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Connections  between kinematic singularities of the S-matrix 
elements and resonance-like peaks: e.g. Peierls mechanism   
R.F.Peierls, PRL6,641(1961);  
R.C.Hwa, PhysRev130,2580(1963); 
C.Goebel,PRL13,143(1964); 
P.Landshoff&S.Treiman Phys.Rev.127,649(1962); 
……… 
Some disadvantages: 
 Few experiments to search for the effects; 
 Low statistics; 
 For the elastic scattering process, singularities of the triangle 

diagram will be weakened by the corresponding tree 
diagram without rescattering, according to the so called 
Schmid theorem 

     C.Schmid,Phys.Rev.154,1363(1967); 
    I. J. R. Aitchison & C. Kacser, Phys.Rev.173,1700(1968); A.V. Anisovich,  
   PLB345,321(1995)  
   

 
 

Early study in 1960s 
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Triangle Singularity Mechanism 

m2 
m1 

m3 s1 

s2 

s3 

Leading singularity 

 Singularity in the complex space 
Necessary conditions (Landau Equation) 

4 Landau, Nucl.Phys.13,181(1959) 



Triangle Singularity Mechanism 
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 Singularity in the complex space 
The position of the singularity is obtained by solving 

Normal Threshold 

Anomalous Threshold 

s1, s3, m1,2,3 fixed 

s2, s3, m1,2,3 fixed 5 



m2 
m1 

m3 s1 

s2 

s3 Single dispersion relation 

Brach points of the log function   

Work in the kinematical region 

Triangle Singularity Mechanism 

By analytic continuation, it can be extended into the over threshold 
region 
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Fronsdal&Norton,J.Math.Phys.5,100(1964) 



Trajectory of the branch 
points s2

-, s2
+ with s1 

increases from normal 
threshold to infinity in the 
complex s2’-plane 

s2
- and P will pinch the integral contour 

This pinch singularity is the triangle singularity (TS)  

Triangle Singularity Mechanism 
Locations of       in the s2’-plane can be determined by 

singularity of the integrand 

s2
-  

s2
+  

7 

=s1C  

=s2C  
=s2N  

s1N  



Trajectory of the branch 
points s2

-, s2
+ with s1 

increases from normal 
threshold to infinity in the 
complex s2’-plane 

s2
- and P will pinch the integral contour 

This pinch singularity is the anomalous threshold singularity (ATS)  

Triangle Singularity Mechanism 
Locations of       in the s2’-plane can be determined by 

singularity of the integrand 

s2
-  

s2
+  
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“The kinematic conditions for the existence of singularities on the 
physical boundary are equivalent to the condition that the 
relevant Feynman diagram be interpretable as a picture of an 
energy and momentum-conserving process occurring in space-
time, with all internal particles real, on the mass shell and moving 
forward in time.” 
Coleman&Norton, Nuovo Cimento 38,5018 (1965) 

Fronsdal&Norton,J.Math.Phys.5, 100(1964) 

……… 
 



Normal threshold and critical point 

How to amplify the discrepancy between normal and 
anomalous threshold? 

Discrepancy between anomalous and 
normal threshold 

TS Kinematic Region 

Largest discrepancy 

Enlarge 

m2 m1 

m3 
s1 s2 

s3 
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When s2=s2N 

When s1=s1N 

Liu, Oka, Zhao, PLB753,297 (2016) 
arXiv:1507.01674 



Normal threshold and critical point 

How to amplify the discrepancy between normal and 
anomalous threshold? 

If the discrepancy is larger, maybe it could be used to 
distinguish the kinematic singularities from genuine particles. 

Discrepancy between anomalous and 
normal threshold 

Largest discrepancy 
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TS Kinematic Region 

Liu, Oka, Zhao, PLB753,297 (2016) 
arXiv:1507.01674 
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Heavy pentaquark “Pc” observed in LHCb 

LHCb, arXiv: 1507.03414  
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Heavy pentaquark “Pc” observed in LHCb 

Various intervals of 
Kp invariant mass 
for the fit with two 
Pcs 
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TS mechanism and the heavy pentaquark “Pc” 

Liu,Wang,Zhao, arXiv:1507.05359 

Guo et al, arXiv:1507.04950 



Searching for the heavy pentaquark in πp→πJ/ψp  
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TS mechanism is a highly process-dependent mechanism. 
Different kinds of processes are required to check it. 

Requirements: 

 The quantity [(𝒎𝟐−𝒎𝟏)𝟐 − 𝒔𝟑] should be larger 
(phase space should be larger); 

 Particle q2 should not be too broad; 

 Balance between the phase space and width. 
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πp→πJ/ψp via the open-charm loops 

Liu, Oka, arXiv: 1602.07069 
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πp→πJ/ψp via the open-charm loops 

Notations of the 
charmed hadrons 
in relevant with 
our discussion 
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πp→πJ/ψp via the open-charm loops 
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πp→πJ/ψp via the open-charm loops 

TS Kinematic Region 
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Formalism 
The model is built in the framework of heavy hadron chiral 
perturbation theory (HHChPT) 

Charmed Meson Superfiled: 
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Formalism 

Charmed Baryon Superfiled: 
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Formalism 
Effective Lagrangian, combing the chiral symmetry and the heavy 
quark spin symmetry 

Cho, PRD50,3295 (1994); PLB285,145(1992); Prijol&Yan, 
PRD56,5483(1997); Cheng&Chua, PRD75,014006 
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Formalism 
Coupling constants can be determined by the corresponding decay 
widths 

By means of the quark model 

D-wave decay modes (advantage for the TS mechanism) 

Prijol&Yan, PRD56,5483(1997) 
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Formalism 
Effective Lagrangian for 

The scattering amplitudes are estimated in the static limit 



24 

Formalism 
Effective Lagrangian for                         , with the fewest derivatives    

= 
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Open-charm Production 

Our assumptions: 

is 1 nb at 20 GeV pion-beam energy 

Experimental and theoretical constraints on the open-charm 
productions in πN collisions: 

upper limit at 13 GeV is about 7 nb BNL, PRL55, 154(1985) 

Effective Lagrangian method and Regge approach: at the order 
of 1 nb 

Generalized parton picture: at the order of nb 

S.H. Kim et al, PRD92, 094001 (2015); arXiv: 1405.3445 

S. Kofler et al, PRD91, 054027 (2015) 
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Open-charm Production 
Coupling constants according to the assumpions 

is 1 nb at 20 GeV pion-beam energy 
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Width Effect of the Intermediate State 
Adopt the Breit-Wigner type propagator in the triangle loop 
integral 

Rarita-Schwinger wave functions for higher spin particles 

BW type propagator will remove the TS from the physical 
boundary by a small distance, if the corresponding decay width 
is smaller.  I.J.R. Aitchison & C. Kacser, PR133, B1239 (1964) 
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Numerical Results: J/ψp Invariant Mass Distribution 
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Numerical Results: J/ψp Invariant Mass Distribution 
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Numerical Results: Total Cross Section 



Summary 
 Kinematic singularities (TS) of the rescattering amplitude 

will behave themselves as peaks in the invariant mass 
distribution, which may imply that non-resonance 
interpretations for some resonance-like structures is possible. 

 Being different from the genuine resonances, the TS 
mechanism is a highly process-dependent mechanism, and 
very sensitive to the kinematic configurations. 

 The forthcoming J-PARC pion-induced experiment may 
offer us a good opportunity to check different kinematic or 
dynamic mechanisms and clarify the ambiguities, with its 
high luminosity. 
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