS-NS chiral primary states, R-R ground states

�

harmonic forms

� ��
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