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The	
  coalescence	
  model	
  
§  1960s	
  
	
  	
  	
  	
  	
  1)	
  Butler	
  and	
  Pearson,	
  PR	
  129,	
  836	
  (1963):	
  Two	
  nucleons	
  coalescence	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  into	
  a	
  deuteron	
  with	
  the	
  nuclear	
  maSer	
  ac<ng	
  as	
  a	
  catalyzer.	
  In	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  second-­‐order	
  perturba<on	
  theory,	
  	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  2)	
  Schwalzschild	
  and	
  Zupancic,	
  PR	
  129,	
  854	
  (1963):	
  The	
  deuteron-­‐to-­‐	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  proton	
  ra<o	
  is	
  governed	
  by	
  the	
  probability	
  of	
  finding	
  a	
  neutron	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  within	
  a	
  small	
  sphere	
  of	
  radius	
  ρ	
  around	
  the	
  proton	
  in	
  momentum	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  space	
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can then be carried out quite simply, and we do so in
Sec. 4.
Consider two nucleons (neutron and proton) of

momenta Ak~ and Ak~, respectively, so that the initial
wave function fo is

&0= (1/L') exp[i(ki. ri+k2. r2)], (1)
where I is the linear dimension of a normalization cube.
The final wave function P describing a deuteron with
momentum K is then

l l

KI

i l

l

I I

l

, k,

g . .(~)~. (~)
fi .~&&&—P

E;—F.f
(4)

where H;,") and H, y") are first-order matrix elements
to and from an intermediate state j, respectively. We
devote the remainder of this section evaluating H;f ".
There are three types of contributions to (4), corre-

sponding to the three diagrams of Fig. 1. We consider
first the term, say [H;r"&)&, for which particle 1, with
wave vector ki, is scattered by V(ri) into an inter-
rnediate state, k~', and, thereafter, joined to particle 2
in a deuteron by &&(r). For this term we have

1
[II;,&'&]&——— dri exp[i(k&—k,') r,)V(ri)L'

1=—g(~ ki—ki' ~ ),II
where g is the Fourier transform of V.
Similarly, we have

[8&f&'&]&= dr&dr~ exp[i(ki' ri+k& r&)]I8LI/O
X&&(r)x(r) exp(—iK R)

(kr)~
b(K'—K) dr exp(—ik' r)&&(r)&&(r), (6)

L$LI/2

&t
= (1/LI&')&&(r) exp(iK R), (2)

where R is the c.m. coordinate -', (ri+r2), r is the relative
coordinate r~—r~, and g is the internal deuteron wave
function.
The transition probability ~(K)dK that after time t

the optical potential V(ri)+V(r2), combined with the
internal neutron-proton interaction n(r), produces a
deuteron of wave vector K in the interval dK is

41st" Izsin'(&w&ft)
&d(K)dK= p(K)dK.

ft' r&&;t'

Here H;f(" is the second-order matrix element involving
the product (V,&&), p(K) is the density of fi»al states,
and

kN;f= 8;—Ef,
where E; and Ef are the initial and final energies,
respectively.
The second-order matrix element H;f(') is given as

Fro. j.. Diagrams {a), {b), {c) illustrate the simplest means of
deuteron formation. RI, 4 are the momenta of the proton and
neutron in the initial state, q the recoil of the nucleus, and K the
deuteron momentum in the final state. In case {a) the neutron
and proton interact first with each other to form an intermediate
deuteron state. This deuteron is then scattered by the nucleus
into the final state. In case {b) the neutron is scattered into an
intermediate state by an interaction with the nucleus. The
scattered neutron and an unscattered proton then interact with
each other to form a deuteron. In case (c}a scattered proton pairs
with an unscattered neutron.

where
K'= k~'+k2

~&—~r= (ft'/m) f(sK—k2)'+v'] (10)
Thus after summing over intermediate states we

find our first contribution [H,r&'&)i as
4 C g(~K,—K~)[ff'i"']&=—,(11)
L'L'&2 [k,+-,' (K—K~)]'+y'

where
K;=kg+kg

k,= x, (ki—k2).
Thus K; arri k, are the initial c.rn. and internal wave
vectors of the two free nucleons.
The second contribution, [B;I&'&]~, with particie 2

being scattered into the intermediate state k2', is

k'= -', (k,'—kr).
If we write x(r) in the Hulthhn form

X(r) = (C/r) (e- " e '), --
the integral in (6) can be readily evaluated to be

—4W(A'/m) [1+(k"+~')/(k"+f')] (S)
where m is the nucleon mass, and A'y'/m is the deuteron
binding energy. We have actually found the e6ect of
the second term (involving f') to be quite small, and
hereafter employ simply the asymptotic form for the
deuteron wave function. For normalization of y we have

C' y'/2&r.

For the term under consideration, the energy
denominator E,—Ef is simply expressed by noting
that k&'——K—k2. We find

dNd(K)/dNp(K/2) / 4⇡⇢3

3

Nd(K) / [Np(K/2)]2
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From the energy-conservation factor in (17) we have

E,2=Ep 4(—I/,2+yp)~E2
and thus

x= P K—K, ~
E sin(e/2) Ee/2, (20)

where 0, the angle between I and K;, has very sma]1
contributing values.
After performing the integration over m;f—which

extracts a factor ~~mr—we can also immediately inte-
grate over all angles of h~, and over the azimuthal
angle of I;.The integration over 0—the angle between
K; and K—can be taken from 0~ ~, and we find

482/Cm)2 Vp)2
~(K)=2

~

—
~
I(Ro)LP(2K)1', (21)) Zi

where I(Rp) is a dimensionless number, which is, how-
ever, a function of Ro. We have

I(Rp) = 2/dp/PG(2/)]'

X 12&) +
(f2+o2)2 (f2++2+op) 12~2

1

nl'(I'+~') (I'+-'n'+~')el')
o'+ (1+v/2)'

Xln (22)a'+ (0 n/2)' ——
Here we have defined

EO

F

CP

lo2

0D
O

Ld

CO
LJJ

I-
tL
CL

cg
& 'a~ a,

10 I I l I

.4 .6 .8 1.0 1.2 1.4 1.6
MOMENTUM BeV/c

FIG. 3.A comparison of the observed and calculated momentum
distributions for deuterons produced from a Be target at an angle
of 45' in the laboratory system by protons arith incident energy
30 BeV. Curves 2 and 3 are the observed and the calculated
deuteron distribution (34). Curve 1 is the experimental distri-
bution of cascade protons used to calculate (34).The experimental
data are those of Fitch et al. (reference 3).

If we also multiply the deuteron numbers by the spin
factor 4, we have finally

and
G(2/) = (Vo/42/Ro')g(2//Ro), (23)

/pp(K) =
(
—

( (
—)I(Rp)L/J„(-,'K)j' (25)

) E) E~)
where Vo is the central depth of the optical potential.
Thus for a square well, for example, we have

G(2/) = (1/2/2) (sin2/ —2/ cos)/). (24)
The function I(Rp) has been evaluated numerically

for a number of diferent radii using Silliac, both for a
square well, and for a Saxon potential with surface
thickness 0.6 F. The function is plotted in Fig. 2, and
it is seen that the results for the two potential shapes
are very similar. The deuteron formation probability
is essentially the same in each case, the diR'erences
lying within the accuracy of the experimental results
with which we shall make comparisons.
All experimental results have been stated in terms of

a number of particles per unit solid angle, per unit
momentum (1 BeV/c) per circulating proton. Let these
distributions be designated n~ and nq for protons and
deuterons, respectively. Then if q be the eSciency of
the target, we have

I„(k)=2/kpP (k),

ppp(K) =IJZ'pp(K).

where I(2=m Vp/)22 and where A is a wave number corre-
sponding to 1 BeV/c. The value of the efficiency for
the Brookhaven experiments' is thought to be approxi-
mately —,', i.e., q

4. RELATIVISTIC CORRECTIONS

A relativistic calculation is simplified enormously by
the fact that contributions to our matrix elements arise
only from small relative momenta (internal deuteron
momenta). Thus it is only the c.m. motion of the two
nucleons which must be treated relativistically. Only
one time t need be considered, which we still measure
in the laboratory system—i.e., in the frame of reference
in which the optical potential is at rest. All relativistic
corrections then appear in terms of the factor F, with
P—(1 V2/c2) —i/2~(1 v 2/cp) —1/~(] v 2/cp) —i/2 (26)

where V is the c.m. velocity of the two nucleons (almost
unchanged by the deuteron formation), and vi and vp
are the & initial velocities of the two nucleons,
respectively.

S. T. BUTLER AND C. A. PEARSON

in which the center of mass is at rest. Thus
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in place of (9).
C' 2s1'/p (30)

(3) Matrix Elements
Each matrix element of the form

X(r)-Ce-'"/r'
C exp( —yLx +y +1"s'1'~}

SR+ys+P2z2} 1/2

where (x,y,s) are the Cartesian components of r, and
s is the direction of motion of the center of mass. The
requirement that x be normalized to unity in the
laboratory system thus yields

:8
"0Q

IO
I 1

I.O 2.0
MOMEN TUM BeV/c

3.0

Fro. 4. As in Fig. 3, the deuterons are produced from a Be target
at an angle of 30' in the laboratory system by protons with
incident energy 30 BeV. The curves are labeled as in Fig. 3, and
the experimental results are those of Schwarzschild and Zupankik
{reference 6).

M'= dr exp(iX r)r/(r)x(r)

now has m(r) and x(r) simply expressed in terms of r'.
By changing the variable of integration form r to r' we
have

1
M =— dr' exp(iX' r')s(r')X(r'),r

where X' is related to X by orentz transformation.
Thus by the evaluation as carried out previously, we
have

(1) Energy Denominators
Consider, for example, the energy denominator (10)

relating to the matrix element $P,/"'l~. This has the
relativistic form

g —gy = (Pl&I/y~~c2+ r//2c4) &/I+ (f/2II Pc&+M2c4) &/&
—O('E' 'c+M~ c)' /,2(27)

where M* is the deuteron mass, and m the nucleon mass.
Ke recall that h~'=K—k2. %e know that contri-

butions arise from lr2~$K, and can, therefore, expand
the terms of (2'7) around lt2 yK, and——also in terms of
the binding energy ~ of the deuteron. VVe 6nd

E; Ez c'[ft'—(-,'E)——'c'+ra'c'] '/'-
x P &(gK—14)'+m.j= (1/1') (@'/~)L(kK—1.)'+~'j. (2g)

This is the same as the nonrelativistic result (10),
apart from the factor 1/I". The same is true for the other
energy denominators.

COX
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I.'
e. lo
41
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lK
W
CL

IO
crI
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I

3/I= —(1/F)4n C///'/m,
I I I I I I—

(31)

(2) Internal Deuteron Coordinates
The deuteron wave function x now assumes its

simple spherically symmetrical form only in terms of
the relative coordinate, say r', in the frame of reference

I 1 I

.2 .4 .6 .8 I.O I.2 t.4
MOME k TUM 8eV/ c

Fxo. 5. As in Fig. 3, the deuterons are produced from a Be
target at an angle of 90' in the laboratory system by protons
with incident energy 30 BeV. The curves are labeled as in Fig. 3,and the experimental data are those of Fitch et al. {reference 3).
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§  1970s	
  
	
  	
  	
  	
  	
  1)	
  Gutbrod	
  et	
  al.,	
  PRL	
  37,	
  667	
  (1976):	
  Momentum	
  spectra	
  of	
  light	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  nuclei	
  in	
  HIC	
  are	
  related	
  to	
  that	
  of	
  nucleons,	
  with	
  the	
  coalescence	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  parameter	
  BA	
  related	
  to	
  the	
  coalescence	
  radius	
  p0	
  in	
  momentum	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  space	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  2)	
  Das	
  and	
  Hwa,	
  PLB	
  68,	
  459	
  (1977):	
  Quark	
  recombina<on	
  for	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  hadron	
  produc<on	
  in	
  fragmenta<on	
  region	
  of	
  pp	
  collisions.	
  
	
  	
  	
  	
  	
  3)	
  Bond,	
  Johanson,	
  Koonin,	
  and	
  Garpman,	
  PLB	
  71,	
  43	
  (1977):	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Coalescence	
  is	
  formulated	
  in	
  the	
  sudden	
  approxima<on	
  
	
  	
  	
  	
  	
  4)	
  Mekjian,	
  PRC	
  17,	
  1901	
  (1978):	
  Kine<c	
  approach	
  to	
  light	
  nuclei	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  produc<on,	
  e.g.,	
  n+p+N	
  <-­‐>	
  d+N	
  like	
  in	
  nucleosynthesis	
  in	
  stars.	
  
	
  

EA
d3NA

dp3
A

= BA

✓
Ep

d3Np

dp3
p

◆A

, pA = App

BA =
✓

4⇡

3
p3
0

◆A�1 M

mA



VOLUME 37, NUMBER 11 PHYSICAL REVIEW LETTERS 15 SEPTEMBER 1976

s [ ~ f
r

I r I
i i I r

1

(j t He He
TABLE I. Radius P p (MeV/c) of the momentum

sphere for coalescence.

10.—
30'
60'
90'

3Qo

60 30'
He He

b 100—
I\ Id

10=

90'

400 MeV/nucl.

I I I .. I I I .. I

30'
60'

'He

QO

4He

Ne+U
250 MeV/nucleon
400 MeV/nucleon
2.1 GeV/nucleon

4He +U
400 MeV/nucleon

126
129
106

140
129
116

126 127

135
129
106

147
142
118

127 132

0.1—

90'

120'

00

Qo

30'

60'

-: 250 MeV/nucl.

fragment, the value of p„ for calculating the ab-
solute cross sections, energy spectra, and angu-
lar distributions. The P, values are remarkably
uniform, even though absorbed into this parame-
ter are the many factors, including correlations,
not explicitly accounted for in this very simple
model.
In conclusion, we have found strong evidence

for final-state interactions in the production of
high-energy fragments (30 to 120 MeV/nucleon)
in relativistic heavy-ion-induced reactions. This
result could suggest that future work concerning
the possible detection of density effects in these
collisions should concentrate on the nucleon and
meson spectra since the energy spectra of the
composite particles can be obtained from Eq. (2)
and are shifted in energy and angle relative to
those of the nucleons. On the other hand, we
have data, showing that the particle multiplicity
increases with the size of the fragment. Thus the
observation of the larger composite particles
might be a way of selecting central collisions and
may be a sensitive probe of density effects. We
do not, however, have an understanding of the de-
tailed mechanism leading to coalescence. Equa-
tion (2) leads to a different fragment energy de-
pendence from that found in the original work of
Butler and Pearson. ' Further theoretical work
is needed to understand the difference between

20 60 20 60 20 60 106 20 60 100
EI~b (MeV/nucl. )

FIG. 3. Experimental points and calculated lines for
the double-differential cross sections of fragments
from the irradiation of uranium by Ne ions at 250
and 400 MeV/nucleon.

the two models. Earlier experimental results of
Crawford et al.' on high-energy boron to oxygen
fragments are also consistent with this model.
The high-energy tails in tQe energy spectra of
helium to beryllium fragments from uranium ir-
radiated by 5-GeV protons' can now be under-
stood by this mechanism with a reasonable value
of P, of about 140 MeV/c. This eliminates the
previously postulated apparent temperatures of
20 MeV needed to explain these tails. This mod-
el could also aid in the understanding of the scal-
ing effect seen in the production of d, t, 'He, and
He by high-energy pions and protons. '
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Coalescence	
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  in	
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  approxima3on	
  

Wave	
  func<ons	
  for	
  	
  
ini<al	
  |i>=|1,2>	
  
and	
  final	
  |f>=|3>	
  
states	
  	
  

	
  Probability	
  for	
  par<cle	
  1	
  of	
  momentum	
  k1	
  and	
  par<cle	
  2	
  of	
  	
  
	
  momentum	
  k2	
  to	
  coalescence	
  to	
  cluster	
  3	
  with	
  momentum	
  K	
  

Wigner	
  func<ons	
  

Probability	
  for	
  1+2	
  -­‐>	
  3	
  	
  	
  	
   P = |hf |ii|2
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For	
  a	
  system	
  of	
  par<cles	
  1	
  and	
  2	
  with	
  phase-­‐space	
  distribu<ons	
  fi(xi,ki)	
  	
  
normalized	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  number	
  of	
  par<cle	
  3	
  produced	
  	
  
from	
  coalescence	
  of	
  N1	
  of	
  par<cle	
  1	
  and	
  N2	
  of	
  par<cle	
  2	
  
	
  

	
  	
  Sta<s<cal	
  factor	
  for	
  two	
  par<cles	
  of	
  spin	
  	
  
	
  	
  J1	
  and	
  J2	
  to	
  form	
  a	
  par<cle	
  of	
  spin	
  J	
  	
  	
  g = 2J+1

(2J1+1)(2J2+1)

The	
  above	
  formula	
  can	
  be	
  straighlorwardly	
  generalized	
  to	
  
mul<-­‐par<cle	
  coalescence.	
  

Wigner	
  func<on	
  Wi(xi’,ki’)	
  centers	
  around	
  xi	
  and	
  ki	
  	
  

Z
d3

xid
3
kifi(xi,ki) = Ni



§  1980s	
  
	
  	
  	
  	
  	
  1)	
  Kapusta,	
  PRC	
  21,	
  1301	
  (1980):	
  Comparison	
  of	
  coalescence	
  model,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  sudden	
  approxima<on,	
  and	
  thermal	
  model	
  for	
  deuteron	
  produc<on.	
  
	
  	
  	
  	
  	
  2)	
  Sato	
  and	
  Yazaki,	
  PLB	
  98,	
  153	
  (1981):	
  Density	
  matrix	
  formalism	
  for	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  evalua<ng	
  the	
  coalescence	
  parameter.	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  ν	
  and	
  νA	
  are	
  size	
  parameters	
  of	
  emipng	
  source	
  and	
  nuclei,	
  	
  
	
  	
  	
  	
  	
  respec<vely	
  	
  
	
  	
  	
  	
  	
  →	
  BA	
  decreases	
  with	
  source	
  size	
  (1/ν)	
  and	
  size	
  (1/νA)	
  of	
  nuclei	
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§  1980s	
  
	
  	
  	
  	
  	
  3)	
  Gyulassy,	
  Frankel,	
  and	
  Remler,	
  NPA	
  402,	
  596	
  (1983):	
  Generalized	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  coalescence	
  model	
  using	
  nucleon	
  Wigner	
  func<ons	
  that	
  are	
  delta	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  func<ons	
  in	
  space	
  and	
  momentum,	
  i.e.,	
  evalua<ng	
  
	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  with	
  
	
  
	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  It	
  is	
  later	
  called	
  by	
  Khahana	
  et	
  al.	
  the	
  standard	
  Wigner	
  calcula<on	
  in	
  
	
  	
  	
  	
  	
  contrast	
  to	
  the	
  general	
  one	
  which	
  they	
  called	
  the	
  quantum	
  Wigner	
  	
  
	
  	
  	
  	
  	
  calcula<on.	
  

W (y,k) =
Z
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0
1d

3
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0
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0
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3
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0
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0
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0
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Wi(x0
i,k

0
i) = (2⇡)3�3(x0
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3
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⇥ W (y,k)�(3)(K� k1 � k2)



§  1990s	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  1)	
  Danielewicz	
  and	
  Bertsch,	
  NPA	
  533,	
  712	
  (1991):	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Deuteron	
  produc<on	
  in	
  transport	
  model	
  including	
  p+n+N	
  <-­‐>	
  d+N.	
  
	
  	
  	
  	
  	
  2)	
  Dover,	
  Heinz,	
  Schneidermann,	
  and	
  Zimanyi,	
  PRC	
  44,	
  1636	
  (1991):	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Covariant	
  coalescence	
  model	
  for	
  d,	
  dbar,	
  and	
  H	
  dibaryon.	
  
	
  	
  	
  	
  	
  3)	
  Mrowczinski,	
  PLB	
  277,	
  43	
  (1992):	
  Similarity	
  between	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  proton-­‐neutron	
  correla<ons	
  and	
  deuteron	
  produc<on.	
  
	
  	
  	
  	
  	
  4)	
  Baltz	
  et	
  al.,	
  PLB	
  325,	
  7	
  (1994):	
  Simplified	
  coalescence	
  model,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  dr<(dr)max,	
  dp<(dp)max.	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  5)	
  Kahana	
  et	
  al.,	
  PRC	
  54,	
  388	
  (1996):	
  Quantum	
  Wigner	
  calcula<on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  based	
  on	
  A	
  Rela<vis<c	
  Cascade	
  (ARC)	
  model.	
  
	
  	
  	
  	
  	
  6)	
  Baltz	
  and	
  Dover,	
  PRC	
  53,	
  362	
  (1996):	
  p-­‐wave	
  Wigner	
  func<on	
  for	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  K+Kbar-­‐>φ.	
  
	
  	
  	
  	
  	
  7)	
  Mapello,	
  Sorge,	
  Stocker,	
  and	
  Greiner,	
  PRC	
  55,	
  1443	
  (1997):	
  Light	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  nuclei	
  produc<on	
  based	
  on	
  standard	
  Wigner	
  calcula<on	
  using	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  nucleon	
  phase-­‐space	
  distribu<ons	
  from	
  RQMD.	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  



FIG. 6. Central transverse mass spectra: ARC simulations are compared to E802 experiments. The proton data and theory are displayed
in nine rapidity bins beginning at y lab50.5 and of width Dy50.2; the deuteron data and theory appear in six such bins ending at
y lab51.5. The spectra in successive bins are reduced by factors of 10. Dynamical coalescence determines the wave packet size for the
coalescing nucleon pair, in this case after propagating their interacting comovers up to the pair light cone. There are then no free parameters
in the theory, the deuteron relative wave function being characterized by the experimentally determined point size. There is little variation
in these results with the deuteron size, at least, near the value 1.91 fm used here. Using a different prescription for the propagation point, for
example, some ‘‘average’’ time in the past, also has very little effect. Centrality is fixed using the E802 specified TMA cut. Little sensitivity
to this cut is evident here. We note the proton spectra in this figure and hereafter are automatically corrected for deuteron formation; i.e.,
coalescing protons ~and neutrons! are removed from the cascade. Since the proton spectra enter essentially quadratically in deuteron
formation, the theory is to be judged also by the matching to singles, a remark which applies to all further results.

FIG. 7. Peripheral transverse mass spectra from ARC dynamical coalescence under the same circumstances as in Fig. 6. There are fewer
deuteron rapidity bins. Peripherality is defined using the E802 prescription; there is greater sensitivity to this trigger than for central
collisions. The proton spectra give some indication of the accord between the theoretical and experimental definitions of the trigger.

54 345MODELING CLUSTER PRODUCTION AT THE BNL . . .Kahana	
  et	
  al.,	
  PRC	
  54,	
  388	
  (1996)	
  



flow particularly in massive reactions like Au1Au. The flow
correlations at microscopic freeze-out are shown in Fig. 5
which contains calculations for the freeze-out velocities and
density profiles of protons, deuterons, tritons, and 4He. The
velocity profiles for all clusters are similar. They exhibit a
convex shape and saturate at '0.7c for both reactions. In the
massive system Au1Au the freeze-out densities have a com-
plicated shape which peaks around 5 fm. Most of the nucle-
ons freeze out at larger distance. This is indicated by an
average freeze-out radius of '10 fm ~see Table II!. The
strong transverse expansion in Au1Au collisions is caused
by the considerable baryon stopping and the pileup of high
particle densities near to the reaction center. During the ex-
pansion phase comoving particles undergo frequent colli-
sions, transporting the system collectively sidewards until
the flow-induced pressure pushes them into the vacuum.
Hence, the suppression of particle emission at rt!0 is basi-
cally caused by dynamical expansion: Many nucleons are
transported through the medium before they reach the ‘‘sur-
face’’ and freeze out. Table II gives the average values for
freeze-out radii, collective flow velocities, and transverse
momenta of particles in the central rapidity region. Note that
the average transverse ‘‘velocities’’ ^pt&/A , the transverse
flow velocities, and source radii decrease with increasing A
and saturate for cluster masses A>3. The relative suppres-
sion of cluster formation at the ‘‘surface’’ (rt.6 fm! con-

tradicts the present fireball analyses which assume a com-
mon density and velocity profile for all particles.
Clusters are clearly dominated by the collective flow com-

ponents in the final phase space distribution: The collective
transverse velocities of heavier mass clusters already provide
most of the total transverse momentum ('80%!. Therefore,
the freeze-out density and collective velocity profiles deter-
mine the final spectra almost exclusively.
It is convenient to approximate the collective velocity

profile by b t5A(rt2r0)B in order to demonstrate the effect
of the interwining of collective velocities and freeze-out
probabilities on the transverse spectra. This parametrization
leads to a transverse momentum spectrum of the form

dN
ptdpt

5
m0
2

BA2/B
~mt

22m0
2!~12B !/B

~mt
2!~11B !/B r~rt!, mt :5Am0

21pt
2,

~22!

where r51/(rt2r0)dN/drt . The only quantities which de-
termine such a purely flow-induced spectrum are the shape
of the velocity profile defined by the parameter B and the
density distribution r . Assuming a box density profile the
spectra have a convex shape and maximum at finite pt only
for B,1, consistent with the RQMD results. A quadratic
rt dependence (B52) would instead yield an overall con-
cave spectrum, in particular diverging at pt!0.
The flattening of the transverse spectra at low pt values is

due to the suppression of clusters in the very central region
of the reaction (rt!0). The different apparent temperatures

FIG. 4. Transverse momentum spectra for p , d , t , and 4He in
Au~11.6A GeV)Au, b,3 fm ~a! and Si~14.6A GeV)Si, b,1
fm ~b! at central rapidities. Calculations including baryon potentials
~bold solid histograms! are compared with cascade simulations ~thin
solid histograms!. The smooth solid lines show Boltzmann param-
etrizations adjusted to the high momentum part of the spectra ~see
text! in calculations with a potential interaction.

FIG. 5. Freeze-out profiles of protons and tritons in RQMD
calculations including baryon potentials for Au~11.6 A GeV)Au,
b,3 fm ~a!,~c! and Si~14.6A GeV)Si, b,1 fm ~b!,~d! at central
rapidities. The upper part shows transverse velocity profiles for pro-
tons and tritons. The lower part shows the distributions of trans-
verse freeze-out densities of p , d , t , and 4He.

55 1449NUCLEAR CLUSTERS AS A PROBE FOR EXPANSION . . .Mapello,	
  Sorge,	
  Stocker,	
  and	
  Greiner,	
  PRC	
  55,	
  1443	
  (1997)	
  



§  2000s	
  
	
  	
  	
  	
  	
  1)	
  Hwa	
  and	
  Yang,	
  PRC	
  67,	
  034902	
  (2003):	
  Standard	
  Wigner	
  calcula<on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  using	
  fiSed	
  thermal	
  and	
  shower	
  partons.	
  
	
  	
  	
  	
  	
  2)	
  Greco,	
  Ko	
  ,	
  and	
  Levai,	
  PRL	
  90,	
  202301	
  (2003):	
  Standard	
  Wigner	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calcula<on	
  using	
  thermal	
  and	
  jet	
  partons.	
  
	
  	
  	
  	
  	
  3)	
  Fries,	
  Meuller,	
  Nonaka,	
  and	
  Bass,	
  PRL	
  90,	
  202303	
  (2003):	
  	
  Standard	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Wigner	
  calcula<on	
  using	
  thermal	
  partons.	
  
	
  	
  	
  	
  	
  4)	
  Chen,	
  Ko,	
  and	
  Li,	
  NPA	
  729,	
  809	
  (2003):	
  Standard	
  Wigner	
  calcula<on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  using	
  IBUU	
  transport	
  model;	
  cluster-­‐cluster	
  HBT.	
  
	
  	
  	
  	
  	
  5)	
  Greco,	
  Ko,	
  and	
  Rapp,	
  PLB	
  595,	
  202	
  (2004):	
  Standard	
  Wigner	
  calcula<on	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  charmonia	
  produc<on.	
  
	
  	
  	
  	
  	
  6)	
  Chen,	
  Greco,	
  Ko,	
  Lee,	
  and	
  Liu,	
  PLB	
  601,	
  34	
  (2004):	
  Standard	
  Wigner	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calcula<on	
  for	
  pentaquark	
  baryon	
  produc<on.	
  
	
  	
  	
  	
  	
  7)	
  Kanada-­‐En’yo	
  and	
  Meuller,	
  PRC	
  74,	
  061901(R)	
  (2006):	
  Effect	
  of	
  p-­‐wave	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  coalescence	
  for	
  Λ(1520)	
  produc<on	
  in	
  HIC.	
  
	
  	
  	
  	
  	
  8)	
  Chen,	
  Ko,	
  Liu,	
  and	
  Nielsen,	
  PRC	
  76,	
  014906	
  (2007):	
  Standard	
  Wigner	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  calcula<on	
  for	
  DsJ(2317)	
  produc<on	
  in	
  HIC.	
  
	
  	
  	
  	
  	
  9)	
  Oh,	
  Lin,	
  and	
  Ko,	
  PRC	
  80,	
  064902	
  (2009):	
  Transport	
  approach	
  with	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  n+p<-­‐>π+d	
  vs	
  standard	
  Wigner	
  calcula<on.	
  	
  
	
  
	
  	
  	
  	
  	
  	
  

	
  
	
  
	
  
	
  
	
  



14

Large proton to pion ratio 

DUKE OREGON 

TAMU 

Quark coalescence or 
recombination can explain 
observed large p/pi ratio at 
intermediate transverse  
momenta in central Au+Au 
collisions. 



3/23/16	
   15	
  

Light	
  clusters	
  from	
  collisions	
  of	
  asymmetric	
  nuclei	
  	
  

§ 	
  Symmetry	
  energy	
  effects	
  are	
  about	
  51%,	
  73%,	
  and	
  100%	
  on	
  deuteron,	
  
	
  	
  	
  triton	
  and	
  He	
  yields	
  with	
  s<ffer	
  one	
  (ϒ=2.0)	
  producing	
  more	
  
§ 	
  Symmetry	
  energy	
  effects	
  stronger	
  on	
  lower	
  energy	
  light	
  clusters	
  
§ 	
  Effects	
  of	
  isoscalar	
  energy	
  and	
  NN	
  cross	
  sec<ons	
  small	
  	
  

Chen	
  et	
  al.	
  
NPA	
  729,	
  803	
  
(2003)	
  



Include	
  final-­‐state	
  repulsive	
  
nuclear	
  s-­‐wave	
  and	
  Coulomb	
  	
  
interac<ons	
  

An<correla<ons	
  of	
  pairs	
  of	
  high	
  total	
  momentum	
  are	
  affected	
  by	
  	
  
symmetry	
  energy	
  with	
  s<ffer	
  one	
  giving	
  a	
  larger	
  strength,	
  about	
  
20%	
  at	
  q=40	
  MeV/c.	
  

C(P,q) =
R

d

4
x1d

4
x2g(P/2, x1)g(P/2, x2) |�(q, r)|2R

d

4
x1g(P/2, x1)

R
d

4
x2g(P/2, x2)

Two-­‐deuteron	
  correla3on	
  func3ons	
  

xi = (ri, ti)

P = p1 + p2, q =
p1 � p2

2
r = r1 � r2

+
1
2
(r1 + r2)(v1 � v2)

Chen	
  e	
  al.,	
  NPA	
  729,	
  809	
  (2003)	
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Suppression of Λ(1520) in HIC 

to the fact that the higher mass particles come from events
with average multiplicities a factor of 2 or more higher
than those for the minimum bias events. The increase in the
hpTi and the larger event multiplicities imply that these
resonances come from mini-jet-like events [20]. The re-
scattering and regeneration is expected to change the hpTi
in Au! Au collisions. However, it is surprising that the
hpTi of !" in p! p and Au! Au collisions are in agree-
ment within their uncertainties.

The ratios of yields of resonances to stable particles as a
function of the charged particle multiplicity are presented
in Fig. 3. The ratios are normalized to unity in p! p
collisions to study variations in Au! Au relative to p!
p. We measure a suppression for ""=" when comparing
central Au! Au with minimum bias p! p. K"=K# [17]
seems to show a smaller suppression while the !"=", and
!=K# [21] ratios are consistent with unity. In a thermal
model, the measured ratios of resonance to nonresonant
particles with identical valence quarks are particularly
sensitive to the chemical freezeout temperature, as all of
the quark content dependencies cancel out. Thermal mod-
els require a chemical freezeout temperature in the range
T $ 160–180 MeV and a baryo-chemical potential "B $
20–50 MeV in 200 GeV Au! Au collisions to describe
the stable particle ratios [12,13]. While these models pre-
dict the measured !"=" ratio correctly within the errors,
they yield a higher ratio than the measured ""=" in the
most central Au! Au collisions. This suggests an ex-
tended hadronic phase of elastic and pseudoelastic inter-
actions after chemical freezeout, where rescattering of
resonance decay particles and regeneration of resonances
will occur. The measured resonance yields thus depend on
the time span between chemical and kinetic freezeout, their
cross sections for rescattering and regeneration, and their
lifetimes. The suppressed ""=" and K"=K# ratios in

Au! Au suggest that rescattering dominates regeneration
in the hadronic medium after chemical freezeout.

A thermal model using an additional pure rescattering
phase, which depends on the respective momenta of the
resonance decay products, after chemical freezeout at T $
160 MeV, can be fit to the data. The fit yields a hadronic
lifetime of the source of ## $ 9!10

#5 fm=c from the ""="
and ## $ 2:5!1:5

#1 fm=c from the K"=K ratio [9,22]. The
small difference between the time spans can be explained
by an enhanced regeneration cross section for the K" in the
medium. This theory is supported by the null suppression
of the !"=". The smaller lifetime of the !" compared to
the "" should lead to a larger signal loss due to rescatter-
ing, thus the lack of suppression requires an enhanced
regeneration probability of the !". Based on the same
argument the K" regeneration cross section needs to be
larger than that of the "" due to the observed smaller
suppression and shorter lifetime of the K" (i.e., defining
R as the ratio of regeneration to rescattering cross section,
we find RK!p < RK!$ <R"!$ since c#K" < c#!" <
c#""). A microscopic model calculation (UrQMD) with a
typical lifespan of ## $ 13% 3 fm=c for the rescattering
and regeneration phase, can describe K"=K# and ""="
ratios approximately, but fails for the !"=" [8]. The mea-
sured resonance yields in heavy-ion collisions provide a
tool to determine the strength of in-medium hadronic cross
sections and current microscopic transport models such as
UrQMD will have to be modified to account for such cross
sections [23]. The ## extracted from the measurements
can be used in comparison to the analysis of two-pion
intensity interferometry (HBT) in order to obtain an esti-
mate for the partonic lifetime. Identical particle HBT
yields a time of 5–12 fm=c from the start of the collision
to the kinetic freezeout (total source lifetime) [24]. If one
assumes the "" to be least affected by regeneration then the
extracted ##> 4 fm=c is a lower limit on the hadronic
source lifetime, which is a subinterval of the total source
lifetime. The remaining time would be a rough estimate on
the partonic lifetime of the source.

Although the rescattering and regeneration scheme is
discussed predominantly, other methods to describe the
data have been proposed. For example, in a sudden freeze-
out scenario, where the time between the chemical and
kinetic freezeout is negligible, the ""=" suppression in
Au! Au with respect to p! p can be explained by the
influence of the dense medium on the production of "".
Even though the valence quarks of the "" are in a L $ 1#

state, it must decay through a relative angular momentum
L $ 2 process in order to conserve isospin [25]. The high
partial wave component of the "" in a dense medium can
suppress its decay phase space.

We have presented the first measurements of !" and ""

production in p! p and Au! Au collisions at
!!!!!!!!
sNN

p $
200 GeV. The large hpTi of the !" and "" measurements
in p! p collisions suggests that the heavy particle pro-
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FIG. 3 (color online). Resonance to stable particle ratios for
p! p and Au! Au collisions. The ratios are normalized to
unity in p! p and compared to thermal and UrQMD model
predictions for central Au! Au [8,12]. Statistical and system-
atic uncertainties are included in the error bars.

PRL 97, 132301 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
29 SEPTEMBER 2006

132301-5

Abelev [Star Collaboration], 
PRL 97, 132301 (2006)  

§  Measured Λ(1520)/Λ(1115) ratio is significantly smaller than thermal model    
   prediction, but can be explained by the coalescence model after taking into  
   account the p-wave state of strang quark in Λ(1520) (Kanada-En’yo and  
   Meuller, PRC 74, 061901(R) (2006). 
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DsJ production at RHIC 

§  Cross sections are for four-quark state and larger by ~9 for    
   two-quark state.  
§  Final yield is sensitive to the quark structure of DsJ 

Chen,	
  Liu,	
  Nielsen	
  &	
  Ko,	
  PRC	
  76,	
  064903	
  
(2007))	
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Deuteron	
  emission	
  3me	
  distribu3ons	
  

§ 	
  Based	
  on	
  a	
  rela<vis<c	
  	
  
	
  	
  	
  transport	
  model	
  (ART)	
  
	
  	
  	
  by	
  adding	
  NN<-­‐>πd	
  with	
  
	
  	
  	
  empirical	
  cross	
  sec<ons.	
  
§ 	
  Similar	
  emission	
  <me	
  	
  
	
  	
  	
  distribu<ons	
  for	
  protons	
  	
  
	
  	
  	
  and	
  deuterons	
  in	
  	
  
	
  	
  	
  coalescence	
  model	
  
§ 	
  Slight	
  different	
  deuteron	
  	
  
	
  	
  	
  early	
  emission	
  <me	
  	
  
	
  	
  	
  distribu<on	
  in	
  transport	
  	
  	
  
	
  	
  	
  and	
  coalescence	
  models	
  	
  	
  

Oh,	
  Lin	
  &	
  Ko,	
  PRC	
  80,	
  	
  
064902	
  (2009)	
  

Au+Au	
  @	
  200	
  GeV	
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TABLE V. Exotic hadron yields in central Au + Au collisions at
√

sNN = 200 GeV at RHIC and in central Pb + Pb collisions at√
sNN = 5.5 TeV at LHC from the quark coalescence (2q/3q/6q and 4q/5q/8q) and the hadron coalescence (Mol.), as well as from

the statistical model (Stat.)

RHIC LHC

2q/3q/6q 4q/5q/8q Mol. Stat. 2q/3q/6q 4q/5q/8q Mol. Stat.

Mesons
f0(980) 3.8, 0.73(ss̄) 0.10 13 5.6 10, 2.0 (ss̄) 0.28 36 15
a0(980) 11 0.31 40 17 31 0.83 1.1 × 102 46
K(1460) — 0.59 3.6 1.3 — 1.6 9.3 3.2
Ds(2317) 1.3 × 10−2 2.1 × 10−3 1.6 × 10−2 5.6 × 10−2 8.7 × 10−2 1.4 × 10−2 0.10 0.35
T 1

cc
a — 4.0 × 10−5 2.4 × 10−5 4.3 × 10−4 — 6.6 × 10−4 4.1 × 10−4 7.1 × 10−3

X(3872) 1.0 × 10−4 4.0 × 10−5 7.8 × 10−4 2.9 × 10−4 1.7 × 10−3 6.6 × 10−4 1.3 × 10−2 4.7 × 10−3

Z+(4430)b — 1.3 × 10−5 2.0 × 10−5 1.4 × 10−5 — 2.1 × 10−4 3.4 × 10−4 2.4 × 10−4

T 0
cb

a — 6.1 × 10−8 1.8 × 10−7 6.9 × 10−7 — 6.1 × 10−6 1.9 × 10−5 6.8 × 10−5

Baryons
!(1405) 0.81 0.11 1.8–8.3 1.7 2.2 0.29 4.7–21 4.2
"+b — 2.9 × 10−2 — 1.0 — 7.8 × 10−2 — 2.3
K̄KN a — 1.9 × 10−2 1.7 0.28 — 5.2 × 10−2 4.2 0.67
D̄N a — 2.9 × 10−3 4.6 × 10−2 1.0 × 10−2 — 2.0 × 10−2 0.28 6.1 × 10−2

D̄∗N a — 7.1 × 10−4 4.5 × 10−2 1.0 × 10−2 — 4.7 × 10−3 0.27 6.2 × 10−2

"cs
a — 5.9 × 10−4 — 7.2 × 10−3 — 3.9 × 10−3 — 4.5 × 10−2

BN a — 1.9 × 10−5 8.0 × 10−5 3.9 × 10−5 — 7.7 × 10−4 2.8 × 10−3 1.4 × 10−3

B∗N a — 5.3 × 10−6 1.2 × 10−4 6.6 × 10−5 — 2.1 × 10−4 4.4 × 10−3 2.4 × 10−3

Dibaryons
H a 3.0 × 10−3 — 1.6 × 10−2 1.3 × 10−2 8.2 × 10−3 — 3.8 × 10−2 3.2 × 10−2

K̄NNb 5.0 × 10−3 5.1 × 10−4 0.011–0.24 1.6 × 10−2 1.3 × 10−2 1.4 × 10−3 0.026 − 0.54 3.7 × 10−2

##a 3.2 × 10−5 — 1.5 × 10−5 6.4 × 10−5 8.6 × 10−5 — 4.4 × 10−5 1.9 × 10−4

H++
c

a 3.0 × 10−4 — 3.3 × 10−4 7.5 × 10−4 2.0 × 10−3 — 1.9 × 10−3 4.2 × 10−3

D̄NN a — 2.9 × 10−5 1.8 × 10−3 7.9 × 10−5 — 2.0 × 10−4 9.8 × 10−3 4.2 × 10−4

BNN a — 2.3 × 10−7 1.2 × 10−6 2.4 × 10−7 — 9.2 × 10−6 3.7 × 10−5 7.6 × 10−6

aParticles that are newly predicted by theoretical model.
bParticles that are not yet established.

Comparisons of the yields in the 2q/3q/6q column to
those in the 4q/5q/8q column in Table V show that for
most of the hadronic states considered here, the yield from
the coalescence model for the compact multiquark state is
smaller than that for the usual quark configuration as a result
of the suppression owing to the coalescence of additional
quarks indicated in Eq. (25). For the same state, the yield
from the coalescence model for the molecular configuration is,
however, larger than that from the statistical model prediction
as seen from comparing the yields in the Mol. column to
those in the Stat. column in Table V. This is in contrast to
high-energy pp collisions, where molecular configurations
with small binding energies are hard to be produced at high
pT [132].

To see more clearly the effect of the structure of a hadron
on its production in heavy ion collisions, we show in Fig. 1
the ratio of the coalescence model results to those from the
statistical model,

RCS
h ≡ N coal

h /N stat
h . (30)

Generally, the ratios for the 2q and 3q configurations are
within the range of 0.2 < Rh < 2 for normal hadrons, which
is shown by the gray zone. This also applies to exotic

hadrons with most of the 2q/3q configurations, as shown by
the triangles. We observe that the coalescence yield for an
exotic multiquark hadron (diamonds) is smaller than those
for the usual quark configuration and from the statistical
model predictions. This is consistent with the naive expectation
that the multiquark coalescence becomes suppressed as the
quark number increases. The tetraquark states f0(980) and
a0(980) are typical examples. In these hadrons, tetraquark
configurations necessarily involve strange quarks, and they
are thus more suppressed. This suppression also applies to the
5q states in exotic baryons [!(1405),"+(1530), K̄KN, and
"cs] and the 8q state in the K̄NN .

The yields of hadronic moleculars from the hadron coa-
lescence (circles) depend strongly on the sizes of hadrons.
For deeply bound and compact hadronic molecules, their
yields are comparable to or smaller than the predictions of
the statistical model. However, the loosely bound extended
molecules would be formed abundantly. One typical example
is !(1405) that are shown in Table IV for the two cases of
ω = 20.5 and 174 MeV. The smaller value, corresponding to
a small binding [86,87], gives a larger size for the !(1405).
As a result, antikaons produced in heavy ion collisions have
larger probabilities of coalescing with nucleons, resulting in
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fc(c̄)(r,p) satisfying the normalization condition
∫

p · dσd3p⃗/
((2π )3E)fc(c̄)(r,p) = Nc(c̄), the number of (anti)charm quarks
available in the system. The statistical factor gψ accounts for
the possibility of forming a charmonium from constituent
quarks, e.g., gJ/ψ = 3/36. When the nonrelativistic limit is
taken, the above equation is reduced to [15,16,22]

d2Nψ

d2p⃗T

= gψ

V

∫
d3r⃗d2p⃗cT d2p⃗c̄T δ(2)(p⃗T − p⃗cT − p⃗c̄T )

× d2Nc

d2p⃗cT

d2Nc̄

d2p⃗c̄T

Wψ (r⃗ ,k⃗), (7)

under the assumption that the longitudinal momentum dis-
tributions of (anti)charm quarks are boost-invariant and they
satisfy the Bjorken correlation between spatial and momentum
rapidities, η = y. In Eq. (7) r⃗ and k⃗ are, respectively, the
distance and the relative momentum between two charm
quarks. I apply here Wigner functions, Eqs. (1), (5), (3), and
(4), and carry out the integration over r⃗;

∫
d3r⃗Wψ (r⃗ ,k⃗)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2
√

πσ )3e−k2σ 2
ψG

s ; J/ψ

2
3 (2

√
πσ )3e−k2σ 2

σ 2k2 ψG
p ; χc

2
3 (2

√
πσ )3e−k2σ 2

(σ 2k2 − 3
2 )2 ψG

10; ψ(2S)

64π
a3

0

(a2
0k2+1)4 ψC

1S ; J/ψ

8πa3
0

(a2
0k2−1/4)2

(a2
0k2+1/4)6 ψC

2S ; ψ(2S)

, (8)

where the superscript G and C are denoted by, respectively,
the Gaussian and Coulomb hadron wave functions used in the
Wigner function.

As seen in Eq. (8), I get the simple results from such
complicated Wigner functions, Eqs. (3) and (4), and thereby
confirm one of the important properties of the Wigner
distribution function;

∫
d3r⃗Wψ (r⃗ ,k⃗) = |ψ̃(k⃗)|2 [23]; the

Wigner function for s-wave states becomes, after the
analytic integration over r⃗ , the absolute value square of
each wave function in momentum representation; |ψ̃s(k⃗)|2 =
(2

√
πσ )3e−k2σ 2

, |ψ̃10(k⃗)|2=2/3(2
√

πσ )3e−k2σ 2
(σ 2k2 −

3/2)2, |ψ̃1S(k⃗)|2=64πa3
0/(a2

0k
2 + 1)4, and |ψ̃2S(k⃗)|2 = 8πa3

0
(a2

0k
2 − 1/4)2/(a2

0k
2 + 1/4)6.

As has been discussed in Ref. [20], I omit the contribution
from the longitudinal momentum in the Wigner function at
midrapidities, y = 0; the relative momentum between charm
quarks becomes, k⃗ = (p⃗′

cT − p⃗′
c̄T )/2 with p⃗′

cT and p⃗′
c̄T being

the transverse momenta in the charmonium frame [22,24]. I
suppose that the hadronization volume V is 1000 (2700) fm3

for central Au+Au (Pb+Pb) collisions at
√

sNN =200 GeV
(2.76 TeV) at RHIC (LHC), respectively. The oscillator
frequency ω for the Gaussian Wigner function has been
determined for each charmonium from the relation between
the mean square distance and σ ; ⟨r2⟩J/ψ = 3/2σ 2

J/ψ , ⟨r2⟩χc
=

5/2σ 2
χc

, and ⟨r2⟩ψ(2S) = 7/2σ 2
ψ(2S). Using the quark separation

distances r0 = 0.50, 0.72, and 0.90 fm [2] I obtain oscillator
frequencies 311.4, 250.3, and 224.3 MeV, respectively, for

J/ψ , χc1, and ψ(2S). For the Coulomb Wigner functions a0
has been obtained from the relation between ⟨r2⟩ and a0 for
both J/ψ and ψ(2S) mesons; ⟨r2⟩ = 3a2

0 for J/ψ and 42a2
0

for ψ(2S). Using the same r0 I get a
J/ψ
0 = 0.289 fm, and

a
ψ(2S)
0 = 0.139 fm.

I use the pT spectrum of charm quarks for RHIC√
sNN = 200 GeV, d2Nc/d

2p⃗T = 19.2(1 + p2
T /36)/(1 +

pT /3.7)12/(1 + e0.9−2pT )(0.8e−pT /1.2 + 0.6e−pT /15) [22], ob-
tained from heavy quark pT distribution in p + p collisions at
the same energy both scaled by a number of binary collisions
and multiplied by the heavy quark energy loss estimation.
Since there is no charm quark pT distribution at hadronization
available for LHC, I apply the initial charm quark pT distribu-
tion, dNc/dpT = pT /(1 + 0.379p2

T )5.881 [25], obtained from
a fit to PYTHIA evaluations for LHC

√
sNN=2.76 TeV. The

pT is in units of GeV at both distributions. Using these with
Eq. (8) I evaluate Eq. (7) produced by recombination without
feed-down contributions, and show the results in Fig. 1.

FIG. 1. 2πpT d2Nψ/d2pT of charmonia produced form charm
and anticharm quarks by recombination for

√
sNN = 200 GeV at

RHIC (a) and for
√

sNN = 2.76 TeV at LHC (b). The ratio of pT

spectrum between ψ(2S) and prompt J/ψ mesons is shown in the
inset.

054914-3

ENHANCED PRODUCTION OF ψ(2S) MESONS IN . . . PHYSICAL REVIEW C 91, 054914 (2015)

fc(c̄)(r,p) satisfying the normalization condition
∫

p · dσd3p⃗/
((2π )3E)fc(c̄)(r,p) = Nc(c̄), the number of (anti)charm quarks
available in the system. The statistical factor gψ accounts for
the possibility of forming a charmonium from constituent
quarks, e.g., gJ/ψ = 3/36. When the nonrelativistic limit is
taken, the above equation is reduced to [15,16,22]

d2Nψ

d2p⃗T

= gψ

V

∫
d3r⃗d2p⃗cT d2p⃗c̄T δ(2)(p⃗T − p⃗cT − p⃗c̄T )

× d2Nc

d2p⃗cT

d2Nc̄

d2p⃗c̄T

Wψ (r⃗ ,k⃗), (7)

under the assumption that the longitudinal momentum dis-
tributions of (anti)charm quarks are boost-invariant and they
satisfy the Bjorken correlation between spatial and momentum
rapidities, η = y. In Eq. (7) r⃗ and k⃗ are, respectively, the
distance and the relative momentum between two charm
quarks. I apply here Wigner functions, Eqs. (1), (5), (3), and
(4), and carry out the integration over r⃗;

∫
d3r⃗Wψ (r⃗ ,k⃗)

=
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, (8)

where the superscript G and C are denoted by, respectively,
the Gaussian and Coulomb hadron wave functions used in the
Wigner function.

As seen in Eq. (8), I get the simple results from such
complicated Wigner functions, Eqs. (3) and (4), and thereby
confirm one of the important properties of the Wigner
distribution function;

∫
d3r⃗Wψ (r⃗ ,k⃗) = |ψ̃(k⃗)|2 [23]; the

Wigner function for s-wave states becomes, after the
analytic integration over r⃗ , the absolute value square of
each wave function in momentum representation; |ψ̃s(k⃗)|2 =
(2

√
πσ )3e−k2σ 2

, |ψ̃10(k⃗)|2=2/3(2
√

πσ )3e−k2σ 2
(σ 2k2 −

3/2)2, |ψ̃1S(k⃗)|2=64πa3
0/(a2

0k
2 + 1)4, and |ψ̃2S(k⃗)|2 = 8πa3

0
(a2

0k
2 − 1/4)2/(a2

0k
2 + 1/4)6.

As has been discussed in Ref. [20], I omit the contribution
from the longitudinal momentum in the Wigner function at
midrapidities, y = 0; the relative momentum between charm
quarks becomes, k⃗ = (p⃗′

cT − p⃗′
c̄T )/2 with p⃗′

cT and p⃗′
c̄T being

the transverse momenta in the charmonium frame [22,24]. I
suppose that the hadronization volume V is 1000 (2700) fm3

for central Au+Au (Pb+Pb) collisions at
√

sNN =200 GeV
(2.76 TeV) at RHIC (LHC), respectively. The oscillator
frequency ω for the Gaussian Wigner function has been
determined for each charmonium from the relation between
the mean square distance and σ ; ⟨r2⟩J/ψ = 3/2σ 2

J/ψ , ⟨r2⟩χc
=

5/2σ 2
χc

, and ⟨r2⟩ψ(2S) = 7/2σ 2
ψ(2S). Using the quark separation

distances r0 = 0.50, 0.72, and 0.90 fm [2] I obtain oscillator
frequencies 311.4, 250.3, and 224.3 MeV, respectively, for

J/ψ , χc1, and ψ(2S). For the Coulomb Wigner functions a0
has been obtained from the relation between ⟨r2⟩ and a0 for
both J/ψ and ψ(2S) mesons; ⟨r2⟩ = 3a2

0 for J/ψ and 42a2
0

for ψ(2S). Using the same r0 I get a
J/ψ
0 = 0.289 fm, and

a
ψ(2S)
0 = 0.139 fm.

I use the pT spectrum of charm quarks for RHIC√
sNN = 200 GeV, d2Nc/d

2p⃗T = 19.2(1 + p2
T /36)/(1 +

pT /3.7)12/(1 + e0.9−2pT )(0.8e−pT /1.2 + 0.6e−pT /15) [22], ob-
tained from heavy quark pT distribution in p + p collisions at
the same energy both scaled by a number of binary collisions
and multiplied by the heavy quark energy loss estimation.
Since there is no charm quark pT distribution at hadronization
available for LHC, I apply the initial charm quark pT distribu-
tion, dNc/dpT = pT /(1 + 0.379p2

T )5.881 [25], obtained from
a fit to PYTHIA evaluations for LHC

√
sNN=2.76 TeV. The

pT is in units of GeV at both distributions. Using these with
Eq. (8) I evaluate Eq. (7) produced by recombination without
feed-down contributions, and show the results in Fig. 1.

FIG. 1. 2πpT d2Nψ/d2pT of charmonia produced form charm
and anticharm quarks by recombination for

√
sNN = 200 GeV at

RHIC (a) and for
√

sNN = 2.76 TeV at LHC (b). The ratio of pT

spectrum between ψ(2S) and prompt J/ψ mesons is shown in the
inset.
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Table 1
Parameters of the blast-wave-like analytical parametrization for (anti-)nucleon 
phase–space freezeout configuration.

T (MeV) ρ0 R0 (fm) τ0 (fm/c) #τ (fm/c) ξp ξp

FO1 111.6 0.98 15.6 10.55 3.5 10.45 7.84
FO2 111.6 0.98 12.3 8.3 3.5 21.4 16.04

Furthermore, we assume the harmonic wave function for all the 
light (anti-)nuclei in the rest frame except the (anti-)deutrons for 
which we use the well-known Hulthén wave function (see, e.g., 
Refs. [40,41]). The Wigner function of the nucleus can then be ob-
tained as [42]

ρW
c (x1, . . . , xM; p1, . . . , pM)

= ρW (q1, · · ·,qM−1,k1, · · ·,kM−1)

= 8M−1 exp
[
−

M−1∑

i=1

(q2
i /σ

2
i + σ 2

i k2
i )

]
, (18)

with σ 2
i = (mi w)−1 where the harmonic oscillator frequency ω is 

related to the root-mean-square (rms) radius of the nucleus as fol-
lows

〈
r2

M

〉
= 3

2M
1/ω

∑M
i=1 mi

M∑

i=1

⎡

⎣mi

⎛

⎝
M∑

j=i+1

1
m j

+
i−1∑

j=1

1
m j

⎞

⎠

⎤

⎦ . (19)

Therefore, σ 2
i can be determined by 

〈
r2

M

〉
. In the case of m1 = m2 =

· · · · ·· = mM = m, one can obtain σ 2 = 2M
3(M−1)

〈
r2

M

〉
.

3. Result and discussion

3.1. (Anti-)nucleon freezeout configuration from light (anti-)nuclei 
production

We focus on the midrapidity light (anti-)nuclei production in 
central Au+Au collisions at √sNN = 200 GeV in this work. In this 
case, there are totally six parameters in the blast-wave-like an-
alytical parametrization for (anti-)nucleon phase–space freezeout 
configuration, namely, the kinetic freeze-out temperature T , the 
transverse rapidity ρ0, the longitudinal mean proper time τ0, the 
time dispersion #τ , the transverse size at freeze-out R0, and the 
fugacity of particle ξ .

For proton phase–space freezeout configuration, we obtain the 
local temperature T = 111.6 MeV, the transverse rapidity ρ0 =
0.978, and a constraint on the combination of the proton fugac-
ity ξp , τ0, #τ and R0, by fitting the measured spectrum of protons 
in Au+Au collisions at √sNN = 200 GeV for 0–5% centrality [48]. 
To extract the values of ξp , τ0, #τ and R0, we further fit the 
measured spectra of deuterons and 3He [49] simultaneously us-
ing the results from the coalescence model (see the Subsection 3.2
for the details), which leads to R0 = 15.6 fm, τ0 = 10.55 fm/c, 
#τ = 3.5 fm/c and ξp = 10.45. For antiprotons, we assume they 
have the same phase–space freezeout configuration as protons ex-
cept the fugacity is reduced to ξp = 7.84 to describe the measured 
yield ratio p̄/p = 0.75 [48]. Table 1 summarizes the parameters 
of the blast-wave-like analytical parametrization for (anti-)nucleon 
phase–space freezeout configuration (denoted as FO1). It should be 
pointed out that we have neglected the difference between protons 
and neutrons (antiprotons and antineutrons) for the phase–space 
freezeout configuration due to the small isospin chemical potential 
at freezeout in Au+Au collisions at √sNN = 200 GeV [29]. Based on 
the freezeout configuration of (anti-)nucleons, one can then predict 
the production of light (anti-)nuclei using the coalescence model.

Table 2
Statistical factor gc , root-mean-square radii rrms [50,51] and binding energy Eb [52]
of light (anti-)nuclei.

d (d) 3He (3He) 4He (4He) 5Li (5Li) 6Li (6Li)

gc
(2×1+1)

22
(2× 1

2 +1)

23
(2×0+1)

24
(2× 3

2 +1)

25
(2×1+1)

26

rrms (fm) 1.96 1.76 1.45 2.5 2.5
Eb (MeV) 2.224 7.718 28.296 26.330 31.994

Fig. 1. Transverse momentum distributions of light nuclei at midrapidity (y = 0) in 
central Au+Au collisions at √sNN = 200 GeV predicted by coalescence model with 
FO1 (solid lines) and FO2 (dashed lines). The experiment data of protons is taken 
from the PHENIX measurement [48] whereas those of light nuclei are from the STAR 
measurement [12,49]. The data point of protons from STAR measurement has been 
scaled by a factor of 0.6 to correct the weak decay effects [54].

3.2. The production of light (anti-)nuclei

We use the coalescence model described above to calculate the 
production of light (anti-)nuclei. In the coalescence model, the 
statistical factor gc is quite important and it is given by gc =
2 j+1

2N [24] with j and N being, respectively, the spin and the nu-
cleon number of the nucleus. The spins of d, 3He, 4He, 5Li and 6Li 
are 1, 1/2, 0, 3/2 and 1, respectively. Furthermore, the rms radius 
rrms of the light nucleus is also important since it determines the 
harmonic oscillator frequency parameter ω in the Wigner function 
of the nucleus. The rrms of d, 3He, 4He, 5Li and 6Li are taken to be 
1.96 fm, 1.76 fm, 1.45 fm, 2.5 fm and 2.5 fm, respectively [50,51]. 
Here the rrms = 2.5 fm for 5Li is estimated based on the work in 
Ref. [51]. For the antinuclei, we assume they have the same ground 
state properties as their corresponding nuclei. Table 2 summarizes 
the statistical factors, rms radii as well as the binding energies [52]
of different light (anti-)nuclei. It should be mentioned that while 
d (d), 3He (3He), 4He (4He) and 6Li (6Li) are stable, 5Li (5Li) is un-
stable against the proton (antiproton) decay with half-life of about 
370 × 10−24 s (i.e., 111 fm/c) [53] and thus it may be identified 
through the p–4He (p–4He) invariant mass spectrum in heavy-ion 
collisions.

Fig. 1 shows the predicted midrapidity transverse momentum 
distributions of p, d, 3He, 4He, 5Li and 6Li together with the ex-
perimental data of p from PHENIX collaboration [48] and the data 
of p, d, 3He and 4He from STAR collaboration [12,49,54] in central 
Au+Au collisions at √sNN = 200 GeV. It is seen that the coales-
cence model predictions with the freezeout configuration FO1 are 
in very good agreement with the measured transverse momentum 
distributions of p, d and 3He as expected but significantly under-
estimate the measured yield of 4He by a factor of about 6. The 
similar feature was also observed in the calculations in Ref. [22].

From Table 2, one can see that 4He has a specially larger bind-
ing energy value compared to d or 3He, and thus it is more 
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Table 1
Parameters of the blast-wave-like analytical parametrization for (anti-)nucleon 
phase–space freezeout configuration.

T (MeV) ρ0 R0 (fm) τ0 (fm/c) #τ (fm/c) ξp ξp

FO1 111.6 0.98 15.6 10.55 3.5 10.45 7.84
FO2 111.6 0.98 12.3 8.3 3.5 21.4 16.04

Furthermore, we assume the harmonic wave function for all the 
light (anti-)nuclei in the rest frame except the (anti-)deutrons for 
which we use the well-known Hulthén wave function (see, e.g., 
Refs. [40,41]). The Wigner function of the nucleus can then be ob-
tained as [42]

ρW
c (x1, . . . , xM; p1, . . . , pM)

= ρW (q1, · · ·,qM−1,k1, · · ·,kM−1)

= 8M−1 exp
[
−

M−1∑

i=1

(q2
i /σ

2
i + σ 2

i k2
i )

]
, (18)

with σ 2
i = (mi w)−1 where the harmonic oscillator frequency ω is 

related to the root-mean-square (rms) radius of the nucleus as fol-
lows

〈
r2

M

〉
= 3

2M
1/ω

∑M
i=1 mi

M∑

i=1

⎡

⎣mi

⎛

⎝
M∑

j=i+1

1
m j

+
i−1∑

j=1

1
m j

⎞

⎠

⎤

⎦ . (19)

Therefore, σ 2
i can be determined by 

〈
r2

M

〉
. In the case of m1 = m2 =

· · · · ·· = mM = m, one can obtain σ 2 = 2M
3(M−1)

〈
r2

M

〉
.

3. Result and discussion

3.1. (Anti-)nucleon freezeout configuration from light (anti-)nuclei 
production

We focus on the midrapidity light (anti-)nuclei production in 
central Au+Au collisions at √sNN = 200 GeV in this work. In this 
case, there are totally six parameters in the blast-wave-like an-
alytical parametrization for (anti-)nucleon phase–space freezeout 
configuration, namely, the kinetic freeze-out temperature T , the 
transverse rapidity ρ0, the longitudinal mean proper time τ0, the 
time dispersion #τ , the transverse size at freeze-out R0, and the 
fugacity of particle ξ .

For proton phase–space freezeout configuration, we obtain the 
local temperature T = 111.6 MeV, the transverse rapidity ρ0 =
0.978, and a constraint on the combination of the proton fugac-
ity ξp , τ0, #τ and R0, by fitting the measured spectrum of protons 
in Au+Au collisions at √sNN = 200 GeV for 0–5% centrality [48]. 
To extract the values of ξp , τ0, #τ and R0, we further fit the 
measured spectra of deuterons and 3He [49] simultaneously us-
ing the results from the coalescence model (see the Subsection 3.2
for the details), which leads to R0 = 15.6 fm, τ0 = 10.55 fm/c, 
#τ = 3.5 fm/c and ξp = 10.45. For antiprotons, we assume they 
have the same phase–space freezeout configuration as protons ex-
cept the fugacity is reduced to ξp = 7.84 to describe the measured 
yield ratio p̄/p = 0.75 [48]. Table 1 summarizes the parameters 
of the blast-wave-like analytical parametrization for (anti-)nucleon 
phase–space freezeout configuration (denoted as FO1). It should be 
pointed out that we have neglected the difference between protons 
and neutrons (antiprotons and antineutrons) for the phase–space 
freezeout configuration due to the small isospin chemical potential 
at freezeout in Au+Au collisions at √sNN = 200 GeV [29]. Based on 
the freezeout configuration of (anti-)nucleons, one can then predict 
the production of light (anti-)nuclei using the coalescence model.

Table 2
Statistical factor gc , root-mean-square radii rrms [50,51] and binding energy Eb [52]
of light (anti-)nuclei.

d (d) 3He (3He) 4He (4He) 5Li (5Li) 6Li (6Li)
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22
(2× 1
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rrms (fm) 1.96 1.76 1.45 2.5 2.5
Eb (MeV) 2.224 7.718 28.296 26.330 31.994

Fig. 1. Transverse momentum distributions of light nuclei at midrapidity (y = 0) in 
central Au+Au collisions at √sNN = 200 GeV predicted by coalescence model with 
FO1 (solid lines) and FO2 (dashed lines). The experiment data of protons is taken 
from the PHENIX measurement [48] whereas those of light nuclei are from the STAR 
measurement [12,49]. The data point of protons from STAR measurement has been 
scaled by a factor of 0.6 to correct the weak decay effects [54].

3.2. The production of light (anti-)nuclei

We use the coalescence model described above to calculate the 
production of light (anti-)nuclei. In the coalescence model, the 
statistical factor gc is quite important and it is given by gc =
2 j+1

2N [24] with j and N being, respectively, the spin and the nu-
cleon number of the nucleus. The spins of d, 3He, 4He, 5Li and 6Li 
are 1, 1/2, 0, 3/2 and 1, respectively. Furthermore, the rms radius 
rrms of the light nucleus is also important since it determines the 
harmonic oscillator frequency parameter ω in the Wigner function 
of the nucleus. The rrms of d, 3He, 4He, 5Li and 6Li are taken to be 
1.96 fm, 1.76 fm, 1.45 fm, 2.5 fm and 2.5 fm, respectively [50,51]. 
Here the rrms = 2.5 fm for 5Li is estimated based on the work in 
Ref. [51]. For the antinuclei, we assume they have the same ground 
state properties as their corresponding nuclei. Table 2 summarizes 
the statistical factors, rms radii as well as the binding energies [52]
of different light (anti-)nuclei. It should be mentioned that while 
d (d), 3He (3He), 4He (4He) and 6Li (6Li) are stable, 5Li (5Li) is un-
stable against the proton (antiproton) decay with half-life of about 
370 × 10−24 s (i.e., 111 fm/c) [53] and thus it may be identified 
through the p–4He (p–4He) invariant mass spectrum in heavy-ion 
collisions.

Fig. 1 shows the predicted midrapidity transverse momentum 
distributions of p, d, 3He, 4He, 5Li and 6Li together with the ex-
perimental data of p from PHENIX collaboration [48] and the data 
of p, d, 3He and 4He from STAR collaboration [12,49,54] in central 
Au+Au collisions at √sNN = 200 GeV. It is seen that the coales-
cence model predictions with the freezeout configuration FO1 are 
in very good agreement with the measured transverse momentum 
distributions of p, d and 3He as expected but significantly under-
estimate the measured yield of 4He by a factor of about 6. The 
similar feature was also observed in the calculations in Ref. [22].

From Table 2, one can see that 4He has a specially larger bind-
ing energy value compared to d or 3He, and thus it is more 
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In	
  quantum	
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In	
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In	
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Jet	
  fragmenta3on	
  via	
  shower	
  partons	
  recombina3on	
  

Han,	
  Fries	
  @	
  Ko,	
  arXiv:1601:00768	
  

§  Using	
  PYTHIA	
  to	
  obtain	
  momenta	
  of	
  shower	
  partons	
  from	
  jets	
  	
  
	
  	
  	
  	
  	
  produced	
  in	
  e++e-­‐	
  @	
  200	
  GeV.	
  
§  Spa<al	
  informa<on	
  of	
  shower	
  partons	
  are	
  determined	
  by	
  taking	
  
	
  	
  	
  	
  	
  their	
  life<mes	
  to	
  be	
  inverse	
  of	
  their	
  virtuali<es	
  and	
  propaga<ng	
  	
  
	
  	
  	
  	
  	
  accordingly.	
  	
  
§  Final	
  gluons	
  with	
  low	
  vertuali<es	
  are	
  decayed	
  to	
  quark-­‐an<quak	
  
	
  	
  	
  	
  	
  pairs.	
  
§  Using	
  quantum	
  Wigner	
  calcula<on	
  to	
  coalescence	
  shower	
  partons	
  
	
  	
  	
  	
  	
  to	
  hadrons	
  in	
  an	
  event	
  by	
  event	
  basis	
  up	
  to	
  hadron	
  excited	
  states	
  
	
  	
  	
  	
  	
  with	
  n=8	
  harmonic	
  oscillator	
  wave	
  func<ons.	
  
§  Remnant	
  shower	
  partons	
  not	
  used	
  in	
  coalescence	
  are	
  formed	
  into	
  
	
  	
  	
  	
  	
  short	
  strings	
  and	
  converted	
  to	
  hadrons	
  by	
  string	
  fragmenta<on.	
  
§  Results	
  are	
  compared	
  with	
  those	
  from	
  PYTHIA	
  via	
  fragmenta<on	
  	
  
	
  	
  	
  	
  	
  of	
  the	
  en<re	
  string.	
  	
  



Longitudinal	
  momentum	
  frac3on	
  spectra	
  	
  

§  Recombina<on	
  contribu<on	
  is	
  dominated	
  by	
  excited	
  states.	
  
§  Contribu<on	
  from	
  remnant	
  short	
  strings	
  dominates	
  at	
  large	
  z.	
  	
  



Transverse	
  momentum	
  spectra	
  	
  

§  Recombina<on	
  contribu<on	
  is	
  dominated	
  by	
  excited	
  states.	
  
§  Contribu<on	
  from	
  remnant	
  short	
  strings	
  dominates	
  at	
  large	
  z.	
  	
  



Summary	
  

§  The	
  coalescence	
  model	
  has	
  a	
  long	
  history.	
  It	
  was	
  introduced	
  as	
  a	
  	
  
	
  	
  	
  	
  	
  phenomenological	
  model	
  to	
  understand	
  deuteron	
  produc<on	
  	
  
	
  	
  	
  	
  	
  in	
  reac<ons	
  induced	
  by	
  energe<c	
  protons	
  on	
  nuclei.	
  
§  It	
  is	
  now	
  understood	
  in	
  terms	
  of	
  the	
  sudden	
  approxima<on	
  and	
  
	
  	
  	
  	
  	
  is	
  thus	
  applicable	
  if	
  cluster	
  produc<on	
  is	
  fast	
  compared	
  to	
  the	
  	
  
	
  	
  	
  	
  	
  the	
  <me	
  over	
  which	
  the	
  system	
  changes	
  appreciably	
  and	
  seems	
  
	
  	
  	
  	
  	
  to	
  be	
  supported	
  by	
  study	
  based	
  on	
  the	
  kine<c	
  or	
  trans	
  port	
  approach.	
  
§  It	
  has	
  been	
  used	
  for	
  describing	
  not	
  only	
  light	
  clusters	
  produc<on	
  	
  
	
  	
  	
  	
  	
  from	
  hadronic	
  maSer	
  but	
  also	
  hadron	
  produc<on	
  from	
  QGP	
  in	
  
	
  	
  	
  	
  	
  heavy	
  ion	
  collisions,	
  even	
  form	
  jets.	
  
§  It	
  provides	
  a	
  means	
  to	
  probe	
  the	
  proper<es	
  of	
  clusters	
  as	
  well	
  as	
  
	
  	
  	
  	
  	
  hadrons	
  as	
  their	
  yields	
  in	
  the	
  coalescence	
  model	
  depend	
  on	
  	
  
	
  	
  	
  	
  	
  their	
  internal	
  structures.	
  
§  It	
  remains	
  a	
  challenge	
  to	
  understand	
  the	
  rela<on	
  between	
  the	
  	
  
	
  	
  	
  	
  	
  coalescence	
  model	
  and	
  the	
  sta<s<cal	
  model	
  for	
  par<cle	
  produc<on.	
  


