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Purpose

quintic hypersurface CP*[5] (=CY 3-fold) Z AL\ T
GLSM & Hori-Vafa theory ICTEENERL T

FDEHHAEY—IVEL TOMHNET S

T. Kimura, Seminar part I at Komaba.



Gauged linear sigma model E. witten (1993), K. Hori and C. Vafa (2000)

N = (2,2) SUSY gauge theory with matters (FI: t=r — i)
1__ —
L = /d49{ — gzz: +> @, ezQaV@a}

+(%/d2§(—2 t)a—l— c.c.) - (/d29 Wearsm(®eo) + c.c.)

v ®, : charged chiral superfield, D, .®, =0
> : twisted chiral superfield, D> =D X =0, %= -D,D V
vV 220 phase:

FI > 0 : differential-geometric phase — SUSY NLSM
FI < 0 : algebro-gemetric phase — LG, orbifold, SCFT

V LG model 5 CY ZHRADUMFIERE /& HES (CY/LGHTIT)

harmonic forms <« NS-NS chiral primary states

¥ GLSM @ T-dual model ® IR limit [ClE “Mirror” geometry &%

T. Kimura, Seminar part I at Komaba.
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CY sigma model
on M

Mirror

geometric

CY sigma model
on M

T. Kimura, Seminar part I at Komaba.

LG orbifold theory
with W/Z,,

algebraic

LG orbifold theory
with W /(Z,)?
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Plan of this informal seminar

We will discuss 3-dim. compact CY hypersurfaces in CP*:

e GLSM

—study FI > 0 phase: CY sigma model, geometry
— study FI < 0 phase: LG theory (chiral ring)

e T-duality

— study LG description: twisted LG theory

— study geometric description: mirror CY geometry

e Comments

T. Kimura, Seminar part I at Komaba.

D-4



Gauged linear sigma model for CP*[5]

L = /d‘*@{ _ éiz +Y %, e2QaV<I>a}

+ (%/dzg(—ﬁlt) + c.c.) 4+ (/d29 Warsm + c.c.)

Warsm = P - G5(S;) .
t = r—0
G5(S) = 81G5(S) = e = 85G5(8) =0 — Vsi =0
chiral superfield &, S1 So .o Ss P
U (1) charge Q, 1 1 ‘o 1 —5
Potential energy density:
2 5 5
e 2 2 2
U = —{r=Y lsl?+5lpl} +[Gs()|” + P+ Y [:Ga (o) + 2102 Y @21l
1=1 1=1 a

“CY” condition: Z Qu=0 «— ry = r(p)+ Z Q. log <%)

FI parameter r» EIZ SUSY vacuum manifold Y = 0 & ZD LD effective theory ZF5 A &L D

T. Kimura, Seminar part I at Komaba.
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¥ 7 > 0 phase: SUSY nonlinear sigma model
SUSY vacuum manifold Mcy = {U =0} 25A %

5

r:Z|si|2—5|p|2 >0 — F5;#0
i=1
G5(s) =p09;iGs(s) =0 — p=0

Mcy = {(31,32,... . s5) € C° ‘ r = 25: 2> 0, Gs(s) = o}/U(l)
= CP*[5] :

fluctuations around a point 3({s1), (s2),+++ ,(s5)) € Mcy: U(1) — 1

modes tangent to My : massless

modes non-tangent to Mcy : massive m? o< e’r via Higgs mechanism

IR limit e — oc© => massive modes are decoupled

=> massless effective theory = SUSY NLSM on CP*[5]

T. Kimura, Seminar part I at Komaba. p.6



Vv 7 < 0 phase: orbifolded LG theory
SUSY vacuum manifold Morbifold = {Ll = O} %%i%

5
r=Y sl - 5lplP <0 — p#0
=1

G5(s) =p8;Gs(s) =0 — Vs; =0

Morbifold = {(p) e C*

r=—5lp> <0} /U)
fluctuations around a point {(p) # 0} € Mpito1a: U(1) — Zs

all S; : massless with potential (p)G5(S)

P : massive m? x e?r via Higgs mechanism

IR limit e — oo:

SUSY orbifolded LG theory

=> massless effective theory = _
with {Wic = (p)G5(S)}/Zs

T. Kimura, Seminar part I at Komaba. p.7



¥ CY/LG correspondence

} SUSY nonlinear sigma model on CP*[5]

singularity

} LG theory with {Wic = (p)G5(S)}/Zs

BlEO o MVE S faht
4% CY sigma model & LG theory l& GLSM DEL Af|HZ KT ICIBE LU

T. Kimura, Seminar part I at Komaba.
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v CY data and LG data

CY 3-fold Mcy N = (2,2) LG theory (c =¢ =9)
b3_p.q dim H3 P4 Mcy) # of (p, q) charged (c, c) primary states
P(t,t) Poincaré polynomial “Poincaré” polynomial ((c, ¢) primary)
bpg = bs_p3_g Poincaré duality charge conjugation invariance on R ground states
boo =1 simply connected uniqueness of vacuum: (hp,hr) = (0,0)
bss =1 Poincaré duality uniqueness of highest charge state: (hr,hr) = (¢/6,¢/6)
bso=1 holomorphic (3, 0)-form spectral flow from vacuum: (0;,0r) = (—1/2,0)

Z DT ALVTLG theory ™5 CY 3-fold @ topological data ZHFHT %

T. Kimura, Seminar part I at Komaba. p.9



V¥ Information from LG superpotential

(Wie = 8]+ S, +8,+8,+52}/Zs
AL QAL QAL Q Ay ® Ay type

A, type LG minimal model:

chiral ring #; = C/[dW] = {1, S;, S?, S}'}
6

central charge c =3 — ——
44+ 1

NS-NS (c, c) primary states = {®> S/} ({BL I; =0,1,2,3)

spectral flow Z#EL T Z; invariant Ramond ground states Z /a9 %

(# of R gound states with (p — 3/2,q — 3/2) charge)
= (# of harmonic (3 — p, g)-forms on CY3) = b3_,

T. Kimura, Seminar part I at Komaba.



Hodge diamond:

bo.o 1
b1,0 bo,1 0 0
b2,0 b1,1 bo,2 0 1 0
bs.o bor b1 bos = 1 101 101 1
b3,1 b2,2 b1,3 0 1 0
b3,2 b2,3 0 0
b33 1

# of complex moduli b ; = 101:
“degree of Wi = G5(S) (126)” — “deformation degree under GL(5,C) (25)”

# of Kahler moduli b;; = 1:

“deformation degree of the Fl parameter”

Euler number:

3
X(Moy) = > (=1)Pb,4 = 2(b1,1 — ba1) = —200

P,q=0

T. Kimura, Seminar part I at Komaba. p.11



T-duality

R? 1 — B=1B
¥ = /d49<—32 _ (Y + Y)B) A

1. Theory on S' of radius R:

40 __ 1 20
d¢ = —d°0 D D_
2

- — DD B=D.D B=0 — B=®+®
integrateout Y, Y

cgpl

R% _
_ = /d40— P — d°s= R?*|do¢|* = R*(dp® + d¢?)
B=®+® 2

2. Theory on S? of radius 1/R:

. 1 _
integrate out B =— B = E(Y +7)

1 1 1
7’ 4 2 2 4.9 .2 2
= d0( ——YY —> d°s = dy|® = R*d dv

o DFERIC U(1) gauge symmetry Z1E/0L 7= D = Hori-Vafa

T. Kimura, Seminar part I at Komaba.



T-dualized theory of GLSM for CP*[5]

Hori-Vafa’s Lagrangian'

L = /d49 ——EZ Z( (Y, +Y,)log(Y, —|—Y)) \/_/d29W+cc>
(;Qa a— )—I—;e_y"

chiral superfield P, S1 So e Sx P
U (1) charge Q. 1 1 ‘o 1 -5
twisted chiral superfield Y., Y; Y, e Y; Ypr

relation between chiral superfields {®,} and twisted chiral superfields {Y,}:

20, e VP, = Y, +Y,

U (1) phase rotation symmetry on ®, — shift symmetry on Yj:

Y, — Y,+2m

T. Kimura, Seminar part I at Komaba. p.13



A powerful tool = “period integral”:

5

I = /dEHinde (5%) exp (— W)
i—1

topological A-twisted sector DHZ1ED E

— =T V5 & lpartition function of topological A-theory with Wgrsvy = P - G5(S;)

Hori-Vafa @ “proof of mirror symmetry” DA+ R

LML G5(S:) IKRNMBREVBBUHNEZDET+H

)
5% : twisted LG theory 16
5 — K
9 . T-dualized geometry Z1E
oYp
\

T. Kimura, Seminar part I at Komaba. p.14



YV twisted LG description

N a 5
o = dY; dY, ( Y, — 5Y; —t) ex { e_Yi—e—YP}
8 H P Z P p £

— W’/H ~Yil5qy;) exp{ Ze Yi et/51:[1e_Yi/5}

5
— /HdXiexp{—(Xf—l—XS—l—---—|—X§’—|—et/5X1X2---X5)} = /HdXieXp(—WLg)

=1 =1

/{EL} X’L p— e_}/;/s,o

from shift symmetry Y, — Y, + 2w, this model has (Z5)* orbifold symmetry:

X; — w;X;, w? = Wiwo-+wy = 1

SUSY orbifolded twisted chiral LG theory

=> massless effective theory = _ __
with {WL(;}/(Z5)4

T. Kimura, Seminar part I at Komaba.



Hodge diamond:

bo.o 1
51,0 50,1 0 0
bao b1 bo.2 0 101 0
b3, 52,1 51,2 50,3 = 1 1 1 1
b1 ba.s by s 0 101 0
53,2 52,3 0 0
bs.s 1

# of Kahler moduli 51,1 — 101, # of complex moduli 51,1 =1
3

Euler number: x = Z (—1)p+qu,q = 2(51,1 — 52,1) = 200
P,q=0

(X;: twisted chiral superfield <« S;: chiral superfield)

T. Kimura, Seminar part I at Komaba. p.16



¥ T-dualized (mirror) geometric description

;9/_ exp{ —E<2Yi—5Yp—t) —Ze_Yi_e—Yp}

P
_ /Hdmdype—Ypa(Zm—E)Yp—t) exp{ — D e~}

field re-definition (preserving canonical measure of ﬁ)

5
0 — /dz]_[dY,,-de8
=1

~

Z?
ZiZo - Zs

— YP

e = P, e Yi

= PU;, U; = e

period integral is re-written as
- 1 & 5 5 5 t
_ | g ...
| /VOI.((C*) il;[ldzza(zl + 234t 2L+ ey Z)
twisted chiral superfields Z; has the following symmetry:
Z;, — Aw; Z; wf:wlwz---w5:1, A e C*

This is nothing but the definition of CP*[5]/(7Z5)"!
(the mirror geometry appears!)

T. Kimura, Seminar part I at Komaba. p.17



Result

CY sigma model CY/LG LG orbifold theory
on CP*[5] with Wyq/Zs

Mirror

geometric algebraic

LG orbifold theory
with Wi/ (Zs)*

CY sigma model ¢ _

on CP%[5]/(Zs)3 CY/LG

WLG = G5(S)
Wic = XP+ X2+ X0+ X2+ X5+ e/5 X1 X, X3 X, X5
by,1 (CP*[5]) = b11(CP*[5]/(Z5)*) = 101, b1, (CP*[5]) = b2, 1 (CP*[5]/(Zs)*) = 1

T. Kimura, Seminar part I at Komaba.



Comments

Hori-Vafa’s explanation of Mirror symmetry is not complete!

topological A-twisted sector only — How about B-sector?

CY M CY M

A-sector A-sector

(Kahler) (Kahler)

CY M CY M

B-sector B-sector

(complex) (complex)

—
-

Hori-Vafa mirror

No Explanation

T. Kimura, Seminar part I at Komaba.
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Hori-Vafa DRBAERT DA resolved/deformed conifold

- { deformed conifold: deformation of complex moduli (b2 )

resolved conifold: deformation of Kaihler moduli (by1)

GLSM for EHHOAE Hori-Vafa’s theory
resolved conifold for resolved conifold

GLSM for 2Rl N T Hori-Vafa’s theory
deformed conifold for deformed conifold

T. Kimura, Seminar part I at Komaba. p.20




My Present Study

V¥ 1. investigation beyond the Hori-Vafa

CY M CY M

A-sector Warsm = P - G¢(S) ([ additional Z i #4E

A-sector

(Kahler) (Kahler) example: sigma model on quadric surface

and its line bundle

- SO(N)
(€x) SO(N —2) x U(1)
CY M CY M U

B-sector B-sector

SO(N) symmetry on Gy—5(S)

(complex)

(complex)

T. Kimura, Seminar part I at Komaba.



My Present Study

¥ 2. mirror symmetry on noncompact CY

CY/LG 2d sigma model ® LG
orbifold theory

sigma model

on noncompact Mcy

Mirror

geometric non-geometric

Liouville(?) ® LG
orbifold theory

sigma model

on noncompact Mcy

T. Kimura, Seminar part I at Komaba.
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Landau-Ginzburg theory I

well-defined LG superpotential

ow : - . :
W(®)|o—0o = 5% oo 0 <= existence of the critical point at ®* =0
O*W
i,j \OPOPI/ 12=0
dt(82W>7éO<:> ist f isolated singularit
= det | ——— existence of isolated singulari
P = 5 \odiawi suianty

Wj

W(A“id") = AT'W(®') where h; = h; = -5 >0

Ay type singularity: (level = k& — 1)

field dimension
W = ZBk+1, E > 1 X = {1953951329 ’mk_l} 1 0
o 1 . s k+1
Wy = 5 p=(5-1) =k =dmz . 1
pe =1, N = k+1 B=35—w = 353 o
oW :
Ny = (k+ 1)z* 026/3_3_1%1 k—1 k—1
£Xr k:——l—l

T. Kimura, Seminar part I at Komaba, appendix.
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NS chiral primary I

N = (2,2) superconformal algebra:

(Lo, L] = (m—n)Lm+n+1—(;m(m2—1)5m+n
[Lvaqj«E] = (E_"“>G;&+r

[LimsJn] = —ndpmain

[Ty Jn] = §m5m+n

[Jn, GE] = £GE,

c
{G,, G:} = 2L, s — (r — 8)Jpis + g(

conformal vacuum:

L,|0) = 0 for m > -1, GF|0)

T. Kimura, Seminar part I at Komaba, appendix.

—3 (NS sector)
—1 (R sector)



primary field:

#(7) = (32)"(22) a2

primary state:
$) = lim ¢(2,%)|0)
Lo|¢) = hl¢), Ln|¢) =0 for m > 0
Jolp) = qalo), Jm|l@) =0 for m > 0

NS chiral primary state:

+_1/2|</5> = G;+1/2|¢) = 0 for n > 0, left chiral

n+1/2|¢) = G;_1/2|¢) =0 for n > 0, left anti-chiral

G _1pl0) = G ipnl¢) =0 for n >0, right chiral

n+1/2|¢> = Gn_1/2|¢> =0 forn > 0, right anti-chiral
= (G Ghple) = CL-J)l9)  — k= g

T. Kimura, Seminar part I at Komaba, appendix.



Spectral flow I W.Lerche, C.Vafa and N.P.Warner, Nucl. Phys. B324 (1989) 427.

0 1 C 2 0 _ -1 _ ¢
Ln %OL"%H = Ln+9Jn+60 571,07 Jn — 02/9']’17,%9 — Jn+306n,0

G = MGFU," = Gy

C
he = h— qf + —6? = q— -0
(7] q 6 ’ 4o q 3
h h h
A A
h=1 h=—1
6 F——— = -—-—=—-=--15
1 0=3 54 6 =3 !
| L e o I
| q q | [ ] q
l c > _c | c > _c ' >
NS 3 6 R 6 5 NS
Neveu-Schwarz spectral flow Ramond
(h = 3,9) LO=1) (c/24,q9 — c/6)
chiral primary state ? R ground state

T. Kimura, Seminar part I at Komaba, appendix.



N = (2,2) SCFT and Calabi-Yau geometry I

( (¢, ¢) ring element:

Spectral flow

(p, q) charged
NS-NS chiral primary

p,qg >0

One-to-one

correspondence

(" harmonic (d — p, q)-form
on Calabi-Yau d-fold

d—p,q>0

d=c/3

One-to-one

correspondence

((a, c) ring element:

(p — d, q) charged
NS-NS chiral primary
p—d<O0

Spectral flow

—6;, =0p =1

( R-R gound state
(SUSY ground state)

(gL, qr) = (p — g, - 5)

hL :hR:C/24

NS-NS chiral primary states, R-R ground states & harmonic forms D7#fE

T. Kimura, Seminar part I at Komaba, appendix.
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